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Possible retardation effects of quark confinement on the meson spectrum
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The reduced Bethe-Salpeter equation with scalar confinement and vector gluon exchange is appli
quark-antiquark bound states. The so-called intrinsic flaw of the Salpeter equation with static scalar con
ment is investigated. The notorious problem of narrow level spacings is found to be remedied by taking
consideration the retardation effect of scalar confinement. A good fit for the mass spectrum of both heavy
light quarkonium states is then obtained.@S0556-2821~96!06115-2#
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I. INTRODUCTION

The most important task in QCD and hadron physics is
understand quark confinement. Lattice QCD calculatio
show that the interquark potential for a heavy qua
antiquark pairQQ̄ in the static limit is well described by a
linear confining potential, plus a short-ranged Coulomb p
tential @1#. Phenomenologically, these potentials have be
used with the Schro¨dinger equation for nonrelativistic heav
quarkonium systems such ascc̄ andbb̄ states, and satisfac
tory results for their mass spectrum have been obtained.
only the spin-independent but also the spin-dependentQQ̄
potentials are studied both in lattice QCD@2# and the quark
potential model@3–5#. Most results seem to be consiste
with the picture where the dominant part of linear confin
ment potential is transformed as a Lorentz scalar, while
Coulomb potential stems from one gluon exchange, wh
has the feature of a Lorentz vector. In particular, the fact t
the spin-orbit term~Thomas procession term! induced by the
scalar confining potential tends to partially compensate
spin-orbit term generated by one gluon exchange has b
strongly supported by the observed fine splittings
P-wavecc̄ andbb̄ states@3–5#.

However, a rather serious problem seems to remain if
spin-independent relativistic correction, caused by the st
~instantaneous! scalar confining potential, is taken into con
sideration. This spin-independent term is of the same or
as the Thomas precession term in the nonrelativistic exp
sion in terms ofpW 2/m2. As noted before@5#, including this
spin-independent term

HSI52
1

4m2 S 2pW 2S12SpW 21
2

r

dS

dr
1
d2S

dr2 D , ~1!

whereS(r ) is the static scalar confining potential and is us
ally assumed to take the form ofS(r )5lr with l being the
string tension, into the Hamiltonian will badly disturb th
mass spectrum of mesons~even forcc̄ states!, because this
term is negative and unreasonably large for higher exc
states, making the level spacings for higher-lying states
reasonably small. This problem is probably due to the f
that the scalar confining potential has been treated as an
stantaneous potential, which is valid in the static limit b
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may not hold when relativistic corrections are taken into
count. This problem was also noted by other authors@6# in
the framework of the reduced Salpeter equation. This eq
tion is equivalent to the Breit equation to the first order
pW 2/m2, and may be used to study higher-order relativis
corrections for systems containing the charm quark and e
lighter quarks. It was found@6# that in the framework of the
reduced Salpeter equation with an instantaneous scalar
fining potential, the level spacings~e.g., the 2S - 1S spacing!
would tend to vanish forqq̄ mesons when the constitue
quark mass approachs to zero, and difficulties are alre
evident for thecc̄ states. It was then pointed out@6# that
there is an intrinsic flaw in the approach that uses the
duced Salpeter equation with static scalar confinement po
tial.

To overcome this difficulty, several scenarios have b
put forward@6,7#. The chief differences between these wor
are in the usage of interaction potentials. By now, there
no mature theories or calculations forqq̄ confinement inter-
action in QCD, and customarily used potentials are phen
enological and have some uncertain parameters in them
different procedures of evaluating these parameters, one
have different ways of fitting the experimental data. The
fore, classifying some of the most effective alternatives
quark-antiquark interaction potentials still seems prematu

Despite the limited understanding of confinement
present, more theoretical efforts should be made to study
problem. In our opinion, the difficulty with the reduced Sa
peter equation and the static scalar confinement is prob
due to improperly making the confining interaction pure
instantaneous. With some retardation effect of quark c
finement being considered, even within the framework o
reduced Salpeter equation the level spacings forqq̄ mesons
could become normal since the retardation effect might c
cel the sick disturbance caused by the spin-independent
rection from the instantaneous part of scalar confinement@8#.
To implement this idea, we will assume that the confinem
kernel in momentum space takes the form

