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Phases of elements of the Cabibbo-Kobayashi-Mask&ka) matrix can be obtained using decaysBof
mesons tor* 7, 7K™, and7"K® or 7 K°. ForB® or B~ =" 7™, one identifies the flavor of the neutil
meson at time of production and studies the time dependence of the decay rate. The other processes are
self-tagging and only their rates need to be measured. By assuming flay8y Stohmetry and first-order
SU(3) breaking, one can separately determine the phasearg Vi, and a=m— 8-y, where=Arg V};.
Special cases include the vanishing of strong interaction phase differences between amplitudes, the possibility
of recovering partial information whem” 7~ and#~K™ decays cannot be distinguished from one another, and
the use of a correlation betwegnand « in the region of allowed parametef$0556-282(196)01617-1

PACS numbegps): 12.15.Hh, 11.30.Er, 13.25.Hw, 14.40.Nd

I. INTRODUCTION B— 77 _via SUQ) to the time-dependent asymmetry of
B%(t) > K°K®, where the penguin amplitude dominates.
The decays oB mesong1] offer the prospect of confirm- Kramer, Palmer, and WLL2] note that the ratio of penguin
ing or refuting the current explanation 6fP violation in the  to tree matrix elements is less model dependent than either
neutral kaon systerh2], based on phases in the Cabibbo-quantity alone, and thereby obtain a relation forAleksan
Kobayashi-MaskawdCKM) matrix [3]. For example, un- et al. [13] use model-dependent assumptions to learn the
equal time-integrated rates for the" 7 decays of states magnitude of the penguin effect on the measurement lof
which are initially B and andB® would signify CP viola-  relating the three\ S=0 decay modesr, mp, andpp to the
tion, providing approximate information on the angleof  corresponding\S=1 modesnK, wK*, pK, andpK*.
the triangle describing the unitarity of the CKM matrix. In this paper we examine in more detail a method pro-
The presence of gluoniel] and electroweak5] penguin  posed in[14] to determine phases of CKM matrix elements
contributions in additional to the dominaitttree”) pro- by detecting only kaons and charged pionsBimeson de-
cesses requires that one separate out several terms. An isg%-ys_ In the decayB’— =" 7~ andBO to 7" 7, one identi-
pin a”aIXSiE[G]' involving the study of the timeod%pendence fies the flavor of the neutra meson at time of production
of the 7”7 mode and rates for the"«" andm " modes 4 g4dies the time dependence of the decay rate. One ob-

Of.B mesons, permits one to |sglate the amplitudes COntrIb'Eains the necessary information on_additional amplitudes
uting to final states with isospin 0 and 2 and thereby to

0 -+ 0 -
determinea rather well[6,7]. However, for certain types of from the rates I(B"—m K_), T(B'—m="K"), and

. . B*— 7K or I'(B~— 7K using flavor SU3) sym-
detectors, the observation of neutral pions may pose a chaY-( i :
lenge, and model calculationi8] predict a branching ratio metry[10,15-1§ and first-order S(8) breaking[19]. In the

for B°— 7%7° of order 10° or less. most general case we obtain information not onlycgrbut
A few alternative ways to sort out the effects of several@lS0 ony=Arg(V(,) and on strong phase-shift differences.
amplitudes inB°— " 7~ were suggested recently. DeJongh Other ways to measurg, based on charge decays, were
and Sphica$9] studied the dependence of the asymmetry inProposed ir[20].
B%(t)—= " on the magnitude and relative phase of the In Sec. Il we describe the processes to be measured and
contributing terms. Using flavor S8) symmetry, Silva and the amplitudes on which they depend. We then study the
Wolfenstein[10] estimated the penguin contribution by com- precision to which various quantities can be determined. It is
paring the tree-dominated decay rateB3f~=" 7 with that  possible that the strong-interaction phase-shift differefice
of B~ 7 K" which has a large penguin term. Buras andbetween amplitudes is below detectable levels, in which case
Fleischer [11] proposed relating the penguin term in simplified analyses become necessary. Several of these cases
are discussed in Sec. lll. The most general error anafiis
6#0) is performed in Sec. IV, while Sec. V concludes. The
*Permanent address. Appendix is devoted to an aspect of Monte Carlo programs.
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Il. PROCESSES AND AMPLITUDES quarks become appreciab21] when V,, obtains its cur-
rently allowed smallest values. This corresponds to a small
deviation of the CP asymmetry inB(t)—=" 7 from
sin(2a)sin(Amt) (where Am is the neutralB mass differ-
We review the method proposed [iti4], which may be  encg. For large values o¥,4, where the deviation due to the
consulted for details. Our method employs flavor($sym-  penguin amplitude becomes significf2g], theu andc con-
metry [15-17, and neglects “annihilation” amplitudes in tributions become very small’ also carries the phaseg,
which the spectator quarfthe light quark accompanying the \while the weak phase d?’ +(2/3)P’ESV is (VigVi) = .
b in the initial meson enters into the decay Hamiltonian | what follows we shall denote7=|T|, P=|P
[18]. These amplitudes iB decays are expected to be sup- +(213)PS, |, T'=|T'|, P'=|P'+(2/3)PLS/|. The ratio of
pressed byfg/mg, wherefg=180 MeV. We include first-  A5—1 {9 AS=0 tree and penguin amplitudes are given by
order SU3)-breaking term$19], expected to be at most tens o corresponding ratios of CKM factors,
of percent, but neglect corrections expected to arise at a 'eVQ*’/T=|VUS/Vud|Eru20.23, P'IP=|V,J/V,g=r. To intro-

of a few percent. _ o duce first-order S{B)-breaking corrections, we note that in
In the SU3) limit and neglecting annihilation terms, & 6 |7/| amplitude thew tums into ans quark instead of a
decay amplitudes intam, 7K, andKK states can be decom- i, 7= aAssuming factorization foff, which is supported by
posed in terms of three independent amplitufied8: a  gxperiment§23,24 and justified forB— and 7K by the
“tree” term t(t'), a “color-suppressed” terne(c’), and @ high momentum with which the two color-singlet mesons

