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We present a systematic analysis of the three-flavor Mikheyev-Smirnov-Wolfer&t&w) oscillation
solutions to the solar neutrino problem, in the hypothesis that the two independent neutrino square mass
differences,sm? andm?, are well separatedim?<m?. At zeroth order indm?/m?, the relevant variables for
solar neutrinos arém? and two mixing angles» and ¢. We introduce new graphical representations of the
parameter spaceSn’, w, ¢) that prove useful both to analyze the properties of the electron-neutrino survival
probability and to present the results of the analysis of solar neutrino data. We make a detailed comparison
between the theoretical predictions of the Bahcall-Pinsonneault standard solar model and the current experi-
mental results on solar neutrino rates, and discuss thoroughly the MSW solutions found by spanning the whole
three-flavor spacedm?, w, ¢). The allowed regions can be radically different from the usual “small mixing”
and “large mixing” solutions, characteristic of the usual two-generation MSW approach. We also discuss the
link between these results and the independent information on neutrino masses and mixings coming from
accelerator and reactor oscillation search86€556-282(196)03415-1

PACS numbeps): 26.65+t, 13.15:+g, 14.60.Pq

I. INTRODUCTION graphical representations of the parameter space
(6m?,w,¢), that prove useful in analyzing the properties of
The measurement of tie— vv width at the CERN Large the three-flavor MSW probability, as well as in showing the
Electron-Positron collidef1] has shown conclusively that detailed results of fits to the experimental data. The param-
there are three generations of light neutrinos. However, theter space is studied exhaustively, and all the solutions are
problem as to whether the neutrinos have nonzero mass and
mixing, as is the case for quarks, remains one of the most  ;, 1,555 spectrum hypothesis: &m? << m?
prominent experimental and theoretical problems in particle

physics.

On the one hand, there is a vast and variegated set of (a) (b)
experimental information, ranging from the negative results
of laboratory neutrino oscillation searches at accelerators and
reactors, to the possible indications for flavor transition pro- e — Sm?
cesses in natural beams such as solar and atmospheric neu- -
trinos. On the other hand, current theoretical models.,
the seesaw mechanidi2]) allow many different textures for oz
the three-generation neutrino mass matrix. Thus, it seems E g
appropriate, at this stage, to keep to a minimum the number m?2 9 ”_; m?2
of a priori assumptions in the interpretation of the experi- | £
mental results. % £

In this work, we focus on the three-flavor Mikheyev- A~
Smirnov-WolfensteinlMSW) [3] neutrino oscillation solu-
tions to the solar neutrino problefd]. The only hypothesis
that we make is to assume a neutrino mass spectrum as in  §m2 — L
Fig. 1. More precisely, we assume one of the two indepen- T
dent square mass differences, to be very largémore than he

1 order of magnitude highglas compared to the smallest

one, sm?, which drlivesZthezmatter-enhanced oscillations. FIG. 1. The neutrino mass spectrum assumed in this work. The
At zeroth order indm</m?, the relevant MSW parameters hypothesissm?<m? is independent of the zero of the absolute

(see Sec. Il are sm? and two mixing anglesw and ¢, mass scale. Solar neutrinos do not distinguish the two dasesd

ranging in the first quadraniO,7/2]. We introduce new (b) at zeroth order ifSm?/m?.
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TABLE I. Neutrino rates observed in the four operating solar neutrino experirigbtsld, and corre-
sponding theoretical predictions of the standard solar m@&@®M) by Bahcall and Pinsonneadlt9].

Experiment Ref. Measured rate(stad = (sysh Units SSM ratd19]
Homestake [15] 2.55+0.17+0.18 SNU 9.3'1%
GALLEX [16] 77.1x8.5 2% SNU 1378
SAGE [17] 69+11"3 SNU 1378
Kamiokande (18] 2.89+0.22+0.35 16 cm 257t 6.62°9%3

discussed thoroughly. We find three-flavor solutions to theThe significant deficit of observed neutrinos constitutes the
solar neutrino problem that are considerably different fromwell-known “solar neutrino problem’[4].
the usual two-flavor results. The information contained in Table | does not character-
The present study is more complete and detailed than préze completely the significance of the solar neutrino problem,
vious three-flavor phenomenological analyses of the solagince the theoretical uncertainti@ast column of Table)lare
neutrino problem performed by other auth¢ss-9] and by  not independent. It has been shown in a previous 2k
ourselveq 10-12. The work presented in this paper is part {hat the correlation of the uncertainties can be calculated ana-
of a wider research program, in which we intend to analyzqyiically, starting from the errors affecting the SSM input
the world neutrino oscillation data under the sole hypothesig ;.o meters and the neutrino capture cross sections.

represented t?){ the spectrum in Fig. 1. The analysis of the -, Fig. 2 we show the experimental and theoretical 99%
most constraining accelerator and reactor experiments haél_ contours y?=9.21, Np-=2) for any couple of ex
L. —J. y NDE— =

already been completdd.3]. We discuss the link between .
the information obtained in the present work from solar neu_penments(the GALLEX and SAGE data have been com-

trinos and the results obtained[ih3] from laboratory oscil- bined quadratically The projections of the ellipses onto the

lation searches. Concerning atmospheric neutrinos, a Corﬁoordlnate axes represent, with good approximation, the

plete three-flavor analysipartially addressed ifl0—14) is *30 errors fpr each experiment separately. Notice . the
in progress. strong correlation of the theoretical errors. If the correlations

This paper has the following structure. In Sec. Il we re.vere neglected, the theoretically allowed regions would be

view the current theoretical expectations and experimenta{f"r(:']er and the discrepancy with the experiments would be

observations of the solar neutrino fluxes, and show for ComynderestimateﬂZO—Za.. . .
servations S U uxes Show The last relevant piece of data is the night-d&y—D)

pleteness the usual two-generation MSW fits to the data. In . .

