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Chaotic amplification of neutrino chemical potentials by neutrino oscillations
in big bang nucleosynthesis
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We investigate in detail the parameter space of active-sterile neutrino oscillations that amplifies neu
chemical potentials at the epoch of big bang nucleosynthesis. We calculate the magnitude of the amplific
and show evidence of chaos in the amplification process. We also discuss the implications of the neu
chemical potential amplification in big bang nucleosynthesis. It is shown that with a;1 eV ne , the amplifi-
cation of its chemical potential by active-sterile neutrino oscillations can lower the effective number of n
trino species at big bang nucleosynthesis to significantly below three.@S0556-2821~96!05616-0#

PACS number~s!: 14.60.Pq, 14.60.St, 26.35.1c, 95.35.1d
-

I. INTRODUCTION

Neutrino oscillations have been suggested to explain s
eral experimental results and, if proven true, they will rep
sent a significant step toward physics beyond the stan
model of particle physics@1#. Mixings between active neu
trinos (ne , nm , or nt) and sterile neutrinos~hypothetical
neutrinos that do not interact with known particles via t
strong, weak or electromagnetic interactions! are one pos-
sible source of neutrino oscillations. The most stringent c
straints on the parameters of active-sterile neutrino mixi
come from cosmological and astrophysical considerati
@2–6#. In particular, the active-sterile neutrino oscillations
the epoch of big bang nucleosynthesis~BBN! have been in-
vestigated extensively and tight constraints have been
tained based on the primordial4He abundance in our uni
verse. Interestingly, it was recently pointed out by Fo
Thomson, and Volkas@7# that some parameter space of t
active-sterile neutrino mixings can amplify neutrino asy
metries ~neutrino chemical potentials! so that the previous
constraints on active-sterile neutrino mixings based on B
can be alleviated@7,8#. Also an asymmetry in the electro
neutrino sector as large as;0.1 at the time of BBN can
change significantly the BBN prediction of the primordi
4He abundance.
In Sec. II of this paper we expand the original investig

tion of Foot, Thomson, and Volkas@7# by calculating the
parameter space that amplifies neutrino chemical poten
and the magnitude of the amplification. But instead of re
ing on a simplified equation that only applies outside
resonant regime and when neutrinos are incoherent, we
lyze the problem based on the original equations in the d
sity matrix formalism, both analytically and numericall
Our analyses reveal many interesting features of the am
fication process that cannot be revealed by the simpli
approach. For example, the neutrino asymmetry can be
cillatory long after the initial resonant crossing. There is e
dence which suggests that the oscillatory asymmetry is c
otic. As a result, although the order of magnitude of the fi
neutrino chemical potential is readily predictable, the sign
the chemical potential is very sensitive to the mixing para
eters and the input parameters of numerical calculatio
54821/96/54~4!/2753~8!/$10.00
ev-
re-
dard
-

he

on-
ngs
ons
at

ob-
-
ot,
he
m-

BN
n

al

a-

tials
ly-
the
ana-
en-
y.
pli-
fied
os-
vi-
ha-
nal
of
m-
ns.

This oscillatory behavior and evidence of a chaotic amplifi-
cation are probed in Sec. II.

In Sec. III, we discuss two implications of our results in
Sec. II and show how active neutrinos as dark matter
candidates—having;1 eV mass—can lower the effective
number of neutrino species in BBN to significantly below 3
by mixing with a lighter sterile neutrino.

II. FORMALISM AND CALCULATIONS

Throughout the paper, we adopt a unit in which
\5c5k51. We also use a convention to denote the number
density of a particlei byNi , and the number density relative
to its equilibrium value@2z(3)T3/p2 for photons, 3/4 of that
for electron positrons, and 3/8 of that for neutrinos# by ni .
The Hubble expansion rate isH57T2/MP whereMP is the
Planck mass andT the temperature of the universe. Finally,
T6 denotesT in the unit of MeV. Since we are only con-
cerned with the era of BBN, we limit our discussion to
1&T6&100.

Mixtures of an active neutrinona and a sterile neutrino
ns can be described by a density matrix@3#

rn5S raa ras

rsa rss
D 5

P0I1P•sW

2
, ~1!

where sW are the Pauli matrices. The number densities of
na andns in the mixture, relative to their equilibrium values,
are, respectively,

nna
5
P01Pz

2
, nns

5
P02Pz

2
. ~2!