“penguin” term p(p’). These amplitudes contain both the genarate from one another, @Y breaking is given by the
leading-order and electroweak pengifj contributions: K/ ratio of decay constants

A. Expressions for amplitudes
and quantities quadratic in them

t=T+(cy—Cyq)PEw>

7' Vud fe_~
- = =l (4)
c=C+(cy—Cq)Pew, (1) T [Vud fr
p=P+cyPgy . Apart from small electroweak penguin terms, all ampli-

tudes we consider are free of color-suppressed contributions,

Here the capital letters denote the leading-order contributionfpr which factorization might be more questionable. The
defined in[18], and Pg,, and Pg,, are color-favored and situation would be very different were we to consider the
color-suppressed electroweak penguin amplitudes defined #mplitude forB°— #°7#°, where the color-suppressed contri-
[7]. The valuex,=2/3 andcy=—1/3 are those which would bution could be dominant.
follow if the electroweak penguin coupled to quarks in a In the penguin amplitudegincluding electroweak pen-
manner proportional to their charge§Small corrections, guin) of bothB’— 7~ K™ andB* — 7 *K° theb quark turns
which we shall ignore and which do not affect our analysis,into an's quark instead of @ in B°—«" 7. Here we will
arise from axial-vectoZ couplings and fromWV/W box dia-  denote the magnitude of th&S=1 penguin amplitude by
grams) The AS=0 amplitudes are denoted by unprimed r,P, to allow for SU3) breaking. Since factorization is ques-
quantities and th S=1 processes by primed quantities.  tionable for penguin amplitudes, one generally expects

The amplitudes of the two process@—=*#~ and P#(f/f)P. We will assume that the phas® is unaf-

B~ 7 K" are expressed as fected by SUW3) breaking. Since this phase is likely to be
5 small [25], this assumption is not expected to introduce a
A, =AB’smtm)=—t—p=-T—P—= PEW* significant uncertaintly in the determination of the weak
3 phases.
Assigning SU3)-symmetric strong phase%, & to terms

2 with specific weak phases, and taking account of(ZU
— 0 “KUt\— _t'_ ' —_T/'_p'_ _p'C ’
A =AB —m KT)=—t'—p'=-T'—P 3 Pew. breaking, Eqs(2) and(3) may be transcribed as
2
A, =Tetel7+ peldreih
while that forB* — 7" K will be approximated by
1 2 A_ =T e %rel"—r Pel o,
A, =AB'—7m"KO)=p'=P'— Z PLy,~P'+ = PLw,

3 3 ~
() A, =rPe'’®. &)

neglecting a color-suppressed electroweak penguin effect of |t will be shown that the numerous priori unknown
order |Pgy/P’|=0((1/5)%) [7]. With this approximation, parameters in Eq(5), including the two weak phases=
A, contains the same combination of electroweak and g|U-—’3—'yand% can be determined from the rate measurements
onic penguins as in the expression o . of the above three processes and their charge conjugates.
The terms on the right-hand sides of E(®.and(3) carry The amplitudes for the corresponding charge-conjugate
well-defined weak phases. The weak phase Tofis  decay processes are simply obtained by changing the signs of
Arg(V,aVi,) = v, and that ofP + (2/3)Pg,y is approximately  the weak phasey and 8. We denote the charge-conjugate
Arg(VyVi,) = — B, where we neglect corrections due to amplitudes corresponding to E¢p) by A, A, A_, re-
qguarks other than the top quark. The effects of thandc spectively. A state initially tagged as B® or B° will be
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called B°(t) or @(t). The time-dependent decay rates of We note that

these states ta* 7~ are given by _
|A17K|2_ |A17K|2

Am )

2

rB%t)—=n*n)=e " |A,,|%cog

fx| [P —
:_(f_K><7_))(|Aﬂ'ﬂ'|2_|Aﬂ'ﬂ'|2)7 (10)
+]A,|2 sinZ(A—mt) i
m 2 which determines the magnitude of &) breaking in the
penguin amplitudeP/P. Relation(10) between the particle-
+Im(e2"3A,mE )sin(Amt)}, antiparticle rate differences iB— 7K and in B— a7 was
i recently derived26] in the SUZ3) limit, f/f_—1, PIP—1.
The authors assumed for &) breaking a valu®/P=f/f _
2 ir? Am (based on factorization of penguin amplitudesich in our
|Ansl® si 2 t approach is a free parameter to be determined by experiment.
We expect it to differ from one by up to 30%.
n |A_ 2 co§<A—m t) Both sides of Eq(10) are proportional to sii, and thus
” 2 would vanish in the absence of a strong phase difference. In
o that case, one would have to assume a relation between
_ Im(eZ‘BAMAj‘W sin(Amt)}. (6) andP or some other constraint in order to obtain a solution.
If, on the other hand$+0, leading to a rate asymmetry be-
tween the self-tagging deca®— 7 K" andB’— 7 "K ™,
the present method permits one to interpret that rate asym-
metry in a manner independent &f

rBt)—mtm)=e I

Measurement of these quantities determipes,|? |A .,
and ImEg*#A A% ). It is convenient to define sums and dif-