G~q!}
1

~2q2!2
5

1

~qW 22q0
2!2

, ~2!

whereq is the four-momentum exchanged between the qu
and antiquark in a meson. In fact, this form was sugges
2273 © 1996 The American Physical Society
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for the dressed gluon propagator at small momenta to imp
ment confinement@9#. Here we will use the same form but
regard it as an effective scalar confinement kernel. Then,
the system is not highly relativistic we may make the ap
proximation

G~q!}
1

~qW 22q0
2!2

'
1

~qW 2!2
S 11

2q0
2

qW 2
D , ~3!

and may further expressq0 in terms of its on-shell values
that are obtained by assuming that quarks are on their m
shells. This should be a good approximation forcc̄ andbb̄
states, because they are nonrelativistic systems and the b
ing energies are smaller than the quark masses; therefore
quarks are nearly on their mass shells. In order to get
qualitative feeling about the retardation effect considere
here, we will also use Eq.~3! for light quark mesons, though
the approximations are not as good as for heavy quark m
sons. With the above approximations, the scalar confineme
kernel becomes instantaneous again but we have incor
rated some retardation effect into the kernel. In the sta
limit, the retardation term vanishes and the kernel returns
G(q)}„1/(qW 2)2…, which is simply the Fourier transform of
the linear confining potential.

In this paper, we will use this modified scalar confining
potential in which the retardation effect is incorporated, an
the one-gluon-exchange potential in the framework of th
reduced Salpeter equation to study the mass spectra ofqq̄
mesons including both heavy and light mesons. We will co
centrate on the 02 and 12 mesons to examine their level
spacings.

II. REDUCED SALPETER EQUATION WITH SCALAR
AND VECTOR INTERACTIONS

In quantum field theory, a basic description for the boun
states is the Bethe-Salpeter~BS! equation@10#. We define
the Bethe-Salpeter wave function of the bound stateuP& of a
quarkc(x1) and an antiquarkc̄(x2) as

x~x1 ,x2!5^0uTc~x1!c̄~x2!uP&, ~4!

whereT represents time-order product, and transform it int
the momentum space

xP~q!5e2 iP•XE d4xe2 iq•xx~x1 ,x2!. ~5!

Here P is the four-momentum of the meson andq is the
relative momentum of the quark and antiquark. We use t
standard center of mass and relative variables

X5h1x11h2x2 , x5x12x2 , ~6!

where h i5mi /(m11m2) ( i51,2). Then in momentum
space the bound-state BS equation reads

~p” 12m1!xP~q!~p” 21m2!5
i

2pE d4kG~P,q2k!xP~k!,

~7!
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wherep1 andp2 represent the momentum of the quark and
antiquark, respectively,

p15h1P1q, p25h2P2q, ~8!

G(P,q2k) is the interaction kernel that acts onx and is
determined by the interquark dynamics. Note in Eq.~7! m1
andm2 represent the effective constituent quark masses s
that we could use the effective free propagators of quark
instead of the full propogators. This is an important approxi
mation and simplification for light quarks. Furthermore, be-
cause of the lack of a fundamental description for the non
perturbative QCD dynamics, we have to make som
approximations for the interaction kernel of quarks. In solv-
ing Eq. ~7!, we assume the kernel to be instantaneous~but
with some retardation effect in a modified form for the ker-
nel! and neglect the negative energy projectors in the quar
propagators, because in general the negative energy proje
tors only contribute to quantities of higher orders due to
M2E12E2!M1E11E2 , whereM , E1 , andE2 are the
meson mass, the quark kinetic energy, and the antiquark k
netic energy, respectively. Based on the above assumptio
the BS equation can be reduced to a three-dimensional equ
tion, i.e., the reduced Salpeter equation, for the three
dimensional BS wave function

FPW ~qW !5E dq0xP~q0,qW !, ~9!

