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Electromagnetic annihilation rates ofxc0 and xc2
with both relativistic and QCD radiative corrections
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We estimate the electromagnetic decay rates ofxc0→gg andxc2→gg by taking into account both relativ-
istic and QCD radiative corrections. The decay rates are derived in the Bethe-Salpeter formalism and the QC
radiative corrections are included in accordance with the factorization assumption. Using a QCD-inspired
interquark potential, we obtain relativistic BS wave functions ofxc0 andxc2 by solving the BS equation for the
corresponding2S11LJ states. Our numerical result for the ratioR5G(xc0→gg)/G(xc2→gg) is about 11–13,
which agrees with the update E760 experiment data. Explicit calculations show that in addition to the QCD
radiative corrections which may increase the ratioR by about a factor of 2, the relativistic corrections due to
spin-dependent interquark forces induced by gluon exchange also enhance the ratioR substantially and its
value is insensitive to the choice of parameters that characterize the interquark potential. Our expressions fo
the decay widths are identical with that obtained in the NRQCD theory to the next-to-leading order inv2 and
as . Moreover, we have determined two new coefficients in the nonperturbative matrix elements for these
decay widths.@S0556-2821~96!05315-5#

PACS number~s!: 13.40.Hq, 12.39.Ki, 13.20.Gd
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I. INTRODUCTION

Charmonium physics is in the boundary domain betwe
perturbative and nonperturbative QCD. Charmonium dec
may provide useful information on understanding the nat
of interquark forces and decay mechanisms. Both QCD
diative corrections and relativistic corrections are importa
for charmonium decays, because for charmonium the str
coupling constantas(mc)'0.3 @defined in the modified
minimal subtractionMS scheme# and the velocity squared o
the quark in the meson rest framev2'0.3 both are not small.
Decay rates of heavy quarkonium in the nonrelativistic lim
with QCD radiative corrections have been studied~see, e.g.,
Refs. @1–4#!. However, the decay rates of many process
are subject to substantial relativistic corrections@4#. With
this problem in mind, people have studied relativistic corre
tions to the decay rates ofS-wave charmonium,hc , J/c,
and their radial excited states@5–7#. These results show tha
relativistic effects are significant in thecc̄ systems especially
for the hadronic decays ofJ/c. In the present paper, we wil
investigate the relativistic corrections to the electromagne
decays of P-wave charmonium statesxc0→gg and
xc2→gg.

The P-wave charmonium decays are interesting. No
their experimental results are quite uncertain. The Cry
Ball group ~see @8,16# and references therein! gives
G(xc0→gg)54.062.8 keV. But forG(xc2→gg), its cen-
tral value differs significantly among various experimen
@9–11#, and the ratio of the photonic width ofxc0 to that of
xc2 measured by E760 is much larger than that measured
other two groups. Theoretically, in the nonrelativistic lim
the ratio is154 @1#, and it will increase to about 7.4@8# if QCD
radiative corrections are considered. On the other hand
5456-2821/96/54~3!/2123~9!/$10.00
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some approaches the relativistic corrections to this ratio w
found to reduce its value significantly@19,20#. Recently a
rigorous factorization formula which is based on nonrelati
istic QCD ~NRQCD! has been developed for calculations o
inclusive decay rates of heavy quarkonium. In this approa
the decay widths factor into a set of long distance matr
elements of NRQCD with each multiplied by a short distan
coefficient. To any given order of relative velocityv of
heavy quarks and antiquarks, the decay rates are determ
by several nonperturbative factors which can be evalua
using QCD lattice calculations or extracted by fitting th
data. The study of the photonic decays ofxc0 andxc2 can
also provide a determination for the nonperturbative facto
in the decays ofP-wave quarkonium.

