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Neutrino oscillations in strong gravitational fields
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Neutrino oscillations in the presence of strong gravitational fields are studied. We look at very high en
neutrinos~;1 TeV! emanating from active galactic nuclei~AGN!. It is observed that spin flavor resonant
transitions of such neutrinos may occur in the vicinity of AGN due togravitational effects and due to the
presence of a large magnetic field~;1 T!. A point to note is that matter effects~normal MSW transitions!
become negligible in comparison to gravitational effects in our scenario.@S0556-2821~96!02914-1#

PACS number~s!: 14.60.Pq, 04.62.1v
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I. INTRODUCTION

It is well known that relativistic effects produce a prece
sion of gyroscopes in the vicinity of a source of gravitation
field @1#. It is, therefore, reasonable to expect that partic
will undergo helicity flips in such regions. This is particu
larly interesting in the case of neutrinos, because left-han
neutrinos traversing a strong gravitational field could be c
verted into unobservable right-handed ones, resulting i
decrease of the neutrino flux.1 We will analyze in this paper,
following @3#, the possibility of encountering resonant tra
sitions of high energy Dirac neutrinos produced in acti
galactic nuclei~AGN! ~reminiscent of the ones proposed
solutions of the solar neutrino problem@4–6#!. The presence
of such resonances alters the expectation of the neutrino
on earth. In our calculations we will consider magnetic, m
ter, and gravitational effects. The latter are introduced us
the standard couplings of neutrinos to gravity; we will n
consider possible effects of the modification of the equiv
lence principle@7# in this paper.

The search for such high energy neutrinos by the neutr
telescopes@e.g., Deep Underground Muon and Neutrino D
tector ~DUMAND !, Antarctic Muon and Neutrino Detecto
Array ~AMANDA !, ~NESTOR!, ~BAIKAL !, etc.,@8## which
are under construction necessitates a clear picture of the
pected neutrino fluxes from these objects. AGN are by
the strongest sources of ultrahigh energy neutrinos in
Universe, producing fluxes expected to be detectable on
earth with present technology@8#. These objects are believe
to be fueled by the gravitational energy of matter accret
onto a supermassive black hole~104M( to 1010M(! at the
AGN core, where gravitational energy is converted into
minous energy through the acceleration of high energy p
tons @9#. This environment exhibits copious production
hadronic and subsequent leptonic high energy by-produ
such as neutrinos.

The paper is organized as follows. We start with a br
discussion of an AGN model and the mechanism of h
energy neutrino production in it~Sec. II!. In Sec. III we

1Left-right transitions can occur as a gravitationally induced c
herent precession, as investigated by Cai and Papini,@2#; it is in
general quite small.
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study the possibility of neutrino transitions between differen
flavors and spins in the environment of a strong gravitationa
field using the semiclassical approximation. In Sec. IV we
apply the formalism to the interesting case of a Kerr black
hole; our main results are presented in this section. Finally
in Sec. V we give our conclusions. Several mathematica
details are relegated to the Appendixes.

II. AGN MODEL

Active galactic nuclei have long been recognized as pos
sible sources of high energy signals@10#, being the most
luminous objects in the Universe. They have luminosities
ranging from 1042 to 1048 erg/sec, corresponding to black
hole masses of the order of 104M( to 1010M( , on the natu-
ral assumption that they are powered by Eddington-limite
accretion onto the black hole. The spherical accretion mod
~based on works by Kazanas, Protheroe, and Ellison@11,12#!
is used in most of the calculations of the neutrino productio
in central regions of AGN@9,13,14#. According to this sce-
nario, close to the black hole the accretion flow become
spherical and a shock is formed where the ram pressure
the accretion flow is balanced by the radiation pressure. W
will follow this model even though it is only approximately
true, considering that we will be looking at rotating black
holes.

The distance from the AGN center to the shock, denote
as the shock radiusR ~. a few Schwarzschild radii! con-
tains the central engine of AGN. The shock radius is param
etrized @11,12# by R5xrg , where r g is the Schwarzschild
radius of the black hole, andx is estimated to be in the range
of 10 to 100@9# ~which is consistent with the available data
@15#!.

The matter density at the shockr~R! can be estimated
from the accretion rate needed to support black hole lum
nosity, and from the radius and accretion velocity at the
shock@9#,

r~R!.1.431033x25/2LAGN
21 Q21 g/cm3, ~1!

whereQ(x)5120.1x0.31 is the efficiency for converting ac-
cretion power into accelerated particles at the shock@12#, and
LAGN is the AGN continuum luminosity in units of erg/sec.
In this model the matter density falls off as

o-
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r1~r !5r~R!S rRD 23/2

, r.R. ~2!

Acceleration of protons is assumed to occur by the fi
order diffusive Fermi mechanism at the shock@12#. Energy
losses during acceleration occur throughpp collisions in the
gas;2 and also through thepg→p1e11e2 and pg→Np
processes in the dense radiation fields present, mainly in
central region. All these reactions give rise to high ene
neutrinos through thep6→m6→e6 decay chain@9,11,16–
18#. These neutrinos are expected to dominate the neut
sky @9# at energies of 1 TeV and beyond.

Since neutrons are not confined by the magnetic fie
they are free to escape from the central core@9#. But neutrons
can also produce high energy neutrinosvia np andng col-
lisions. The conclusion of Ref.@9# was that neutrons with
energy less than approximately 103 TeV do escape the cen
tral core. On the other hand, Steckeret al. @19# found that
secondary neutrons will not in general escape the shock
dius, and argue that a significant amount of power is gen
ated throughng interactions. However, according to them
confinement of nucleons in the central core occurs only
energies beyond;104 TeV. In our study, as we shall se
later, the matter density is irrelevant whatever the status
neutrons, confined or not.