T

ferences of the first two quantities, and we find

B. Likely ranges of observables

1 N
=_ 2 2y_ 72 2_
A= 2 (Anal®+[Azs%)=T*+P *~2TP cosicos, The amplitude forB°— "7 is expected to be domi-

nated by theZ contribution, while those foB°— 7~ K™ and
_ B*— 7 K? are expected to be dominated By. We shall
(|A7A?=|A,.|?)=—2TP sinssina, choose units in which a branching ratio of P@corresponds
to a value of 1 for the rate&, D, andF. The normalizations
of the other quantities are set accordingly. We shall also
define the quantity

B

Il
N| =

C=Im(e?AA, A* )= —T2 sin 2a+27P coss sina,
(7)

where we usg8+y=m—a and where we definé=6;—6p. S=A+D= 1 (|A, |2+ |A_m|2+ A |2+ |A_77K|2)-
The rates of the self-tagging_modes K™, K~ and 2
7 K% or 7 K° determinelA_«|? |A,«|? and|A_|?, respec- (1D
tively: Again, we take sums and differences of the first two, A combined sample of the decayB’—m"m and
and find B°— 7~ K™ has been observed with a joint branching ratio
1 o N of (1.8"383-2+0.2)x107°[27], so thatS=1.8+0.65. Equal
D== (|Axl?+|A kD) =T,T)>+P'? mixtures of the two modes are most likely, corresponding to
2 in(gjividual Pranching ratios of about 18for B~ =" 7~ and
Py B"— 7 K™. A similar branching ratio is expected for
2ryTP' cosdcosy, B*— K if the P’ amplitude dominateB— 7K decays,
1 o as seems likely. Thus, values of order 1 fgrD, andF are
E= > (|A|?— 1Akl = 2}“u7'73/ sin & sin v, expected. We shall consider a range of values for these quan-

tities, subject only to constraints on the lower and upper
- limits for S. As we shall see in Sec. Il D, wheéi can be
F=|A,|]?=|A_|?2=P'2 (8)  neglected, this works out to a rule of thumb tH&t+P'?~2.
_ The detection oB™— 7 "K® or B"— 7 K? in practice
The rates forB" —7"K® andB™— 7~ K° are expected to will utilize the channelsB* — 7 Kg,Ks— 7" 7, with a
be equal, since only penguin amplitudes are expected to coorresponding loss in efficiency of a factor of 3. We shall

tribute to these processes. Here we have deffpieslrP. take this factor into account in estimating statistical errors on
Measurement of the six quantitiés-F suffices to deter- F,
mine all six parametera, vy, 7, P, P, 6 up to discrete ambi- The remaining quantitieB, C, andE are harder to antici-
guities. The CKM parameter,;=|V,J/V,q|, which is still  pate. The Schwarz inequality limits the value |af| to be
largely unknown, is obtained from the unitarity triangle in |ess than or equal té. In practice we find values afiC]|
terms of and y. larger than 2 to be very unlikely. Thus, we shall consider
] values subject to this restriction. BohandE will vanish if
(oo ) 5=0. While a recent calculatiof28] based on perturbative
U siny QCD [25] suggests thad;~0, §~9.5°, 5~—9.5°, the pos-
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sibility of nonperturbative effectésuch as strong final-state
interactions differing in channels of different isospaannot

be excluded. Thus, we shall consider the representative val-
ues =0, 5.7°, 36.9°, 84.3°, 95.7°, 143.1°, 174.3°. We take
only non-negative values since the error estimates are not

affected by sign changes ifi The nonzero values will be
discussed in Sec. IV.

C. Constraints on the anglesa and y

Recent analyses of constraints on the CKM parameters

include those in[29,30. We shall visualize the allowed
ranges ofa and y in order to choose illustrative sets of pa-
rameters.

We begin with the Wolfenstein parametrizatipdl] of
CKM elements:
Vep=AN?,

Vub=AN3(p—in), Vi=AN3(1-p—ip),

(12

as well as others not quoted explicitly, whexe-0.22. We
shall assumg30] V. ,=0.038+0.003. (A slightly higher
value is quoted in [32]) The measurement[30]
|V o/ Vep| =0.08£0.02 based on charmleBsdecays implies
(p2u+ 7°)?=0.36+0.09. The measurement BP — B® mixing
implies[32] | V4| =0.009+0.003, which we shall interpret as
implying |1—p—i7|=1.0£0.3. The requirement that the
imaginary part of the<°-K® mixing amplitude due to CKM
phases be responsible for the obser@d violation in the
kaon system implies a hyperbo]&80] 7(1—p+0.35=0.48

+0.20, where the % p term in parentheses refers to the con-
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FIG. 1. Allowed ranges of CKM parametefisounded by solid
lines). The pointsp;, p,, andp; are described in Table (a) (p,7)
plane;(b) as function of angles and y of the unitarity triangle. A
linear least-squares fit 4o, p,, andp; yields y=175°-1.16w, as

tribution of the top quark loop, while 0.35 refers to the shown by the dashed straight line(in); its map into the(p, ) plane

charmed quark’s contribution.