In this paper, we will use the Bethe-Salpeter~BS! formal-
ism @12# to derive the decay amplitudes and to calculate t
decay widths ofxc0→gg andxc2→gg. The meson will be
treated as a bound state consisting of a pair composed
constitutent quark and an antiquark~higher Fock states such
as uQQ̄g& and uQQ̄gg& are neglected because they do n
contribute to electromagnetic decays! and described by the
BS wave function which satisfies the BS equation. A ph
nomenological QCD-inspired interquark potential will b
used to solve for the wave functions and to calculate t
decay widths. Both relativistic and QCD radiative corre
tions to next-to-leading order will be considered based on t
factorization assumption for the long distance and short d
tance effects. The remainder of this paper is organized
follows. In Sec. II we derive the reduced BS equation for an
angular momentum state2S11LJ of heavy mesons. In Sec.
III we give the decay amplitudes ofxJ→gg (J50,2) and
use the solved relativistic BS wave functions to calculate t
2123 © 1996 The American Physical Society
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numerical results of decay widths. A summary and disc
sion will be given in the last section.

II. REDUCED BS EQUATIONS FOR ANY ANGULAR
MOMENTUM STATE 2S11LJ OF HEAVY MESONS

Define the Bethe-Salpeter wave function, in general, fo
Q1Q̄2 bound stateuP& with overall massM and momentum

P5(APW 21M2,PW ),

x~x1 ,x2!5^0uTc1~x1!c̄2~x2!uP&, ~1!

and transform it into momentum space:

xP~p!5e2 iP•XE d4xe2 ip•xx~x1 ,x2!. ~2!

Herep1 (m1) andp2 (m2) represent the momenta~masses!
of the quark and antiquark, respectively:

X5h1x11h2x2 , x5x12x2 ,

P5p11p2 , p5h2p12h1p2 ,

whereh i5mi /(m11m2) ( i51,2).
We begin with the bound-state BS equation@12# in mo-

mentum space:

~p” 12m1!xP~p!~p” 21m2!5
i

2pE d4kG~P,p2k!xP~k!,

~3!

whereG(P,p2k) is the interaction kernel which dominate
the interquark dynamics. In solving Eq.~3!, we will employ
the instantaneous approximation since for heavy quarks
interaction is dominated by instantaneous potentials. Me
while, we will neglect negative energy projectors in th
quark propagators, since they are of even higher orders.
fining the three-dimensional BS wave function

FP~pW !5E dp0xP~p!,

we then get the reduced Salpeter equation forFP(pW ):

~M2E12E2!F~pW !5L1
1 g0E d3kG~P,pW 2kW !F~kW !g0L2

2 .

~4!

Here G(P,pW 2kW ) represents the instantaneous potent
L1 (L2) are the positive~negative! energy projector opera
tors for the quark and antiquark, respectively:

L1
1 5

E11g0gW •p1W1mg0

2E1
,

L2
2 5

E22g0gW •p2W2mg0

2E2
,

E15Ap1W 21m1
2, E25Ap2W 21m2

2.
us-
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s

the
an-
e
De-

ial,
-

We will follow a phenomenological approach by using the
QCD-inspired interquark potentials, which are supported b
both lattice QCD and heavy quark phenomenologies, as t
kernel in the BS equation. The potentials include a long
range confinement potential~Lorentz scalar! and a short-
range one-gluon-exchange potential~Lorentz vector!:

V~r !5VS~r !1gm ^ gmVV~r !,

VS~r !5lr
~12e2ar !

ar
,

VV~r !52
4as~r !

3r
e2ar , ~5!

where the introduction of the factore2ar is to regulate the
infrared divergence and also to incorporate the colo
screening effects of dynamical light quark pairs on theQQ̄
linear confinement potential. In momentum space the pote
tials become

G~pW !5GS~pW !1gm ^ gmGV~pW !,

GS~pW !52
l

a
d3~pW !1

l

p2

1

~pW 21a2!2
,

GV~pW !52
2

3p2

as~pW !

pW 21a2
, ~6!

whereas(pW ) is the quark-gluon running coupling constan
and is assumed to become a constant of order 1 aspW 2→0:

as~pW !5
12p

27

1

ln~a1pW 2/L QCD
2 !