Magnetic effects around AGN have important astrophy
cal consequences. To estimate a value of the magnetic
of AGN which we will use in our calculations, we look a
two specific models. Both these models assume the ‘‘e
partition’’ condition that the external pressure is matched
the magnetic one. According to Begelman, Blandford, a
Rees@20#, a characteristic magnetic fieldB is given by

B5
108

~M /M(!1/2
G, ~3!

whereM is the mass of the black hole considered. Szabo
Protheroe@9# estimate the magnetic field at a shock form
by accretion to be

B.5.531027Q21/2x27/4LAGN
21/2 G, ~4!

where the symbols have the same meaning as in Eq.~1!.
Since the shock is the site of high energy neutrino prod
tion, a good estimate of the value of magnetic field would
that evaluated at the shock. In the absence of a deta
model we will assume that the magnetic field remains
proximately constant inside a region of size equal to
pressure scale height; the average fields of two of these
gions will be uncorrelated. ForLAGN51045 erg/sec,
M5108M(, andx510 both of the above expressions gi
B;104 G. We will be interested in the vicinity of the horizo
where the pressure scale height is;r g . In this region we will
assume thatB remains at the above value. Outside the inn
core of the AGN the magnetic field will drop as~pressure!1/2.

2Accelerated protons interact with protons of the accreting plas
to form charged pions.
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III. DIRAC EQUATION IN CURVED SPACE-TIME AND
NEUTRINO OSCILLATIONS

We will study the possibility of neutrino oscillations be-
tween different flavors and spins in the environment of a
strong gravitational field. In this paper we consider, for sim-
plicity, the case of two family flavors only. We will also
restrict ourselves to the case of Dirac neutrinos interacting
minimally ~as described by the equivalence principle! with
the gravitational field.

The outline of our method to compute neutrino oscilla-
tions is the following. Starting with the Dirac equation in the
presence of a strong gravitational field, we use a semiclass
cal expansion to different orders in the relevant parameters t
determine the effective Hamiltonian for positive momentum
states. We look in particular for the lowest order off-diagonal
terms that could possibly induce gravitational neutrino oscil-
lations, including the effects of magnetic fields associated
with AGN. Once the Hamiltonian is obtained, we analyze the
possibility of resonances depending on the neutrino mass
energy, and angular momentum, and the black hole mass an
angular momentum. The different neutrino transitions and
expected neutrino fluxes are then investigated.

A. Semiclassical approximation

We start with the Dirac equation in curved space-time
@21#,

@ iea
mga~]m1vm!2m1J”PL#c50, ~5!

whereea
m are the tetrads,m is the mass matrix,J” is the weak

interaction current matrix,PL the left-handed projection op-
erator, and the spin connection is

vm5
1

8
@ga ,gb#e

naen;m
b , ~6!

where the semicolon denotes a covariant derivative; we us
greek indices for coordinates in the general frame and roma
indices for the local inertial frame. As in flat space, there are
four neutrino states for each flavor that we separate into tw
states corresponding to neutrinos traveling towards or awa
from the observer. We call thesepositiveandnegativemo-
mentum states, respectively.

The first step in the semiclassical approximation is to re-
place the neutrino spinor by

c5eiSx, ~7!

whereS is the classical action defined in terms of the La-
grangian densityL(x,ẋ) and affine parameterl as

S5E dl L~x,ẋ!, L52
1

2
gmnẋ

mẋn, ẋ5
dx

dl
~8!

~an overdot will always denote differentiation with respect to
l !, and solves the Hamilton-Jacobi equation

ma



on

ion

o
e

sic:

54 1589NEUTRINO OSCILLATIONS IN STRONG . . .
gmn]mS]nS50. ~9!

x is constructed as the solution of the Hamilton-Jacobi equ
tion and determines the trajectory of classical particles.

In order to proceed further we use the approach describ
by Sakita and Tsani@22#. If x̄ be the solution to the classica
geodesic equation for massless particles, that is, the class
trajectory, a new set of local coordinates

$ l ,jA%, A51,2,3 ~10!

is chosen such that

xm5 x̄m~ l !1nA
m~ l !jA. ~11!

Heren A
m( l ) solves the variation equation

]AH S ]L
]xmD2

d

dl S ]L
] ẋmD J

j50

50 ~12!

toO~j2!. The functionsx̄1nAjA solvedS50 to second order
in j and so describe~approximately! a bundle of neighboring
geodesics parametrized by thej A; the values of thej deter-
mine the separation of a given geodesic in the bundle fr
the reference geodesicx̄m( l ).

The semiclassical momentum is defined as

pm52]mSux5 x̄ ~13!

where the derivative is with respect to the end point. T
solution to Eq.~9! is, toO~j2!,

S52pmnA
mjA2

1

2S Ḡnr
m pmnA

n nB
r 1

1

2
ṄABD jAjB, ~14!

whereḠnr
m are the Christoffel symbols evaluated atx5 x̄, and

NAB5nA
mnB

ngmn . ~15!

From the geodesic equation obeyed bypm it follows that
~see Appendix A!

pmnA
m5cA5const. ~16!

In the following it will prove convenient to define a timelike
vectorp'

m which is the component of momentump orthogo-
nal to thenA

m: namely,

p'
m5pm2cA~N21!ABnB

m . ~17!

B. Effective Hamiltonian

With the above preliminaries we are in a position t
evaluate the effective Hamiltonian for the neutrino syste
In order to make a systematic expansion let us defineR to be
the scale of the metric, so that, for example,vm;1/R; and let
p be the order of magnitude of the momentum of the neut
nos. We imagine a localized wave packet of extensionj
propagating freely through a region of sizeR, where the
gravitational field is essentially constant. The uncertainty
lation requires that a change in the momentum is related toR
via Dp;1/R. This in turn implies that the angular spread o
the wave packet is given byDu5Dp/p;1/(pR), so that in a
distanceR a wave packet spreadsRDu;1/p. But this spatial
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spread is determined by the values ofj for which the states
are significantly different from zero, so thatj;1/p @23#.

