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Quark mass corrections to theZ boson decay rates

Levan R. Surguladze
Institute of Theoretical Science, University of Oregon, Eugene, Oregon 97403
(Received 9 May 1995

The results of a perturbative QCD evaluation of then?/M% contributions td',_,,p, andI";_, pagronsfor the
quark massesn;<M; are presented. The recent results due to the combination of renormalization group
constraints and the results of several other calculations are independently confirmed by direct computation.
Some existing confusion in the literature is clarified. In addition, the calculéxeﬂé) correction to the
correlation function in the axial channel is a necessary ingredient for the yet uncalculated axial part of the
O(ai) mass correction to thg decay rates. The results can be applied tostheadronic width.

PACS numbeps): 13.38.Dg, 12.38.Bx

Recent analyses show that the result at the CERN™ [14,19 simultaneously. Moreover, it should be stressed that
colider LEP for the branching fractionI';_ 7 there is a disagreement between the resul{d6fand[17].
I';_. hadrons= 0.2208+ 0.0024([ 1] differs from (is larger thah It is shown in the present paper tHa®] is correct and17]
the standard model predictid@] by 20—2.50 with the top  is incorrect:
guark mass at around 174 G¢¥]. Although the search for The quantityR, is defined as the ratio of the hadronic and
implications of this fact beyond the standard model has alelectronicZ widths:
ready begun(see, e.g.[4]), a further analysis within the
standard model is still an important issue. Ro— A 1)

Briefly, the current state of the perturbative QCD evalua- L STscp UG zoere
tion of thel';_, haarons@nd related quantities is as follows. The
QCD contributions are evaluated l@(ai) in the limits The partial decay width can be evaluated as the imaginary
m=0 (f=u,d,s,c,b) andm;—= [5]. The leading correc- Part
tion to the above results due to th¥«?) triangle anomaly- 1
type diagrams with the virtual top quark has also been cal- T7qgq=— o ImII(m;,s+i0) , 2
culated in the limitm,—o [6] and this result has been z s=M2
extended to orderNi2/m?)® in Ref.[7]. The calculations to
O(ag) are more complete. Indeed, the electron-positron anwhere the functiordl is defined through a correlation func-
nihilation R ratio was calculated long ad@] in the limits  tion of two flavor-diagonal quark currents:
m;=0 (f=u,d,s,c,b) andm;—«. The corrections due to
the large top-bottom mass splitting have been evaluated in iJ d4xe'qx(TjL(x)j‘;(O)>O=gWH(mf,QZ)

[9,10] and thus the axial channel, applicableltg_. hadrons

has also been validated. Tt@(ag) effects of the virtual ~Q,0,IT'(m;,Q%). (3
heavy quark in the decays of tfiZeboson have been evalu- rEy '

ated in[11,12. The same effect has been studied previouslyHere, Q? is a large ¢ — M%) Euclidean momentum. Ac-

in [13] in the limit m—o. The present knowledge of the cording to the standard model, the neutral weak current of
high order QCD and electroweak correctiond¥0 . nagrons!S ~ quarks coupled t& bosons is

summarized in a review articlg2], providing all essential

details. i,=(GeM%/242) A g{qry, 0+ gfdry,ysan), (@)

The subject of the present work is the correction due to
the nonvanishing “light” quark masses. The following dis- Where the electroweak vector and axial vector couplings are
cussion will be for the quark of flavar (f#t) in general.  defined in the standard way:

However, in fact, onlyf =b is a relevant case and the masses v 3) ] A @)

of u, d, s, andc quarks can safely be ignored at thenass gf =217 —desit@y, gf=217".

scale. Note that the corrections of ordefma/M3 for the
vector part of theZ—bb decay rate and the corrections of
order a2mz/M3 for the axial part were obtained in R¢.4]
and. Ref.[15], respectively. Those evaluat[one are based on (m;, Q%) =11Y(m,Q%) + A(m; ,Q2). (5)

an indirect approach, using the renormalization group con-

straints and the results of earlier calculations of the correla

tion functions in the vectof16,17 and scalar channel4.8]. INumerically the disagreement is not large. The errdrlif] was
One of the aims of the present work is to obtain the quarkepeated if19]. The second erratum {d.9] remedies the situation,
mass corrections tbz_q.q in both channels by a direct cal- ¢iting a previous version of the present work and other confirmation
culation and to check the method and the results used im Ref.[25]. Unfortunately, in[14], the result of17] was used.