The evolution of the total relative number density of the
neutrino mixture at the epoch of BBN is@3#

Ṗ05 (
i5e,nb ;bÞa

^G~nan̄a→ i ī !&~nin ī 2nna
n n̄ a

!, ~3!

where^G& are reaction rates averaged over a thermal spec
trum. Values of̂ G& are listed in Table I of Ref.@3# or Ref.
@5#. The evolution ofP is @3#
2753 © 1996 The American Physical Society
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Ṗ5V3P1 Ṗ0ẑ2DP', ~4!

whereV represents the frequency and the axis of the osc
lation in theP space, andP'5Pxx̂1Pyŷ. TheD term rep-
resents the damping ofP' due to neutrino interactions which
constantly reduce a mixed neutrino state into an eigenstat
eitherna or ns .

At the epoch of BBN,

Vx5
dm2

2E
sin2u, Vy50, Vz52

dm2

2E
cos2u1Va

L1Va
T,

~5!

wheredm2 andu are the usual vacuum mixing parameter
andE is the energy of the neutrinos.Va

L is the contribution of
the matter effect from asymmetries in the backgrou
plasma@9#:

Va
L5A2GFNgH L010.375F2~nna

2n n̄ a
!

1 (
nbÞna

~nnb
2h n̄ b

!G J
'0.13GFT

3F8L0/312~nna
2n n̄ a

!

1 (
nbÞna

~nnb
2n n̄ b

!G , ~6!

where L0 represents the contribution from the baryon
asymmetry as well as the asymmetry in electron positro
and is ;1029. Ng is the photon number density. The
nn2n n̄ terms represent the asymmetries in active neutrin
and thus their nonzero chemical potentials. Ifjn , the chemi-
cal potential ofn divided by kT, is much smaller than 1,
nn2n n̄'1.8jn .

Va
T is the contribution of the matter effect due to a finit

temperature@9#:

Va
T52A2GFNg@12.61ET~nna

1n n̄ a
!/4MZ

2

112.61ET/MW
2 #, a5e,

52A2GFNg@12.61ET~nna
1n n̄ a

!/4MZ
2#, a5m,t.

~7!

It has been shown that Eqs.~3!–~7! give a good description
of neutrino oscillations in BBN if the average neutrino en
ergyE'3.151T is inserted inV and ifD is thermally aver-
aged@3#. Therefore, numerically,

Va
T'H 2250GF

2T5, a5e

270GF
2T5, a5m,t.

~8!

The damping coefficientD, consisting of contributions from
both elastic scattering and inelastic scattering ofna , is @3,5#

D'H ~1.310.4nna
10.5n n̄ a

!GF
2T5, a5e

~0.810.4nna
10.5n n̄ a

!GF
2T5, a5m,t.

~9!
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The reason we displaynna
andn n̄ a

explicitly instead of ap-
proximating them to 1 is for the convenience of calculating
the difference in the coefficient between thena2ns
and n̄a2 n̄s oscillations. Since we often compareD to the
Hubble expansion rateH, we note

D'0.5T6
3H. ~10!

The initial condition for Eqs.~3! and~4! is usually chosen to
be P05Pz51 andPx5Py50, at Tinit whenVa

T dominates
over dm2/2E: i.e.,

Tinit@15U dm2cos2u

eV2 U1/6 ~11!

~for the moment we assume any neutrino asymmetry is neg-
ligible!. That is, the neutrino ensemble consists purely of
na , which is a good approximation becauseVz@Vx so that
V is almost aligned with theẑ axis.

As the universe expands and its temperature drops,
uVx /Vzu becomes larger, the amplitude of the oscillation con-
sequently increases. Eventually, if there is no amplification
of neutrino asymmetries,Va becomes negligible, andV
settles down into its vacuum value. During the process, if the
mixing hasdm2,0 (na heavier thanns), a resonance can
occur whenV crosses thex̂ axis at a temperature

Tres'13~16!3U dm2cos2u

1 eV2 U1/6 MeV for a5e~m,t!.

~12!

P andV before and after the resonance are illustrated in Fig.
1.

During the oscillation, the interactions betweenna and
the background plasma play two roles. First, the interactions
~including both elastic and inelastic ones, represented by the
D term! reduce mixed neutrino states into eitherna or ns ,
which effectively damp the amplitude ofP' and at the same
time randomize the phase of the neutrino oscillation. When
the regeneratedna ~andns but mostlyna) oscillate intons
~and na) again, the portion ofna in excess ofns , Pz , de-
creases toward 0. Secondly, the inelastic process—nan̄a pair
productions~the Ṗ0ẑ term!—constantly replenishes the num-
ber ofna that is being depleted by oscillation, maintaining its
population as a full relativistic species as long as such pair
productions are potent (T*3 MeV for ne and*5 MeV for
nm or nt).