Going back to the Dirac equation in curved space, Eq.~5!,
after substituting Eq.~7!, we obtain the equation

~2ea
mga]mS1 iea

mga]m1V02m!x50, ~18!

where

V05 igaea
mvm1J”PL ~19!

andvm is defined in Eq.~6!.
We make a double expansion ofx, first in powers ofj and

then in powers of 1/pR, as follows:

x5x~0!1xA
~1!jA1O~j2!,

x~0!5U01U1/21U11••• ; Un;~pR!2n

n50,12 ,1,..., ~20!

xA
~1!5V1A1V3A/21V2A1••• ; VnA;R21~pR!12n,

n51,32 ,2,... .

We substitute these expressions into the Dirac equati
and make a double Taylor expansion inj and 1/(pR) and
demand that each term vanish separately. In the perturbat
we choose the mass to bem;(p/R)1/2. This is for conve-
nience in defining the perturbation expansion in an effort t
look for the lowest order off-diagonal terms that might caus
gravitationally induced helicity flips of neutrinos. For the
lowest possible magnitude of the mass, i.e.,m;1/R, there
are no off-diagonal terms in the Hamiltonian.

The result is the following set of mixed equations for the
spinorsU0 ,U1/2, . . . .

To O~j0!,

p”U050, p”U1/25mU0 ,

p”U11
i

p'

U̇01 iY” AV1A1V̄0U02mU1/250, ~21!

p”U3/21
1

p'

U1/21 iY” AV3/2 A1V̄0U1/22mU150,

where

Y” A5~N21!ABS nmB2
cBp'm

p'
2 D ēamga ~22!

~the overbar represents variables evaluated on the geode
x5 x̄!. To O~j!,
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p”V1A5l”AU0 , p”V3/2 A5lAU1/2, ~23!

where

l”5 1
2 ṄABY”

B2ēa;n
m pmnA

n ga. ~24!

From Eqs.~21! and ~23! we obtain

iU̇ 05OU0 ,
~25!

iU̇ 1/25OU1/22
im

2
Y” AV1A2

m

2
V̄0U0

where

O52
1

2
p” V̄01

m2

2
2

i

2p'

p”̇1
i

2
Y” Al”A . ~26!

It is now possible to reduce these equations to a Schro¨dinger-
like equation~as shown in Appendix B! involving only x,
which reads

i ẋ5SO2
m

2
V̄0Dx. ~27!

The above equation describes a set of states which are al
pairwise degenerate~due to the conditionp”x.0!; the effec-
tive HamiltonianH̃eff for the positive momentum states
obtained using degenerate perturbation theory. Denoting
P1 the projector onto the positive momentum states, we fi

H̃effP15P1SO2
m

2
V̄0DP1 . ~28!

It is always possible to go to thep' rest frame where
p'
a5E(1,0,0,0) andpa5E(1,0,0,1), neglecting the neutrin

rest mass and usingp'
25p•p'; in this ~local Lorentz! frame,

the projector onto positive momentum states is

P15diag~1,0,0,1!. ~29!

In what follows we choose frames where the momentum
the form given above. In Appendix C we show that, w
these previous considerations, Eqs.~27! and ~28! lead to

H̃eff5 i ȧ1 1
2m

22p•JeffPL1mQbtb , ~30!

where ȧ is spin and flavor diagonal and has no observa
consequences.3 The effective current is

Jeff
a 5 J̄W

a 2 J̄G
a . ~31!

Here J̄ W
a is the weak interaction current,J̄ G

a is defined as

JG
a 5

1

4
eabcdl f cdS hb

f 1
2pfp'

b

p'
2 D , ~32!

and

3An imaginary contribution toa would signal a decrease in th
overall neutrino flux and is also unobservable.
most
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l f cd5~efm,n2efn,m!ec
med

n , hab5diag~1,21,21,21!.
~33!

In order to determineJ̄ W
a we note that in therest frame of

the accreting matterit takes the form JW;ne
0 5GF(2Np

2Nn)/& and JW;nm

0 52GFNn /&, whereGF is the Fermi

coupling constant andNp andNn are the proton and neutron
number densities, respectively~only the zeroth component is
nonvanishing in this frame!. In the neutrino frame used
above this becomes

JW;ne
a 5

GF

&
~2Np2Nn!u

a, JW;nm

a 52
GF

&
Nnu

a, ~34!

whereua denotes the four-velocity of matter in the chose
local inertial frame. In the model considered, matter is u
trarelativistic @11# ~within the region of interest!, so that
u2.0.

Finally,

Qb5
1

2
ēa;m

m eacd
pcp'd

p” 2
1
1

2 S J̄Wa 1
1

2
eacdeḡcdeD

3S ha
b1

pap
b2p'ap

b2pap'
b

p'
2 D . ~35!

In addition to the gravitational effects it is essential t
incorporate the effects of the magnetic field associated w
AGN. It is well known that if a neutrino has nonvanishing
magnetic moment~or transition magnetic moment of dipole
type! mn ,

4 its helicity can be flipped when it passes through
region with a magnetic field which has a component perpe
dicular to the direction of motion. This idea has been an
lyzed by Okun and co-workers@24#, and more recently the
combined effects of flavor mixing, magnetic spin flip, an
matter interactions have been considered@25,26#. The inter-
action with the electromagnetic field stems from a term
the form

msabFabc ~36!