The IT function may be decomposed into vector and axial
parts:
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the quark masses, the following expansion is legitimate:

/ 2
m
X / f yVIA
* : HV’A(mf,mv,Q2)=HYA<Q2>+@H 2 (Q?)
VIA
+ — H (QZ) +e
FIG. 1. Feynman diagrams contributing to the correlation func- v=u,d,s,c,b Q
tion to O(as) The cut diagrams contribute 16,_,, ¢ g at the same (6)

order.
The last term in the above expansion is due to the particular

] ) ) topological types of three-loop diagrams containing virtual
The Feynman diagrams that contributdIcto O(a5) are  fermionic loops. The effects of the virtual top quark in the
shown in Fig. 1. The effects of the last two diagrams in Fig.decays of th& boson have been studied[ih1—13 and will
1 (so called triangle anomaly-type diagrarhawve been stud- not be discussed here. The ellipsis in E).covers the terms
ied in [9,10] and will not be considered here. In the first ~m?/Q4 and higher orders. Those terms aQ2=M§ for
diagram, the shaded bulb includes any interactions of quarke Z decay are heavily suppressed and can safely be ig-
and gluons(or ghost$ allowed in QCD and the dots cover nored.
any number of gluon propagators that gives one-, two-, and The expansion coefficienid; can be calculated in a way
three-loop topologies. The crosses denote current verticesmilar to the one used if20] for the evaluation of the fer-
corresponding to the vector or the axial part of the currentionic decay rates of the Higgs boson. In fact, the whole
(4). calculational procedure can be combined in one equdiion
Because the problem scale-M;) is much larger than the limit m,— )

1 1 2(n+K) pq2n 22K d 2 d 2 ir B B B
— - - - I H
I'z qq A > (2n)l( K1 lem Zg T Ume'm? anp e IM'(ag ,m¢,m; ,s+i0) o
mg=m =0

//\ o

n,k=
n+

agﬂzaas S:M§

(7)

whereB labels the unrenormalized quantiti&, andZ,, are the modified minimal subtraction schem\dS) renormalization
constants of the quark mass and the strong coupling, respectively, and can be found, for insf0¢eTlie summation over
the virtual quark flavore =u,d,s,c,b is assumed idI'. Note that the introduction of the so call&l function (see, e.g.,
[14,19), which is thell function differentiated with respect ©?, is not necessary in this calculation. Note also that(Ey.
does not include important effects from the last two diagrams in Figvéaluated if9,10]) and the virtual top quark effects
(evaluated iM11-13).

In the MS [21] analytical calculations of the one-, two-, and three-loop dimensionally reguld@2&&eynman diagrams,
the FORM [23] program HEPLOOPS[24] is used.

For the massless limit coefﬁcien‘ﬂs\l”A in the expansiori6), the known results are obtained. The perturbative expansion of
the ~m$ part in the right-hand sideRHS) of Eq. (6) has the form

2 2
mf(M) V/A m:(w) V/A
7 Hpe L), Q1+ 2 —o7— Tl Tag(w),Q7]
Q v=u,d,s,c,b Q
GeM < [asm)| o p
gy'h? Il = | m2(w)d¥"A+e;; m2(w) |. 8
8@ 3 E 2 ( - ) Qz( wd™re; > mi(u) ®
|
The coefficients;; are the same in both channels for obvi- dyo=
ous reasons. Moreover, they get nonzero values starting at V=16 d'=—12: ©)
the three-loop level i&2). The summation index runs 10 R '
from zero toi +1 since, in general, the maximum power qf dY __ 19881 126 3 1085 1 (5) L S
the pole that can be produced by a multiloop Feynman dia- 20~ 72 f13
gram is equal to the number of loops.
The direct computation of all relevant one-, two-, and d\2/1= -8 4Ne ¥ d\2/2: — % +Ny;

three-loop Feynman diagrams for the standard QCD with the
SU.(3) gauge group gives in the vector channel €00=€1j=0, €,=32/3—8{(3), ey=ey=0.
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Note thatdI i+1=¢ +1=0, because the highest poles cancel d = 8221 _ 1177(3)— N[ %8 —4¢(3)],

at each order after the summation of Feynman graphs within

each gauge-invariant set. This is the consequence of the con-

servation of current. The above results fully confirm the find- d=1— 8N, do=1 - 1IN

ings of [16] (see[25]). On the other hand, th&(3) coeffi-

cient in d,o disagrees with the incorrect one presented in _ . . . .