Sec. lll we present the three-flavor oscillation formalism an symmetry of the solar r.1eutr|no flux as measured in the Ka-
show the new graphical representations of the parametép'Okande detectof24,18:
space. The properties of the survival probability are also
discussed. In Sec. IV we explore the parameter space ex-
haustively, and find the three-flavor solutions to the solar
neutrino problem. Both in Sec. Ill and in Sec. IV we show
how solar neutrino results can be compared to the informa-
tion coming from accelerator and reactor neutrino experi-
ments. We conclude and summarize our work in Sec. V. i 0 ] (2 OF in each plane)

Solar neutrino problem(s)

20 [

Ci (SNU)

15 . 99 % C.L. contours

_ 1 BP ’95 model
Il. SOLAR NEUTRINO PROBLEM AND TWO- sk - Experim. data

GENERATION MSW SOLUTIONS [ S 1
OU.\.MH-I‘..‘I.\..
In this section we present the experimental data used in 0 50 100 150 200

this work, and compare them with the theoretical expecta- Go (5N
tions. Particular attention is paid to correlation effects. Al-

though our paper is focused on the three-flavor MSW mecha-
nism, we also show, for the sake of completeness, our fit to 7
the data in the simpler and more familiar two-generation ap- 1k ]
proach. . ]

Kam/SSM
Kam/SSM

A. Experimental data and theoretical predictions

ol o by 1 1] 2 ) I AR S S
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There are four operating solar neutrino experiments: The
Homestake[ 15] chlorine (Cl) detector, the GALLEX[16]
and SAGE17] gallium (Ga) detectors, and the Kamiokande  FiG. 2. The regions allowed at 99% C.L. by the present solar
[18] water-Cherenkov detector. The observed solar neutrin@eutrino datddashed linesand by the standard solar mod&iSM)
rates are shown in Table I, along with the correspondingf Bahcall-PinsonneaultL9] (solid lines. The coordinates are the
theoretical values as predicted in the recent refined standatghlorine (Cl), gallium (Ga), and water-Cherenkovnormalized
solar model(SSM) by Bahcall and PinsonneaulBP) [19]. Kam/SSM signals.
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N—D a few state-of-the-art features of our codes. We smear
NTD =0.07=0.07stah = 0.04(sys. (1) P(ve—wve) over the neutrino production region in the most

general way, i.e., we also consider neutrino production
points off the line that joins the center of the sun and the
detector. This requires a doulledial and azimuthalspace
integration in the sun, as well as the evaluation of the solar
electron density gradient along off-radial trajectoliestead
of the simple derivative The possibility of a double reso-
nance(see, e.g.[27,29) is included. We also include the
The MSW mechanisni3] of matter-enhanced neutrino (computer time-consumingearth regeneration effef30] at
oscillations is one of the most promising candidates for theeach detector location, and in particular we calculate the
solution of the solar neutrino probletfor reviews, se¢25—  night-day asymmetry31] at the Kamiokande site. The earth
28]). In the hypothesis that only two neutrino generations areelectron density is modeled as a step function with five steps
involved in the v, transitions, the relevant parameters are[10], corresponding to the relevant radial shdl&2]. The
one mass square differenadm?, and one mixing angley. theoretical uncertainties and their correlation effects are
Even in the simple two-family scenario, the calculation oftaken into account in the statisticgf analysis of the data
the electron neutrino survival probabilitp(v.—v.), as  [20].
well as the data analysis, are not trivial tasks and require The results of our two-flavor analysis are shown in Fig. 3.
refined computer codes. We take this opportunity to mentiohe thick, solid lines represent the contours of the regions

The above value is consistent with no asymmétrg., no
oscillationg, and thus contributes to exclude a part of the
neutrino oscillation parameter space.