~Fab is the electromagnetic field tensor andsab5 1
4 [g

a,gb] !
to be added to the left-hand side of Eq.~5!; just as in the
above references only the electric and magnetic fields in
direction orthogonal top' contribute. Denoting byEr andBr

the components of the electric and magnetic fields, resp
tively, in the frame wherepa5E(1,0,0,1), and using Eq.
~36!, we find that the effective Hamiltonian is modified ac
cording to

e

4Okun @24# pointed out that the manifestations of an electric d
pole moment and magnetic dipole moment are practically indist
guishable for a highly relastivistic neutrino. For simplicity, the term
‘‘magnetic moment’’ will be used in this paper to represent th
combined effect of an electric and a magnetic dipole moment.
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H̃eff→H̃eff1mAp'•pS 0V V*
0 D ,

V5~B12E2!1 i ~E11B2!, ~37!

wherem denotes the magnetic moment matrix andBa andEa

denote the magnetic and electric fields measured by a loc
inertial observer.

We consider two generations with four-component Dir
neutinos. Here we examine thene-nm system. The same ca
be done for thene-nt nm-nt systems. Using the chiral base
neL, nmL

, neR, nmR
, we can write the evolution equation fo

neutrino propagation through matter in the presence o
strong gravitational field as5
ally

ac
n
s
r
f a

i
d

dl S neL
nmL

neR
nmR

D 5H̃eff S neL
nmL

neR
nmR

D ~38!

whereH̃eff is the 434 matrix ~30!, containing the effects of
the weak and gravitational interactions and the effects
electromagnetic field. An order of magnitude estimate~sup-
ported by explicit computations for particular metrics! shows
that theQ terms@Eq. ~35!, off-diagonal terms due to gravi-
tational effects# in the effective Hamiltonian are negligible
compared to the effects of the magnetic field for all interes
ing cases~see Sec. III D!. The gravitational effects in the
diagonal elements, however, are very relevant. The final
pression for the effective HamiltonianH̃eff is
H̃eff5S 2p•Jeff
ne1 1

2Dm12
2 sin2q

1
4Dm12

2 sin2q

EmeeV
EmmeV

1
4Dm12

2 sin2q

2p•Jeff
nm1 1

2Dm12
2 cos2q

EmemV
EmmmV

EmeeV*
EmmeV*

0
0

EmemV*
EmmmV*

0
1
2Dm12

2
D , ~39!
n-
-

e

whereq is the neutrino mixing angle,Jeff is given in Eq.
~31!, E is the energy of the particle, andV is defined in Eq.
~37!. Note that, becauseneR andnmR

are sterile, i.e., do no
interact electroweakly with matter, they can be conside
vacuum mass eigenstates.

C. Resonances

Using Eq.~39! we can determine the AGN regions whe
resonant transitions occur@a phenomenon reminiscent of th
Mikheyev-Smirnov-Wolfenstein~MSW! effect @4,6# #. These
resonances are governed by the 232 submatrices of Eq.~39!
for each pair of states.6

The five possible resonances are obtained by equating
diagonal terms for each submatrix and give rise to the re
nance conditions

1

2
Dm12

2 cos2q1&~p•u!GFNp50 ~neL→nmL
!, ~40!

1

2
Dm12

2 cos2q1
p•u

&
GFNn1p•JG50 ~nmL

→neR!,

~41!

5Note that the left-hand side involves differentiation with resp
to the affine parameter which has units ofE22, the units of length
beingE21. ThereforeH̃eff has units ofE

2, which differs from the
usual units of the Hamiltonian.
6We will ignore multiple resonances which occur whenever th

~or four! diagonal elements coincide; such resonances can o
only under very restricted circumstances.
t
red

re
e

the
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2
1

2
Dm12

2 sin2q1
~p•u!

&
GFNn1p•JG50 ~nmL

→nmR
!,

~42!

1

2
Dm12

2 cos2q1
~p•u!

&
GF~2Np2Nn!2p•JG50

~neL→nmR
!, ~43!

2
1

2
Dm12

2 sin2q1
p•u

&
GF~2Np2Nn!2p•JG50

~neL→neR!. ~44!

As will be shown in the following section the matter effects
are very small compared to the gravitational effects, which
makesJG dominant whenever present@this makes irrelevant
the precise value ofNn for the cases~41!–~44!; only for the
MSW resonance@4,6#, Eq. ~40!, is the matter density impor-
tant#.

In order to determine whether the above resonances i
duce significant transition probabilities, we consider the cor
responding 232 submatrices in detail. Each of these can, by
a suitable subtraction from the diagonal term, be cast into th
form

S db b
2dD , ~45!

whered is related to the matter and gravitational part andb
to the magnetic field; their explicit form is

b5EmnV, d52p•Jeff1~Dm2 term!, ~46!

whereE, mn , andV are, respectively, the energy, magnetic
moment of the neutrino, and electromagnetic field@see Eq.

ect
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~37!#; the ‘‘Dm2 term’’ depends on the specific 232 matrix
and can be easily obtained from Eq.~39!; it is always smaller
than uDm12

2 u.
Resonances occur whend vanishes, in which case the

transition probability is well described~for sufficiently
slowly varyingd andb! by the Landau-Zener approximation
@27#

PLZ5expH 22p2
b2

a J , ~47!

where

b5bures, a5ḋures. ~48!

The condition for these resonances to induce an apprecia
transition probability is

b2>
a

2p2 . ~49!

The presence of a magnetic field can also induce cohe
precession of the states, which has been studied in suffic
detail in @24#. The condition for this to occur is, for slowly
varyingb andd in Eq. ~45!,

Ab21d2

E
R>2p, ~50!

whereR is the magnitude of the region where the magne
field is coherent. In this case the transition probability is

Pprec.
1

2

b2

b21d2
, ~51!

which is significant whenb.d. So, while the presence of a
diagonal term requires a shorter distanceR to generate rap-
idly varying phases, the very same effect decreases the t
sition probability: neutrino interactions with matter or grav
tational effects effectively quench spin precession@28#.

D. Estimates

The orders of magnitude for the weak and gravitation
currents are, from Eqs.~34! and ~32!,

JW5
GFr

mp
;10233r eV21, JG;R21, ~52!

wherer is in units of eV4. According to Eqs.~1! and~2! the
order of r for typical cases is 101–104 eV4. Clearly, from
above and takingR;r g , the gravitational current part is
found to dominate the weak current part for all relevant va
ues ofr g ~1014 to 1020 eV21!.