Equations ~1!–~11! can be equally applied to the an-
tineutrino sector, with notations for particles and antipar-
ticles switched andL0 replaced by2L0. Apparently, since

na and n̄a can only be produced as pairs,Ṗ05 Ṗ̄0.
The relevance to BBN comes atT;1 MeV when the

neutron to proton ratio freezes out. If a significant population
of ns is produced, or a significant asymmetry innen̄e is gen-
erated through the active-sterile neutrino oscillations, the
neutron to proton ratio can be affected and the resultant
4He primordial abundance altered from the standard BBN
predictions. When neutrino asymmetries are negligible, to be
consistent with the observed primordial4He abundance re-
quires@3,5#
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dm2sin42u&1029 eV2. ~13!

~The bound on thene2ns mixing is tighter on the low
dm2 end. See Refs.@3# and @5# for precise constraints.!

Under conditions that

uVu@D@uV̇u/uVu, ~14!

i.e., the damping ofP and the change inV are negligible
within one cycle of oscillation ofP, Eq.~4! can be simplified
to the lowest order to

Px5VxPz /Vz , Py50, Ṗz52DVx
2Pz /~Vx

21Vz
2!1 Ṗ0 .

~15!

In the epoch of our concern, and in the absence of an am
fication of neutrino asymmetries, Eq.~14! is satisfied except
near the resonance region whereuVzu;uVxu. This is because
Va
T5O(102)D and uV̇a /Vau;H!D at T6>1. We will dis-

cuss the case of amplified asymmetries later in the sectio
Similarly for antineutrinos, the approximate equations a

P̄x5VxP̄z /V̄z , P̄y50, Ṗ̄z52D̄Vx
2P̄z /~Vx

21V̄z
2!1 Ṗ̄0

~16!

under conditions thatuVu@D̄@u V̇̄z/zV̄u. Assuming there is no
asymmetries in neutrinos other than the oscillatingnan̄a sec-
tor,

FIG. 1. Illustrations of evolution ofP andV for dm2,0. ~a!
Before resonance;~b! right after resonance.
pli-

n.
re

V̄z5Vz22b~DPz18L0/3!5V02b~DPz18L0 /3!,
~17!

whereb50.375A2GFNg'0.13GFT
3, V052dm2cos2u/2E

1Va
T , andDPz5Pz2 P̄z52(nna

2n n̄ a
). It is also noted that

D̄2D'0.05DPzGF
2T5!DDPz .

The asymmetry in thenan̄a sector can then be described
by DPz which to its lowest order satisfies

ḊPz5DPzVx
2S 1

Vx
21V̄z

2
2

1

Vx
21Vz

2D
2D

Vx
2

Vx
21V̄z

2
DPz1~D̄2D !

Vx
2

Vx
21V̄z

2
P̄z

'
DVx

2

Vx
21@V02b~DPz18L0/3!#2

3H 4V0b~DPz18L0/3!Pz

$Vx
21@V01b~DPz18L0/3!#2%DPz

21J DPz .

~18!

The equation resembles Eq.~15! of Foot, Thomson, and Vol-
kas @7# except that their equation omitted the second term
andL0, and assumedPz to be 1.

When V0,0, Eq. ~18! is a damping equation for
uDPzu.8L0/3, and no amplification ofuDPzu to @1029 can
occur. This rules outna-ns mixings with dm2.0 (ns
heavier thanna). Only whendm2,0 andV0 switchs to a
positive value~resonance crossing! beforeT;1 MeV does
an amplification ofDPz become plausible.

For mixings withdm2,0, V0 still starts out negative at
high temperatures@Tres. Any uDPzu.8L0/3 will be
damped toward an asymptotic value such thatḊPz→0.
Thus,

DPz→2
8

3
L01U8Vx

2L0/3

4V0bPz
U'2

8

3
L0 ~19!

when uV0u@uVxu.
When the system enters the resonant regime, Eq.~18!

does not apply. We have to go back to the original equation
~4! and its antineutrino counterpart, which give

ḊPx52V0DPy2b~DPz18L0/3!~Py1 P̄y!2DDPx ,

ḊPy5V0DPx1b~DPz18L0/3!~Px1 P̄x!2VxDPz

2DDPy , ~20!