B. Two-generation MSW analysis
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allowed at 95% C.L. 4 x?>=5.99,Npr=2). In the first four lll. THREE-FLAVOR MSW SOLAR NEUTRINO

panels, dotted lines represent curves of isosignal. In the last OSCILLATIONS: THEORETICAL ASPECTS

two panels, all data are combined without and with theoreti- . . . . .

cal errors, and the allowed regions at 90%, 95%, and 99% In this section we recall the formalism that will be used in

C.L. are shown. Notice the widening of th’e “sm'all” and the three-flavor analysis, under the hypothesis that the neu-

“large” mixing angle solutions when the theoretical uncer- N0 Mass spectrum is as in Fig. 1. We introduce new

tainties are taken into account. A third solution appears a@raphical representations of the parameter space, and use

99% C.L. for large angles and smaiinZ. them to discuss the properties of the three-flavor MSW prob-
When all the uncertainties are included, & function  ability P(ve—ve).

reaches its minimumy?2, =0.74, at siR2w=8.06<10 3

and dm?=5.21x10"° eV?. The secondarylarge angle

minimum is reached at 9Pw=0.64 andsmZ=1.45x10 5 A. A simple three-flavor framework and its parameter space
eV2, with a valuex?,,=1.89—not a bad fit. In the general three-generation case, the flavor eigenstates

The MSW solutions in Fig. 3 compare well with the most v, (¢=e€,u, ) are a superposition of three mass eigenstates
recent two-generation analyses of the solar neutrino problem; (i=1, 2, 3): v,=U,»;. The (unitary) neutrino mixing
[22,23,33-38 modulo small differences due to the input matrix U,; is usually parametrized in the same way as the
data and their treatment. In particular, we have verified thatstandard Cabibbo-Kobayashi-MaskaWaKM) mixing ma-
excluding the earth regeneration effect, our results becomtix in the quark sectof39], involving three mixing angles,
very similar to those obtained very recently by Bahcall and(612, 823,613 €[0,7/2], and oneC P-violating phase¢. Re-
Krastev in[38], where the same solar model and experimendefining the angles a&=40,,, ¥=#6,3, and ¢=043, the

tal data were used as input. standard parametrization reads
Ve COSwCOSp SiNwCosp singe "%\ [ v,
v, | =| —sinwcos)— coswsingsinge'®  coswcosy— sinwsingsinge'®  singycosp vy |, 2
v, sinwsing— coswcosysinge'®  — coswsing— sinwcosysinge'®  cosycosp V3

Permutations of the mass eigenstate labels (1, 2, 3) do ndtial (i.e., accelerator, reactor, atmosphgneutrino experi-
change the physics, provided that the mixing anglesnents probe only the subspaae®(y,); (3) effects related
(w,,¢) are left to range in the first quadraf®9]. The to the CP-violating phases are unobservable, so that the
parameter set is completed by two independent neutrinmixing matrix in Eqg.(2) can be taken as real for our pur-

square mass differences, that we write as poses.
. 5 s s In other words, solar neutrino experiments explore the
SmP=m;—mi, m’=mz—mj, (3)  space pm?,U2 ,UZ,,UZ,) that is the small mass square dif-

ference and the three matrix elements relatedgtgthe fast

so that the general three-flavor parameter space ify2-driven oscillations being effectively averaged of0].
(6m*,m*, @, 4, ¢,6). . ~ Terrestrial (accelerator, reactor, atmosphgrigeutrino ex-

In principle, a compl_ete.phenomenologlcal analysis Ofperiments explore instead the spacg(U2;,U2,,U%,) that
three-flavor neutrino oscillations should span the entire siXig the large mass square difference and theMthree matrix ele-

. . . 2 2 .

dimensional manifold ém”,m", w, ¢, ¢, ). This task would  ments related ta; (the slow sm2-driven oscillations being
be exceedingly difficult—and perhaps not really Usefm_ateffectively frozen [13].
this time, due to vastness of the parameter space, as opposedhe five mixing matrix elements,; andU 5 probed by

to the scarcity of evidences in favor of neutrino oscillations.qq|ar and terrestrial oscillation searches satisfy the two uni-
A much more manageable framework is obtained unde{amy conditions:

the simple hypothesis that the mass spectrum has the prop-

erty shown in Fig. 18m?<m?. Figures 1a) and 1b) lead to UZ+U25+U%=1, (4a)
the same solar neutrino physics. We will always refer to Fig.
1(a) in the following, and conventionally label the mass U2, +U%+U%=1. (4b)

eigenstates in the order of increasing masg<<m,<<mg).

In this case, as far as solar neutrinos are concerned, the two [13] it has been shown that E¢la) can be embedded in a

guasi-degenerate mass eigenstatgand v, participate ac- triangular representation of the space spanned by the the

tively to matter-enhanced transitions, while the “lone” state “lone” neutrino state:v3=Ugzve+U 37, +U 5v,. In Fig.

v3 IS a spectator neutrino that reveals its presence only#, we embed analogously the second unitarity condition, Eq.

through the mixind40-42. (4b), in a triangular representation of the space spanned by
At zeroth order indm?/m?, the following properties hold the electron neutrino statey=U g v1+ Ugv,+ Uggrs. The

(see[10,13 and references thergin(1) solar neutrino ex- triangle in Fig. 4 has equal sides, unit height, and corners

periments probe only the subspacdn?,w,); (2) terres-  corresponding to the mass eigenstatgsy,, v;. A generic
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Solar v Terrestrial v
Ve=U Vi 4+ U, v+ U, 05 Vs=Ugsle+ U v, +U 50,
smP=mi-m? m’=mi-mj,

(6m*<<m?)
Vs Ve

LN e/

v, V, v,

v CKM elements probed:

el &2 &3 el 2 ¢3
ul p2 w3 Hl w2 p3
T 12 T3 T T2 713

Parameter space.