The order of magnitude for themQ term in the Hamil-
tonian will be ~considering that]m;R21!

mQb;mR21;mrg
21. ~53!

If we compare this term withEmnV for typical values~E;1
TeV, V;104 G, r g;1018 eV21!, for a very small magnetic
momentm;10219mB and neutrino massm;1 eV, we get
ble

rent
ient

tic

ran-
i-

al

l-

EmV

mQbtb
;106. ~54!

Therefore, in what follows, we will neglect theQ term.
The values foruDm12

2 u corresponding to different sce-
narios of neutrino oscillation are shown in Table 1.

The MSW resonances~40! correspond to

Dm12
2 ;10233Er, ~55!

which, sincer<104 eV4 andE<1019 eV ~in order to get an
appreciable flux! corresponds toDm2<10210 eV2. Thus,
aside from these extremely small values,the usual MSW sce-
nario does not take place.

Sincep;E, neglecting the weak current part,

p•Jeff ;
E

r g
. ~56!

For a typical value of energyE;1 TeV, beyond which AGN
neutrinos start dominating the sky, andr g;1020–1014 eV21

(M51010M(–10
4M(), p•Jeff ;1028–1022 eV2. The or-

ders of magnitude from Table I show that values ofDm2

corresponding to the solar and atmospheric entries wo
undergo resonances in the vicinity of the black hole. Larg
values of the mass difference@such as the Liquid Scintilla-
tion Neutrinos Detector~LSND! entry in the table# would
resonate only at significantly larger energies~above 100
TeV!; in order to have comparable resonance for atm
spheric and LSND@30# values we need even more energet
neutrinos~;102 and ;106 TeV, respectively!. A point to
note here is that all resonant transitions do not occur sim
taneously, as can be seen from Eqs.~40!–~44!. At fixed con-
ditions, for instance, the transitions (nmL

→neR) and

(neL→neR) cannot both be realized together.
In order to determine whether the above resonances

duce large transition amplitudes we will need to estimate t
magnitude ofV. The models we consider all assume that th
magnetic field is determined by the ‘‘equipartition’’ condi
tion @9# that the external pressure is matched by the magne
one. The scale height for the pressure is;r g and so we
expect the magnetic field to be uniform only through dis
tances of orderr g ; on larger scales it will vary randomly. As
we mentioned in Sec. I, the value of the magnetic fie
within these ‘‘coherence patches’’ isuVu;uBu;104 G. Let us
now define the scale heightL for the effective current terms

TABLE I. Approximate values forDm2 terms.

Dm12
2 cos2q (eV2! Dm12

2 sin2q (eV2!

Vacuum@29# 10210 10211

Solar small angle@29# 1026 1028

Solar large angle@29# 1026 1026

At. neutrinos@29# 1023 1024

LSND @30# 1 1023
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L5U dl

d~ ln p•Jeff!
U, ~57!

which has units of the affine parameterl . Thena;Dm2/L
and the condition~49! becomes

mn>
1

EB U Dm2

2p2LU1/25mmin
res . ~58!

Resonant transitions will occur then if the relevant magnet
moment ~or transition magnetic moment! satisfies this
bound; this constraint depends, throughL, on the type of
metric and will be studied for some cases of interest in Se
IV below. Note that we have assumed that the magnetic fie
remains constant over an interval of magnitude;L.

Within this estimate the condition for coherent preces
sions, Eq.~50!, becomes

~mBrg!
21S Dm2r g

E
11D 2.4p2 ~59!

and the transition probability~51! becomes large provided

mn>
1

Brg
S 11

Dm2r g
E D5mmin

prec, ~60!

which is the condition for coherent precession to generate
significant number of helicity flips.

Comparing the different magnetic moment expression
obtained above, we get

mmin
prec

mmin
res 5S Dm2r g

E D 1/21S Dm2r g
E D 21/2

, ~61!

which impliesmmin
prec*2mmin

res for any value ofDm2r g/E.
Though realistic calculations would require an accura

profile for the magnetic field, the above results do provid
useful order-of-magnitude estimates of the relevant quan
ties. We will use these expressions in Sec. IV B to estima
the possibility of transitions of each type.

IV. NEUTRINO OSCILLATIONS IN A KERR
SPACE-TIME

In this section we will apply the formalism developed to
the interesting case of a Kerr black hole.

A. Hamiltonian for the Kerr metric

The gravitational field of the rotating black hole is given
by the following axially symmetric stationary Kerr metric
@31#:

ds25S 12
r gr

r2 Ddt22 r2

D
dr22r2du2

2S r 21a21
r gra

2

r2
sin2u D sin2u df2

1
2r gra

r2
sin2u df dt, ~62!
ic

c.
ld

-

a

s

te
e
ti-
te

where

D5r 22r gr1a2, r25r 21a2cos2u. ~63!

This metric depends on two constant parametersM anda,
whereM is the mass of the black hole anda is related to the
angular momentum by the relationLBH5ma; r g is given by
r g52M in geometrized units~c5G51!. For a50 the Kerr
metric becomes the Schwarzschild metric in the standa
form.

We now consider the motion of a particle of massm in a
Kerr field.7 The Hamilton-Jacobi equation is fully separabl
in this case@32#. Writing the actionS as

S52Et1Lf1Sr~r !1Su~u!, ~64!

whereE is the energy andL the angular momentum of the
particle, we obtain two ordinary differential equations

S dSu

du D 21S aE sinu2
L

sinu D 21a2m2cos2u5K, ~65!

S dSrdr D 22 1

D
~r 2E1a2E2aL!21m2r 252K, ~66!

whereK is a new constant of motion. The four-momentum
of the particle is then

pa5S g0
21E,g1

21Sr8 ,g2
21Su8 ,

L2g03E/g00
k D ~67!

where

g05Ag00, g i5A2gii , k25
g03
2

g33
2g33. ~68!

