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Possible retardation effects of quark confinement on the meson spectrum
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The reduced Bethe-Salpeter equation with scalar confinement and vector gluon exchange is applied to
quark-antiquark bound states. The so-called intrinsic flaw of the Salpeter equation with static scalar confine-
ment is investigated. The notorious problem of narrow level spacings is found to be remedied by taking into
consideration the retardation effect of scalar confinement. A good fit for the mass spectrum of both heavy and
light quarkonium states is then obtaing80556-282(96)06115-2
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I. INTRODUCTION may not hold when relativistic corrections are taken into ac-
count. This problem was also noted by other autléisin
The most important task in QCD and hadron physics is tdhe framework of the reduced Salpeter equation. This equa-
understand quark confinement. Lattice QCD calculationgion is equivalent to the Breit equation to the first order of

show that the_interquark potential for a heavy quark-p?/m2 and may be used to study higher-order relativistic
antiquark pairQQ in the static limit is well described by a corrections for systems containing the charm quark and even
linear confining potential, plus a short-ranged Coulomb podighter quarks. It was foun{b] that in the framework of the
tential [1]. Phenomenologically, these potentials have beemeduced Salpeter equation with an instantaneous scalar con-
used with the Schidinger equation for nonrelativistic heavy fining potential, the level spacings.g., the B - 1S spacing
quarkonium systems such as andbb states, and satisfac- would tend to vanish folgg mesons when the constituent
tory results for their mass spectrum have been obtained. Nafuark mass approachs to zero, and difficulties are already
only the spin-independent but also the spin-depen@e@t evident for thecc states. It was then pointed o[4] that
potentials are studied both in lattice QGB| and the quark there is an intrinsic flaw in the approach that uses the re-
potential model[3-5]. Most results seem to be consistent duced Salpeter equation with static scalar confinement poten-
with the picture where the dominant part of linear confine-tial.
ment potential is transformed as a Lorentz scalar, while the To overcome this difficulty, several scenarios have been
Coulomb potential stems from one gluon exchange, whictput forward[6,7]. The chief differences between these works
has the feature of a Lorentz vector. In particular, the fact tha@re in the usage of interaction potentials. By now, there are
the spin-orbit term{Thomas procession tedrinduced by the no mature theories or calculations fpg confinement inter-
scalar confining potential tends to partially compensate th@ction in QCD, and customarily used potentials are phenom-
spin-orbit term generated by one gluon exchange has beenological and have some uncertain parameters in them. For
strongly supported by the observed fine splittings ofdifferent procedures of evaluating these parameters, one can
P-wavecc andbb stateg3-5]. have different ways of fitting the experimental data. There-
However, a rather serious problem seems to remain if théore, classifying some of the most effective alternatives of
spin-independent relativistic correction, caused by the statiuark-antiquark interaction potentials still seems premature.
(instantaneoysscalar confining potential, is taken into con- ~ Despite the limited understanding of confinement at
sideration. This spin-independent term is of the same ordePresent, more theoretical efforts should be made to study this
as the Thomas precession term in the nonrelativistic exparfroblem. In our opinion, the difficulty with the reduced Sal-
sion in terms of52/m2. As noted beford5], including this peter equation and the_stauc scalar. c:_onfl_nemenp is probably
spin-independent term due to |mproperl){ making the conflmlng interaction purely
instantaneous. With some retardation effect of quark con-
2 finement being considered, even within the framework of a
1 - ., 2dsS d°s : A
Hg=— —| 2p2S+2SPP+ — — + —> |, (1) reduced Salpeter equation the level spacinggjfpmesons
4m rdr dr could become normal since the retardation effect might can-
cel the sick disturbance caused by the spin-independent cor-
whereS(r) is the static scalar confining potential and is usu-rection from the instantaneous part of scalar confinerf@nt
ally assumed to take the form &{r)=\r with \ being the  To implement this idea, we will assume that the confinement
string tension, into the Hamiltonian will badly disturb the kernel in momentum space takes the form
mass spectrum of mesofeven forcc state$, because this
term is negative and unreasonably large for higher excited 1 1
states, making the level spacings for higher-lying states un- G(a)= (—0°)?%  (§2—q2)2’
, \ _ 997 (9’ gp)?
reasonably small. This problem is probably due to the fact
that the scalar confining potential has been treated as an imhereq is the four-momentum exchanged between the quark
stantaneous potential, which is valid in the static limit butand antiquark in a meson. In fact, this form was suggested
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for the dressed gluon propagator at small momenta to implewherep; andp, represent the momentum of the quark and
ment confinemenf9]. Here we will use the same form but antiquark, respectively,
regard it as an effective scalar confinement kernel. Then, if