The allowed region inp, 7) is shown in Fig. 18); the
corresponding range dk, vy) is depicted in Fig. (b) by a
rather narrow band. The strong anticorrelation between
and y is a function of the limited range oB=7—a—1v,
which is restricted to 6.6238<27° for the present set of

is the dashed curve i(a).

spondingly, the size of the other data sampleseded in
order to measurB andE [see expressiond) and(8)] to the
required accuracy.

Define the number of events averaged between particle

parameterg30]. The band would not be quite so narrow and antiparticle decays:

using the parameters of one other analy21].

Three representative points, noted on the figure, are de-
scribed in Table I. These correspond to extreme and central

values ofa and y. A number of illustrative examples will be
presented for these points.

Also shown on Fig. () is a linear least-squares fit to the
pointsp,, p,, andps: y=175°-1.16x. Almost equally good
is the approximate relation

y=180°- 1.2, (13
which we shall use in Sec. Il A to simplify relations be-
tweenmm and 7K rates.

D. Limitation associated with size ofé

Relation(10) can be written as

E P

R

(14
We wish to evaluate the rati®' /P’ to better than 30%

[the anticipated magnitude of $8) breaking. In this sub-

section we estimate the number®sf 7 events(and, corre-

N(B—#t7™)+ N(@H ata)

5 N

T

N(B®— 7w K*)+N(B°— 7" K™)
2

=N_. (15

With equal branching ratios forr*7#~ and 7K™, the

present data sample would consist of about 10 events each

for N, andN_« [27]. The errors oA andB both scale as
N2 “while those onD and E scale asN /2. Then in the

samples of events used to measAreB, D, andE, we ex-
pect

TABLE |. Representative points in th@,») plane and corre-
sponding angles of the unitarity triangle.

& B 4
Point (deg (deg (deg

P n It
Py —0.30 0.15 20.0 6.6 153.3 3.36
[} 0 0.35 70.7 19.3 90.0 4.16
P3 0.36 0.27 120.3 229 36.9 6.35
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SN = SNg=NY?2

m

SNp=SNg=N¥2. (16) z=T72 sirfalA. (23

We take as illustrative parametefs-P'=P'=1, neglect- The Schwarz inequality bouf€/A|<1 mentioned earlier is
ing SU3) breaking in the ratic®’/P'. Recalling the expres- manifest here.
sions forB and E, we expect the numbers of events in the
samples corresponding to these quantities to be B. Linear relation between y and a

Ng=—2N,,.r, sind siny, Ng=2N_,T,Sind sin y, A considerable simplification useful for anticipating the
(17)  precision in determininge and y is obtained by noting that
) and y are rather tightly correlated with one anotlisee Fig.
where we have used E¢9). Consequently, the fractional 1(p)] as a result of the restricted range @fAs mentioned,

errors onNg andNg are the dependence can be approximated by a straight line. If we
SN 1 are concerned mainly with learning the signegofind are not
| ONg| SO — (18 SO concerned about the exact magnitude @t 792, we
INg|  2NZZr[sins sinyl can substitute fory in expression(22) for D, having already
substitutedm =P'?, and thus each measuremenofmplies
| Ng| 1 a9 @ relation betweeff and a.

An even greater simplification can be obtained if we ne-
glect the term quadratic if in D, and eliminateZ; P, and
Thus the fractional error on the quotiédg/Ng is the sumin P’ from the remaining equations involving, C, D, andF.

INg[ ~ 2NTZF,[siné siny|

guadrature of these two errors: With the approximate formulgl3) one has
S(Ng/N 1 f2)\12 coq 1.2 D-F 1
|8(Na/Ne)l _ T (1+—2) (20) 112 .6 . (24)
[(Ng/Ng)| — 2N¥2r |sins siny]| fz sina JE VA= AZ-c?
Demanding that this error be less than 30% as noted aboVne sign ambiguity stems from the fact that the equation for
and substituting the values of the constants, we find T'sina has two solutions. We can anticipate that the solution
91 with 72~A is the most likely, as long aB is relatively small
N =>—08p - (21) compared tdZ, as generally anticipated. Since
T SIe S sirfy
4+ [p2_c2
This gives an idea of the data samples required to improve (Tsina)é#, (25)

upon the assumption of no more than 30%($Ubreaking in

penguin amplitudes. More detailed estimates are postponed

until Sec. IV. Meanwhile, we examine the special case ir@d since|C| tends to be small when sinis near 1(as for
which the strong phase-shift differendevanishes. the point py), we anticipate that in that case we should
choose the positive sign in the square root, and the argument

of the overall square root in the denominator of the last frac-
tion in Eq.(24) is about 2. On the other hand, whe€| is

Both the w7 parameterB and thewK rate asymmetry fairly large (e.g., for pointsp; and p3), the sign does not
parameteE vanish when the strong phase-shift differedce matter much, and the argument of the overall square root is
is zero. In that case, however, one can no longer use relaticboutA. ~
(10) to determine the rati@/P. One has four observablés, For 1007 7~ and 1007"K™ events, the errors iA and
C, D, andF) to determine five parametefs.g., 7, P, o, P’, D are about 10%. Assuming that the'| contribution is
and y). One must make additional assumptions to obtain sodominant inD, the error onF will then be about 17%be-
lutions. In this section we explore several such possibilitiescause of the branching ratio of neutral kaonsrtor~). One

then finds an error of about 0.55 in the right-hand side of Eq.
A. Simplified observables with =0 (24) when « is near the middle of its range, and about 0.78
when «a is near its lower or upper bounds. In Figilagwe
plot the left-hand side of this equation, along with plotted
points for «=20° (py), 71° (p,), and 120°(p3), with the
errors in co§l.2a)/sin « of =(0.78, 0.55, 0.78 respectively.
C=—T2sin2a)+27TP sina, The allowed region ifje,y) is shown in Fig. 2b) along with
the line corresponding tg=180°-1.2«. The arrows desig-
nate values ofr corresponding t@,, p,, andps.