(6m’, w, ¢) (m* 9, 9)

2 2 2 .
UZ,=cos’pcosw U =cos’gsin®y

UZ=sin’p

UZ=cos’pcosiy

0 < wepy <w/2 ; 8¢ unobservable

UZ,=cos’psin‘w

sin‘w

FIG. 5. A synoptic presentation of the parameter space for solar
and terrestrialaccelerator, reactor, atmospheriteutrino oscilla-
tion searches. Solar neutrinos probe the small square mass differ-
ence,sm?, and the mixing matrix elements?, Terrestrial neutri-
nos probe the large square mass differenng, and the mixing
matrix elementsU2,. Notice thatUZ; is probed in both cases,
whilst the C P-violating phase’ is unobservable. The expansion of
Uii in terms of the mixing anglesef, ¢, ) is shown. The reader is
referred to the text and {d.3] for further details.

FIG. 4. Triangular plot representing the neutrino statein
terms of its massive componenis,v,,v3. For a triangle of unit
height, the unitarity relatioru?,+UZ%,+U3,=1 is enforced by
identifying the U2, with the three distances af, from the sides
(dashed lings The usual two-generation oscillation limit is reached
for v, onto the lower side joining/; to v,. Isolines of siRw and
sirf¢ (parametrizing the elemenlsléi) are charted in the lower
plot.

three-flavor MSW survival probabilityP3>" as a function

of w, ¢, and Sm?/E, (E, being the neutrino energlyWe
start with a brief review of a well-known analytical approxi-

mation toPY>" that has been used in the present work. In

statev, is represented by a point in the triangle. Tlhé are
identified with the heights projected from,. The sum of
such heights is always equal to the tofahit) height of the
triangle. In Fig. 4 we also chart, in the lower subplot, the

triangle coordinates in terms @b and ¢. The usual two- k S A .
generation limit is reached fop=0, that is for v, on the order to avoid unnecessary complications, in this section and
' € in the related figures we ignore temporarily the smearing of

side joiningv, to v, (and thus decoupled fromg). MSW . . .
In Fig. 5 we show a synoptic presentation of the twoP3»  over the neutrino production region, and the earth re-

triangular graphs introduced in Fig. 4 of this work and in I:ig_generatlon effect._These effects will be included, however, in
2 of [13]. On the left(right) side we display the parametri- the global _an_aIyS|sz of Szec. V. o vsw

zation of solar(terrestrial neutrino oscillations, including N the limit ém"<m®, the probability P53, takes the
the expansion of the relevant mixing matrix elements inSimple form[40,5]

terms of the mixing angles. Note that both solar and terres- MSW_ MSW | i 4

trial neutrinos probe the elemeht, i.e., the anglep, as P53 =cod'¢Py,+ sirt's, ®)
discussed i110-13 and also i 43,44. This important link
between the experiments sensitivedm? (sola) and those
sensitive tom? (terrestria)l will be utilized in Sec. IV.

where PYSW is the MSW probability in the two-generation

limit, provided that the solar electron densit(x) at any
point x is effectively replaced bNy(x)coge.
A very accurate and widely used analytical approximation

B. Electron neutrino survival probability to PY>W is the so-called “Parke’s formulal45]:
The electron neutrino survival probabilitP(v.— ve), is 1 (1
the fur)damental quantity to compute in the solar neutrino Pgﬂysw:_+ Z_@P. coschosZy?n. (6)
analysis. In this section we study some properties of the 2 \2
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This approximation was also studied by other autid&.

In Eq. (6), P¢ is the Landau-Zener-Stueckelberg crossing

probability [47], that we use in the improved for{#8,49
valid for a close-to-exponential radial density?, is the mix-

ing angle in matter at the production point. The step function

0 [27] switches from Qnonresonant propagation case 1

(resonant propagation caséthe mixing anglew in matter
can assume the value/4 at a pointx along the neutrino
trajectory in the sun:

wm(x)=% o 5m2%=2\/§GFNe(X)Ev. (7)

Equation(7) numerically reads

Sm? cos2w 60X 10-5 E, Ng(X) o
eV? codgp MeV Ng(0)’ ®

whereN(0) is the electron density at the center of the sun

[19].

A technical remark is in order. In the literature, the nu-

merical validity of the approximations implicit in E¢6) has
been discussegd9,50 mainly for w (and ¢ [27]) in the first

octant[0,7/4]. Since we are interested in analyzing the full

mixing angle spacéthe first quadranf we have calculated
the functionP}>V=P¥SW(sm?/E,) with a Runge-Kutta in-
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3v MSW T P(v.—>v.)