the system is not highly relativistic we may make the ap- p1=mP+0q, p,=7,P—q, (8
proximation
) G(P,g—k) is the interaction kernel that acts gnand is
G(q)> 1 1 N 205 3 determined by the interquark dynamics. Note in Ef.m;
q (dZ_q(Z))Z (52)2 52 ' and m, represent the effective constituent quark masses so

that we could use the effective free propagators of quarks
and may further express, in terms of its on-shell values instead of the full propogators. This is an important approxi-
that are obtained by assuming that quarks are on their madaation and simplification for light quarks. Furthermore, be-
shells. This should be a good approximation éarand bp Ccause of the lack of a fundamental description for the non-

states, because they are nonrelativistic systems and the birg€turbative QCD dynamics, we have to make some

ing energies are smaller than the quark masses; therefore tABProximations for the mtherakctlon lkernt;'-zl (.)f quarks. In solv-
guarks are nearly on their mass shells. In order to get 9 Eq. (7), we ass_umet € kerne to_ e instantanegm
ideredVith some retardation effect in a modified form for the ker-

here, we will also use Ed3) for light quark mesons, though nel) and neglect the negative energy projectors in the quark

the approximations are not as good as for heavy quark méopagators, because in general the negative energy projec-
sons. With the above approximations, the scalar confinemedprs Only contribute to quantities of higher orders due to

kernel becomes instantaneous again but we have incorpd ~E1~E2<M+E;+E,, whereM, E,, andE, are the

rated some retardation effect into the kernel. In the statid®€SON mass, the quark kinetic energy, and the antiquark ki-

limit, the retardation term vanishes and the kernel returns t§€lic energy, respectively. Based on the above assumptions
G(q)=(1/(G3)?), which is simply the Fourier transform of the BS equation can be reduced to a three-dimensional equa-
theqlinear gonfiﬁing potential Ply tion, i.e., the reduced Salpeter equation, for the three-

; . . o .. dimensional BS wave function
In this paper, we will use this modified scalar confining
potential in which the retardation effect is incorporated, and
the one-gluon-exchange potential in the framework of the q>F;(a)ZJ quXP(q",&), (9)
reduced Salpeter equation to study the mass spectcgy of
mesons including both heavy and light mesons. We will con-

centrate on the 0 and 1" mesons to examine their level (PO—El—Ez)‘Dﬁ(a)ZAiYOJ AG(B,G.K) D 5(K) 7 A2,

spacings.
(10
Il. REDUCED SALPETER EQUATION WITH SCALAR
AND VECTOR INTERACTIONS Here
In quantum field theory, a basic description for the bound 1 ..
states is the Bethe-SalpetBS) equation[10]. We define AizE(ElJr Yy pi+miyY),
the Bethe-Salpeter wave function of the bound stBjeof a !
quark #(x4) and an antiquarkj(x,) as 1
_ A% =———(E;— "y P~ my9°), (1)
X(%1,%2) = (0| Tyh(x1) (x2) | P), (@ 2B, =
whereT represents time-order product, and transform it intoare the remaining positive energy projectors of the
the momentum space quark and antiquark respectively, anBl;=+m3+p;?,
_ _ E,= Vm2+ p,2. The formal products oB® in Eq. (10) take
Xp(q)=e*"°‘xf d4xe 19 %y (X1,X5). (5)  the form
Here P is the four-momentum of the meson andis the Gq)z}i: GO, ®0;=Ged+ 7,8 Gy, (12)

relative momentum of the quark and antiquark. We use the
standard center of mass and relative variables
where O=y,, corresponding to the pertubative one-gluon-
X=mXg+ m2X2,  X=X1—Xa, (6) exchange interaction an@=1 for the scalar confinement
potential.
where n=m;/(m;+m,) (i=1,2). Then in momentum From Eq.(10) it is easy to see that
space the bound-state BS equation reads

i AL ®s(a)=P5(q),
(B1= Mo xel @) (B2 o) = 5~ [ GG(P.a—K (k) e ﬁ
(7) Dp(q)A%=Dp(q). (13
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Considering the constraint of E¢L3), and the requirement
of space reflection, in the rest frame of the meser-Q) the

wave function(IJﬁ(ﬁ) for the 0 and I mesons can be
written as

D0 (g) =A% Y1+ v59°A% (a),

(G =ATY(1+9)Ey°AZf(q), (14
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whereé= yﬂe“ e* is the polarization vector of 1 meson,

and <p(q) f(q) are scalar functions ajz It is easy to show
that Eq.(14) is the most genernal form for the Oand 1~
(S-wave qg;q, meson wave functions at the rest frapeeg.,
for the 0 meson wave function there are four independent
scalar functions but with the constraint of E{.3) those
scalar functions can be reduced to one and expressed exactly
as Eq.(14)].