.

The constantsl, a, a, and LQCD are the parameters that
characterize the potential.

For any given angular momentum state2S11LJ of me-
sons, its three-dimensional wave function in the rest frame
mesons takes the following two forms.

~i! S50, thenJ5L:

FLm~pW !5L1
1 g0~11g0!g5g0L2

2 YLm~ p̂!f~p!. ~7!

~ii ! S51, then J5L21,L,L11 for LÞ0 or J51 for
L50:

FJM~pW !5(
l ,m

^JMu1lLm&L1
1 g0~11g0!g lg0L2

2

3YLm~ p̂!f~p!. ~8!

Here YLm( p̂) is the spherical harmonic function and
^JMu1lLm& is the Clebsch-Gordan coefficient. Substituting
Eqs. ~7! and ~8! into Eq. ~4!, one derives the equations for
the scalar wave functionf(p).
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~i! S50:

@M2E1~p!2E2~p!#g1~p!f~p!52
E1~p!E2~p!1m1m21pW 2

4E1~p!E2~p!
E d3k@GS~pW 2kW !24GV~pW 2kW !#g1~k!PL~cosQ!f~k!

2
E1~p!m21E2~p!m1

4E1~p!E2~p!
E d3k@Gs~pW 2kW !12GV~pW 2kW !#g2~k!PL~cosQ!f~k!

1
E1~p!1E2~p!

4E1~p!E2~p!
E d3kGS~pW 2kW !pW •kWg3~k!PL~cosQ!f~k!1

m12m2

4E1~p!E2~p!

3E d3k@GS~pW 2kW !12GV~pW 2kW !#pW •kWg4~k!PL~cosQ!f~k!, ~9!

where

g1~p!5
@E1~p!1m1#@E2~p!1m2#1pW 2

4E1~p!E2~p!
,

g2~p!5
@E1~p!1m1#@E2~p!1m2#2pW 2

4E1~p!E2~p!
,

g3~p!5
E1~p!1m11E2~p!1m2

4E1~p!E2~p!
,

g4~p!5
E1~p!1m12E2~p!2m2

4E1~p!E2~p!
,

E1~p!5ApW 21m1
2,

E2~p!5ApW 21m2
2.

~ii ! S51:

@M2E1~p!2E2~p!# f 8~p!f~p!5
1

4E1~p!E2~p! H E d3k$@2GV~pW 2kW !2GS~pW 2kW !# f 1~k!~m11m2!2Gs~pW 2kW ! f 2~k!

3@E1~p!1E2~p!#%PL~cosQ!f~k!1F E d3k@4GV~pW 2kW !1GS~pW 2kW !# f 8~k!

3@E1~p!E2~p!2m1m21pW 2#1@GS~pW 2kW !22GV~pW 2kW !# f 7~k!„m1E2~p!2m2E1~p!…G
3PJ~cosQ!

k

p
f~k!1E d3k$@2GV~pW 2kW !2GS~pW 2kW !# f 5~k!~m11m2!

2GS~pW 2kW ! f 6~k!„E1~p!1E2~p!…%pW •kWPJ~cosQ!
k

p
f~k!J , ~10!
where

f 1~p!5
1

4E1~p!E2~p!
$@E1~p!1m1#@E2~p!1m2#1pW 2%,

f 2~p!5
1

4E1~p!E2~p!
$@E1~p!1m1#@E2~p!1m2#2pW 2%,

f 3~p!5 f 4~p!5
2@E1~p!1m1#

4E1~p!E2~p!
,

f 5~p!52 f 6~p!52
2

4E1~p!E2~p!
,

f 7~p!5
1

4E1~p!E2~p!
@E1~p!1m12E2~p!2m2#,

f 8~p!5
1

4E1~p!E2~p!
@E1~p!1m11E2~p!1m2#.
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The normalization condition *d3pTr$F1(pW )F(pW )%
51/(2p)3 for the BS wave functionf(p) leads to

E dpp3
@E1~p!1m1#@E2~p!1m2#

4E1E2
f2~p!5

1

~4p!3
.