~P02E12E2!FPW ~qW !5L1
1 g0E d3kG~PW ,qW ,kW !FPW ~kW !g0L2

2 .

~10!

Here

L1
1 5

1

2E1
~E11g0gW •pW 11m1g

0!,

L2
2 5

1

2E2
~E22g0gW •pW 22m2g

0!, ~11!

are the remaining positive energy projectors of the

quark and antiquark respectively, andE15Am1
21p1W

2,

E25Am2
21p2W

2. The formal products ofGF in Eq. ~10! take
the form

GF5(
i
GiOiFOi5GSF1gm ^ gmGVF, ~12!

whereO5gm corresponding to the pertubative one-gluon-
exchange interaction andO51 for the scalar confinement
potential.

From Eq.~10! it is easy to see that

L1
1 FPW ~qW !5FPW ~qW !,

FPW ~qW !L2
2 5FPW ~qW !. ~13!
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Considering the constraint of Eq.~13!, and the requirement
of space reflection, in the rest frame of the meson (PY 50) the
wave functionFPW (qW ) for the 02 and 12 mesons can be
written as

F02
~qY !5L1

1 g0~11g0!g5g
0L2

2 w~qY !,

F12
~qY !5L1

1 g0~11g0!e”g0L2
2 f ~qY !, ~14!
wheree”5gme
m, em is the polarization vector of 12 meson,

andw(qW ), f (qW ) are scalar functions ofqW 2. It is easy to show
that Eq.~14! is the most genernal form for the 02 and 12

(S-wave! q1q̄2 meson wave functions at the rest frame@e.g.,
for the 02 meson wave function there are four independe
scalar functions but with the constraint of Eq.~13! those
scalar functions can be reduced to one and expressed exa
as Eq.~14!#.

Substituting Eqs.~12! and~14! into Eq. ~10!, one derives
the equations forw(qY ) and f (qY ) in the meson rest frame
@11#:
Mw1~qY !5~E11E2!w1~qY !2
E1E21m1m21qY 2

4E1E2
E d3k@GS~qY ,kY !24GV~qY ,kY !#w1~kY !2

~E1m21E2m1!

4E1E2

3E d3k@GS~qY ,kY !12GV~qY ,kY !#
m11m2

E11E2
w1~kY !1

E11E2

4E1E2
E d3kGS~qY ,kY !~qY •kY !

m11m2

E1m21E2m1
w1~kY !

1
m12m2

4E1E2
E d3k@GS~qY ,kY !12GV~qY •kY !#~qY •kY !

E12E2

E1m21E2m1
w1~kY ! , ~15!

where

w1~qY !5
~m11m21E11E2!~E1m21E2m1!

4E1E2~m11m2!
w~qY !, ~16!

M f 1~qY !5~E11E2! f 1~qY !2
1

4E1E2
E d3k@GS~qY ,kY !22GV~qY ,kY !#~E1m21E2m1! f 1~kY !

2
E11E2

4E1E2
E d3kGS~qY ,kY !

E1m21E2m1

E11E2
f 1~kY !1

E1E22m1m21qY 2

4E1E2qY
2 E d3k@GS~qY ,kY !14GV~qY ,kY !#~qY •kY ! f 1~kY !

2
E1m12E2m1

4E1E2qY
2 E d3k@GS~qY ,kY !22GV~qY ,kY !#~qY •kY !

E12E2

m21m1
f 1~kY !2

E11E22m22m1

2E1E2qY
2

3E d3kGS~qY ,kY !~qY •kY !2
1

E11E21m11m2
f 1~kY !2

m21m1

E1E2qY
2E d3kGV~qY ,kY !~qY •kY !2

1

E11E21m11m2
f 1~kY !, ~17!
t

r-
D
-

where

f 1~qY !52
m11m21E11E2

4E1E2
f ~qY !. ~18!

Equations~15! and ~17! can also be formally expressed as

~M2E12E2!w1~qW !5E d3k (
i5S,V

Fi
02

~qW ,kW !Gi~qW ,kW !w1~kW !,

~M2E12E2! f 1~qW !5E d3k (
i5S,V

Fi
12

~qW ,kW !Gi~qW ,kW ! f 1~kW !.