ḊPy5VxDPy ,

whereDPx5Px2 P̄x andDPy5Py2 P̄y . If we do not want
ns to be brought into equilibrium, we have to restrict our
discussions to the parameter space that satisfies Eq.~13!.
Then ~1! the resonance crossing is nonadiabatic, and~2! D
has to be small enough compared to the time scale of th
resonance crossing so that most of the neutrinos do not sca
ter during the crossing. The nonadiabatic change inV leads
to a coherent oscillation ofP around the newV @see Fig.
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1~b!#. The impotency of scatterings enables this coherency
be maintained throughout the resonant regime and beyo
until D*uV̇u/uVu so that the interactions have enough time t
randomize the phases of neutrinos again. It also implies th
theD term in Eq.~20! can be dropped in resonance.

When the temperature was high aboveTres so that Eq.
~18! applies,DPx'VxDPz /Vz , DPy , andḊPy are approxi-
mately 0. But in and right after resonance, the approximati
breaks down because of the rapid change ofVz and V̄z .
InsteadDPy becomes oscillatory with a frequency of;Vz

@Fig. 1~b!#. uDPz18L0/3u will quickly be of order 1029, but
a more important question is whetheruDPz18L0/3u ~and
thus uDPzu) can be amplified to@1029. Assuming that
ubDPzu!V0, the amplitude of the oscillatingDPy will be of
order;uPzVx(Vz

212V̄z
21)u'u2VxbDPz /V0

2u ~from now on
Pz;1 and L0 is dropped for simplicity because
uDPz18L0/3u;uDPzu). The amplification ofuDPzu depends
on whetherḊPz has enough time to changeDPz by a factor
of more than 1: i.e.,

U 2Vx
2b

V0
2 U*V0 . ~21!

SinceV0 is a changing quantity, the condition of amplifica
tion depends on whichV0 to choose. For a crude estimate,
reasonable choice is theV0 at the time whenDPy oscillates
one cycle since the resonance@so that Eq.~21! is meaning-
ful#. So

V0;V̇0V0
21;

H

V0

udm2u
2E

. ~22!

Solving the equation assumingE53.151T yields
V0;1022udm2u20.25udm2/2Eu. Thus the condition of ampli-
fying DPz , i.e., Eq.~21!, is

udm2u25/12sin22u*10212. ~23!

The growth of uDPzu is limited once ubDPzu@V0 ~when
uDPzu@udm2/9 eV2uT6

24). Because at this moment, the am
plitude ofDPy becomes;u2Vx /bDPzu, and the amplitude
of ḊPz /DPz becomes ;2Vx

2/bDPz
2 , proportional to

DPz
22 .
An interesting feature ofDPz , shown both from Eq.~20!

and numerical calculations, is that it keeps oscillating belo
the resonant temperature~Fig. 2!. This is a direct conse-
quence of the coherent oscillation ofP andP̄. As a result of
the oscillation, the sign ofDPz flips ~so doesVz and V̄z)
unless the change ofDPz in each cycle is smaller than the
amplitude ofDPz itself; i.e.,

uDPzu.
Vx
2

ubDPzu
ubDPzu21. ~24!

Since for parameters that satisfy Eq.~23!, the amplitude of
DPz*(udm2u/9 eV2)T6

24, a rough realization of the condi-
tion thatDPz will not be oscillatory between positive and
negative values is
to
nd
o
at

on

-
a

-

w

udm2u
sin22u

*9T6
4 eV2. ~25!

At T651, DPz will not be oscillatory if udm2u/sin22u*9
eV2.

OnceDPz stops flipping its sign,uV̇u/uVu and uVG u/uV̄ de-
crease dramatically so that the dampingD term becomes

FIG. 2. The solid lines show the evolution ofDPz vs the tem-
perature of the universe, forne-ns mixing. Asymmetries less than
1029 are ignored. The dash line showsuDPzu5udm2/9 eV2uT6

24.
L051029. ~a! dm2521024 eV2, sin22u51025; ~b!
dm2521022 eV2, sin22u51024.25; ~c! dm2521 eV2,
sin22u51028.
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more and more important. Eventually Eq.~18! reapplies. As-
sumingPz;1 and neglectingL0 andVx in the denominator
Eq. ~18! yields

ḊPz'D
Vx
2

~V02bDPz!
2 F 4V0b

~V01bDPz!
2 21GDPz . ~26!