Substituting Eqs(12) and(14) into Eqg.(10), one derives
the equations forp(q) and f(q) in the meson rest frame
[11]:

L N E1E2+ mlm2+d2 3 S -~ - (Elm2+E2ml)
Mei(q)=(E1+E)ei(q)— 4E,E, fd k[Gs(qak)_4Gv(q,k)]¢’1(k)_?ﬂzz
J'de’kG K)+26,(G.0] T2 g4 SL7E2 fd3ke R)(G Ky T2 k
[Gs(a,k) v(a, )]ﬁ%( ) AE,E, s(a,k)(q- )m%( )
fd3k[<3 (G.0)+2Gy(G-K)1(G-K) ——— 2 o (k) (15)
4E E, a v@-Na-0 g ek
where
- (my+my+Eg+Ep)(Egmy+Eomy)
(Pl(q)_ 4E1E2(m1+m2) (] ’ (16)
Mf1(q)=(E;+Ep)f; (Q)—EI d*k[Gs(G,k) — 2G (G, k) 1(Esmy+ E,my) f4(K)
E;m,+E,m - EE;—mimy+q
3 1112 201 27 il 3
4E = f d*kGg(G,k) E,'E, f1(k)+ 4E,E,5° fd K[ Gs(G,K) +4Gy(,K)1(q- k) f1(K)
Eymy— E,m 1f 3 —E, - EjtEy;—my—my
T AR B d*k[Gs(G,k)—2G\(G,K)1(q-k) —lfl(k)_ E,E,5°
xfdf*]ke (4,k)(qG-K)2 K)— m2+m1f A3k Gy(G,K)(g- k)2 f(k), (17
S e T E T m+m, * E,E,q% v(@.k)(g: E,+E,+my+m, 27
|
where qZ/mg, and they are identical with the Scllinger equation
to the zeroth order, and with the Breit equation to the first
f (a):_ m1+m2+ E1+E2f(_‘) (18) Ordel’.
19 4E,E, P

Equations(15) and(17) can also be formally expressed as

<M—E1—E2><p1<a>=f dgki;sv F2 (q,K)Gi(q,K) ¢1(K),

M-E-E)fu(@)= | ¢k 3 FL (@RGERE).
19

In most cases, the interaction kernel is of the convolutio
type, i.e.,G(ﬁ,E)=G(&—E)=G(5), Where|5=ﬁ—lz is the

IIl. INTERACTION KERNEL AND RETARDATION
FOR CONFINEMENT

To solve Eq.(7) one must have a good command of the
potential between two quarks. At present, the reliable infor-
mation about the potential only comes from the lattice QCD
result, which shows that the potential for a heavy quark-
antiquark pairQQ in the static limit is well described by a
long-ranged linear confining potentiélorentz scalarVg)
and a short-ranged one-gluon-exchange poteittiatentz

r‘\/ectorv\,) i.e.[1,2],

momentum exchanged between the quark and antiquark. In

the nonrelativistic limit for both quark and antiquark, Egs.

(15 and (17) can be expanded in terms ailemf and

ag(r)

Vg(r)=NAr, 37

Vy(r)=—

(20
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The lattice QCD result for th@Q potential is supported by ~ TABLE I. Calculated mass spectra bb,cc,ss anduu or dd-

the heavy quarkonium spectroscopy including both spinstates using reduced Salpeter equation with retardation for scalar
independent and spin-dependent effd&s5]. Here, as the confinement. The expermental data are taken from Réi.