~19!

In most cases, the interaction kernel is of the convolutio
type, i.e.,G(qW ,kW )5G(qW 2kW )5G(pW ), wherepW 5qW 2kW is the
momentum exchanged between the quark and antiquark.
the nonrelativistic limit for both quark and antiquark, Eqs
~15! and ~17! can be expanded in terms ofqY 2/m1

2 and
n

In
.

qY 2/m2
2 , and they are identical with the Schro¨dinger equation

to the zeroth order, and with the Breit equation to the firs
order.

III. INTERACTION KERNEL AND RETARDATION
FOR CONFINEMENT

To solve Eq.~7! one must have a good command of the
potential between two quarks. At present, the reliable info
mation about the potential only comes from the lattice QC
result, which shows that the potential for a heavy quark
antiquark pairQQ̄ in the static limit is well described by a
long-ranged linear confining potential~Lorentz scalarVS)
and a short-ranged one-gluon-exchange potential~Lorentz
vectorVV): i.e. @1,2#,

VS~rY !5lr , VV~rY !52
4

3

as~r !

r
. ~20!
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The lattice QCD result for theQQ̄ potential is supported by
the heavy quarkonium spectroscopy including both sp
independent and spin-dependent effects@3–5#. Here, as the
first step, we will employ the static potential below regar
less of whether or not the quarks are heavy:

V~r !5VS~r !1gm ^ gmVV~r !,

VS~r !5lr
~12e2ar !

ar
,

VV~r !52
4

3

as~r !

r
e2ar , ~21!

where the factore2ar is introduced to avoid the infrared~IR!
divergence and also to incorporate the color screening eff
of the dynamical light quark pairs on the ‘‘quenched’’QQ̄
potential @12#. It is clear that whenar!1 the potentials
given in Eq.~21! become identical with those given in Eq
~20!. In momentum space the potentials are

G~pY !5GS~pY !1gm ^ gmGV~pY !,

GS~pY !52
l

a
d3~pY !1

l

p2

1

~pY 21a2!2
,

GV~pY !52
2

3p2

as~pY !

pY 21a2 , ~22!

whereas(pY ) is the well-known running coupling constan
and is assumed to become a constant of order 1 aspY 2→0

as~pY !5
12p

27

1

lnS a1
pY 2

LQCD
2 D . ~23!

The constantsl, a, a, andLQCD are the parameters tha
characterize the potential.

Next, an important step is to take the retardation effect
scalar confinement into consideration. As discussed in Se
the retardation effect of confinement will be approximate
treated by adding a retardation term (2p0

2/pW 6) to the instan-

taneous part„1/(pW 2)2… as given in Eq.~3!, and p0
2 will be

treated as taking the on-shell values that are obtained
assuming that the quarks are on their mass shells. Then
retardation term will become instantaneous~but not convo-
luted!. This modified scalar confinement potential will in
clude the retardation effect and become

GS~pW !→GS~pW ,kW !52
l

a
d3~pW !1

l

p2

1

~pW 21a2!2

1
2l

p2

1

~pW 21a2!3

3~A~pW 1kW !21m22AkW21m2 !2. ~24!

This shows that the retardation effect of confinement is ta
into consideration in a way that the interaction kernel d
pends not only onpW ~the momentum exchanged betwee
in-

d-

ects

.

t
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quark and antiquark! but also onkW ~the momentum of the
quark itself!. By the calculation below one may see that th
retardation effect is not negligible forcc̄ states and becomes
very significant for light-quark systems, and we find it migh
be a useful remedy for the ‘‘intrinsic flaw’’ of the reduced
BS equation with static scalar confinement. In the compu
tion in the next section we will use

l50.183 GeV2, a50.06 GeV, a5e52.7183,

LQCD50.15 GeV, ~25!

All these numbers are within the scope of customa
usage.