~11!

To the leading order in the nonrelativistic limit, Eqs.~9! and
~10! can be reduced to the ordinary nonrelativistic Schr¨-
dinger equation for orbital angular momentumL with simply
a spin-independent linear plus Coulomb potential. Solvin
the full equation~9! or ~10!, we can get the spectra and wav
functions with relativistic corrections for any given angula
momentum state2S11LJ of heavy mesons. With these wave
functions we can calculate hadronic matrix elements in pr
cesses involving the corresponding states, and the relativis
corrections due to interquark dynamics are included au
matically in them. This approach is different from conven
tional ones which start from the Schro¨dinger equation with
all relativistic effects considered perturbatively.

III. DECAY RATES OF G„xc0˜gg… AND G„xc2˜gg…

Electromagnetic decays ofxc0 and xc2 proceed via the
annihilation ofcc̄ to two photons. Here only electromagnetic
interactions are considered, and color-octet compone
which contribute significantly in hadronic decays o
P-wave quarkonium do not contribute to electromagnetic d
cay widths, because final states are the photons which can
be produced via the annihilation of color-octetQQ̄ pair. So
photonic decays ofxcJ for J50,2 can be well expressed in
the BS formalism and relativistic corrections are incorpo
rated systematically in the decay rates. In the BS formalis
the annihilation matrix elements can be written as

^0uQ̄IQuP&5E d4pTr@ I ~p,P!xP~p!#, ~12!

whereI (p,P) is the interaction vertex of theQQ̄ with other
fields ~e.g., the photons or gluons! which, in general may
also depend on the variableq0 ~the time component of the
relative momentum!. If I (p,P) is independent ofp0 ~see
@1,5#!, the equation can be written as

^0uQ̄IQuP&5E d3pTr@ I ~pW ,P!FP~pW !#, ~13!

For processxc0→gg or xc2→gg with the momenta and
polarizations of photonsk1 ,e1 andk2 ,e2, the decay ampli-
tude can be written as

T5^0uc̄GmncuxcJ&e1
me2

n ~14!

for J50,2, where

Gmn5e2Fgn

1

p” 12k” 12m
gm1gm

1

k” 12p” 22m
gnG .

Here p1 (p2) is the charm quark~antiquark! momentum,
and their time components satifyp1

01p2
05M , as @1,5# we

take
o

g
e
r

o-
tic
to-
-

nts
f
e-
not

-
m

p1
05p2

05
M

2
. ~15!

Therefore, the amplitudeT becomes independent ofp0. In
terms ofT the decay rates can be written as

G~xcJ→gg!5
1

2!

1

~2J11!(JZ (
polar

E uTu2dV ~16!

for J50,2, where the spin is averaged over the initial stat
and the photon polarization is summed over the final sta
according to

(
polar

«m~k1!«
n* ~k1!52gmn.

Substituting the BS wave function~8! into Eq. ~16!, we get

G~xc0→gg!524eQ
4a2~c113c212c3!

2, ~17!

G~xc2→gg!5
48eQ

4a2

5
~c1

222c1c317c3
2!, ~18!

where

c15E d3p
1

~pW 2kW !21m2 H F2E22mE2
pW 2

2
1
3~pW • k̂!2

2
GpW •kW

1F2
pW 4

4
1
3pW 2~pW • k̂!2

2
2
5~pW • k̂!4

4
G J f~p!

p
,

c25E d3p
1

~pW 2kW !21m2 H pW •kW2 @pW 22~pW • k̂!2#

1
1

4
@pW 22~pW • k̂!2#2J f~p!

p
,

c35E d3p
1

~pW 2kW !21m2 H 2E22mE

2
@pW 22~pW • k̂!2#

1
1

4
@pW 22~pW • k̂!2#2J f~p!

p
.