Our calculations involved a set of tetrads in which the m
mentum takes the formpa5E~1,0,0,1!. The corresponding
tetrads are

em
a5S g0

0
0
0

0
g1ca

2g1sb sa

2g1cb sa

0
0

g2cb

2g2sb

h
ksa

ksb ca

kcb ca

D ,

where

sa5sina, ca5cosa, ~69!

and similarly forb; a and b are the polar and azimutha
angles ofpa in Eq. ~67!. The angles satisfy the conditions

tana52
p1

p3
, tanb52

p2

A~p1!21~p3!2
. ~70!

Using the above relations we get an expression for the eff
tive Hamiltonian for the Kerr metric~30!. We use this to
look at resonances in the next section. The explicit expr

7Included only for completeness and to define the notation us
later.
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sion of the various terms in the Hamiltonian is quite involv
~we include a brief description of such terms in Append
D!; here we present the results of numerical analysis of
expressions.

As a limiting case of the previous analysis, we consid
the limit a→0, corresponding to a Schwarzschild black ho
The neutrino geodesics lie on a plane which we take as
u5p/2 plane. We then obtainpaJ̄ G

a 50 and the effective
Hamiltonian reduces to

H̃eff5
1

2
m22

EJ̄W
a50

A12r g /r
S 00 0

1D1mS 0V V*
0 D , ~71!

where we assumed the absence of matter currents and w
m andm denote the mass and magnetic moment matric
respectively. Thus, except for a factor 1/A12r g /r which is
important only forr;r g , the above expressions reduce
the flat-space situation. In particular, there is no gravitatio
contribution to the diagonal elements. One can also ea
determine the off-diagonal termsQb in Eq. ~35!, which give
a contributionmLt2/~2Er

2! to H̃eff ~t2 denotes the usua
Pauli matrix!. As mentioned previously, these terms are n
ligible for all cases of interest due to the factor ofm/E.

B. Resonances for the Kerr metric

We need to determine whether resonances are possib
the vicinity of a Kerr black hole. For a rotating black hole th
spin flavor transition is due to the transference of orb
angular momentum to spin angular momentum and also
to the transference of the black hole’s angular momentum
the neutrino spin. To determine possible resonant beha
we will find the regions~r ,u! where each of Eqs.~40!–~44! is
satisfied as a function of the parametersE,L,K,a, and r g .
We will do this for different values ofDm12

2 and mixing
angle. We choose normalized parameters

j5
L

Erg
, k5

K

~Erg!
2 ~72!

for a neutrino obeying Eqs.~65! and ~66!. It is easy to see
that p•Jeff can be written~neglecting the matter terms! in
terms of the energy and Schwarzschild radius in the form

up•Jeffu5Erg
21f ~r /r g ,u, j ,k,a/r g!. ~73!

In Fig. 1 we show lnuf u as a function of~r ,u!, for an
allowed value of the pair~j ,k!, where an angular momentum
~a50.4r g! has been chosen for the black hole.

8 lnufu in Figs.
1, 4, and 5 represents the natural logarithm. We have plo
the magnitude ofp•Jeff in an effort to give a clear picture o
how resonances take place in this particular metric. It is to
borne in mind, however, that all resonance transitions do
occur simultaneously. Figure 2 presents thef contour plots
under the same conditions as in Fig. 1.

8A realistic analysis of accretion onto black holes must acco
for the fact that the central hole is quite probably a Kerr black h
with angular momentum parametera only slightly less than the
gravitational mass@33#.
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Figure 3 illustrates the dependence of the functionf for a
specific value of~r ,u! on allowed values of~j ,k! and taking
a50.4r g .

Resonances occur providedf is comparable to
6Dm12

2 cos2q r g/E or 6Dm12
2 sin2q r g/E, as can be seen

from Eqs. ~41!–~44!. As an example, we can analyze th
case of energyE;1 TeV, r g;1018 eV21, and consider the
solar large angle solution,Dm12

2 ;1025 eV2. Comparing this
with f from Fig. 2, we find that it corresponds to contoura.
We conclude then that resonances occur in the vicinity of t
AGN for this choice of energies. In the same way it can b
seen that resonances are present for all the given value
Dm2 in Table I, all relevant black hole masses and angul
momenta, and all neutrino energies above 1 TeV.

It is also of interest to determine the energy dependen
of the resonance conditions, which is presented in Figs
and 5.

unt
ole

FIG. 1. Plot of lnuf u @see Eq.~73!# for the casej50.4, k50.15,
a/r g50.4, andM5108M( .

FIG. 2. Contour plot off @see Eq.~73!# for j50.4, k50.15,
a/r g50.4, andM5108M( . The contoursa, b, c, d, ande corre-
spond, respectively, tof (a)561, f (b)561021, f (c)561022,
f (d)561023, and f (e)561024, where positive values take place
for 0<u<p/2, and negative ones forp/2<u<p.
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FIG. 3. Plot of f @see Eq.~73!# for r56r g , u5p/2, a/r g50.4,
andM5108M( .
For fixed values ofj ,k,r and u, the function f depends
linearly on the energyE.

In order to determine the values of the magnetic momen
which will allow for these resonances to induce large trans
tion probabilities, we defined the quantitymmin

res in Eq. ~58!.
This is plotted in Figs. 6 and 7 for some representative va
ues ofDm2 andE and for a magnetic field of 104 G.

The resonances which we described above will induc
large transitions providedmn is larger thanmmin

res for the ex-
ample considered this corresponds to;~10213–10214!mB
~wheremB denotes the Bohr magneton!. The above require-
ments lie comfortably inside the direct experimental bound
~mn<10210mB! @34# as well as the astrophysical limits
~mn<10211mB! @34#, and such values for the magnetic mo-
ment are consistent with a wide variety of models@35#. In
view of this, the above resonances will induce significan
transition probabilities whenever the resonance condition
~40!–~44! are satisfied.

