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Relativistic and binding energy corrections to direct photon production in’Y decay
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A systematic gauge-invariant method, which starts directly from QCD, is used to calculate the rat&for an
meson to decay inclusively into a prompt photon. An expansion is made in the quark relative welodiigh
is a small natural parameter for heavy quark systems. Inclusion of ®@sd corrections tends to increase the
photon rate in the middlez range and to lower it for largez, a feature supported by the data.
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INTRODUCTION within the context of a systematically improvable gauge-
. invariant theory for quarkonium decays. This formalism has
The hadronic decays of thé family of bb mesons pro- been recently applied to one- and two-particle dedéys|.

ceeds mainly via an intermediate state consisting of threélere we apply the method ¢&] to the more complicated
gluons. By replacing one of the outgoing gluons with a pho-three particle case and obtain the photon spectrum for the
ton one obtains the leading-order contribution to the producprocessY—vy+2g. We find that inclusion of binding and
tion of direct photons, i.e., those photons which do not resultelativistic effects via the two additional paramete¢g/M
from 7° decay, etc. The spectrum of such photons providesandV2¢(0)/M24(0), makes the computed spectrum softer for
in principle, an excellent test of perturbative quantum chrodargez (z<0.9). For still largerz, 0.9<z<1, there are non-
modynamics(QCD) because in this case one has a largeperturbative effects due to final-state gluon interactions
number of data points against which theoretical predictiongyhich cannot be reliably computed and which, therefore, we
can be compared. This is in contrast with the prediction of &ha|| not address.
decay rate, which is a single number. However it is well
known [1] that the photon spectruis, — y+ X, calculated
at leading ordef2], is too hard when compared against ex-
periment, both inJ/¢ andY decays. Such calculations yield
an almost linearly rising spectrum i+ 2E,/M with a sud- The starting point of our approach is that the decay am-
den decrease at=1. A next-to-leading-order calculation by plitude for 331—> v+ X is given by the sum of all distinct
Photiadis[3] sums leading logs of the type (-z) and  Feynman diagrams leading from the initial to the final state.
yields some softening. However, the peak is still too sharprhe first step is to write a given diagram in the form of a
and close to=1. An earlier calculation by Fielf4] predicts  (multiple) loop integral. Consider, for example, one of the
a much softer spectrum which fits the relatively recent data;y |eading-order diagrani&ig. 1(a)]. Omitting color matri-

[5] quite well. This uses a parton-shower Monte Carlo apces and coupling constants for brevity, its contribution can
proximation wherein the two gluons recoiling against thepe expressed as

direct photon acquire a nonzero invariant mass by radiating
further bremsstrahlung gluons. This does not, therefore,
qualify it as anab initio perturbative QCD calculation. We T

note that in[2—4] the non-perturbative dynamics of the de- L T

caying hadron is described by a single paramei@), the

guark wave function at the origin. This leads to the assertion

that the ratio of widths for decay into prompt photons and @ )
| "1~ pairs is independent of quark dynamics.

In this paper we compute the rate fi,— y+ X taking aasents e
into account the bound-state structure of the decaying ;{WW
guarkonium state. We note that the description of hadron
dynamics in this decay process by jy%D) is correctonly if
one assumes th& and Q are exactly on shell and at rest (c) (d)
relative to each other. This assumption is only approximately
true, heavy quarkonia are weakly bouQ® composites and FIG. 1. (a) One of the six leading order diagrams(b) One of

v2/c? is a small parameter. Improvement requires introducthe 12 one-gluon diagrams(c) One of the 24 two-gluon dia-
tion of additional hadronic quantities, which we identify grams. (d) One of the 12 gluon self-coupling diagrams.
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0[1(b)] - Tr[ ’yMZSF( K+ S2) yﬂl

[ iz

X Sp(k—s3) y**M(K)]. D

M (k) is the usual, but obviously non-gauge-invariant zero-

gluon, Bethe-SalpetdBS) amplitude,

M(k)zf d4xe“<'X<o|T[ﬁ—x/2)¢f(x/2)]|P,e>. 2

In Egs.(1) and(2) x* is the relative distance between quarks,

k, is the relative momentunP?=M?, ands;=q; —(1/2)P.
We define the binding energy ag=2m— M. Provided all

propagators are far off shell, they may be expanded in th

two small quantitiesg/M andk/M. This yields the expres-
sion

TA#2HS= T (O] | P, e)har2rs
+(0] i 3, 4| P, €)9°hrarars
(04,4 | PLe) v oPhramass s .. ],
3