IV. RESULTS AND DISCUSSIONS

Based on the formula above, we have calculated the m
spectrum of quarkonium including both heavy- and ligh
quark systems. The numerical results with retardation a
listed in Table I. The quark masses for the fit in Table I a

mu50.35 GeV, md50.35 GeV, ms50.5 GeV,

mc51.65 GeV, mb54.83 GeV, ~26!

with retardation and without retardation for scalar confin
ment.

For comparison with the results obtained without retard
tion, in Table II we give a list of 2S21S and 3S21S energy
level spacings for vector mesons in two cases, i.e., with
tardation@using Eq.~24!# and without retardation@using Eq.
~22!# for the scalar confinement potential.

From Table I and Table II we can clearly see the follow
ing.

~1! The calculated level spacings without retardation a
generally smaller than their experimental values. This tre

TABLE I. Calculated mass spectra ofbb̄,cc̄,ss̄, anduū or dd̄
states using reduced Salpeter equation with retardation for sc
confinement. The expermental data are taken from Ref.@13#.

02 meson masses
1S 2S 3S

Fit Data Fit Data Fit Data
States ~MeV! ~MeV! ~MeV! ~MeV! ~MeV! ~MeV!

uū,dd̄ 500 p(140) 1252 p(1300) 1611

ss̄ 789 1559 1933
cc̄ 2976 hc(2980) 3657 4032

bb̄ 9400 9997 10345

12 meson masses
1S 2S 3S

Fit Data Fit Data Fit Data
States ~MeV! ~MeV! ~MeV! ~MeV! ~MeV! ~MeV!

uū,dd̄ 763 v(782) 1359 v(1420) 1673 v(1662)

ss̄ 1025 f(1020) 1649 f(1680) 1989
cc̄ 3119 J/c(3097) 3701 c(3686) 4062 c(4040)

bb̄ 9460 Y(9460) 10013 Y(10023) 10353Y(10355)
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is already appreciable for charmonium and becomes a s
ous problem for light quarkonium states. This result agre
with that obtained in Ref.@6#. We might improve the fit by
readjusting the parameters~e.g., by enlarging the string ten
sion!, and this may work for low-lying heavy quarkonium
states~e.g.,cc̄ states!, but it cannot give a good global fit for
high-lying states particularly for light quarkonium states.

(2) By adding the retardation term to the scalar confin
ment potential the calculated level spacings are significan
improved. The fit forbb̄ andcc̄ states is very good, and the
fit for light vector mesons is also good, while the fit for ligh
pseudoscalar mesons such as the pion is poor, which is p
ably due to the fact that the light pseudoscalar mesons
essentially Goldstone bosons and therefore the instantane
and on-shell approximations no longer work well for them

As emphasized in Sec. I, the approximate treatment
the retardation effect~in particular, the on-shell approxima
tion! of scalar confinement should be good for heavy quark
nium states. Indeed, it has been shown@8# that for heavy
quarkonium in nonrelativistic expansion the role o
the retardation is just to cancel the troublesome ter
2(1/2m2) (pW 2S1SpW 2) in Eq. ~1! and then remove the dis-
turbance to the mass spectrum.

For light quarkonium states with constituent quark mass
mu5md'350 MeV, the retardation effect bocomes eve
more significant. In these systems nonrelativistic expans
is no longer good, but we can see the physical effect
retardation through an extreme case: the zero-quark m
limit, which has been used for analyzing the ‘‘intrinsic flaw’
of scalar confinement, indicating that light quarks can on
have very weak confinement if it is an instantaneous Lore
scalar potential@6#. To see how the ‘‘retardation’’ part
changes the trend of light quarks with a weaker confini
potential than heavy quarks at large distances, it is usefu
consider again the limit of zero-quark mass. As light-qua
systems are more sensitive than heavy-quark systems to
behavior of interaction at large distance, we will restrict o
discussion only to the scalar confinement potential part.

