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Sum rules for radiative and strong decays of heavy mesons
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We present analogues of the Cabibbo-Radicati and Adler-Weisberger sum rules for heavy mesons
former expresses the sum of the radiative widths of excited heavy mesons in terms of the isovector c
radius of the ground-state heavy meson, while the latter relates the pionic widths of heavy excited meson
can be used to set a model-independent upper bound on the pion coupling of theP-wave heavy mesons to the
ground state meson.@S0556-2821~96!02515-5#
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We present in this paper two model-independent su
rules for the photon and pion couplings to the light constitu
ents in a heavy meson. They relate properties of the grou
state such as charge radius, magnetic moment, and axial v
tor coupling to matrix elements which govern the radiativ
and strong transitions between excited heavy meson sta
and the ground state. The latter parameters can be, in pr
ciple, extracted from experiment and in fact, a few of them
have already been determined in this way. The sum rul
themselves are not new, they are direct analogues of
Cabibbo-Radicati~CR! @1# and Adler-Weisberger~AW!
@2,3# sum rules, respectively, familiar from current algebra
However, in this new context they turn out to be conside
ably more predictive than in their original application, due t
additional constraints on the quantum numbers of the ava
able final states. Moreover, when considered in the larg
Nc limit, the form of the sum rules simplifies further due to
the suppression of the continuum contribution. The CR su
rule reduces in this limit to a constituent-quark sum rul
familiar from nonrelativistic quantum mechanics, connectin
the charge radius of the ground state to a sum over elect
dipole matrix elements between excited states and t
ground state@4#.

These sum rules are of interest from a phenomenologic
point of view, as they can be used to place constraints on t
photon and pion couplings of low-lying heavy mesons t
excited ones. As a sample application, we derive mode
independent upper bounds on the pionic decay widths of t
charmedP-wave heavy mesons with the quantum numbe
of the light degrees of freedoms

l

p l 51/21.
The Cabibbo-Radicati sum rule can be derived~we follow

here the derivation given in@5–7#! by considering the
forward-scattering amplitude of isovector photons of energ
v and helicityl on a targetB:

f ab~v,l!5
i

4pE dxe2 iq•x^BuT~Ja•el!~x!~Jb•el* !~0!uB&,

~1!

*Present address: Technion, Haifa 32000, Israel.
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with q05v, q250, andJm
a5eq̄gmt

aq (ta5ta/2). The states
uB& are normalized noncovariantly to 1. The scattering am
plitude f can be written in terms of four invariantsf6

(6)(v)
as (Jz is thez projection of the target spin!

f ab~v,l!5^Bu 1
2 $ta,tb%@ f1

~1 !~v!1 f2
~1 !~v!lvJz#uB&

1^Bu 1
2 @ ta,tb#@ f1

~2 !~v!lJz1v f2
~2 !~v!#uB&.

~2!

The assumption of an unsubtracted dispersion relation@8# for
f2
(2)(v),

f2
~2 !~0!5

2

pE0
`dv8

v8
Imf2

~2 !~v8!, ~3!

in combination with the low-energy theorem@5–7#
limv→0f2

(2)(v)51/p(2RV
2/61mV

2/2) ~for a target of isospin
1
2 and spin1

2! leads to the final form of the CR sum rule:

RV
2

6
2

mV
2

2
5

1

pe2E0
`dv8

v8
@2s1/2~v8!2s3/2~v8!#. ~4!

On the left-hand side~LHS! RV and mV are the isovector
charge radius and magnetic moment of the target. On th
right-hand side~RHS! the optical theorem has been used to
express Imf2

(2)(v) in terms of the cross sections for inclu-
sive photoproduction by an isovector photon withI z50 of
final states with isospin 1/2 and 3/2, respectively.