When« is close to the center of its range, a sampld3of
decays corresponding to 100 events in each ofthe™ and
7K™ channels allows one to narrow the allowed region of
a by roughly a factor of 2. For the lowest or highest allowed

(CIA)?>=4z(1-2), values of @ one does somewhat better. For more precise
estimates, one would retain thg|? term inD whena=90°,
where and would be more precise about the errorGn

lIl. VANISHING STRONG PHASE-SHIFT DIFFERENCE

When §=0, Egs.(7) and(8) for A, C, andD become
A=T2+P2-27TP cos,

D= (T, )2+ P2~ 27, TP cosy. (22

A simple relation follows from eliminating between the
first two of these equations:
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cosy. Because of the strong anticorrelation betweeand y
shown in Fig. 1, the contours & andD are nearly perpen-
dicular to one another for each of the three illustrated cases.
This means that for each pdit,y), a measurement & and
D selects a point in théZ,P’) plane with comparable errors
on7andP' if the values and errors @& andD are compa-
rable to one another. _

A measurement df =|P’|? (the 7" K° or 7~ K® branching
PN BV PRI P N A ratio, in units of 10°) must be consistent with the determi-

50 100 150 nation just made. Thus, a one-dimensional allowed set of
a points(a,7y) is chosen by the combined measurements, of
D, andF. The degree to which this choice is unique depends
on being able to observe the effect6f P’ interference in
the measurement @, since in the absence of the contribu-
tion from 7 one would_haveD=F. That is, the average
7K™ and 77K® (or 7 K°) rates would be the same in the
absence of th@ contribution to ther*K* mode.

Once one has selected values Bfand P’ for a one-
dimensional set of points in th,y) plane, the value o€
can be used to distinguish among those points. Positive val-
ues of C tend to be associated with negative values of
sin(2a) and hence with values af greater than 90°. Such
values correspond tép,7) values lying inside a circle of
radius 1/2 with center gi=1/2, =0. These parameters cor-
respond to roughly the right-hand one-third of the allowed
regions in Figs. (@) and Xb). The parameter spaces of Fig. 1
are much more sensitive to positive value<athan to nega-
tive values. We shall see such behavior again when we come
to discuss a further simplification in the next subsection.
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FIG. 2. (a) The function cofl.2x)/sina as a function ofw, and
errors on a expected for a sample corresponding to 1BB
or B~ 77~ decays. The three points, from left to right, corre- . ) )
spond top;, p,, andp; of Table |, ands=0 is assumed(b) Cor- D. Information without #/K separation
responding regions in the-y plane. The fact that the contours @& andD are nearly perpen-
dicular to one another and have similar spacingg and?’,
Let us for the moment neglect the small correction term inrespectively, suggests that contours of
expressiorn(7) for C. Then since sin 2 can take on the same .
value for two values of equally above and below/4, there ~ S=A+D=(1+T H)T?+(1+r?)P'?=2TP'(r; *cosx
is a discrete ambiguity associated with negative values of T, cosy) 26)
and values ofa<<w/2. This ambiguity is likely to persist u
when we include the correction term. However, the addition
of mK decay information appears capable of resolving thignay not depend very much on which set of allowedy)
ambiguity, since it provides additional information on the one chooses.
angle y which is highly correlated withw. For values of This expectation is borne out in Fig. 3. The observation
a>/2 and positiveC only one solution(that for a<3w/4)  thatSis roughly independent dfe,y) follows from the an-

appears to be in the physical region, so we do not get th@correlauon of cosx and cosy. The sum of the averagg’
same sort of discrete ambiguity. and B® branching ratios tor" 7~ and 7K™ leads to an

approximate constraint ofi >+7P'2 roughly independent of
CKM parameters within the allowed range. This is fortunate,
since the CLEO Collaboratiof27] measures precisely this
_ When 6=0, as mentioned we are missing information onsum, with only weak distinction at present between pions
P'IP'. In the previous subsection we supplied this informa-and kaons(Improved particle identification at CLEO is fore-
tion by assuming a functional relation betweerand y. In  seen in the futurg One may expect a similar measurement in
the present subsection, we no longer assume such a relatisgme hadron collider experiments, such as the Collider De-
but simply assume this ratio to equal unitit. was assumed tector at FermilaCDF), unless specific steps are taken for
to equalfy/f,~1.2 in[10,26.) Under this assumption, we particle identification.
may drop the tilde symbols gR’ in Eqs.(22). We may then A combined measurement af>+P'2 and F=P'? now
plot contours of observables in the plane @&|T| vs can be used to determine each parameter. The determination
'=|P'| for various regions in the allowed parameter spaceof « and y is now more simple-minded, albeit less precise,
Contours of fixedA are mainly sensitive t@, while those than in the previous section. Since our determinatior? of
of fixed D depend mainly orP’. The slopes of the contours and P’ is now independent of and y, we can use these
reflect the presence of constructive or destructive interferparameters in Eq22) for C to plot contours of fixedC in
ence betweefTandP’, depending on the signs of casand  the («,7) plane.(The variation withy springs from the fact