[17]. Fortunately, the numerical difference is small. where e=(4—D)/2 is the deviation of the dimension of
It can be shown that the vector part of the LHS of Eg). spacetime from its physical value 4 within the dimensional

is invariant under the renormalization group transformationéegmar'zat'o”[22] Note that the nonlogarithmic terms in
and obeys the renormalization group equation df}, contain poles, which cannot be removed by the renormal-

ization of the quark mass and the coupling and have to be

subtracted independently. However, one need not worry

about those poles, since the imaginary parts of nonlogarith-

mic terms vanish anyway and do not contribute in the decay
X[ vector part of the LHS of Eq(8)]=0, (10 rate.

The above mass corrections to the three-loop correlation
where B(as) and y,(ag) are the QCDg function and the function of the axial vector quark currents are the new results
guark mass anomalous dimension which have been evaluated the present paper.
to three-loop level in Ref§26] and[27], respectively. From One may try to use the renormalization group arguments
Egs.(8) and(10), it is straightforwardsimilar to[20]) to get  to obtain theO(«?2) logarithmic terms similarly to the vector
the O(ag) logarithmic coefficients in the vector channel:  channelEg. (11)]. However, to do so, the knowledge of the

O(ag) anomalous dimension is necessary along with the cal-

) J 0
M m'{'ﬂ(as)asﬁ ')’m(a’s) E I[?m

d31=2(Bo+ ¥0) Aot (B1+271)dig+ 272000, culateddb, coefficient. In fact, as was discovered [ib5],
v v v using the axial Ward identity, this anomalous dimension can
d35= (Bot ¥0)[2y1doot (Bot270)d10l be connected to the correlation function of the quark scalar
+(B1+271>70d80, (11) E:;Srrgats which, however, is also known only (D(ai)
d\3’3=§ Yol Bo+ 70)(B0+270)d6,0' dy=0, de(l;ggr?atl(:_ac’}s.(@ (9), (11), and (12), one obtains, for the
€31=2(Bot Y0)€20, €32~ €33=€34=0. 3
; - GFM% Ky 2 I as(pm)
The known perturbative coefficieng, and vy, of the QCD 'z qq= 7= Z (91) Z 2 g
B function and the quark mass anomalous dimensjgn 8\2m KV 1=01=0
with the proper normalization factors may be found, e.g., in u? mfz(,u)
[20]. Similar equations were obtained for the Ad@rfunc- X In/ VH afj + —— by
tion perturbative coefficients in Rdf14]. The only missing M2
coefficients aD(ag) in Eq. (8) for the vector channel are the m2(w)
nonlogarithimc termsd\3’0 and ez;. However, these terms + > :‘] (13
have a zero imaginary part and do not contribute to the decay v=udscb Mz

rate toO(a?).
In the axial channel, the direct computation of the relevaniThe massless limit coefﬂmentzz\”A are calculated up to
one-, two-, and three-loop Feynman graphs yields 0O(a?) [5]. The coefficients; read
dj,=6/c +6, dy=6
o0 o boo=0, boo=—6;
6 5 107

A_ _ A_ A _
Gom "t t g 2K, dume2 im0 bfo=12, bf;=0, bi=—22, bj=-12;
. 19 99 (455 1 3241 v s s y y
20753 7.2 | 38 ) §+T_387§(3) by=3%— ¥N;, by=57-2N;, by,=0, (14
> 4)+165(5)—N ! > + 2 +857 N 8221
(D +16Y(5)~Ni{ 35~ g2t 3.+ 35 boo=— %2 +57£(2)+1174(3)
32 +N{[ 53 —24(2)-4¢(3)],
-3 3, (12

b%=—155+ ¥ N;, b=—% +N;.