In the nonrelativistic limit, Eqs.~17! and ~18! reduce to

G~xc0→gg!5
24eQ

4a2

m4 U E d3ppfxc0
~p!U2,

G~xc2→gg!5
32eQ

4a2

5m4 U E d3ppfxc2
~p!U2.

Using the Fourier transformation of wave functions,

E d3ppfxcJ
~p!5

3

A8
RxcJ

8 ~0!,

we derive the well-known result in coordinate space, whic
is consistent with that given in@1#
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FIG. 1. Wave functionsfSch(p) ~normalized
in momentum space! of xc0 ~solid line!, xc1

~dashed line!, andxc2 ~dot-dashed line! by solv-
ing BS equations withmc51.5 GeV.
re
r
r

le

s,
G~xc0→gg!5
27eQ

4a2

m4 uRxc0
8 ~0!u2, ~19!

G~xc2→gg!5
36eQ

4a2

5m4 uRxc2
8 ~0!u2, ~20!

whereRxcJ
8 (0) is the derivative of the radial wave function a

the origin, and in the nonrelativistic limit
Rxc0

8 (0)5Rxc2
8 (0), due toheavy quark spin symmetry.

Recently, in the framework of NRQCD the factorizatio
formulas for the long distance and short distance effects w
found to involve a double expansion in the quark relati
velocity v and in the QCD coupling constantas @13,14#. To
next-to-leading order in bothv2 andas , as an approxima-
tion, we may write

G~xc0→gg!524eQ
4a2~c113c212c3!

2

3F11
as

p S p2

3
2
28

9 D G , ~21!

G~xc2→gg!5
48eQ

4a2

5
~c1

222c1c317c3
2!S 12

as

p

16

3 D ,
~22!

where we have used QCD radiative corrections given in@15#.
We must emphasize that above factorization formulas
correct only to next-to-leading order inv2 andas . If higher
order effects are involved, the decay widths cannot be f
tored into a integral of wave functions and a coefficient th
can be written as a series ofas . NRQCD has applied a more
general factorization formula for quarkonium decay rat
which will be discussed in detail later.

For the heavy quarkoniumcc̄ systems,m15m25mc ,
Eqs.~9! and~10! become much simpler. We take the follow
ing parameters which appear in the potential~5!:

mc51.5 GeV, l50.23 GeV2, LQCD50.18 GeV,
t

,

n
ere
ve

are

ac-
at

es,

-

a50.06 GeV, a5e52.7183. ~23!

With these values the mass spectrum of charmonium a
found to fit the data well. In Figs. 1 and 2 the solved scala
wave functions both in momentum and coordinate space fo
P-wave tripletxcJ states are shown and we can see explicitly
the differences between wave functions forJ50,2 while
they are the same in the nonrelativistic limit. Substituting
fxc0

(p) andfxc2
(p) into Eqs.~21! and ~22!, we get

G~x0→gg!55.32 keV,

G~x2→gg!50.44 keV,

where the meson massM in Eq. ~15! is taken to be the
observed physical value. The ratio of the widths is

R5
G~x0→gg!

G~x2→gg!
512.1. ~24!

Our results are satisfactory, as compared with the Partic
Data Group experimental values@16# G(xc0→gg)
55.663.2 keV andG(xc2→gg)50.3260.1 keV. Here in
the above calculations the value ofas(mc) in the QCD ra-
diative correction factor in Eqs.~21! and~22! is chosen to be
0.29 @4#, which is also consistent with our determination
from the ratio ofB(J/c→3g) to B(J/c→e1e2) @5#.