Ssm?/E >>
107 eV?/Mev

m?/E=
1.75%X10™

sin*p s 5 sin‘g

sm?/E=
1.45X107°

5 sin‘g

sin‘w

sin‘w

FIG. 6. Isolines of survival probabilit?(v.— ve) in the trian-

tegration of the three-flavor MSW equations, for a number ofyyjar plot defined in Fig. 4, for six representative values of
representative d§, ¢) values in[0,7/2]. The agreement be- sm2/E . The first subplot represents the averaged vacuum oscilla-

tween the analytical approximation of Eq$) and (6) and
the “exact” (but much more time-consumipgrunge-Kutta

tion case. In the other subplots, the MSW effect is active and pro-
duces an increasing deformation of the curvesvasapproaches

calculation is as good in the second octant as it is in the firsty; (the left lower cornex For w=0,m/4,7/2, however, the prob-

provided thatsm?/E , is taken above- 108 eV2/MeV . For
values ofém?/E,, lower than~ 108 eV2/MeV, one should
more properly consider just-so vacuum oscillatiph].
There are a few interesting limits foPyo". If
Sm?/E ,>10"° eV?/MeV, the MSW mechanism is not ef-

fective andPy>" tends to its vacuum valuB}*° given by

vac__

1
= 1- Esinzzw

cod pP32+ sintp=cod ¢ +sint¢

=1-2(U5U%+U%UZ+UZLUZ), ©)
where the fast §m?/E,)-driven oscillations have been aver-
aged to 1/2.

Given the above expression fB5° and Eqs(5) and (6)
for PYSW it follows thatP¥>"W= P% for arbitrary values of

(6m?/E,), in (at least three cases:

w=0 — P3=cod¢+sinfp=Pg’, (103
™ msw_ 1 i

w=7 — PY =§co§‘¢+3|n4¢= 3, (10b
v

o=5 — PYSW=cod¢p+sintp=P5C. (100

ability remains equal to the vacuum value, as discussed in the text.
(The behavior atw=0 cannot be graphically resolved in the last
two subplots).

(10b) is obtained in the “maximal mixing scenariof52],
corresponding to the center of the triangle in Fig. 4
(sifw=1/2, sirft¢p=1/3).

A further property follows from Eqg(5), (6), and(9):

1 .
P30 mia= Se0S Pt sint =P, . (1)

This property, however, is not exact and has the same limits
of validity of Eq. (6) (see also the discussion at the end of
this sectioi.

Equations(9)—(11) are helpful in understanding the be-
havior of PY*W as a function of its arguments
(6mM?/E,,w,¢), as we discuss now in some detail.

In Fig. 6, curves of constarty>" are shown for selected
values ofém?/E,, in the triangular representation. In the first
subplot m?/E,>10"° eV?/MeV), it is P¥>W=P¥in the
whole triangle, and the isoprobability curves are cir¢esit
is easily derived from Eqg(9)], with a minimum value
P;,=1/3 at the triangle center. In the second subplot
(6m?/E,=1.75x10 ° eV?/MeV), the curves begin to be
deformed by the MSW effect fo,, close tov; (the low left

corned. Notice, however, that just along the lines at

The above properties are exact, i.e., they do not depend an=0,7/4,7/2 (refer to Fig. 4 alspthe probability takes the

the approximations implicit in Eq(6). A subcase of Eq.

same values as in the previous pl®Y"=P%9), as ex-
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FIG. 7. As in Fig. 6, but in the bilogarithmic (tdm,tarf¢) representation. Notice the deformation of the isoprobability contours due to
the A—[ mapping. In this representation the,v,,v; mass eigenstates are reached respectively in the limit$pta® and
tarfw—0; tarf ¢— 0 and taRw—oe; tarf p—oc at any takw. The thick, dashed lines represents the curves for maxinraixing in vacuum
and matter:w= /4 (vertica) and w%= w/4 (curve on the left These two curves separate the zones where the neutrino propagation is
nonresonant from those where it is resonant.

pected from Egs(108—(10¢). These properties also hold for exactly to those in Fig. 6. In Fig. 7 we also draw two curves
the remaining four subplots where, however, the increasinglythick, dashed lingéscorresponding t@2,= /4 [Eq. (7) with
important MSW effect prevents a graphical resolution of thex=0] and w= w/4. These curves separate the zones where
isolines at smalkw values, i.e., close to the left side of the the propagation is nonresonant from those where it is reso-
triangle. nant, as indicated in all panels. The behaviorR}>" is

In Fig. 7 we map the triangular parameter space onto anost interesting near the curve @f,= 7/4 and in the reso-
“square” bilogarithmic plot  with coordinates nance region. Notice, for the subplots at
(tarfw,tarf). This new representation has the advantage’m?/E,=1.45<10 ° eV2/MeV or lower, the appearance of
that the “triangle corners” are infinitely expanded, althougha depletion zone foP¥>" at small values ofo (the “small
the nice symmetry properties of the triangular representatioangle MSW solution’.
are lost. A similar representation was introduced i8] to In Fig. 7, the properties expressed by Ed€a and(10b
map the parameter space of terrestrial neutrinos. The valuean be easily checked. The implications of Etyl) are in-
of 8m?/E,, and the isoprobability curves in Fig. 7 correspondstead more subtle; if one takes any two points at the same
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FIG. 8. Isolines of survival probabilitf(v.— v,) in the bilogarithmic (tafw,5m?/E,) plane, for representative values of 4an The
thick, dashed curves are defined as in Fig. 7. The resonant region has the characteristic triangular shape. The vé{atiensHfin the
plane decrease for increasikg

