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Quark-lepton Yukawa unification at lower mass scales
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In the nonsupersymmetric two-Higgs-doublet standard model, we findt-b-t Yukawa unification consistent
with the CERN LEP data, experimental values ofmb , mt , and mt5160–190 GeV at lower mass
scales: MC.33108–33109 GeV. We also show how such quark-lepton unification scales can be reconcil
with SU~2!L3SU~2!R3SU~4!C intermediate breaking in SO~10! including threshold and gravitational correc-
tions. @S0556-2821~96!05317-9#
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Considerable attention has been paid to the study of i
plications of quark-lepton unification through the
SU~4!C-gauge hypothesis@1#. If SU~4!C occurs as a part of
left-right gauge group such as SU~2!L3SU~2!R
3SU~4!C~[G224! with parity (g2L5g2R) or without it
(g2LÞg2R) @2#, or even as SU(2)L3U(1)I3R3SU(4)C , it
can undergo spontaneous symmetry breaking to the stand
model~SM! gauge group, directly or by more than one ste
such that weak interaction phenomenology at lower energ
remains close to that of the SM. In addition, rare-kaon d
cays mediated by SU~4!C-gauge bosons might be observab
by low-energy experiments in the near future@3,4#, if the
relevant symmetry breaking scale is not too high. When e
bedded in a grand unified theory~GUT!, the existence of a
G224-breaking scale near 106–107 might lead to observable
proton decays@5# or neutron-antineutron oscillations@6#. If
neutrinos are Majorana particles, aG224-breaking scale near
109–1011 GeV yields small neutrino masses necessary to u
derstand solar neutrino puzzle by Mikheyev-Smirno
Wolfenstein~MSW! mechanism or dark matter of the uni
verse@7#.

Almost five years ago, an interesting possibility of rela
ing the SU~4!C-breaking scale to the top-quark mass wa
advanced by demanding unification of the three Yukaw
couplings of the third generation fermions at the spontaneo
symmetry breaking scale of the intermediate gauge symm
try SU~2!L3SU~2!R3SU~4!C~[G224! in SO~10! grand unifi-
cation, but by using@8#,

sin2uW50.22660.005,

as50.10020.117.

With the standard model~SM! gauge group containing one
Higgs doublet below the intermediate scale, it was show
that either the running mass of bottom quark must be grea
than 4.35 GeV, or the top-quark pole mass must be less t
80 GeV. However, with two Higgs doublets in SM, it wa
noted that for tanb.35–45, the three Yukawa couplings
meet in the allowed range of the intermediate sca
Mc51012.2–1013.6 GeV yielding the bounds 80
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GeV,mt,180 GeV. Such a high scale of quark-lepton uni
fication would predict branching ratios for rare kaon decay
twelve orders smaller than the current experimental limit.

More recently, the question of Yukawa unification at the
GUT scale has been analyzed in the context of nonsupersy
metric SO~10!, where partial unification of gauge couplings
is achieved throughG224 intermediate symmetry@9#.

The purpose of this Brief Report is to examine whethe
the idea of quark-lepton unification through SU~4!C is real-
izable at mass scales significantly lower than those inves
gated earlier but consistent with the most recent determin
tions of the input parameters@10#.

sin2uW~MZ!50.231660.0003,

as~MZ!50.11860.007,

a21~MZ!5127.960.1,

mb54.25 GeV,

mt51.785 GeV,

mt5174615 GeV. ~1!

We also examine how such a scale is accommodated with
SO~10! throughG224-intermediate breaking.

We use the renormalization group equations~RGE’s! for
the top-quark, bottom-quark, and thet-lepton Yukawa cou-
plings in the two-Higgs-doublet SM in the range of mas
scales,mt<m<Mc ,
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wheret5lnm, hj5Yukawa coupling of thej th fermion, and

ci
~ t !5S 1720, 94,8D ,ni-
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ci
~b!5S 14 , 94,8D ,

ci
~t!5S 94 , 94,0D, i5Y,2L,3C.

For m.mt , the integration of Eq.~2! gives

ht~m!5
ht~mt!

At
expS 92 I t1

1

2
I bD ,

hb~m!5
hb~mt!

Ab
expS 12 I t1

3

2
I b1I tD ,

Ht~m!5
ht~mt!