first step, we will employ the static potential below regard-

less of whether or not the quarks are heavy: 0" meson masses
1S 2S 3S
V(r)=Vg(r)+ V(1
(N)=Vs(+7,®y*Vu(r), Fit Data Fit Data Fit Data
(1—ean) States (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
Ve(r)=hr— uidd 500 w(140) 1252 m(1300) 1611
ss 789 1559 1933
4aqr) _ cc 2976 7,(2980) 3657 4032
WinN=-z——e", @D pb o400 9997 10345
o ) ) 1~ meson masses
where the factoe™ *' is introduced to avoid the infrargtR) 1S 25 3s
divergence and also to incorporate the color screening effects : . :
of the dynamical light quark pairs on the “quenche®Q Fit Data Fit Data Fit Data

potential [12]. It is clear that whenar<1 the potentials States (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

g 0.2 becore il Wi o 0 1 6.0 1m0 w175 63
' P P $s 1025 ¢(1020) 1649 H(1680) 1989

G(P)=Gs(P)+7,® Y*Gy(P), cc 3119 J/y(3097) 3701 (3686) 4062 y(4040)
a bb 9460 Y(9460) 10013 Y(10023) 10353 Y(10355)

o A 3, = 1
Gs(p)——z5(P)+;z$2+—a272,

guark and antiquapkbut also onk (the momentum of the
2 adp) quark itself. By the calculation below one may see that the
3.2 W (22 retardation effect is not negligible farc states and becomes
very significant for light-quark systems, and we find it might
where a (p) is the well-known running coupling constant be a useful remedy for the “intrinsic flaw” of the reduced

and is assumed to become a constant of order fi2as0 BS equation with static scala_r confinement. In the computa-
tion in the next section we will use

Gv(ﬁ): -

12 1
as(p)=2—;7—52—. 23 A=0.183 GeV, a=0.06 GeV, a=e=2.7183,
Inl a+ ——
Aéoa) Agep=0.15 GeV, (25)

The constants\, «, a, and Aqcp are the parameters that  All these numbers are within the scope of customary
characterize the potential. usage.

Next, an important step is to take the retardation effect of
scalar confinement into consideration. As discussed in Sec. |,
the retardation effect of confinement will be approximately
treated by adding a retardation termp@2p®) to the instan- Based on the formula above, we have calculated the mass

S0 0 . . 2 spectrum of quarkonium including both heavy- and light-
taneous par(1/(p°)°) as given in Eq.(3), and pg will be K Th ical | ith dati
treated as taking the on-shell values that are obtained uark systems. The numerical results with retardation are

. : sted in Table I. The quark masses for the fit in Table | are
assuming that the quarks are on their mass shells. Then this
retardatlop term 'V§/I|| become mst_antanec(bﬂt not' convo- m,=0.35 GeV, my=0.35 GeV, m,=0.5 GeV,
luted). This modified scalar confinement potential will in-
clude the retardation effect and become

IV. RESULTS AND DISCUSSIONS

m.=1.65 GeV, m,=4.83 GeV, (26)

e; with retardation and without retardation for scalar confine-
(p?+ a?)? ment.
For comparison with the results obtained without retarda-

- N )\ N )\
Gs(p)—Gs(p,k)=— ;aﬁ(p)+ —

2\ 1 tion, in Table Il we give a list of 3— 1S and 35— 1S energy
7 (p2+ a?)® level spacings for vector mesons in two cases, i.e., with re-
tardation[using Eq.(24)] and without retardatiofusing Eq.
X (V(p+K)2+m2— Vk2+m?)2, (24)  (22)] for the scalar confinement potential.

From Table | and Table Il we can clearly see the follow-
This shows that the retardation effect of confinement is takeing.

into consideration in a way that the interaction kernel de- (1) The calculated level spacings without retardation are
pends not only orp (the momentum exchanged betweengenerally smaller than their experimental values. This trend
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TABLE Il. The 25—1S and 35— 1S energy level spacings of for the scalar potentiaGs in Eq. (19) for the 0" and 1
vector mesons with retardation and without retardation for scalafnesons will reduce to

confinement
oBS o BS FY (G k- 3( - q—k),
Level Data  with retardation without retardation 2 ak
spacings (MeV) (MeV) (MeV)
uu dd states Fé(d’ﬁ)_)_lw(l_ﬂ» (27)
0(29)-w(1S) 638 596 468 2 q qk
0(39)—w(1S) 880 910 727 . .
Ssstates whereq=|q|, k=|k|. It is clear that these coefficients will
(25— 4(1S) 660 624 494 vanish wheng—k. On the other hand, however, the static
#(3S)— (1) ? 964 782 linear confining potential in momentum space behaves as
cc states GS((i—IZ)oc((i—IZ)‘4 and is strongly weighted aE}—>IZ in
H(2S)— Il 589 582 522 Eqg. (19). This is the reason why the light quarks can only
W(3S)— Iy 943 943 867 have weak confinement, which leads to very narrow energy
bb states level spacings for light quarkonium states. This bad situation
Y(29)-Y(1S) 563 553 536 will be changed if the retardation is taken into account. In
Y(39)-Y(1S) 895 893 874 fact, the covariant form of confinement interaction may take