2Contrary to the previous beligkee, e.g., comments [14,19)
that the result of 16] has been corrected [17]. The O(ag) coefficients for the vector part read
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bYo=2522- 82 £(2)+ %2 ¢(3)— 2 ((5) C1j=Cp=0, Czp=—80+607(3)+Ni[¥ — 5(3)],
— N[ 372 —34(2)+ 57 1(3)— 57 4(5)] C31=C32=C33=0. (16)
+NZ[222 — 2 £(2)], (15)  The evaluation 0fO(?) coefficientsbj; for the axial part
requires the corresponding four-loop calculations. T(i2)
by= 45 — LN+ 3 N? | y,=855 — 17N+ L N? terms in the above coefficients are due to the imaginary part
of the term~1In3(u%s), which appears in th©(«2) coeffi-
bs3=0. cients of the correlation function.
Taking =M andN;=5 and recalling the known mass-
The coefficients;; in both channels are less limit coefficient§5], one obtains, numerically,
|
GeM3 2m2(My)\ [ 4mi(My)  ay(My) M (Mz)| [ as(My)\?
'z 3)_ . 2 N _ S 2 S
Tz a3 8o (218% — 4esirt@y)?| | 1+ M2 1 M2 +———|1+1 M2 -
2 3 2 2
ms(M ) a(M mg(My) my(Mz)
x| 1.4002+ 104.833——> )+ M2 )" _ 15 805t 547.879— 2 —6.126 23 >, =
M7 m M7 v=udsch M3
am2(M)\ ¥ ayM m(M2)|  (as(Mz)\? m2(M)
+(2|§3))2{(1— r-z sM2) (1) M = s(Mz) 1.4092- 85,7136 —
M2 T M2 M2
3 2 2
ag(M mf(My) mZ(Myz)
o[ 2sM2) —12.767 (unknown ——— —6.126 23 >, |1, 17
g MZ v=u,d,s,c,b Mz

where for the Born terms their well known exact expressionsanalysis, e.g., at SLAG*e™ storage ring PEP and the
[2] are used(These terms have once again been reevaluateDESY e e~ collider PETRA(or B factory), where the vec-

here) It should be stressed that, in order to obtain a completgor part of Eq.(17) is relevant. At low energies, the correc-
(up to date¢ standard model expression for the decay rate, thgyg ~a?mf/s? [28] may also have a phenomenological

f?”ow"?g khnown QCb contributions Sr:'OlIJId also be 'r relevance 29]. However, at theZ mass scale these correc-
cluded:(i) the O(«g) corrections due to the large mass split- tions, of course, are negligible.

ting within thet-b doublet[9,10]; (ii) the O(«a?) effects due For theZ—bb decay mode, th®©(a2) mass corrections

. _ . 3 _

t_o the V'm.JaI heavy quar_[<11 13, (iii) the O(a) correc agree with the ones obtained [i4,15 using an indirect
tions coming from the triangle anomaly-type graphs in the o

limit m,— o [6]. One also needs to include the electroweakapproaCh’ based on renormalization group arguments and the

corrections. All those corrections can be found 2 results of[17,18. However, at theD(a), there is a small

The calculated quark mass corrections @ga2) and dlsag_rt_aement. This, in fact, is due to thg incorrect num_erlcal
O(ag) gave about 10—20 % corrections to the correspondin oefficient for theg(_3) term |n.[17], which was used Fh,
massless results and are of marginal importance for the high4- [N the previous equations, the strong coupling
precision analysis at LEP. It is reasonable to expect that th@s(Mz) and the quark massy(Mz) are understood as the
missingO(a?) correction in the axial part will be of order MS quantities renormalized at the mass. The relation be-
similar to the corresponding vector part result. However, thdWeen theMS running quark mass and the pole mass is de-
calculated mass corrections are important in low energyived from the on shell results ¢80] (see[20]):

2 16 2

o
Ki— =+ > 8m;m)+(¥ — £N)n—
9 mf<mf/<,u. mf

aM(u)
a

aM(u)

—+
3 In

4 w?
)
f

mN ()= mf[ 1-

, (18

3There is also a misprint in Eq23) for the general expression for th)s(ag) term in[14]: the division factor 92 should be replaced by 96.
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wheremy is the pole mass of the quark, the supersdpndicates that the corresponding quantity is evaluated foNthetive
flavors of quarksu is an arbitrary scaléin the case oZ decay,u=M; andN=5),

4 m
K;=16.006 50-1.041 3N+ = >, A|—],
mi=m; mg
4 [mg
5(mf,mf/)=—l.04l 3 A — y (19)
3 mg

and the numerical values for the at the relevant quark mass ratios are giver{20]. Numerically, in the case of the
Z—bb decay modé,K,~12.5 and the sum oven;, drops out in Eq(18).
The calculated mass corrections to the correlation functions are relevant for the hadronic decay ratedeypttre
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4Slightly higher than the one given [15].
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