SinceV0.0 after the initial resonance, this is an amplific
tion equation if

4V0b

~V01bDPz!
2.1 or dm2&102 eV2. ~27!

The amplification will not stop until

D
Vx
2

~V01bDPz!
2

4V0b

~V02bDPz!
2 &H, ~28!

which occurs atubDPzu*V0;udm2/2Eu and

S 18T67sin22u

udm2u D S dm2/2E

bDPz
D 4&1. ~29!

At T6;1, nearly all the mixing parameters that show n
oscillatoryDPz have 18T6

7sin22u/udm2u,1, soubDPzu is lim-
ited to;udm2/2Eu and

uDPzu;
udm2u
9T6

4 ~30!

at a temperature of;1 MeV. This limit is confirmed by our
numerical calculations and is similar to that of Foot, Tho
son, and Volkas@7# based on their simplified equation. Fo
udm2u*10 eV2, however, sinceDPz has to be much smalle
thanPz;1, DPz;0.1.

The oscillatory behavior ofDPz after resonance is illus-
trated in Figs. 2~a!–2~c!, for three differentne-ns mixing
parameters. Each graph is the result of several million st
of integrations of Eq.~3! and Eq.~4! by adaptive Runge-
Kutta method, with an error of less than 10210 in each step.
In Fig. 2~a!, the mixing parameters do not satisfy Eq.~25! at
T651, soDPz is still oscillatory at 1 MeV. In Figs. 2~b! and
2~c!, uDPzu settles down to;udm2/9 eV2uT6

24 at T6*1, in
line with our estimate Eq.~30!. Our numerical calculations
also show that although the final settle-down value
uDPzu is predictable, the sign ofDPz seems random amon
different parameter choices. For example, in case 2~b!,
dm2521022 eV2 and sin22u51024.25, a small change of
sin22u to 1024.1875 yields an opposite sign of the fina
DPz. The sign ofDPz can also be flipped by slight change
in the initial L0 ~as tiny as 0.01%! and calculational param
eters, such as a different error control~from 10210 to
5310210 in our example!, or a step size, or even a slightl
different relation between the average neutrino energy
the temperature~from E53.151T to E53.150T in our ex-
ample!. This is due to the large number of oscillations
DPz before it approaches one of the two possible values
that the finalDPz is very sensitive to the input and calcula
tional parameters. Such behavior is not so significant in
case ofdm2521 eV2 and sin22u51028, because the num
ber of oscillations ofDPz is small @Fig. 2~c!#. In this case,
-

o

-
r

eps

of

l
s

nd

f
so
-
the

usingE53.150T the evolution ofP and P̄ traces the evolu-
tion of P and P̄ usingE53.151T very well ~in a sense that
their difference is obviously still a perturbation at lower tem-
peratures!. This is also true if we change the initialL0 by
0.01% ~although the resultant perturbation can be several
percent in the oscillatory epoch ofDPz). Nevertheless, a
small change of sin22u to 1028.0625still flips the sign of the
final DPz .

Figures 2~a! and 2~b! suggest a chaotic behavior in the
epoch of oscillatingDPz. Figure 2~c! might be intrinsically
chaotic too but the time scale of the oscillatory epoch may be
too short for such behavior to show up. The sign switching
of the finalDPz due to small deviations in mixing param-
eters also suggest that chaotic behaviors exist at least in ce
tain areas of the parameter space. To find mathematical base
for chaos, we try to determining the Lyapunov exponents of
the system@10#. AssumingfW (t)5(DPx ,DPy ,DPz) repre-
sents a solution of Eq.~20!, we investigate the behavior
of a nearby solution fW (t)1dfW (t)5(DPx ,DPy ,DPz)
1(dPx ,dPy ,dPz) (dPx anddPy are assumed to arise from
Px andPy only so that we can carry out our analysis!. The
evolution of thedfW (t) is obtained by linearizing Eq.~20!:

.
dfW5MdfW , ~31!

where

M5S 2D 2V02bDPz 2b~Py1P̄y!

2V02bDPz 2D 2Vx1b~Py1P̄y!

0 Vx 0
D.

~32!

The eigenvalue ofM , called the Lyapunov exponent, is

l5
b~Py1 P̄y!~V01bDPz!

b~Px1 P̄x!2Vx

2D. ~33!