Moreover, in order to see the sensitivity of the decay
widths to the parameters, especially the charm quark mas
we use another two sets of parameters:

mc51.4 GeV, l50.24 GeV2,

mc51.6 GeV, l50.22 GeV2,

with the other parameters remaining unchanged~the heavy
quarkonia mass spectra are not sensitive toa and a for
a<0.06 GeV!. By the same procedure, we obtain

G~x0→gg!55.82~4.85! keV,
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FIG. 2. Wave functionsRSch(x) ~normalized
in coordinate space! of xc0 ~solid line!, xc1

~dashed line!, andxc2 ~dot-dashed line! by solv-
ing BS equations withmc51.5 GeV.
-
e
r,
e-
ith
is
hs.

y

nd
r-

of
l-
f a

l-
ed
ng
G~x2→gg!50.50~0.39! keV,

and the ratio

R5
G~x0→gg!

G~x2→gg!
511.8~12.5! ~25!

for mc51.4(1.6) GeV, respectively.
We find that the widths are decreased with the decreas

of l. This is obvious since the wave function in coordinat
space will become broader when the slope of the linear p
tential is decreased and the corresponding wave function
momentum space will become narrower; so the effective d
cay couplings become smaller. It is interesting to note th
the ratio of two photonic decay widths ofxc0 and xc2 is
almost unchanged and is insensitive to the choice of para
eters.

In order to see further the sensitivity of the value ofR to
the parameters in the potentials, we have also solved the
equation by using two extremely different values:

l50.25 GeV2, LQCD50.25 GeV

and

l50.15 Gev2, LQCD50.15 GeV,

with other parameters being the same as that in Eqs.~23!.
We obtain the decay widths

G~x0→gg!53.36~6.53! keV,

G~x2→gg!50.24~0.54! keV, ~26!

and the ratio

R5
G~x0→gg!

G~x2→gg!
514.1~12.2! ~27!

for l50.15(0.25) GeV2 and LQCD50.15(0.25) GeV, re-
spectively. This indicates that we can obtain a rather stab
ing
e
o-
in
e-
at

m-

BS

le

range for the value ofR, despite the uncertainty in the esti
mate of the decays widths. Indeed, it is difficult to control th
systematic accuracy within the potential model. In particula
the spin-independent relativistic correction to the confin
ment potential and the retardation correction connected w
confinement are far from being thoroughly understood. Th
also causes an uncertainty in the estimate of decay widt
Nevertheless, from Eqs.~26! and~27! it can be seen that two
group of very different parameters lead to different deca
widths but give very close values forR.

Finally we discuss the relation between our approach a
the NRQCD theory. Recently, a general factorization fo
mula which is based on nonrelativistic QCD~NRQCD! has
been developed for studying the inclusive cross sections
production and decay of heavy quarkonium. In this forma
ism the quarkonium decay rates can be written as a sum o
set of matrix elements to any given order inv2, with each
matrix element multiplied by a coefficient which can be ca
culated in perturbative QCD. This approach has been prov
successful in the application of some processes involvi
heavy quarkonium@17,18#. In NRQCD, the electromagnetic
decay rates ofxc0 andx02 to next-to-leading order inv

2 can
be written as

G~x0→gg!5
2Imf EM~3p0!

m4 ^xc0uOEM~3P0!uxc0&

1
2ImgEM~3p0!

m6 ^xc0uGEM~3P0!uxc0&, ~28!