We will take as target a pseudoscalar heavy meson wit
quark contentQ̄u (I ,I z5

1
2,1

1
2), denoted generically as

uBi& ( i5u,d). There are a number of specific points which
have to be addressed in connection with this choice. Firs
the sum rule~4! has been derived under the assumption tha
the target is a spin-1/2 particle, whereas theuBi& meson has
spin zero. However, in the heavy mass limitmQ→` the
dynamics of the heavy quark decouples from that of the ligh
constituents. As a result, the targetuBi&51/A2(uQ↑qi

↓&
2uQ↓qi

↑&) can be effectively considered as a coherent supe
position of polarized spin-1/2 particles.
2063 © 1996 The American Physical Society
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Second, for such a target the isovector and isoscalar e
tromagnetic parameters are related in the SU~3!-symmetric
limit. The reason for this is that heavy mesons contain
only one light quark transform according to the3 represen-
tation of SU~3!. The electromagnetic current transforms
an octet and there is only one way of combining3, 8,
and 3̄ to a singlet@10–12#. Previous applications of the CR
sum rule used a proton or a pion as target, which belong
SU~3! octets. Therefore, their isovector and isoscalar elec
magnetic form factors remain unrelated even in the SU~3!
limit. The assumption of SU~3! symmetry simplifies very
much the sum rule, and the main part of the discussion be
will be restricted to this case@except in the numerical evalu
ation @see Eq.~12!#, where we make use of all informatio
available#. However, the sum rule can be modified to inclu
SU~3!-breaking effects and a detailed discussion will
given elsewhere@9#.

From the above observation it follows that the elastic e
form factor of aB meson can be written in terms of just on
function F(q2) as ^Bi uJmuBj&5eF(q2)vmQi j with Jm
5eq̄gmQq and Q5diag(23,2

1
3) is the light quark charge

matrix. Current conservation givesF(0)51. The charge ra-
dius appearing on the LHS of Eq.~4! is defined as
RV
2/65dF(q2)/dq2uq250.
The isovector magnetic momentmV of the light constitu-

ents in Eq.~4! is related to the parameterb introduced in
@11#1 which describes the radiative decayB*→Bg
^B(v)uq̄gmquB* (v,e)&52 ib«mnrsv

nkres (k is the photon
momentum! as mV5b/2. The corresponding decay rate
equal toG5 1

3aQ
2b2ukW u3, with Q the light quark charge in

units ofe.
Finally, another distinctive feature of our problem is th

absence of resonant final states with isospin 3/2. Theref
s3/2(v) in Eq. ~4! only receives contributions from con
tinuum states. There is one limit in which these contributio
are completely suppressed, and this is the large-Nc limit. In
this case the Cabibbo-Radicati sum rule is saturated with
resonances alone, and the corresponding photoproduc
cross sections can be expressed in terms of the decay w
for the inverse processBexc→Bg. One obtains, in this way,
the particularly simple result

RV
2

6
2

b2

8
5

1

8aQ2(
exc

~2J11!
G~Bexc→Bg!

ukW u3
. ~5!

The summation runs over all excited states of theuB& meson
andJ is the spin of each state. The form of the sum rule c
be simplified by deleting the second term on the left-han
side ~LHS! and extending the summation over theB* state
as well.

It is interesting that a very similar sum rule can be o
tained in the nonrelativistic constituent quark mod
~NRCQM! @13# ~and also in atomic physics@4#! by writing

^BuxW•xW uB&5 (
n

~ l 51!

u^BuxW un&u2. ~6!

1The extra~–! sign is due to the fact that we are considering hea
mesons with one heavy antiquark.
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The radiative decay rate in the electric dipole approximatio
is given byGE15

4
3aQ

2ukW u3u^BuxW un&u2, which yields upon in-
sertion into Eq.~6! a sum rule for the heavy meson charge
radius:

R2

6
5

1

8aQ2 (
exc

~ l 51!

~2J11!
GE1~B

exc→Bg!

ukW u3
. ~7!

Although very similar to Eq.~5!, the summation over excited
states extends in Eq.~7! only overP-wave states, which are
connected to the ground state by aE1 transition, whereas in
the exact sum rule~5! all excited states contribute.