If l is positive, nearby solutions will depart exponentially in
phase space within a time scale ofl21. In our problem, since
Px1 P̄x , Py1 P̄y and DPz are all oscillatory, so isl. A
crude analysis is to plug in the amplitudes of
Px1 P̄x , Py1 P̄y , andDPz , to see whetherl can be some-
times positive. In the limiting case ofubDPzu!V0,
Px1 P̄x;Py1 P̄y;Vx /V0, the resultant l is
;bV0 /(b2V0)2D which can certainly be positive if
V0.0 and udm2u@9T6

4 eV2, conditions satisfied after the
initial resonance. In the limiting case ofubDPzu@V0,
Px1 P̄x;Py1 P̄y;Vx /bDPz , the resultant l is
;bDPz /(12DPz)2D, which can again be positive~re-
memberDPz!1 andbDPz@V0@D). Therefore, our crude
analysis shows thatl can at least be positive within a time
scale of orderl21 intermittently.1 In other words, the system
is not a classical textbook example of a chaotic system.

1In the analysis, we have chosen a particular set of nearby solu
tions, namely those having deviations inPx andPy but not in P̄x

and P̄y . The other extreme choices, in whichdPx or dPy arises
only in one particle population but not in its antiparticles, merely
change the sign ofbDPz in the nominator of Eq.~33!, thus do not
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There is a concern that whether because of the chao
behavior,DPz can be averaged to zero by inhomogeneitie
of the background plasma. Even in the standard big ba
picture based on the homogeneous and isotropic Friedma
Robertson-Walker metric, there are thermal fluctuations
the local density at the primordial nucleosynthesis epo
@11#. Given the Harrison-Zol’dovich power spectrum an
general relativity, the fluctuations at this epoch are co
strained by cosmic background radiation experiments to
,1025( l /ct)22 at super-horizon scalel.ct @11#. Fluctua-
tions at subhorizon scales are damped by radiation to
much less than 1025. Our calculations show that at least fo
large udm2u, small sin22u mixings, such asdm2521 eV2

and sin22u51028, the finalDPz is sufficiently stable when
inputs are varied by 1025. For small udm2u, large sin22u
mixings where the chaotic epoch is significant, such as wh
dm2521022 eV2 and sin22u51024.25, the concern about
DPz being averaged to zero may become valid, dependi
on the mixing parameters and the details of the underlyi
cosmological model. In the discussions in the following se
tion, we are mostly concerned with mixings with large
udm2u and small sin22u, so we do not attempt to consider
DPz averaged by inhomogeneities.

We are ultimately interested in the region of mixing pa
rameters that amplifies neutrino chemical potentials, and t
size of the amplification. In Figs. 3~a! and 3~b!, we plot the
parameter space allowed by BBN that amplifies neutrin
chemical potentials. The boundary to the right which ex
cludes parameters that bringns into equilibrium is adopted
from Shi, Schramm, and Fields@5#. The boundary to the left
that distinguishes parameters that amplify neutrino chemic
potentials from those that do not is based on our numeric
calculations~smoothed!, and agrees with our analytical esti-
mate Eq.~23! within an order of magnitude. The lower cut
on udm2u is determined by requiringTres>1 MeV. The upper
cut on udm2u is dictated by laboratory bounds onne mass in
thene-nsmixing case, and by Eq.~27! as well as cosmologi-
cal considerations@12# in the nm(nt)-ns mixing case. The
boundary that singles out parameters that have oscillato
DPz at 1 MeV is plotted according to Eq.~25! which is
confirmed by our numerical calculations.

We note that our numerical calculation ofdm2521
eV2, sin22u51028 ne-ns mixing yields an opposite sign of
DPz from that of Foot, Thomson, and Volkas@7#. But this
may not be surprising due to the chaotic feature of the sy
tem, that different signs ofDPz may arise from different
initial L0, or even different choices of integrators, differen
errors or step sizes. It is also noted that the simplified equ
tion in Ref. @7# @corresponding to Eq.~18! without the sec-
ond term andL0# is not suited for investigating the behavio
of DPz in the resonant regime and in the epoch of oscillato
DPz thereafter. Finally, we note that the first calculation o
the neutrino asymmetry done by Enqvistet al. @13# shows an
oscillatory asymmetry down toT6;1, because their param-
eter choice,Dm2521025 eV2 and sin22u51022, does not
satisfy Eq.~25!.
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III. IMPLICATIONS

We concentrate on two implications of a neutrino asym-
metry as large as Eq.~30! in BBN.