In the zero-quark-mass limit, asmq→0, the coefficients

TABLE II. The 2S21S and 3S21S energy level spacings of
vector mesons with retardation and without retardation for sca
confinement

BS BS
Level Data with retardation without retardation
spacings ~MeV! ~MeV! ~MeV!

uū dd̄ states
v(2S)2v(1S) 638 596 468
v(3S)2v(1S) 880 910 727

ss̄ states
f(2S)2f(1S) 660 624 494
f(3S)2f(1S) ? 964 782

cc̄ states
c(2S)2J/c 589 582 522
c(3S)2J/c 943 943 867

bb̄ states
Y(2S)2Y(1S) 563 553 536
Y(3S)2Y(1S) 895 893 874
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for the scalar potentialGS in Eq. ~19! for the 02 and 12

mesons will reduce to

FS
02

~qW ,kW !→2
1

2
S 12

qW •kW

qk
D ,

FS
12

~qW ,kW !→2
1

2

~qW •kW !

q2
S 12

qW •kW

qk
D , ~27!

whereq5uqW u, k5ukW u. It is clear that these coefficients will
vanish whenqW→kW . On the other hand, however, the static
linear confining potential in momentum space behaves
Gs(qW 2kW )}(qW 2kW )24 and is strongly weighted asqW→kW in
Eq. ~19!. This is the reason why the light quarks can only
have weak confinement, which leads to very narrow energ
level spacings for light quarkonium states. This bad situatio
will be changed if the retardation is taken into account. I
fact, the covariant form of confinement interaction may tak
the formGS(q,k)}@(qW 2kW )22(q02k0)

2#22 and in the on-
shell approximation thatq0

25m21qW 2, k0
25m21kW2 it be-

comes

GS~q,k!}F22m21m2
k

q
1m2

q

k
12~qk2qW •kW !G22

,

~28!

where in the zero-quark mass limitp,k@m→0. We can see
immediately that it has two distinct features from the stati
confining potentialGS(qW ,kW )}@(qW 2kW )2#22. First, with retar-
dation the scalar interactionGS(q,k) is strongly weighted
when qW and kW are colinear (qW ikW ) that leads toqW •kW5qk,
whereas the static linear potential only peaks atqW 5kW . This
indicates that the former is strongly weighted in a muc
wider kinematic region than the latter. Second, whenqW ikW ,
GS(q,k)}O(m

24), this mass dependence, which is absen
in the static linear potential, will enhance confinement inte
action and overwhelm the suppression factor apppearing

the coefficientsFS
02

andFS
12
. As a result, even in the zero-

quark-mass limit the effective scalar interaction will not be
weakened, and this is just due to the retardation effect in t
scalar interaction.

In practice, for the constituent quark model, which is es
sentially used in the present work, the quark mass cannot
zero, and the on-shell approximation may not be as good
for heavy-quark systems. But in any case the analysis giv
above in the zero-mass limit is useful for understanding th
qualitative feature of the retardation effect in quark confine
ment.

In this paper, we have tried to clarify the problem pointe
out by Durandet al. for the static scalar confinement in a
reduced Salpeter equation. The ‘‘intrinsic flaw’’ of the Sal
peter equation with static scalar confinement could be rem
edied to some extent by taking the retardation effect of th
confinement into consideration. In the on-shell approxima
tion for the retardation term of linear confinement, the noto
rious trend of narrow level spacings for quarkonium state
especially for light quarkonium states, is found to be re
moved. A good fit for the mass spectrum ofS-wave heavy-

lar
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and light-quarkonium states~except the light pseudoscala
mesons! is obtained using one-gluon exchange potential a
the scalar linear confinement potential with retardation tak
into account. Although for light-quark systems the on-sh
appproximation may not be good, the qualitative feature
the retardation effect is still manifest. We may then conclu
that at the phenomenological level including the retardati
effect into the scalar confinement may be necessary and
nificant. Nevertheless, it is still premature to assess whet
or not quark confinement is really represented by the sca
exchange of the form of (pW 22p0

2)22, as suggested by some
authors as the dressed gluon propagator to implement qu
r
nd
en
ell
of
de
on
sig-
her
lar

ark

confinement. We hope that our investigation can provide
some useful information for the understanding of confine-
ment. Further discussions concerning heavy-light mesons
will be given in another publication.
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