When the large-Nc limit is relaxed, the integral on the
right-hand side of the sum rule~4! will receive, in addition to
the contributions from the excited heavy mesons~5!, also
contributions from continuum states such as (Bp), (B*p),
etc. These can be calculated reliably in heavy hadron chir
perturbation theory@14–16#, as long as the pion momentum
is smaller than the chiral symmetry-breaking scaleLx.1
GeV. By keeping only theB andB* mesons in intermediate
states, we obtain

s1/2
~pB!~v!52s3/2

~pB!~v!5
p

18S egb2p f p
D 2 upW u

v
~v22mp

2 !,

~8!

s1/2
~pB* !~v!5

2p

3 S eg

2p f p
D 2 upW u

v H 11
mp
2

v2 1
mp
2

2vupW u
ln

v2upW u

v1upW u

2
1

4
bvS 11

mp
2

2vupW u
ln

v2upW u

v1upW u
D

1
1

24
b2~v22mp

2 !J , ~9!

s3/2
~pB* !~v!5

p

3 S eg

2p f p
D 2 upW u

v H 11
mp
2

v2 1
mp
2

2vupW u
ln

v2upW u

v1upW u

1
1

2
bvS 11

mp
2

2vupW u
ln

v2upW u

v1upW u
D

1
1

6
b2~v22mp

2 !J , ~10!

whereupW u5Av22mp
2 is the pion momentum. The static ap-

proximation for the heavy meson has been used in derivin
these expressionsv/mB.0.

In these formulasg is theBB*p coupling in the heavy
mass limit@14–16#. Experimental data on branching ratios of
D* decays@10–12# give 0.09<g2<0.5 ~with 90% confi-
dence limits!. We will adopt for our estimates the upper limit
g250.5 ~note though that QCD sum rule computations sug
gest significantly lower valuesg2.0.1 @17–20#!. As already
mentioned,b describes theB*→Bg decay in the heavy
mass limit. It has been determined simultaneously withg in
@10–12# such that their values are correlated: larger value
for g favor larger values forb. The limits quoted are
2<b<6 GeV21 @10–12#. Recent QCD sum rule and model

vy
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54 2065SUM RULES FOR RADIATIVE AND STRONG DECAYS . . .
calculations@21,17,20# give, on the other hand, smaller val
ues, aroundb52–3 GeV21 ~@20# findsb.1 GeV21). We
will use in our estimates belowb53–4 GeV21.

Previous experience with the Cabibbo-Radicati sum ru
@22–24# suggests that the saturation region includes sta
with an excitation energy of the order of a few GeV. Inser
ing Eqs.~8!–~10! into Eq.~4! with an upper cutoff of 1 GeV
gives, for the continuum contribution on the RHS of the su
rule ~4!,

I cont
~pB!1I cont

~pB* !1•••5S g

2p f p
D 20.036b21S g

2p f p
D 2

3~1.51920.321b!1•••

50.639~0.589!~GeV22!1•••.

~11!

The ellipsis stands for other continuum contributions, whi
are expected to be less important as they have less ph
space available. The two numbers correspond tob53(4)
GeV21. The pion decay constant isfp50.132 GeV.

We are now in a position to discuss the numerical valu
of the two sides of the sum rule~4!. It can be written as

2.16150.321~0.846!1~0.40560.067!1~0.81160.135!

10.639~0.589!1•••~GeV22!

RV
2

6
5~B* !1~P1/2!1~P3/2!1~continuum!. ~12!

On the LHS, the isovector charge radiusRV has been
obtained from a version of vector-meson dominance whe
the contributions of the two lowestI51 (JPC5122) vector
mesons are keptRV

2/65(1/mr
211/mr8

2 ). This value follows
from a minimal ansatz for the elastic form factor chosen
conform with the QCD counting rules at largeq2 @25#. On
the RHS, theB* contribution has been computed by includ
ing also the nonanalytic SU~3!-violating contributions ob-
tained in @11# mV

25 1
4(b2g2mK/4p f K

22g2mp/2p f p
2 )2. The

contributions of the two lowest-lyingP-wave states with
s
l

p l 5 1
2

1, 32
1 were computed in the dipole approximation us

ing the wave functions of the Isgur-Scora-Grinstein-Wis
~ISGW! ISGW model@26# with the updated parameters o
the ISGW2 model@27#. In the absence of the spin-orbit in
teraction, responsible for the splitting of these two multi
lets, their contributions to the sum rule are in the rat
P1/2:P3/251:2. The errors shown correspond to the 30%
accuracy expected from the model when predicting radiat
decay matrix elements@27#.