height (same ¢) on the dashed curveswEw/4 and iar representation As in the previous figure, the two thick,
w%=ml4), then the probabilitiesP;, at these conjugate dashed lines correspond to the curves at w/4 and
points are equal. It may be said, in a figurative way, that theu%= /4, that separate nonresonant and resonant propaga-
MSW mechanism “cuts” the ¢, ¢) plane along the dashed tion regions. The curves of isoprobability in the resonant
lines atw= /4 andw? = /4, “separates” the edgeghat  region have the characteristic triangular shp@l. Notice
would coincide for vacuum oscillationand “fills” the cut  that the variations oP%>" within the mass-mixing plane
zone with a new resonant region where the survival probabildecrease a& increases and the MSW effect is suppressed.
ity can be much lower than in the vacuum case. The prob- A final remark about the calculation of the survival prob-
abilities in the “old” regions at the right and left of the two ability. As shown in[49], Eq. (6) is a good approximation
dashed lines are only weakldiabatically different from  except for the particular case of a neutrino created close to
the corresponding vacuum oscillation values. the resonanced%: w/4) and with very small vacuum mix-
We finally show in Fig. 8 the behavior &> for six  ing (tarfw=10"%). This situation would correspond to a
representative values of¢, in a very narrow strip, localized along the thick, dashed curves in

bilogarithmic
(6m?/E, ,tarfw) mass-mixing planga perhaps more famil- Figs. 7 and 8 for tafw=10 *. The local discrepancy with
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FIG. 9. Three-flavor MSW analysis of all solar neutrino data. The regions allowed at 90%, 95%, 99% C.L. in the space
(6m? tarfw,tarf¢) are shown in planar §m?,tarfw) sections at twelve representative values o #amanging from 0 to 1.5. The
two-generation limit is recovered at tap=0 (first subploj. The two separate solutions at smail merge in one single solution for
increasingg. See the text for details.

the exact probability is, however, unimportant in the calcu- IV. THREE-FLAVOR MSW SOLAR NEUTRINO

lation of the neutrino rates, being effectively suppressed by OSCILLATIONS: PHENOMENOLOGY

the integration over the neutrino production region and en-

ergy spectrum, and being confined to valuesvwofvhere no In this section we present the results of our global three-

solution to the solar neutrino problem is found. flavor MSW analysis of solar neutrino dat@able | in the
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parameter space 6%, w,¢). We span the coordinates
sm’etarfo®tarfé in the range [10 7eV?, 10 3eV?] @ (deg)

®[10°, 1072]®[10°*, 10] and analyze the data through TP . A
a x? statistic, including experimental and theoretical errors : | | 7
and their correlations. E

We find the absolute minimum,y?2,,=0.74, at 12E 99% cL (30F)

5m2:5.21>< 1076 eV2, w:2.57°,¢200. It coincides with o T e /
the minimum of the two-generation analy$ec. Il B. The : :
surfaces aty?=x%,,+Ax% with Ay?=6.25, 7.82, and
11.34, define the regions allowed at 90%, 95%, and 99%

C.L. for three degrees of freedom. We present representative ¢ sf 9%
sections of these three-dimensional allowed regions in the X< g
bilogarithmic mass-mixing plane 6m? tarfw) at several | 90 %

values of tah¢, and in the bilogarithmic mixing-mixing ¢ 6
plane (talw,tarf ¢) at several values afm?. We also show
representative fits to separate pieces of data. We finally dis-
cuss how this solar neutrino analysis is linked to the terres-
trial neutrino oscillation constraints obtained[it3].
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A. Analysis in the mass-mixing plane

TTTTT

In Fig. 9 we show the sections of the allowed regions in oW e
the bilogarithmic plane (t&w, 5m?), for representative val- 0 0.5 1 1.5 2
ues of taR¢. Notice than bothw and ¢ are allowed to range ta n2¢
above the first octant in the fit. In the first panel, 4anis
zero and purely two-generation oscillations take place. In dm’ and tan’w unconstrained
fact, this subplot is a mapping of Fig. 3, modulo the different
number of degrees of freedom in the definition of the C.L. FIG. 10. Values ofAx? as a function of tafp, for Sm* and
contours. A moderate increase of fa@nfrom 0.1 up to 0.4 tarfe unconstrained. The valug=0, corresponding to the two-
produces an increasing deformation of the allowed contourgleneration limit, is preferred, but values as high as’¢anl.4
The contours tend to merge in the upper part, corresponding=>50°) are still allowed at 90% C.L.
to the upper side of the MSW “triangles” of Fig. 8. The two /4 in the global fit of Fig. 9.

separate solutions merge in a single connected solution at We have found three-flavor solutions to the solar neutrino

:Zigztgf’aﬁiwagorseg(i)o\,\ént;g:gﬁ:sorﬁlggdegsgr? dvlae|:se ;)tfru é)roblem at relatively largeb. These solutions are character-
) - ; i HMSW ;
tured, and then rapidly shrinks and disappears al[zed by a survival probabilityP;,>" that varies more slowly

tarf$=1.5. Figure 8 helps in understanding the flattening ofW'th energy as compared to the two-generation ¢ase Fig.