The first is on other active-sterile neutrino oscillations in
BBN @7,8#. When neglecting neutrino asymmetries, large ar-
eas of parameter space of active-sterile neutrino oscillatio
are ruled out based on the argument that the sterile neutrin
cannot be significantly populated so as to violate the primor
dial 4He abundance observation. The forbidden areas includ
the large anglenm-ns mixing with dm2;1022 eV2 which
can solve the atmospheric neutrino problem, and the larg
anglene-ns mixing with dm2;1025 eV2 which can solve
the solar neutrino problem. This argument, however, no
longer stands when a neutrino asymmetry as large as in E

FIG. 3. This figure shows the allowed mixing parameters that
amplify neutrino chemical potentials. The magnitude ofDPz at 1
MeV is shown. The region at the lower right noted with ‘‘DPz

Osc.’’ has an oscillatingDPz at 1 MeV. Forudm2u*10 eV2, DPz is
limited to ;0.1. ~a! ne-ns mixing (ne heavier thanns); ~b!
nm(nt)-ns mixing (nm or nt heavier thanns).
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~30! is in place. For example, ifnt mixes with a lighterns
with udm2u@1022 eV2 and an angle in the shaded region o
Fig. 3~b!, thentn̄t asymmetry amplified by thent-ns oscil-
lation can be large enough to suppress thenm-ns oscillation
from thenm-ns mixing solution to the atmospheric problem
@8#. Similarly, if nt or nm mixes with a lighterns with
udm2u@1025 eV2 and an angle in the shaded region of Fi
3~b!, the amplified neutrino asymmetry can be large enou
to suppress thene-ns oscillation originating from the large
anglene-ns mixing solution to the solar neutrino problem
The suppressions in place even in the epoch of oscillat
DPz , because although an oscillatingDPz constantly drives
the other active-sterile neutrino oscillations through res
nance, the time of resonance crossing is too short to all
any significant oscillation. Thus both these two solutions
the atmospheric neutrino problem and the solar neutr
problem ruled out previously may still be viable if an activ
neutrino ~more massive thannm or ne respectively! mixes
with a lighter sterile neutrino with parameters in the shad
region of Fig. 3~b!.

The second implication is on the primordial4He abun-
dance itself. Besides the number of neutrino species, the
mordial 4He abundance is also affected by a nonzero che
cal potential in the nen̄e sector at T;1 MeV. The
mechanism is that the asymmetry innen̄e changes the
neutron/proton conversion rates, thereby changes the fre
out time of the neutron to protron ratio as well as the rat
itself. A jne

~the ne chemical potential divided bykT) or
order 0.1 can induce an appreciable change in the predic
of the primordial 4He abundance@14#. When jne

!1,

Y'Y(jne
50)20.234jne

, @15# and DPz52(nne
2n n̄ e

)'

3.6jne
. So

Y5Y020.065DPz . ~34!

The comparison with equationY5Y(Nn53)10.012(Nn

23) ~whereNn is the effective number of neutrino specie
in BBN! @16# indicates thatDPz;0.1 in the nen̄e sector
corresponds to roughly20.55 neutrino species, and there
fore has a significant impact on the predicted4He abun-
dance.

There are two ways to generate ajne
of order60.1 by

active-sterile neutrino oscillations. The direct way is to ha
a ;1 eV ne mix with a lighter ns @Fig. 3~a!#. If the atmo-
spheric neutrino problem and the solar neutrino problem
to be solved by active neutrino oscillations, this implies th
all three active neutrinos are almost degenerate with a m
of order 1 eV. This will be consistent with supernovae n
cleosynthesis constraints@17,18# and compatible with the
controversial Liquid Scintillation Neutrino Detector~LSND!
result @19,20# if the claimed detection ofnm-ne oscillation
solves the atmospheric neutrino problem@21#. Laboratory
experiments limit the mass ofne to less than 5 eV@22#. The
majorana mass ofne is further limited to less than 0.68 eV a
90% C.L. @23#.