the form Gg(q,k)=[(q—k)?—(go—ko)?] 2 and in the on-
shell approximation thati2=m?+q?, k3=m?+k? it be-
is already appreciable for charmonium and becomes a seftpmes

ous problem for light quarkonium states. This result agrees

with that obtained in Refi6]. We might improve the fit by . oK ,4 R
readjusting the parametefs.g., by enlarging the string ten- Gs(g,k) | =2m*+m a+m i T2ak=a-k)|
sion), and this may work for low-lying heavy quarkonium (28)

stateg(e.g.,cc state$, but it cannot give a good global fit for

high-lying states particularly for light quarkonium states.  where in the zero-quark mass lingitk>m—0. We can see
(2) By adding the retardation term to the scalar confineimmediately that it has two distinct features from the static

ment potential the calculated level spacings are significantl)éonﬁning potentiaGS(ﬁ E)x[(c]—lz)z]*z. First. with retar-

improved. The fit fobb andcc states is very good, and the yation the scalar interactioB<(q,k) is strongly weighted

fit for light vector mesons is also good, while the fit for light > > . 2 - o
pseudoscalar mesons such as the pion is poor, which is pro%\’-hen q andk are colinear g[K) that leads tog-k=gk,

ably due to the fact that the light pseudoscalar mesons af¥hereas the static linear potential only peaksjatk. This
essentially Goldstone bosons and therefore the instantaneotilicates that the former is strongly weighted in a much
and on-shell approximations no longer work well for them. wider kinematic region than the latter. Second, wigk,

As emphasized in Sec. |, the approximate treatment foFs(d,k)=O(m~*), this mass dependence, which is absent
the retardation effecfin particular, the on-shell approxima- in the static linear potential, will enhance confinement inter-
tion) of scalar confinement should be good for heavy quarkoaction and overwhelm the suppression factor apppearing in
nium states. Indeed, it has been shol@h that for heavy the coefficient2 andF3 . As a result, even in the zero-
quarkonium in nonrelativistic expansion the role of quark-mass limit the effective scalar interaction will not be
the retardation is just to cancel the troublesome termyeakened, and this is just due to the retardation effect in the
—(1/2m?) (p?S+Sp) in Eq. (1) and then remove the dis- scalar interaction.
turbance to the mass spectrum. In practice, for the constituent quark model, which is es-

For light quarkonium states with constituent quark massesentially used in the present work, the quark mass cannot be
m,=my=~350 MeV, the retardation effect bocomes evenzero, and the on-shell approximation may not be as good as
more significant. In these systems nonrelativistic expansiofor heavy-quark systems. But in any case the analysis given
is no longer good, but we can see the physical effect ofbove in the zero-mass limit is useful for understanding the
retardation through an extreme case: the zero-quark masgialitative feature of the retardation effect in quark confine-
limit, which has been used for analyzing the “intrinsic flaw” ment.
of scalar confinement, indicating that light quarks can only In this paper, we have tried to clarify the problem pointed
have very weak confinement if it is an instantaneous Lorentout by Durandet al. for the static scalar confinement in a
scalar potential6]. To see how the “retardation” part reduced Salpeter equation. The “intrinsic flaw” of the Sal-
changes the trend of light quarks with a weaker confiningpeter equation with static scalar confinement could be rem-
potential than heavy quarks at large distances, it is useful tedied to some extent by taking the retardation effect of the
consider again the limit of zero-quark mass. As light-quarkconfinement into consideration. In the on-shell approxima-
systems are more sensitive than heavy-quark systems to tiien for the retardation term of linear confinement, the noto-
behavior of interaction at large distance, we will restrict ourrious trend of narrow level spacings for quarkonium states,
discussion only to the scalar confinement potential part.  especially for light quarkonium states, is found to be re-

In the zero-quark-mass limit, as,— 0, the coefficients moved. A good fit for the mass spectrum $fvave heavy-
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and light-quarkonium state@xcept the light pseudoscalar confinement. We hope that our investigation can provide
mesong is obtained using one-gluon exchange potential andgome useful information for the understanding of confine-

the scalar linear confinement potential with retardation takement. Further discussions concerning heavy-light mesons
into account. Although for light-quark systems the on-shellwill be given in another publication.

appproximation may not be good, the qualitative feature of

the retardation effect is still manifest. We may then conclude

that at the phenomenological level including the retardation ACKNOWLEDGMENTS

effect into the scalar confinement may be necessary and sig-
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