We have defineds®=(1/2)(3%— %), and h*1#2#3 is the
“hard part” which combines terms from all six leading
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MP= (0| yyA?|P,€),
MP@= (0| i 9* YAP|P, €),

M’ ?=(0| i 9°A?| P, ). (7)
The derivativei 9 acts only upon the quark operators.

The two soft-gluon contributiofFigs. 1c) and 1d)] to
the amplitude is handled similarly but is more complicated.
The matrix elements which enter infd*“23(k) are of the
type (0| yyAPAMP,e) and so on; we shall not list these
explicitly here since the principle is rather clear. It is

straightforward to show that in the sufg+ T+ T, all J's

combine withA’s to yield covariant derivatives and/or field
strength tensors:

(Tot Ty+ Tp) K283 =Tr[ (O] | P, €) 16213
+(0|YiD Y|P, €) ahrirzns
+(0| ¢iD ,iD zyP,€)

X 9% oPhrak2mat (0| yFPy| P, €)

®

X3 HEH 2],

diagrams: One can readily see that it is the sum of terms ofThe above is a sum of terms, each of which is the product of
the type in Eq(1) corresponding to different permutations of a soft hadronic matrix element and a hard perturbative part.
indices and momenta. There are 12 one-gluon diagrams one To proceed, one can perform a Lorentz a@dPT-

of which is illustrated in Fig. (b), which must be added as invariant decomposition of each of the hadronic matrix ele-
corrections to the no-gluon amplitude. These all have thenents in Eq.(10). This is somewhat complicate@] and
general form involves a large number of constants which characterize the
hadron. Considerable simplification results from choosing
the Coulomb gauge, together with the counting rules of Lep-
ageet al.[9]. The upshot of using this analysis is that, in this
particular gauge, the gluons contributeGitv®) to the reac-
tion 3S;— y+ X, and hence can be ignored. Even this leaves
us with too many parameters, and forces us to search for a
dynamical theory for the 1~ quarkonium state. We shall
assume, in common with many other authors, that the Bethe-
Salpeter equation with an instantaneous kernel does provide
an adequate description. This has been conveniently re-
viewed by Keung and Muzinich10] and we adopt their
The gluon which originates from the blob is part of d€g  notation? _ o

Fock state component of the meson and has its momektum ~ The momentum space BS amplitug¢p) satisfies the
bounded byR™1<k’<M, whereR is the meson’s spatial Nomogeneous equation

size. Hence it is to be considered soft on the scale of quark

dk  d*K’
(2m)* (2m)*

THk2M3
1

Tr MP(k, K" ) HE23(k k'),
(4)

whereM ,(k,k") is a generalized BS amplitude,
M”(k,k')=f d4xd?zd* *elk' 2

X (O T[¢(—XI2)AP(2) p(x/2)]|P.€). (5)

. . 4.7
mass. Again, one may expand the propagators in _ f d’p , ,
Hgl/”zl’“S(k,k!) aboutk=k’'=0 to get X(p) IGO(P!p) (277)4 K(P:pvp )X(p )! (9)
T’l‘l“z”3=Tr[M”H;’“l"2“3+ MP'C‘aaH;‘”‘z"“3 which, after making the instantaneous approximation

K(P,p,p’)=V(p,p’) and reduction to the nonrelativistic
limit yields

(6)

+M,p'a(9;HgllL2#3+"'],

where

2We find the analysis of10] to be wanting because it does not
properly deal with the issue of gauge invariance of the meson state.
Yn actual fact, only three of the diagrams need to be evaluatedfurther, while the binding energy is taken into account, the wave-
because of time-reversal symmetry. This simplification halves thdunction corrections, which are essentially short-distance or relativ-
number of diagrams in the one-gluon and two-gluon cases as welistic effects, are not.
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MY2(M —2E)(E+m—p- y)&(1— yo)(E+m—p-y) (|p])

xX(p)=

The scalar wave functiogh(|p|) is normalized to unity:

d*p .
f W|¢(|P|)|2=1, (12)
and
E=p°+m?. (12

Fourier transformingy(p) to position space yields

(O (—x12) p(x12)|P)

from which, by tracing with appropriatg matrices, the co-
efficients below can be extracted. So finally,@gv?), one
has a rather simple result

