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We present results of a high statistics study offp , f K , f D , f Ds
, and f V

21 in the quenched approximation
using Wilson fermions atb56.0 on 323364 lattices. We find that the various sources of systematic errors~due
to setting the quark masses, renormalization constant, and lattice scale! are now larger than the statistical
errors. Our best estimates, without extrapolation to the continuum limit, arefp5134~4! MeV, f K5159~3!
MeV, f D5229~7! MeV, f Ds

5260(4) MeV, andf V
21(mr)50.33~1!, where only statistical errors have been

shown. We discuss the extrapolation to the continuum limit by combining our data with those from oth
collaborations.@S0556-2821~96!04913-2#

PACS number~s!: 13.25.2k, 12.38.Gc
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I. INTRODUCTION

Phenomenologically,f D , f Ds
, f B , and f Bs are essential

ingredients needed to determine the less well known e
ments of the Cabibbo-Kobayashi-Maskawa mixing matr
As these heavy-light decay constants are at best very po
measured, there has been a large effort by many lat
groups to estimate them from numerical simulations. Dec
constants are among the most precise quantities that one
calculate on the lattice and a recent review has been p
sented by Allton@1#. In this paper we present results forfp ,
f K , f K/ f p , f D , f D/ f p , f Ds

, f Ds
/ f D , and vector decay con-

stant f V
21 from simulations done on 170 323364 quenched

lattices atb56.0 using Wilson fermions. We emphasize th
extrapolations to the continuum limit, incorporating resul
from other collaborations, are not very reliable as the co
bined data do not show an unambiguous pattern ofO(a)
corrections.

Preliminary results from a subset of 100 lattices were p
sented in Ref.@2#. The raw lattice results have not change
significantly since then; however, we now present a mo
detailed analysis of the systematic errors. We estimate
uncertainty in the results due to extrapolation of the latti
data to physical values of the quark masses, the renormal
tion constants for the lattice currents, and the extraction
the lattice scale. We find that these various systematic err
are now much larger than the statistical errors. Finite s
errors, if present, are smaller than the statistical errors. O
best estimates are now given in the scheme called TAD1
evaluate the renormalization constants for the axial vec
and vector currents.

The details of the lattices and the calculation of the spe
trum are given in a companion paper@3#. In Sec. II we briefly
summarize the lattice parameters, and in Sec. III we desc
the lattice methodology and the consistency checks mad
extract the decay constants using estimates from differ
types of fits and interpolating operators. The choice of ren
malization constants for the axial vector and vector curren
ZA andZV , is discussed in Sec. IV, the lattice scale in Se
V, and the quark masses in Sec. VI. In Sec. VII we compa
the data with predictions of quenched chiral perturbati
theory. The extrapolation of the data to physical values
541/96/54~1!/1155~12!/$10.00
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quark masses is discussed in Sec. VIII, and our best est
mates atb56.0 are summarized in Sec. IX. In Sec. X we
compare our data with those from other collaborations
~GF11 @4#, JLQCD @5#, and APE@6#; the MILC data pre-
sented in@7# are preliminary and, therefore, not included in
this analysis! and extrapolate the combined data to the con-
tinuum limit. Finally, we present our conclusions in Sec. XI.

II. LATTICE PARAMETERS

The details of the 170 323364 gauge lattices used in this
analysis are given in@3#. We refer the interested reader to it
for further details of the signal in the two-point correlation
functions and on the extraction of the spectrum. In this pape
we concentrate on the analysis of systematic errors in deca
constants associated with fixing the quark masse
m̄5(mu1md)/2, ms andmc , the renormalization constants
ZA andZV , and the extrapolation to physical masses and th
continuum limit.

To calculate decay constants we used the Wupperta
source quark propagators at five values of quark mass give
by k50.135 (C), 0.153 (S), 0.155 ~U1!, 0.1558~U2!, and
0.1563~U3!. These quarks correspond to pseudoscalar me
sons of mass 2835, 983, 690, 545, and 431 MeV, respec
tively, where we have used 1/a52.33 GeV for the lattice
scale. We construct two types of correlation functions,
smeared-local~GSL! and smeared-smeared~GSS! functions,
which are combined in different ways to extract the decay
constants as discussed below. The three light quarks allow u
to extrapolate the data to the physical isospin-symmetric
light quark massm̄, while theC andS k values are selected
to be close to the physical charm and strange quark masse
The physical value of strange quark lies betweenS andU1,
and we use these two points to interpolate to it. In most case
we find that extrapolation tom̄ can be done using the six
combinations of light quarksU1U1 , U1U2 , U1U3 , U2U2 ,
U2U3 , andU3U3 . For brevity we will denote this combina-
tion by $UiU j% and the three degenerate cases by$UiUi%.