C. SU(3) assumption for penguin amplitudes



54 WEAK PHASES FROMB DECAYS TO KAONS AND.. .. 3315

2.0

LI N B N B

LU SELANLIL LA INLAALALAN 18 B

150
FIG. 3. Contours in the

IT|-|P’| plane of fixedS=A+D
(sum of averager” 7~ and 7K™
branching ratio in units of 10),

0.0 Illl..lllllllllllll‘lll
0 0.5 1 1.5
(I

y 0 T111

100

20 I|I|IIII|IIII 2 LU L T 1T [ T rrr
50 - for 6=0. Dotted curves:S=0.2.
15 Other curves, outward from ori-
0 111 | 11 (1) | ) T . | 11 gln: S=17273’4'
0 50 100 1 Lo
« g .
(-
5 |
. | ) f Z
||||:|||||!|||||||||;| 0.0 ||||'|||||l|||1|||l|||
0 0.5 1 15 2 0 0.5 1 1.5 2
[T| IT|

thatr r,=sina/siny, as mentioned previous)yAn example states. The oscillations from whidd is to be extracted are
of such a contour is plotted in Fig. 4 for the representativeexpected to stem only from the* =~ final state.
values7=P'=1.1. One sees a fair amount of uncertainty for ~ The imposition of particle identification returns one to the
values ofC near—0.7, where the contour intersects the al- situation of the previous section. As mentioned, to make ef-
lowed (@, ) region in a wide range of points. This behavior ficient use of the information thus provided, one must be able
is related to the discrete ambiguity noted at the end of Sedo see the difference betwedh, where there is a small’
[l B. However, contours of positive€e cut the allowed re- contribution, and~, where there is none.
gion at a larger angle and lead to a more highly constrained
solution.

The measurement @& in the absence of particle identifi- ~
cation is possible since one is following the time dependence We have explored numerically the case &0, P'=P"
of a decay rate in which one compares the decays of statéing a Monte Carlo program which generates events with a

which were initially B® and B® to a combination of final ~Statistical spread in the variablés C, D, andF appropriate
to data samples corresponding to a totaMbfdecays ofB

or B® to #"#. Scaling other quantities to the expected
T a o rates, and recalling the discussion of Sec. Il D, we
1 then assume

E. Results of a Monte Carlo simulation

150 ] SA=5C=8D=SF/V3=1/\M. (27)

. ForM =100, 1000, 10 000 we then ask how welandy can
1 be determined. Numerically this is accomplished by stepping
«a and y through a range of values, accepting any solution
which is within 2r of the generated value for each parameter
A,C,D,F, and averaging all such solutions. To allow for the
] possibility of multiple solutions, a cluster algorithifle-
— scribed in the Appendix is applied. We also restrict
q 10°<a=<130°, 20%y=<170°, and|y—(175°-1.160)|<30°
1 in accord with the allowed regions in Fig. 1. The results are
shown in Fig. 5.
L One sees a noticeable improvement with increased statis-
tics. A clear distinction between the cages or p,) andp;
a is already possible wititM =100. Satisfactory results for all
three points are obtained fidt =1000. The small ambiguity
FIG. 4. Contours of fixe€ for |T|=|P'|=1.1 as functions ofr ~ fOr p; appears to be related to the multiple intersections of
andy, for §=0. Only those branches intersecting the allowed regionthe contours for negativ€ (Fig. 4) with the allowed region
are shown. Dotted curveC=—0.7; dashed hyperbol&€=-0.5;  of parameter space. Errors are reduced further wieis
solid curves, from left to rightC=0, 1; dashed ellipseC=1.5. increased to 10 000.

100

50
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tainties in the value of the final-state phase. Their nature is
best ascertained by referring to the cad$e10 000. One can
detect up to three clusters of solutions. For example, in the
] case of input parameters in the vicinity pf, a final-state
= phased~90° turns out to be ambiguous with two other cases,
one withé <90° and the other witld >90°, as one sees by
referring to the corresponding plots afvs § shown in Fig.
7. For input parameters nepy, the more serious ambigu-
ities appear to occur for moderate or small values.ofor
input parameters negr;, uncertainties present favl =100
& andM =1000 appear to have largely disappeared by the time
T PRI I M reaches 10 000. This behavior may be related to the
unigueness of the solution provided by large positivéor
points nearp; in Fig. 4, but also points to the absence of
ambiguities associated with the value &f
i The discrete ambiguities mentioned previously are quite
o b ol d B b B noticeable in Fig. 7; in addition, fo6 near 180°, even the
0 50 100 150 0 50 100 150 © 50 100 150 largest value oM does not lead to solutions in which that
« value is uniquely determined.
_ Note addedNumerical exact solutions have recently been
FIG. 5. Scatter plots in the-y plane of 100 events generated generated for the cases considered 1i@8. One chooses a
according to errors appropriate to sample#fof 100, 1000, 10 000 set of input values of, y, and3, along with a representative
events for the pointp,, p,, Ps of Table I, for5=0. Here thexand o o amplituded; P, 7' as in the Monte Carlo estimates,
v axes are plotted in degrees. and calculates the quantities—F. Using these, one then
solves back fow, y, andé. For some sets of the input values,
IV. ERROR ANALYSIS as many as eight solutions were found. However, most of
FOR GENERAL FINAL-STATE PHASES these can be excluded because the valuesarid y lie well