G~x2→gg!5
2Imf EM~3p2!

m4 ^xc2uOEM~3P2!uxc2&

1
2ImgEM~3p2!

m6 ^xc2uGEM~3P2!uxc2&, ~29!

where
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OEM~3P0!5
1

3
c1S 2

i

2
DI D •sW xu0&^0ux1S 2

i

2
DI D •sW c,

OEM~3P2!5c1S 2
i

2
DJ D ~ is j )xu0^0ux1S 2

i

2
DJ D ~ is j )c,

GEM~3P0!5
1

2 F13c1S 2
i

2
DI D 2S 2

i

2
DI D •sW xu0&

3^0ux1S 2
i

2
DI D •sW c1H.cG ,

GEM~3P0!5
1

2 Fc1S 2
i

2
DI D 2S 2

i

2
DJ D ~ is j )xu0&

3^0ux1S 2
i

2
DJ D ~ is j )c1H.cG , ~30!

whereDW is the space component of covariant derivateDm,
and c and x are two-component operators of quarks an
antiquarks, respectively. If identifying the quark operator e
pectation values with the deriatives of wave functions at t
origin, the decay widths can be written as

G~x0→gg!5
9Imf EM~3p0!

pm4 uRx0
8 ~0!u2

1
15ImgEM~3p0!

pm6 Re@Rx0
~3!~0!Rx0

8 ~0!#, ~31!

G~x2→gg!5
9Imf EM~3p2!

pm4 uRx2
8 ~0!u2

1
15ImgEM~3p2!

pm6 Re@Rx2
~3!~0!Rx2

8 ~0!#. ~32!

In comparision with NRQCD, we take the on-shell con
dition, which assumes the quark and antiquark to be on

mass shellp1
05p2

05E5Am21pW 2, instead of Eq.~15!. The
advantage of this assumption is that gauge invariance
maintained for the on-shell quarks but at the price of treati
the quark and antiquark just as free particles in a bound st
An apparent problem in this scheme is that with a fixed val
of the meson massM ~e.g., its observed value!, if the quark
mass takes a fixed value, thenpW 2 will be fixed but not
weighted by the wave function as in the usual bound-st
description. In order to connect the decay process, wh
occurs at short distances, where quarks are approximately
shell, with bound state wave function, which is mainly de
termined by the long distance confinement force, we have
make a compromise between the on-shell condition and
bound-state description. We will expand the annihilation a
plitudes~21! and ~22! in terms ofpW 2/m2 and allowpW 2 ~and
so the meson mass accordingly! to vary in accordance with
the bound-state wave functionf(p) which is determined by
the long distance dynamics or, phenomenologically, by so
dynamical models. With this treatment, we get the dec
widths to next-to-leading order ofpW 2/m2,
d
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to
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ay

G~x0→gg!5
3eQ

4a2

m4 U E d3ppS 12
pW 2

6m2Df Sch~p!U2

3F11
as

p S p2

3
2
28

9 D G , ~33!

G~x2→gg!5
4eQ

4a2

5m4 U E d3ppfSch~p!U2S 12
as

p

16

3 D ,
~34!

where the standard Schro¨dinger wave function~with relativ-
istic corrections! fSch(p) is related tof(p) through the nor-
malization condition~11!:

fSch~p!5 A2 Sm1E

E Df~p!,

~2p!3E dpp2ufSch~p!u251.

Using the formulas

E d3ppfSch~p!53RSch8 ~0!,

E d3pp3fSch~p!55RSch
~3! ~0!,

the expressions of Eqs.~33! and ~34! are transferred into
coordinate space and comparing with that derived from
NRQCD, Eqs.~31! and ~32!, we can easily determine the
coefficients

Imf EM~3P0!53peQ
4a2F11

as

p S p2

3
2
28

9 D G ,
ImgEM~3P0!52peQ

4a2,

ImfEM~3P2!5
4peQ

4a2

5 S 12
as

p

16

3 D ,
ImgEM~3P2!50. ~35!

Here we only consider the QCD radiative corrections to lead
ing order coefficients Imf EM(

3P0) and Imf EM(
3P2) which

are equal to the results derived in@13#. Moreover, we have
determined two new coefficents, i.e., the second one an
fourth one in Eqs.~35!. These two matrix elements have a
suppression factor ofv2, and so we need not to take into
account higher order corrections to their coefficients an
more.