— 1
(OlyylP.e)= 5 MY 1+ 3

V2 1 P
mz) P
1 V3¢ P
_ 12 __ 7 _
oM 3M2( M)é‘

—. 1V
(Ol¢id.ylP,€e)=— 3 M¥? 5 €

14

X _gaﬁ+iepvaﬁ V ‘yﬂys

—— - 1 &
<0|¢| &ai aﬁ¢|P’€>: g M5/2_f ( aB

PP,
M

T M

X (13

lPé
+M.

4

AE(E+m)(p°+M/2—E+ie)(p°—M/2+E—ie)

(10

DECAY RATE

All the ingredients are now in place to calculate the decay
Y—y+2g. In squaring the amplitude obtained by substitut-
ing Egs.(13) into Eq.(8), terms involving the product ofg
andV2¢ may be neglected. We assume the emitted gluons to
be massless and transverse, and to decay with unit probabil-
ity into hadrons. Polarizations of the final-state particles are
summed over, and the spin states of the initial meson are
averaged over. Summing over final-state colors yields 2/3,
and one must include a factor of 1/2 for identical gluons. The
Lorentz-invariant phase-space factor for 3 massless particles
has a standard expressipb3] which is best expressed in
terms of the dimensionless energy fractiors=2E;/M
which satisfyx; +X,+Xx3;=2. The variabless,t,u are sym-
metric functions ofx; :

s=(P—qy)?=M*1-xy). (14)

Ignoring radiative corrections for the moment, a tedious
calculatior? yields

d’r' 256 , , |#(0)]?
dxdx, 9 Sa¥s® gz [mofo(Stu)+ 7sfe(s,t,u)
+ awfw(s.t,u)]. (15
€y is the quark charge and
€ V2¢
170=1, WB:M7 77W:M_2¢. (16)

The functionf, provides the standard, leading-order result:
M4(s?t?+t?u?+ u?s®+ M?stu)
(s=MHH(t—M?)*(u-M*? -

fo(s,t,u)= (17)

The binding energy and wave-function correctiohg,and
f\, respectively, are more complicated:

M
fa(s,tu)=55 [~ 7stu(s*+t*+ut) + 7TM2(SPt3+ t3u + us®) + (%2 + t2u?+ u?s?) (s + 3+ U+ 15stu)

+ M?2stu(s®+t3+ud) + 20M ?s?t?u?],

M4

fw(S,t.U)Zﬁ

—13M°?stu(s®+t3+ u®) — 463 2st%u?|.

141stu(s*+ t*+u?) — 85M2(s3t3+ t3ul+ uds®) — 27(s%t? + t?u?+ u?s?)

205
3,13, ,,3
s+t ut+ 57 stu

(18

3We usedvATHEMATICA [12], supplemented by their package14], for computation of traces and simplification of algebra.
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The denominatoD is
D=(s—M?)3(t—M?)3(u—M?)3, (19

Integrating over the energies of the outgoing gluons for a fixed photon energy yields

di' 256 , ,|p(0)?

Uz 9 Sa%eds gz [ 70Fo(2) + ngFg(2) + Fw(2)], (20)

wherez=2E /M and
Fo=[1+4£-28— ¢ 28+ 261+ 26+58%)In €]/(1- §)%(1+¢)°,
Fe=[2— 16+ 1062 — 4863 — 10¢%+ 6465 — 25+ (1— 3£+ 1462 — 10663+ 1764~ 51£%)In £]/2(1— €)3(1+ &)4,