In [14] we estimated the statistical accuracy of determin-outside of the region allowed in Fig.(d). All the correct
ing the weak phases and y using the present method to be solutions are obtained as expected, sometimes more than
at a level of 10%, given around 100 events in each channePnce. The remaining spurious ones, which show up as clus-
The theoretical uncertainty of the method is at a similarters in Figs. éc) and 7c), are summarized in Table Il. Many
level, involving the following corrections all of which are of of these solutions involve the interchange— 4, which is a
order a few percent: A correction from an electroweak penSymmetry of the quantitie® andE. Of course,« changes
guin amplitude inB™— 7 *K°, corrections due ta andc  under this replacement.
quarks in theB°—x* 7~ penguin amplitude, second-order
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SU(3) breaking in the magnitudes of weak amplitudes, first- V. CONCLUSIONS
order SU3) breaking in the(smal) strong phase of the pen- '
guin amplitude, andD(fg/mg) annihilation amplitudes. In To summarize, we have shown that measurements of the

this subsection we analyze in more detail the precisiomron rates forB decays to modes involving charged pions and
andy that can be attained with a given sample of events as kaons in the final states can determine the shape of the uni-
function of the parameters. We use a Monte Carlo prograntary triangle, even in the absence of theoretical or experimen-
similar to that described in Sec. Il E to generate events withtal information about final-state phases. The full set of mea-
a given Gaussian distribution in the parameters= appro-  surements involves the detection of the time-dependent rates
priate to a total sample correspondinghb =" 7~ decays. for B® and B~# 7, and the rates foB°—n K™,

We choose7=1 andP'=P"=1 for the purpose of generat- B . 7*K~, and B*—K.m". A rate asymmetry between
ing events. In addition to the errors assumed in @), we  B°— 7~ K* andB°— 7K~ is needed in order to perform a

assume solution for all necessary parameters. In the absence of this
asymmetry, one can obtain partial information by noting the
SB=SE=1/\|M. (28 tight correlation between the anglesand y of the unitarity
triangle, or by assuming an %8 relation between
The results are shown in Fig. 6. strangeness-changing and strangeness-preserving penguin

The method clearly improves with increased statistics, irmmplitudes. One can even dispense with particle identifica-
a manner roughly compatible with our estimé2d). Despite  tion, summing=" 7 and =“K™ modes, if only crude con-
the presence of a large spread in valuesr@ind vy, one can  straints on parameters are desired. As a result of the strong
already distinguish the cagm from the casep, andp, for  anticorrelation betweem and vy in the physically allowed
M=100. The distinction betweep,; and p, appears to region of parameter space, theK modes are particularly
emerge by the time one reach&=1000. On the other helpful in resolving a discrete ambiguity associated with the
hand, one sees the distinct appearance of clusters of pointsehavior of the function sir2which would be present if one
corresponding to the presence of discrete ambiguities. Thestudied7# modes alone.
ambiguities are to be distinguished from the one mentioned In the simplest case examined, where the assumption of
at the end of Sec. lll B, and appear to be related to unceré=0 and the strong correlation betweenand vy in the al-



54 WEAK PHASES FROMB DECAYS TO KAONS AND.. .. 3317

5.7 deg 36.9 deg 84.3 deg 95.7 deg 143.1 deg 174.3 deg
il}llllllI|IIII|II::III‘I|IIII'|II1Ill::llu[llllllll\II|IL£.!I‘I|II\I|IIII|I|: :.I::‘(IIIII|\II!IIl::|I<[IIIHI|\IH|II:
= g : 3 T4 —
I : =
sk S S S -
i”’i”“I’.‘"’I‘E”‘I”“}’i"l’éi”’l””l“’”I‘E ] H:IH::I:E
M —h ——. — E —
o EC S =% 3 3
o F . E 3 o E
A B A S s _F _+ R
3IHillH“HI'IEiHIlHHlHHliélH|HHIHH|IE3IH|HH|!IHl lHH‘HHllE
T T T T [ |_:
P T S T 3 -
S T B R T I T 5
_IIII|IIII|IIII|II— ﬁIII|IIII|IIII‘Il"\llllfllllllllllr III|I\II{IHI|\I’
o (a)
5.7 deg 36.9 deg 84.3 deg 95.7 deg 143.1 deg 174.3 deg
JIIII\III|||II__II_IIII\I|<||ILJJIIIII\IIIII|::||||I|||I||l ll:f‘lAIIIIIIIIIIII::lI:[II\Illlllll:
;_15::._| I |_: L | l—ZZ‘! [ l_: ™ I,,: 2] [ I_: F [ |_:
L E = = §p = = =
& E =+ = ¢ 4 S = =
illl"l||||IIII|IIEEHIIlllllllllllllgillllll\ll IﬁElIII]IIII|I\II]IIEiIHlHIJ'I\IIIIIE
_lllI|IIIIIIIII|IL_,JIIK|IIII|IIII|IL_JIII|IHI| I|__iIII‘IIIl||\II|I|__|I;II|\II\|I\II‘IL FIG 6 S tt | t . th | f
B N . - =+ T — . 6. Scatter plots in the-vy plane for non-
B I I '__i}‘; I | .
~ ¢ _‘:f_ fA Fr oy i S T _3 zeroinput values ob (labels above columngor
o F E IR F 4 1 the pointsp,, p», ps of Table I (labels to left of
E 2 | Lol ¥ Lol S Ll T Lol 3 Lol 1 rows. Here 0%(a,y)<180°. (a) M=100; (b)
B ;HIlllHlHH}iQIHlHHlHHllgHIIHI%IHH|IQIH|IHI|:IH|IEIHlHHlHH’IE M =1000: (c) M =10 000.
o F E3 I T O IE IE
a F + . + Cw Y L. : _F ~
F BT s T + & T . = &
Y Y Y OO T Y= U Y PO = SO I = SO Y I = PR P I
« (b)
5.7 deg 36.9 deg 84.3 deg 95.7 deg 143.1 deg 174.3 deg
Py T T T T T T T T T T T T T T T TG
E? ¥ +i Fi I * 3
& E k3 EIRC A E3 E
E|III|IIII|IIII|IIEE|II||IIII|IIlllllzilkllllll|llll|Ilzillllllll‘IIIIIIIEEIIIIIIIII|IIII|IIEE|III|1II\|I\II‘IIE
:)III|IIIIIIIII|IE:lllllllII|IIII|\E£HI|IIII|IIHIII:£IIIIIIII1IIIIIIEfIII|IIII|IIII|II::IIII|HII|I\II(I|:
2 E3 E3 E3 EX E3 IE
™ — 0 " A " - " [ i —
o F aw  E 4 £ 3 £ EY) e E
illl'lkll'llllllgilll|IIII|I!II|I§iIII|IIII|IIII‘IlgillllIIII|IIII|IgElIII|IIII|IIIlllgilllll\ll‘ll\ll\;
R N I L L L e ey L L L L L= A
o E E3 E3 E3 E3 E3 E
[T = S = S + = S i =
E T . + - =+ - + L + B E
:IIII|AI'lIlI1IIlI|lI::IIII|IIII|IIII|IV::III1|IIII|IIIIiIl::IIII|AIII|1III||F;III|;III|IIII|}F;II\|I\II‘>II\I|\F
o (c)