IV. SUMMARY AND DISCUSSION

In this paper we provide an estimate for the photonic de
cays ofP-wave charmonium with both QCD radiative cor-
rections and relativistic corrections. In the nonrelativistic
limit but with first order QCD radiative corrections, the ratio
R of the photonic widths is expected to be@for
as(mc)50.29#
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R5
G~xc0→gg!

G~xc2→gg!
5
15

4

@11~as /p!~p2/32 28
9 !#

~12 16
3 as /p!

57.5,

which is enhanced by a factor of 2, as compared with
well-known value154 obtained without QCD radiative correc
tions.

Our calculations show that comparing with the nonre
tivistic value given above, the relativistic effects will furthe
enhance the ratioR substantially and make

R511–13.

This result differs significantly from other theoretical pred
tions @19,20#. In fact, we know that there are two sources
relativistic corrections:~1! the correction due to relativistic
kinematics which appears explicitly in the decay amplitud
and ~2! the correction due to interquark dynamical effec
~e.g., the well-known Breit-Fermi interactions!, which
mainly causes the correction to the bound-state wave fu
tions. From the expressions~33! and ~34! of the decay rates
which have been expanded to the first order ofpW 2/m2, one
might expect that the ratioR would become smaller afte
taking relativistic corrections into account, because the co
ficient of the termpW 2/m2 in Eq. ~33! is smaller than that in
Eq. ~34!. This would be true if the dynamical relativisti
corrections to the wave functions were completely neglec
Indeed, if we were using the same scalar wave functi
fSch(p) for xc0 andxc2 we would find

R55.3–5.9,

which is smaller than the nonrelativistic valueR57.5. How-
ever, the dynamical relativistic effects are very importa
The spin-dependent forces~induced mainly by one-gluon ex
change! not only cause the fine splittings of masses ofxc0,
xc1, and xc2, but also make the wave functions ofxc0,
xc1, and xc2 different from each other. Mainly due to th
attractive spin-orbital force induced by one-gluon exchan
for the 011 meson, thex0 wave function in coordinate spac
becomes narrower than thex2 wave function in which the
spin-orbital force is repulsive, and therefore the derivative
the
-

la-
r

ic-
of

es
ts

nc-

r
ef-

c
ted.
ons

nt.
-

e
ge
e

of

the wave function at the origin becomes larger forx0 than
that forx2. As a result, the dynamic relativistic effect onR is
in the opposite direction to the kinamatic correction and ca
be even larger. The overall relativistic correction toR is
found to be positive. Our result is in agreement with the
E760 data and disagrees with the values measured by CLE
and TPC2.

Our expressions for the decay widths are identical with
that derived from the rigorous factorization formula to next-
to-leading order inv2 and inas . Moreover, we have deter-
mined two new coefficients in the nonperturbative matrix
elements for these decay widths. For a more accurate es
mate, higher order corrections both inv2 and inas should be
taken into account. For electromagnetic decays, in gener
we can estimate them within theuQQ̄& sector and avoid the
difficult problem due to the effects of high Fock states suc
as uQQ̄g& and uQQ̄gg&. But we must notice that if higher
order matrix elements are included, the decay widths cann
be factored in the way like Eqs.~31! and ~32! because the
higher order coefficients are different for each nonperturba
tive factor.

We have solved the BS equation for the bound-state wav
functions with QCD-inspired interquark potentials~linear
confinement potential plus one-gluon-exchange potential! as
the BS kernel. With some popular parameters for the pote
tials we obtained the wave functions and used them to ca
culate the decay widths. From Eqs.~24! and ~25! it can be
seen that different parameters lead to somewhat differe
photonic decay widths but give very close values forR. This
might indicate that our estimate ofR is insensitive to the
quark mass and potential parameters, and therefore could
a rather reliable result, despite the uncertainty in the estima
of the dynamical relativistic effects. We hope the lattice
simulations will give more reliable estimates for these de
cays within the framework of NRQCD, and can be compare
with our results.
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