At
expS 3I b1 5

2
I tD ,

I i5E
lnmt

lnm hi
2~ t !

16p2 dt, i5t,b,t,

Af5)
i

S a i~m!

a i~mt!
D ci~ f !/2ai

, f5t,b,t. ~3!

In the earlier work@8# only ht was included inside the square
brackets, in the right-hand side of Eq.~2!, but we take into
account the contributions of all the three Yukawa couplin
of the third generation.

The functionsAf( f5t,b,t) are obtained by integrating
out the gauge coupling contributions in Eq.~2! using terms
up to one-loop out of the two-loop approximation,
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Using mass-operator renormalization of SU~3!C3U~1!em
theory belowMZ , the QCD rescaling factors formb(mt) and
mt(mt) are obtained as@9#

hb51.536 0.07
0.06,

ht51.015,

wheremi(mt)5mi /h i , i5b, t. The renormalization group
equations for gauge couplings fromMZ2mt gives

a1
21~mt!558.51, a2

21~mt!530.15,

a3
21~mt!59.3060.5. ~5!
gs

For a given ratio of the vacuum expectation values of th
two Higgs scalars,vu/vd5tanb, we computed the three val-
ues of Yukawa couplings atm5mt using

ht~mt!5
mt~mt!

174sinb
,

hb~mt!5
mb~mt!

174cosb
,

ht~mt!5
mt~mt!

174cosb
. ~6!

Using the initial values from Eqs.~5! and ~6! as inputs in
Eqs.~2! and ~3!, we have plottedhi~m! vs log10m, such that
the solutions forhi~m! are consistent with Eqs.~2!–~4!.

For smaller tanb in the range of 5–10, the ratiohb/ht is
found to approach unity form5108.3–109 GeV, but there is
no possibility of the three Yukawa couplings having a com
mon meeting point.

In the next step we searched the parameter space in
large tanb region taking the allowed values of the top quar
mass from 160 to 190 GeV. Our results are shown in Fig.
where unification of the three Yukawa couplings is clearl
exhibited formt5160, 170, 180, and 190 GeV with tanb
552.80, 55.89, 58.94, and 61.94, respectively. The unific
tion scale increases with top quark mass fromMc5108.5

GeV toMc5109.5 GeV.
In Fig. 2 we have shown the variation of the unification

scalem~[Mc! as a function of tanb where in the larger
~smaller! tanb region, the values ofm and tanb correspond to
the unification of three~two! Yukawa couplings. The dotted,
solid, and dashed lines correspond tomt5160, 170, and 180
GeV, respectively. From the larger tanb region of Fig. 2, it is
clear that, for a fixed tanb, the unification scale increases
with mt ; and for a fixedmt , the unification scale increases
with tanb, although the rate of increase is different in differ
ent regions of the curve. In Fig. 3 we show how, for smalle

FIG. 1. Variation of Yukawa couplings for the top quark
~dashed line!, the bottom quark~dotted line!, and thet lepton~solid
line! as a function of mass scale and tanb exhibiting quark-lepton
unification at 33108–33109 GeV.
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values of tanb, the ratiohb/ht approaches unity atMC5108.4

GeV ~mt5170 GeV, solid line! and at MC5109 GeV
~mt5180 GeV, dotted line!.

So far no specific intermediate gauge group embedd
SU~4!C has been assumed. The unification of the th
Yukawa couplings is a consequence of low-energy data
the two-Higgs-doublet standard model. In order to em
such a scenario in SO~10!, the most attractive candidate
the intermediate gauge group SU~2!L3SU~2!R3SU~4!C with
parity broken at the GUT scale@2#:

SO~10! →
210

MU

G224→
126

MC

SM→
10

MZ

U~1!em3SU~3!C ,

where fromMZ to Mc we have now two weak doubletsfu
and fd instead of one as in earlier analyses@11–13#. The
Yukawa coupling for every fermion of the third generation
the presence ofG224 symmetry has the form@9#

16p2
dhf
dt

5hf S 6hf22(
i
ci

~ f !gi
2D ,

ci
f5S 94 , 94 , 454 D , ~7!

and the renormalization group equations~RGE’s! for the
gauge couplings form.MC are

FIG. 2. Variation of the quark-lepton unification scale~m! as a
functional of tanb for mt5160 GeV ~dotted line!, mt5170 GeV
~solid line!, andmt5180 GeV~dashed line! where, for small tanb,
hb5ht but for larger tanb>52, hb5ht5ht has been realized.