lowed parameter space were utilized, we found that a sampleg to p<<0 in the language of the Wolfenstein parametriza-
of events corresponding to 106 7 and 100K * events, tion). Even when a distinction between charged pions and
with a correspondingly reduced number of detectedcharged kaons is not possilifeec. Il D), partial information
B*—Kgm™ decays, was sufficient to reduce the allowed re-on the parameters can be obtained, since the time-dependent
gion in parameter space by roughly a factor of two, dependeffects are expected to be confined to #her~ channel and
ing on the values of the CKM angles. thus a measurement of the param&diefined in Sec. )lis

In the more general case in whiagh=0 but no relation still possible.
betweena and y was assumed, we found that by assuming In the most general case of nonzero final-state phase dif-
SU(3) symmetry for penguin amplitudes we could obtainferencess we find that the program described here requires
unique solutions forr and y, with some possibility of dis- approximately 18(sir® §sirf y) decays of neutraB’s to
crete ambiguity whem is small andy is large(correspond- charged piongand a similar number ofrK events$ in order
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to free oneself from assumptions of &) breaking at the necessary to resolve such ambiguities.
30% level in penguin amplitudes. A Monte Carlo program

has shown that one begins to get useful information with 100
such decaygto be compared with about 10 in the present
data sample The full power of the method becomes appar- We thank J. Bjorken, F. De Jongh, H. Lipkin, D. London,

ent as the sample exceeds 1000 and approaches 10 000. Ex¢nQuinn, P. Sphicas, and S. Stone for fruitful discussions,
under such circumstances, a discrete ambiguity remains aand the CERN Theory Group for a congenial atmosphere in
sociated with the size of final-state phases. Arguments extewhich part of this collaboration was carried out. A.D. wishes
nal to those presented hdrsuch as the allowed regions in to thank G. Harris for valuable advice on Monte Carlo meth-
the (a,y) parameter space, the expected magnitude dB5U ods. M.G. and J.L.R. wish to acknowledge the respective
breaking, and the expected size of final-state pHasay be  hospitalities of the SLAC and Fermilab theory groups during
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200 1534 843 593 931 236 APPENDIX: DETAILS OF CLUSTER ALGORITHM
828 834 1523 @
957 60.8 826 22.7
83.2 96.0 154.0 2P
70.7  90.0 57 986 892 1740 °©
36.9 152 1272 828

Given a set of values fok, B, C, D, E, andF, the values
of a, y and § are not necessarily determined uniquely. Apart
from the ambiguities associated with the numerical nature of
the algorithm, there can also be discrete ambiguities. In that
case the set of tripletéa,y,5) consistent with all the ob-

92.5 88.8 1406 ¢ served quantities will form clusters in ttie,y,8) space, for
9.7 692 802 891 any given set oA,B,C,D,E,F. The number of clusters cor-
695 989 908 ° responds to the number of discrete solutions and the spread
658 830 742 within a cluster corresponds to tiieumerica) error on that
1431 311 1454 911 @ particular point. The average of all points in each cluster is
50.2 86.2 293 taken to be theentral valuefor that cluster and is plotted in
120.3 36.9 57 1357 34.0 6.5 Figs. 5, 6, and 7 as a single point. The number of points
143.1 1217 426 1484 plotted for each data set is thus the number of discrete solu-
5 - tions for that data set.
v~ dinterchange. The ambiguities associated with the numerical nature are
C'B too small. expected to beontinuousi.e., for any poini to belong to a
aty=m. cluster, there should be at least one pgiitt the cluster such

that |a; — aj| <A, whereAa is theleast countin « in the
parts of this investigation, and J.L.R. thanks the Physics Denumerical algorithm. Two pointsandj belonging to differ-
partment of the Technion for its hospitality. This work was ent clusters will fail to satisfy this condition. Different clus-
supported in part by the United States—Israel Binationaters can thus be separated from each other.
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