the allowed region in Fig. 9 at the higher values ofen 8). Probing the Ia_rgefa three-flavor solutions will therefc_)re
. : ; represent a formidable challenge to the new generation of
From Fig. 9 it can be noticed that, although there are nq ; . ;
) ; . solar neutrino experiments, SuperKamiokaf®i®|, the Sud-
solutions for w>w/4, the fit can still be acceptable for burv Neutrino Ob NO) [54 d the | : f
> /4. In Fig. 10 we then show the values gf— x2,, as ury Neutrino servatorlSNO) [- |, and the Imaging o
¢ - ' 2 ~Xmin Cosmic and Rare Underground SigndiSARUS) [55], that

a function of taf¢, for m? and talw unconstrained. The

. . ; are meant to probe the energy dependence of the solar neu-
minimum is reached atp=0°, meaning that the two-

A trino flux at earth.
generation limit is preferred by the present data. However,

three-flavor solutions are allowed for values of4éras high

as 1.4(i.e., »=50°) at 90% C.L. There are no acceptable

solutions at 99% C.L. for tefp=2. In Fig. 12 we show the sections of the allowed region in
The behavior of the solutions in Fig. 9 can be understoodhe mixing-mixing plane (tafw,tarf¢) for representative

better by separating the information coming from singlevalues of sm?. In all panels, the two-generation limit is

pieces of data. In Fig. 11 we show the separate fits to theeached for tahp—0 (lower side, and the solutions lie

gallium, chlorine, and Kamiokandgotal rate and night-day along one or more of a three-sidedshaped band. The sides

asymmetry measurements, in the same coordinates as igorrespond to “smalk,” “large w,” and “large ¢" solu-

Fig. 9, for three values of t&g. The thick, solid line repre- tions. The “smallw” and “large w” solutions protrude in

sents contours at 95% C.L. The allowed regions are markethe three-flavor space from the usual MSW solutions in the

by stars. The dotted lines represent contours of isosignal. Thigvo-generation limit. The “largeg” solution is genuinely

structured shape of the isosignal curves is globally similar tahree-flavor and corresponds to the horizontal depletion zone

the isoprobability curves in Fig. 8. The regions allowed byof the survival probabilityPy>" in Fig. 7. In the first two

the separate pieces of data become wider for increaging and last two subplots there is no solution in the two-

and even extend above= /4, but their mutual compatibil- generation limit.

ity do not necessarily increase. In particular, notice in Fig. 11 In Fig. 13 we show the fits to single experimental data, in

that the chlorine data play a major role in confiniagelow  the same coordinates as in Fig. 12, for three valuesnof.

B. Analysis in the mixing-mixing plane
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3y MSW: gallium, chlorine, and water-C solar v data

FIG. 11. Three-flavor MSW analysis of individual neutrino data in the same coordinates as in Fig. 9, for three representative values of
tarf¢. The solid lines correspond to 95% C.L. contours. The allowed regions are marked by stars. Dotted lines represent iso-signal contours.

As in Fig. 11, the thick, solid lines correspond to iAqAZ C. Solar neutrinos vs accelerator and reactor neutrinos

contours at 95% C.L., and the dotted lines represent isosig- |n this work we have found and discussed the MSW so-
nal curves. The allowed regions are marked by stars. NoticRitions to the solar neutrino problem in the parameter space
how, in all cases, the solutions in the two-generation limit(sm? tarfw,tarf¢). In the work[13], the results of the es-
(lower side,¢—0) merge asp increases. tablished accelerator and reactor neutrino oscillation searches
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FIG. 12. Results of the three-flavor MSW analysis of all solar neutrino data. The regions allowed at 90%, 95%, 99% C.L. in the space
(6m? tarfw,tarf¢) are shown in planar (tdm,tarf¢) sections at twelve representative valuesdoh’ ranging from 1.5 10 * to
2.2xX10° % eV2. The two-generation limit is recovered for tah—0 (lower side of each subplptNotice the appearance of solutions
disconnected from the two-generation limit. See the text for details.

were analyzed in order to constrain the parameter spacthese two figures provide us with X22 combinations of
(m?,tarfy,tarf¢). Both works are based on one, and only (ém?,m?). For any given couple of square mass differences
one, hypothesis about the neutrino spectrum, namelyém? m?), one can find in these two figures the allowed
dm?<m? (as in Fig. 3. The angle¢ is common to both regions in the (tafw,tarf¢) and (taky,tarf¢) mixing-
spaces §m? tarfw,tarf¢) and (m?tarfy,tarf¢), as also  mixing planes. We have purposely chosen the same vertical
evidenced in Fig. 5. scale(same decades in logtap) in both cases. The obvious
We invite the reader to place, side-by-side, Fig. 12 of thiscondition that taf¢ (the vertical coordinatemust be the
work and Fig. 10 off13], in the way suggested by Fig. 5. same in both figures imposes a strong compatibility con-
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FIG. 13. Results of the three-flavor MSW analysis of individual neutrino data in the same coordinates as in Fig. 12 for three represen-
tative values ofsSm?. The solid lines correspond to 95% C.L. contours. The allowed regions are marked by stars. Dotted lines represent
iso-signal contours.