The minimum ofmmin
prec/mmin

res in Eq. ~61! @note that Eq.~61!
involves only an order-of-magnitude calculation where
uf u;1, Eq.~73!# corresponds toDm2r g/E;1, and thenmmin

prec

is comparable tommin
res ; for E51 TeV andr g;1018 eV21 this
FIG. 4. Plot of lnuf u @see Eq.~73!# as a func-
tion of r and E for the caseu5p/4, j50.4,
k50.15,a/r g50.4, andM5108M( .

FIG. 5. Plot of lnuf u @see Eq.~73!# as a func-
tion of u and E for the caser56r g , j50.4,
k50.15,a/r g50.4, andM5108M( .
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1596 54DARDO PÍRIZ, MOU ROY, AND JOSÉWUDKA
corresponds toDm2;1026 eV2, which are the parameters
used in Figs. 6 and 7. Explicit calculations show thatmmin

prec

.mmin
res wheneveruf u.1, which at resonance corresponds

Dm2r g/E.1. The transition efficiency is greatest for th
minimum value of the magnetic moment and corresponds
the spin flip in vacuum.

In order to estimate the effects of these resonances on
neutrino fluxes on Earth we note that neutrinos are expec
to be generated mainly through thep→m→e decay chain,
implying that we can expect twice as many muon-type ne
trinos as electron-type neutrinos. A negligible number oft
neutrinos are produced in an AGN environment. Ev
though the above calculations were done for the case of
species, we expect the same results for the case of th
species: resonances will occur for all possible transitio
Such resonances will tend to ‘‘spill over’’ the neutrinos from
the highly populated states into the less populated on
evening out the neutrino numbers in all states. It follows th
with these simplistic assumptions, the muon-neutrino fl
will be decreased by a factor of 1/4 and the electron neutr

FIG. 6. Plot of 1013mmin
res @see Eq.~58!# for the caseDm251026

eV2, E51 TeV, j50.4, k50.15,a/r g50.4, andM5108M( .

FIG. 7. Plot of 1013mmin
res @see Eq.~58!# for the caseDm251026

eV2, E51 TeV, r56r g , u5p/2, a/r g50.4, andM5108M( .
o
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flux will decrease by a factor of 1/2, but we can expect a
manyt neutrinos.

V. CONCLUSIONS

The evolution of neutrinos in an AGN environment is
susceptible to gravity-induced resonances. Such resonan
would induce various spin and spin flavor transitions when
ever Eqs.~41!–~44! are satisfied. We have shown that suc
conditions would be expected to be satisfied for the current
accepted AGN models and for various neutrino paramete
currently used in the literature.

Because of the lack of precise modeling of the AGN mag
netic field~e.g., is the field dispersed or is it concentrated i
flux tubes?!, and lacking a better understanding of the pa
rameters in the neutrino system, it is impossible to determin
unambiguously whether such resonances would in fact occ
in a given AGN.

Using the estimates for the magnetic fields, and approx
mating the gravitational field by the Kerr metric, the variou
values forDm2 we use do lead to resonances of the typ
~41!–~44!. The corresponding transition probabilities will be
large for a sufficiently large magnetic moment. Each res
nance will occur at a different place along the neutrino tra
jectory; Figs. 1–3 show that essentially all neutrinos pro
duced near the AGN core will traverse regions where all fou
resonance conditions are satisfied~for the neutrino param-
eters under consideration!. Such resonances induce large
transition probabilities for a wide variety of neutrino masse
and energies~provided the neutrino magnetic moment is suf
ficiently large!.

We do not expect resonant transitions to be 100% effe
tive, whence the neutrinos will tend to populate all availabl
states. Lacking detailed knowledge of the AGN environmen
but relying on the fact that all resonances are viable, we c
only estimate that all such states would end up by bein
equally populated. This, of course, depends on the masses
the neutrino states. For very small values ofDm2,
Dm2,10210 eV2, Eq. ~40! will be satisfied and MSW reso-
nances will occur; the other possibilities~41!–~44! can be
realized, but now farther from the AGN core where the est
mate of the gravitational field is less reliable and where ma
ter effects can no longer be ignored. We will not conside
this ~very complex! possibility further in this paper.

It is interesting to note that forDm2.10210 eV2, the reso-
nances described in this paper are not related to the MS
resonant flavor oscillations~which are suppressed in this en-
vironment due to the low densities present unles
Dm2,10210 eV2; see Sec. III B!, but to the interplay of the
gravitational and electromagnetic interactions with the ma
terms. Also, it must be noted that all resonance transitions
not occur simultaneously, as can be seen by studying E
~40!–~44!.

Noting that the AGN neutrinos travel through cosmologi
cal distances before being observed on Earth and taking
matter effects to be negligible on the way to the Earth, on
might argue that the vacuum oscillations generated by t
nonzero mass matrix would produce identical effects to th
ones considered here. For a distance of approximately 1
Mpc ~a sensible distance to AGN!, vacuum oscillations occur
for Dm2,10219 eV2 for 1 TeV energy neutrinos, which is
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restrictively small. The effects of a cosmic magnetic fie
~the typical value of galactic@37# and galactic cluster@18#
magnetic fields is of the order of 1026 G; the intercluster
magnetic field is&1029 G @39#! can, of course, induce rap
idly varying phases in the neutrino states, but the transi
probability ~51! is nonetheless small.

In our calculations we have chosen a rapidly rotat
black hole (a50.4r g). This assumption is based on the co
clusions of Ref.@33#. For lower values ofa the conditions
under which the resonances discussed in this paper can o
become more stringent. For the extreme limit of a Schwa
child back hole, transitions are expected only in the imme
ate vicinity of the horizon.