III. LATTICE METHOD FOR CALCULATING f P AND f V

The lattice definition of the pseudoscalar decay constan
f P , using the convention that the experimental value is
f p5131 MeV, is@8#
1155 © 1996 The American Physical Society
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TABLE I. Data, in lattice units, for the pseudoscalar decay constantf P for the six different ways of
combining the SL and SS correlators described in the text. The renormalization scheme used to genera
data is TAD1 as described in Table V, and the meson mass used in the analysis is taken to be the pole

f p
a f p

b f p
c f p

d f p
e f p

f

ChCh 0.198~2! 0.198~3! 0.197~2! 0.197~2! 0.197~3! 0.197~3!

ChSt 0.129~2! 0.129~2! 0.129~2! 0.128~2! 0.129~2! 0.128~2!

ChU1 0.115~2! 0.116~2! 0.116~2! 0.115~2! 0.116~2! 0.115~2!

ChU2 0.110~2! 0.110~3! 0.111~2! 0.110~2! 0.111~2! 0.110~2!

ChU3 0.107~3! 0.108~3! 0.109~2! 0.108~2! 0.109~2! 0.108~2!

StSt 0.093~1! 0.093~1! 0.093~1! 0.093~1! 0.094~2! 0.093~2!

StU1 0.084~1! 0.084~1! 0.085~1! 0.084~1! 0.085~2! 0.084~1!

StU2 0.081~1! 0.080~1! 0.081~1! 0.081~1! 0.081~2! 0.080~2!

StU3 0.078~1! 0.078~1! 0.079~1! 0.078~1! 0.078~2! 0.077~2!

U1U1 0.076~1! 0.076~1! 0.077~1! 0.076~1! 0.076~2! 0.076~2!

U1U2 0.073~1! 0.072~1! 0.073~1! 0.073~1! 0.073~2! 0.072~2!

U1U3 0.070~1! 0.070~1! 0.071~1! 0.071~1! 0.070~2! 0.070~2!

U2U2 0.069~1! 0.069~1! 0.070~1! 0.069~1! 0.069~2! 0.069~2!

U2U3 0.067~1! 0.066~1! 0.068~1! 0.067~1! 0.066~2! 0.066~2!

U3U3 0.064~1! 0.064~1! 0.066~1! 0.065~1! 0.064~3! 0.064~2!
f p5
ZA^0uA4

localup~pW !&
Ep~pW !

, ~3.1!

whereZA is the axial vector current renormalization consta
connecting the lattice scheme to the continuum modifi
minimal subtraction scheme (MS). In order to extractf p we
study, in addition to the two-point correlation functionsG,
two kinds of ratios of correlators:

R1~ t !5
GSL~ t !

GSS~ t !
;
t→` ^0uA4

localup&

^0uA4
smearedup&

,

R2~ t !5
GSL~ t !GSL~ t !

GSS~ t !
;
t→` u^0uA4

localup&u2

2Mp
e2Mpt.

~3.2!

In the case ofR1 we have to extract̂0uA4
smearedup& separately

from theGSScorrelator. For each of the two ratiosR1 andR2
the smeared sourceJ used to create the pion can be eitherp
or A4. This gives four ways of calculatingfp , which we
label asf p

a ~using the ratioR1 with J5p!, f p
b ~using the ratio

R1 with J5A4!, f p
c ~using the ratioR2 with J5p!, and f p

d

~using the ratioR2 with J5A4!. The fifth way, f p
e , consists

of combining the mass and amplitude of the two-point c
relation functionŝ A4P&LS and ^PP&SS, and the sixth way,
f p
f , useŝ A4A4&LS and ^A4A4&SS.
The lattice results for mesons atpW 50 for the different