straint. This constraint eliminates some of the solutions that-1.5. In other words, ifm? is in the range of sensitivity of
are individually allowed by solar or terrestrial neutrino oscil- accelerator and reactor oscillation searches, then the com-
lation searches. For instance, the regions allowed by acceparison of terrestrial and solar data requires relatively small
erator and reactor data at very large’iari.e., ¢— w/2) are  values of¢. Another example is that the MSW-allowed val-
never allowed by solar neutrino data, that keef gabelow  ues dm?=1.5x10" 4 eV? and m?=(2.2-3.2)x 10" ® eVv?
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are not compatible with accelerator and reactor data fothe allowed regions at largé, the three-flavor probability
m?=10"2 eV?. One can explore various othén)compat-  varies more slowly with energy than in the two-generation
ibility situations for the 1X 12 cases of §m?,m?) that can  case. Thus, it will be difficult to study the largg-solutions
be extracted from the figures discussed above. in the future solar neutrino experiments that are meant to
We recall that the only hypothesis adopted in our analysi®robe the energy dependence of the solar neutrino flux.
generation satisfy this condition. Model builders can thud© those obtained in an analysis of accelerator and reactor
check if their favorite values ofdm2,m?, o, ¥, ¢) fall in the neutnnozoscnlatlon searchd4.3], where the mass-mixing
allowed regions determined in this work and[it3]. Here Ispsce (nt;w"’b) Zas bfeer;]thoroughly exﬁlor‘ﬁﬁ'g' g) This ¢
we discuss briefly the “threefold maximal mixing” model, tlr?e C:pameetlé?s Irt10 :rrtticﬁlra(r:o?q;;[zrilqg‘ze :ngtie r::glzs 0
recently investigated if56]. P rs. 1N p e =~ ! 9
The maximal mixing scenario is realized in the centers of¢ IS const@ned to rglatlvgly ;mall values. The thregfold
the triangles in Fig. 5, that is fdg2 = U2.=1/3 or equiva- maximal mixing scenarip56] is disfavored by solar neutrino
P ei a3 =T data (in the whole explored range ofm?) as well as by
lently, for (tarfw,tarfy,tarf¢)=(1, 1, 1/2). Figure 9 shows accelerator and reactor experiments figi=10-2
that the combination (t&w,tarf¢)=(1, 1/2) is excluded at 0 '
more than 99% C.L (b solar (g;ta((within) the MSW ap- _The present study and_the work 3] represent a de-
proach. The maxirﬁél n):ixing scenario could be recongiledta"ed and accurate analysis of solar, accelerator, and reactor

with solar v data only by dropping the Homestake measure neutrino oscillations in three-flavors. The analysis has made
. i . it possible to obtain significant bounds in the mass-mixin
ment, that keeps below 7/4. From Fig. 10 in[13], it fol- b 9 9

__parameter spaceStn?,m?,, i, ).
lows that accelerator and reactor data exclude the maxmﬁ P (n .1, &)

- binati tafyp, tarf ) = (1, 1/2) for all val When this work was completed, we become aware of a
mlxng_com ination (tafy),tarf ¢)=(1, 1/2) for ?2 va ;’es recent three-flavor analysis of solar neutrino data performed
of m? in their present sensitivity rangené=10"2 eV?).

. O by Narayanet al. in [57]. We agree only qualitatively on
Thus, the maximal mixing is not supported by all solar neuypeir resyits about the MSW solutions. We do not agree on
trino data, a”?' istrivially) compatiblg with accelera?qr_and the precise shape of the allowed regions, and do not confirm
reactor experiments only below their presemt-sensitivity  eir claim that the solutions are dramatically enlarged when
limits. the confidence level is moderately increagéom 1o to
1.60 in their work). The information contained if67] is not
detailed enough to trace the differences.

We have discussed the three-flavor MSW mechanism, in
the hypothesissm?<m? and for mixing angles» and ¢ in
their maximal rangg0,7/2]. New useful graphical represen-  We are grateful to J. N. Bahcall, P. |. Krastev, and S. T.
tations of the parameter spatféigs. 4—6 have been intro- Petcov for useful discussions and suggestions. The work of
duced. A complete analysis of present data in the mass.L. was supported by INFN and by the Institute for Ad-
mixing space §m? w,$) has been performed, and the vanced Study, and was performed under the auspices of the
solutions have been thoroughly discussed. The data favor theheoretical Astroparticle NetworkContract No. CHRX-
two-generation limit ¢¢=0°), but awide range of three- CT93-0120 of the Dir. Gen. XIl of the E.E.C.One of us
flavor solutions are allowed up =50°. The main results (E.L.) thanks the organizers of the “Santa Fe Workshop on
are summarized in Figs. 9 and 12. Massive Neutrinos”’(Santa Fe, New Mexico, 1995where

The v, oscillation probability has been studied as a func-this work was initiated, for having provided a stimulating
tion of the mass and mixing parametéFsgs. 7 and 8 In  and friendly environment.

V. SUMMARY AND CONCLUSIONS
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