In conclusion, we can say that gravitationally induc
resonance transitions are the most important processes w
can generate effective spin flavor conversion in active ga
tic nuclei. The precise expressions for the flux to be detec
at Earth-bound neutrino telescopes depend, of course, o
details of the AGN model. We have shown, nonetheless,
for a very wide range of neutrino masses and even with v
small magnetic moments, neutrinos will undergo reson
transitions. In their trip through the AGN environment th
neutrinos can experience several such transitions, w
tends to even out the population of all neutrino states.
one hand, this decreases the expected flux of electron
muon neutrinos; on the other hand, it dramatically increa
the number oft neutrinos of energies of 1 TeV and abov
This provides strong motivation to search for sucht neutri-
nos with the existing neutrino telescopes, and the rece
proposed 1 KM3 detector@36#. Even if the magnetic mo-
ments are;10214mB we can expect an observable numb
of, for example, 10 TeVt neutrino events; the precise num
ber of such events is determined by the flux of electron n
trinos at that energy.

APPENDIX A

In this appendix we give a derivation of Eq.~16!. Con-
sider a geodesicx̄m( l ) for which the classical momentum
is xG m5pm and solves the Hamilton-Jacobi equati
gmnp

mpn50. Taking anl derivative we then obtain

2ṗm5
]gab

]xm papb. ~A1!

Expanding x now to first order around the geodesi
xm5 x̄m1n A

mjA @recall that this expression describes geo
sics toO~j2!# and substituting in the Hamilton-Jacobi equ
tion yields

2ṗmj̇m1
]gab

]xm papbjm50, ~A2!

wherejm5n A
mjA. From Eqs.~A1! and ~A2! it immediately

follows that

05pmj̇m1 ṗmjm5
d

dl
~pmjm!. ~A3!

Using the fact that thejA are independent ofl it follows that
pmn A

m5cA5const, as was to be shown.
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APPENDIX B

In this appendix we show how to obtain a Schro¨dinger-
like equation from Eq.~25!. We note that

iU̇ 01 iU̇ 1/25O~U01U1/2!2
im

2
Y” AV1A2

m

2
V̄0U0 .

~B1!

But, from Eq.~20!,

iU̇ 01 iU̇ 1/25 i ẋ1O~1/R2!,
~B2!

im

2
Y” AV1A5

im

2
Y” A]Ax1O~1/R2!,

and therefore by reordering terms in Eq.~B1!

i S ] l1
m

2
Y” A]ADx5Õx1O~1/R2!, ~B3!

whereÕ is given by

Õ5O2
m

2
V̄0 . ~B4!

The second term in Eq.~B3! describes the spreading of the
wave packets and is not relevant for our discussion. W
therefore ignore such terms. The final equation therefo
reads

i ẋ5Õx. ~B5!

APPENDIX C

In this appendix we evaluate the effective Hamiltonian
given by Eq.~28!, HeffP15P1~O2mV̄0/2!P1, whereO and
_V̄0 are defined in Eqs.~26! and ~19!. The explicit expres-
sions are

O5 ia1
m2

2
2 ipaḡabcs

bc2paS J̄a2 1

2
eabcdḡbcdDPL ,

~C1!

_V̄05S 2
i

2
gba

b1
1

2
J̄aDga2S 14 eabcdḡbcd1

1

2
J̄aDgag5 ,

where

ḡabc5ēai; j ēb
i ēc

j , sab5
1

4
@ga,gb#. ~C2!

Using the explicit form ofP1 and working in the chiral
representation for the gamma matrices we obtain

P1gaP15 i eabcdtb^ t1
p'cpd
p'
2 P1 ,

~C3!

P1gag5P15S 2hab1
pap'

b1p'
a pb2papb

p'
2 D tb^ t1P1 ,

P1sabP15
1

2p'
2 ~p'

a pb2p'
b pa2 i eabcdpcp'dg5!P1 ,

whenpa5E(1,0,0,1) andp'
a5E(1,0,0,0). Using these rela-

tions we obtain
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H̃eff5 i ȧ1
1

2
m22p•JeffPL1mQbtb , ~C4!

whereJeff is given by Eq.~32! andQb by Eq. ~35!.

APPENDIX D

In this appendix we show how to calculate thep•J term
in the Hamiltonian; the metric is given in Sec. IV A. We wil
use the following notation:

g05Ag00, g i5A2gii , k25
g03
2

g33
2g33, h5

g03
g0

,

~D1!

along with the tetrads

em
a5S g0

0
0
0

0
g1ca

2g1sb sa

2g1cb sa

0
0

g2cb

2g2sb

h
ksa

ksb ca

kcb ca

D ,

~D2!
eam5habem

b ,

and

ea
m5S g0

21

2kJca sb

2kJsa

kJca cb

0
g1

21cb

0
g1

21sb

0
2g2

21sa sb

g2
21ca

g2
21sa cb

0
2k21ca sb

2k21sa

k21ca cb

D
where
l

J5g03~g00g332g03
2 !21. ~D3!

With these expressions we constructlabc according to

labc5~eam,n2ean,m!eb
mec

n . ~D4!

Explicitly,

p•J5p•~JW1JG!, ~D5!

where the currents are given in Eqs.~32! and~34!, the weak
current part being negligible compared to the gravitationa
part ~as shown in Sec. III D!, and

p•JG.
1

2
E~l1321l21313l32113l0211l1021l210!,

~D6!

where, for example,

l1325F sasb

k2g1
~k2cacbg1

2!]11
cb

k2g2
~ksa

21g2
2ca

2 !]2

1
sacacb

k2
~11kcb!]3Gksb . ~D7!

The angles satisfy

tana52
p1

p3
, tanb52

p2

A~p1!21~p3!2
. ~D8!

In the expression forlabc , ]i with i51,2,3 represents]r , ]u ,
and ]f , respectively. Similar expressions hold for the othe
values oflabc , which we will not list.
,
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