The indirect way of generating a significantjne
is to have

nt ~or nm) mix with a lighterns with 102 eV2 *udm2u*1
eV2 and a desired angle, and transfer the asymmetry in
ntn̄t (nmn̄m) sector intonen̄e by ane-nt (nm) mixing. But
to yield an asymmetry of order 0.1 as well innen̄e , the
f
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transfer has to be efficient. Take thene-nt oscillation as an
example; the mixing has to satisfy

D8S Vx8

Vz8
D 2*H, ~35!

whereD8, Vx8, andVz8 denote the counterparts ofD, Vx , and
Vz in the nt-ns oscillation. Approximately

D8;5GF
2T5'T6

3H,

Vx8'
dM2

6.3T
sin2u8,

Vz8'2
dm2

6.3T
cos2u82180GF

2T510.13GFT
3~nne

2n n̄ e
!

20.13GFT
3~nnt

2n n̄ t
!, ~36!

wheredM2 andu8 are the vacuum mixing parameters of th
ne-nt mixing. An efficient transfer of asymmetry means tha
(nne

2nne
);(nnt

2n n̄ t
);udm2u/18T6

4. If the mass ofne is

much lighter thannt , udM2u'udm2u. Then (D/H)(Vx8/
Vz8)

2;T6
3sin22u8 at temperatures approaching 1 MeV. So

nt has a cosmologically interesting mass,Dm2;20–100 eV
2, uDPzu'0.1 inntn̄t can be reached atT'2–3 MeV by the
nt-ns mixing according to Eq.~30!, which can efficiently
transfer into an asymmetry of similar order innen̄e if nt
mixes with ne with sin22u8;0.1 and udM2u;udm2u. This
required mixing betweenne and nt lies near the edge of
current lab limits on then̄e- n̄x mixing @24#, and may be
testable in the near future. Based on supernovae nucleos
thesis arguments, however, the requiredne-nt mixing is
ruled out~although supernova models are uncertain to som
extent! @17,18#. The above analysis applies similarly to th
nm-ns andnm-ne mixings, but the required mixing between
ne and nm to transfer asymmetries efficiently has alread
been ruled out by laboratory experiments@22#.

Of course, the indirect way of transferring asymmetrie
from ntn̄t ~or nmn̄m) into nen̄e works if they have almost
degenerate masses,;1 eV. In this case the required
ne-nm (nt) mixing will not be ruled out by laboratory ex-
periments or astrophysical considerations.

Recently, Hataet al. @25# suggested a possible ‘‘crisis’’ in
BBN because the prediction4He abundance from the stan-
dard BBN, coupled with predictions of3He and D from
generic chemical evolution models, is too high to be cons
tent with the observed abundance, unless the number of
fective neutrino speciesNn at the time of BBN is less than
2.6 ~however, see@26#!. N,3 is at odds with popular beliefs
and most theoretical models which assume allne , nm , and
nt to be lighter than;1 MeV and thereforeNn>3. But as
seen above, if an asymmetry of orderDPz;0.1 arises in the
nen̄e sector from active-sterile neutrino oscillations, this po
tential ‘‘crisis’’ can be solved. Of course, the mixing param
eters of the active-sterile oscillations have to be right to yie
a positiveDPz instead of a negative one. An interesting not
is that the neutrino mass required to solve this ‘‘crisis’’ i
;1 eV, which qualifies neutrinos as dark matter candidate
A nemass of;1 eV is within a factor of 5 below the current
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limit on ne mass, and right on the edge of detection limit i
ne are majorana neutrinos. If not introducing more steri
neutrinos, the solar neutrino problem and the atmosphe
neutrinos have to be solved by mixings among the thr
active neutrinos, therefore requiring their masses to be
most degenerate. A model of three neutrinos almost deg
erate in mass is favorable in forming structures in the un
verse@27#, but may not be the most natural theoretical mod
so far.

IV. SUMMARY

In summary, we have calculated the parameter space
active-sterile neutrino mixings that amplifies neutrino chem
cal potentials, and the size of the amplification. Results a
summarized in Fig. 3. By exploring the sensitivity of the
amplification to the initial condition, the mixing parameter
and the calculational parameters, and by analyzing t
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Lyapunov exponent of the system, we showed evidences tha
the amplification process is chaotic. We have also discusse
the implications of our results on BBN. It was shown that a
ne chemical potential of order 0.1kT could be achieved by
either a mixing between;1 eV ne and a lighter sterile neu-
trino, or a mixing between a;1 eV nm ~or nt) and a lighter
sterile neutrino coupled with a mixing between almost de-
generatene andnm ~or nt). Such a chemical potential inne
can lower the effective number of neutrino species to signifi-
cantly below 3 at the epoch of BBN.
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