Fw=[— 26+ 14¢— 21062+ 134¢3+ 274£% — 1506° — 38£%+ 2 £ — (27+ 50¢ + 25762 — 29263+ 205¢4 — 7865 — 41£°)
X In €]/3(1— &)3(1+ &)°. (21)

no principle whicha priori constrainszg to bear a fixed
relation to ny and therefore both will be considered adjust-
able parameters.
128 1 6(0)]2 The applicatipn of Eq(22) must be done with caution
T1-- yiog= o (- 9)eaea? ——5— because extraction of the direct photon decay rate from the
7 9 d M data requires an extrapolation down to small photon ener-
o gies. But in this energy range the prompt photons are heavily
X|1+a ——1.03y5+19.34y,|. (220  contaminated by photons from’ decays. A numerical esti-
™ mate of the correction factors requires the valuepgfand
nw- We have chosem,=4.5 which giveszy=-0.048. If

We have included the radiative corrections@fa) which ~ We takeas=0.20 thenzy can be fixed by using the experi-
are of the same order in?/c? as the other corrections, and Mentally known numberfl7]:
were calculated11] many years ago:

In the above£=1—z. The integrated decay width%is

I'(Y—2g+7y)=1.28-0.10 keV,
a= B, In(u/mg) —4.37-0.77;, (23)

where B,=11-2n,/3. The parametersy, and 7 are inde- I'(Y—I1)=1.34-0.04 keV. (24)
pendent of each other in the present treatment. We note,
however, that if we impose the conditiof,= (1/2)5g then

the result, Eq(3.5) of Keung and Muzinicti10], is precisely  This gives a range of values foy. We have plotted the
recovered. This latter condition is equivalent 1o graphs in Fig. 2 atp,=—0.0059. The binding=5(z) and
(1M)V?¢(0)=(1/2)eg(0), which is the Schidinger \ave functionF,,(z) correction terms tend to cancel each
equation for quark relative motion in a potential which van-other over part of the region. The effect of final-state in-
ishes at zero relative separation. Itis also worthy of note thaeraction corrections can be reasonably well estim#8id
the same condition emerges as a renormalization condition iprovided one stays away from the end pantl. In Fig. 2
the treatment of positronium by Labek al. [15] [see their e compare the data, taken frdii, with the prediction of
equations(11) and(12)]. However in our treatment there is oyr model appropriately folded with the experimental photon

energy resolutiotassumed to be Gauss)aihe effect of the

binding and wave function corrections calculated in this

“Note that Eq.(22) does not take into account nonperturbative WOrK is sizable, and tends to increase the photon rate in the

effects[16] which are significant in the part of the phase spacemiddle z range and to lower it for largez. While this ap-
where one of the quark propagators becomes soft, and where tfgears to be in the right direction, it would be highly desirable
gluon vacuum condensate plays a role. to have more precise data.
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man diagrams leading from the initial quarkonium state to
the final state. Each diagram is put into the form afaul-
® Crystal Ball Collab.[5] tiple) loop integral with a kernel which is a product of a hard
25 part and a soft part. The hard part is treated with perturbative
QCD, and the soft part is analyzed into its different compo-
nents with the use of Lorentz, and7” symmetries. Use of
2t the QCD equations of motion enables separation of these
components according to their importance in powers.dht
the last step, a specific commitment to dynamics is made and
the BS equation is used to express the components in the
form of wave functions. However, the unregularized value of
V24(0) is singular at the originv2¢(0)~M ¢(0)/r. As is
clear from the uncertainty principle, the local kinetic energy
becomes very large at short distances and the expansion in
powers ofv breaks down. This difficulty was circumvented
by imagining that annihilation takes place in a diffused re-
gion of sizeO(1/m), i.e., that$(0) andV24(0) are quantities

1/T dI'/dz

05

0s o4 os o6 o7 os o9 1 i renormalized at this scale, and to be considered as adjustable
parameters. The numerical investigation we undertook
z showed that varying these within reasonable limits led to

substantial improvement in the intermediate=gion but was
FIG. 2. The photon spectrum as a functiorzofolded with the  insufficient to reproduce the data nea+1, once again un-
experimental photon energy resolution. The dotted line is thederscoring the importance of final-state interactions between
zeroth-order QCD result, the dashed line incorporates the bindingollinear gluons.
and wave-function corrections, with 7z=-0.048 and
nw=10.0059. The solid line is the final result including final-state
interaction of{3]. ACKNOWLEDGMENTS
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