FIG. 3. Variation of the ratiohb/ht as a function of mass sca
for smaller values of tanb andmt5170 GeV~solid line!, mt5180
GeV ~dotted line!.
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Integrating the fermion Yukawa coupling in Eq.~7! with the
help of one-loop approximation from Eq.~8! and using the
unification value atMC , for hf(MC), we have plottedhf~m!
as a function ofm as shown in Fig. 4 by the dashed line for
m5MC21018 GeV. It is clear thathf uniformly decreases
and attains the value of 0.35 and 0.27 atm5MU51015.9GeV
andm51018 GeV, respectively.

Now we include threshold@11# and gravitational correc-
tions to the two-loop approximation for the intermediate
scaleMC and the GUT scaleMU , which are predicted up to
one loop as

ln
MC

MZ
5
36p

47a S 7242sin2 uW1
2

9

a

as
D ,

ln
MU

MZ
5
15p

47a S 1101sin2 uW2
19

15

a

as
D . ~9!

With the input parameters given in Eq.~1!, the model
predictions in two-loop approximations areM U

0 51015.960.2

GeV, M C
051010.960.2 GeV, where the uncertainties are due

to the input parameters. Threshold corrections are very clo
to the values obtained in Ref.@11#. We now evaluate gravi-
tational corrections due to the five-dimensional operato
@14# contributing to the nonrenormalizable term@15#

le

FIG. 4. Extrapolation of Yukawa couplings beyond the interme
diate scale formt5160–190 GeV.
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aNRO52
h

2MPl
Tr~Fmnf~210!F

mn!. ~10!

When the 210-dimensional Higgs field acquires vacuum e
pectation values, the added presence of Eq.~10! in the renor-
malizable Lagrangian leads to the modification of the boun
ary conditions on gauge couplings and consequently
gravitational corrections on the mass scales are

dC
NRO[d ln

MC

MZ
5

9

94 S 3p

2aG
3 D 1/2h MU

0

MPl
,

dU
NRO[d ln

MU

MZ
52

15

376 S 3p

2aG
3 Dh

MU
0

MPl
. ~11!

Using GUT coupling constant, aG
21546.360.3,

Mpl51019 GeV/2p51.631018 GeV, andM U
0 and M C

0 at
their two-loop values, we presentdC

NRO anddU
NRO in Table I

for h5210 to 10. We note that while positive~negative!
values ofh increase~decrease! MC , the same values tend to

TABLE I. Gravitational corrections to mass-scale predictions b
five-dimensional operator in SO~10! with SU~2!L3SU~2!R3SU~4!C
intermediate symmetry.

h dC
NRO dU

NRO MC

MC
0

MU

MU
0

65 63.2 71.3 1061.3 1060.6

610 66.2 72.6 1062.6 1071.3
x-

d-
the

decrease~increase! MU . Usingh565 and the threshold cor-
rections of Ref.@11#, our estimations on the mass scales ar

MC51010.921.4
12.7

61.360.2,

MU51015.921.7
10.8

60.660.2,

where the first ~second! uncertainty represents threshold
~gravitational! corrections. It is clear that when threshold and
five-dimensional operator effects are taken into account, th
intermediate scale encompasses the quark-lepton-Yuka
unification scales for the third generation fermions. Ou
analysis includes the most recent global fits to the CER
e1e2 collider LEP data encompassingas(Mz)50.111
–0.125 and effects of Yukawa couplings of all the three fer
mions of third generation. The quark-lepton unification a
MC.33108–33109 GeV has been demonstrated as a con
sequence of low-energy data and two-Higgs-doublet sta
dard model below theG224-breaking scale. In this work we
have not considered large threshold effects on Yukawa co
plings and possibility of unification at still lower scales
MC.106 Gev, which might be more model dependent@16#.

The allowed values of intermediate scales for Yukaw
unification predict the branching ratio for rare-kaon decay
to beB(KL→m̄e).10216–10218 and nt as a candidate for
hot and cold dark matter of the universe.
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