One obtains in this way for the RHS of the sum ru
2.17660.202 (2.65160.202) GeV22. The agreement with
the LHS is certainly better than one could have expect
from our qualitative estimates. This strongly suggests th
the CR sum rule is very close to saturation with the first fe
excited states and the continuum up to excitation energies
about 1 GeV.

We would like to make a few additional comments abo
the different contributions on the RHS of Eq.~12!.

The nonresonant contributions have all the same s
~positive!. The dominant contribution to the integral overv
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comes from the (pB* ) two-body state, which can be formed
in a l50 partial wave. Therefore, this cross section domi
nates in the low energy region, to which the sum rule is th
most sensitive. The threshold region gives rise to a larg
ln@g/(2p f p)#

2ln(Lx /mp), which is consistent with the ex-
pected divergence of the isovector charge radius in the chir
limit mp→0 @28#.

An important issue which needs to be addressed is that
the contributions of higher excited states. We have estimate
these contributions with the help of the simpler NRCQM
sum rule~7!. In general, the approach to saturation depend
on the specific potential adopted. For a harmonic oscillato
the sum rule is saturated with the firstP-wave states alone
and for a particle in a spherical potential well these state
contribute over 99% of the total. A similar behavior is ex-
pected to be true of any other confining potential. On th
other hand, in the hydrogen atom the lowest-lyingP-wave
states contribute 55% and the continuum states about 28%
the total@4#.

The RHS of Eq.~12! is an increasing function ofb, with
a minimum atb51.93 ~for g250.5). Therefore, requiring
equality of the two sides seems to favor values forb of the
order of 3 GeV21. However, the estimate of theP-wave
contributions is still too crude to allow setting an useful con
straint onb. In case that these contributions turn out to hav
been overestimated, the sum rule will be well satisfied wit
larger values ofb ~4–6 GeV21).

Finally, we note that the methods of this paper can b
used with little modification to obtain a sum rule for the pion
couplings between heavy excited mesons and the groun
state onesB,B* . To derive it, consider the amplitude for
forward scattering of pions on aB meson. The assumption of
an unsubtracted dispersion relation@8# for the isospin-odd
part of this amplitude plus knowledge of its low-energy limit
gives an analogue of the well-known Adler-Weisberger sum
rule @2,3#

12g25
f p
2

p E
mp

` dn

n2
An22mp

2 @s~p2Bu→X!

2s~p1Bu→X!#. ~13!

On the LHSg is theBB*p coupling defined as above; the
integral on the RHS runs over the inclusive cross sections fo
Bup

6 scattering with energyn. Just as in the case of the CR
sum rule, the heavy resonances will contribute only to
s(p2Bu→X), since thep1Bu state has isospin 3/2. Sepa-
rating explicitly the contribution of the resonances from the
continuum (I cont), the sum rule~13! can be written as

152p f p
2(
res

~2J11!
G~Bd

res→p2Bu!

n3
1I cont. ~14!

Even without a detailed calculation, one can see thatI cont is
positive, becauseBup

2 has simply more available channels
than Bup

1. This observation can be used to produce
model-independent constraint on the couplings of the highe
resonances

g21h21~0.0760.01!1•••,1 ~15!



2066 54CHI-KEUNG CHOW AND DAN PIRJOL
~B* !P1/2P3/2.

The contribution of thes
l

p l 53/21 heavy mesons has bee
obtained from existing data on their decay widths@29,30#.
On the other hand, the members of thes

l

p l 51/21 multiplet,
whose strong couplings are parametrized byh ~defined as in
@31#!, have not been observed experimentally due to th
large width. The relation~15! gives an useful upper bound on
uhu: h2,0.9, where we neglected the small contribution fro
theP3/2 excited states and used the experimental lower lim
on g2 @10–12#. This agrees with the recent QCD sum ru
calculation of@32#, who find h250.3960.31. For the total
pionic widths of the 01 and 11 charmed states our resul
n

eir

m
it

le

t

implies the upper boundsG(01)<590–1010 MeV and
G(11)<200–450 MeV, corresponding to the mass values
m015m1152.3–2.4 GeV@33#.

After completing this work the paper@34# appeared,
where the Adler-Weisberger sum rule is applied to strong
decays of heavy mesons.
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