combinations of quarks are given in Table I using the ren
malization schemeZTAD1 defined in Table V. All errors are
estimated by a single elimination jackknife procedure. T
results from the six ways of combining the two correlato
are mutually consistent. Since the different methods use
same correlators, the data are highly correlated; howe
consistent results do indicate that fits have been made to
lowest state in each of these correlators and reassure u
the statistical quality of the data.
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The results forfp using correlators at nonzero momentum
are given in Table II. The data show that in almost all cases
the results are consistent within 2s. The most noticeable dif-
ferences are in thepW 5~2,0,0! values for lighter quarks. The
signal in these channels is not very good, and it is likely that
in these cases there exists contamination from excited states
over the range of time slices to which fits have been made.
We regard the overall consistency of the data as another
successful check of the lattice methodology. Henceforth we
shall restrict the analysis to thepW 5~0,0,0! case as it has the
best signal.

The dimensionless vector decay constants are defined as

ZV^0uVm
localuV&5

emMV
2

f V
, ~3.3!

whereVm is the vector current anduV& is the lowest 12 state
with massMV . The experimental quantities are related to
f V

21 by

f r
215

1

&
f V

21~M r!50.199~5!,

f f
2152 1

3 f V
21~Mf!520.078~1!,

f J/c
215 2

3 f V
21~MJ/c!50.087~3!, ~3.4!

where the values are calculated using the rateG(V→e1e2)
given by the Particle Data Group~PDG! @9#. We extract the
relevant matrix element in the same two ways as described in
Eq. ~3.2! for f P . To study discretization errors we study
three lattice transcriptions of the vector current~local, ex-
tended, and conserved!:

Vm
L ~x!5c̄~x!gmc~x!, ~3.5!

Vm
E~x!5c̄~x!gmUm~x!c~x1m̂ !1c̄~x1m̂ !gmUm

† ~x!c~x!,
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TABLE II. Data, in lattice units, for the pseudoscalar decay constantf P , averaged over the six different
ways of combining the SL and SS correlators, measured at different momenta. The renormalization sch
is TAD1 as described in Table V, and the meson mass used in the analysis is taken to be the pole ma

pW 5~0,0,0! pW 5~1,0,0! pW 5~1,1,0! pW 5~1,1,1! pW 5~2,0,0!

ChCh 0.198~2! 0.198~2! 0.203~2! 0.200~3! 0.201~3!

ChSt 0.129~2! 0.129~2! 0.131~2! 0.129~2! 0.129~2!

ChU1 0.116~2! 0.116~2! 0.118~2! 0.115~2! 0.115~2!

ChU2 0.111~2! 0.111~2! 0.112~2! 0.110~2! 0.110~3!

ChU3 0.108~2! 0.108~3! 0.110~3! 0.107~3! 0.108~3!

StSt 0.093~1! 0.094~1! 0.095~2! 0.096~2! 0.099~2!

StU1 0.084~1! 0.085~1! 0.086~2! 0.087~2! 0.090~2!

StU2 0.080~1! 0.081~2! 0.082~2! 0.083~2! 0.086~2!

StU3 0.078~1! 0.079~2! 0.080~3! 0.080~2! 0.083~2!

U1U1 0.076~1! 0.077~2! 0.078~2! 0.079~2! 0.083~3!

U1U2 0.073~1! 0.073~2! 0.074~2! 0.075~3! 0.080~3!

U1U3 0.070~1! 0.071~2! 0.072~2! 0.072~3! 0.078~4!

U2U2 0.069~1! 0.070~2! 0.071~2! 0.071~3! 0.077~4!

U2U3 0.067~1! 0.068~2! 0.069~3! 0.068~3! 0.075~5!

U3U3 0.064~1! 0.066~2! 0.067~3! 0.064~4! 0.074~5!
r
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Vm
C~x!5c̄~x!~gm2r !Um~x!c~x1m̂ !

1c̄~x1m̂ !~gm1r !Um
† ~x!c~x!,

where for degenerate quarks the last form is the conse
current. In Tables III and IV we show the lattice data for
15 mass combinations as a function of the different meth
or currents, and versus the renormalization schemes fo
local current. Overall, the data show that the two method
Eq. ~3.2! give consistent results for all three currents. T
results from the local and extended vector currents
agree, while those from the conserved current are'10%
smaller. These points will be discussed in more detail la
ved
he
ods
the
in

he
lso

er.

In order to extract results that can be compared with e
periments, we analyze the data in terms of the five sources
systematic errors discussed below.

IV. RENORMALIZATION CONSTANTS ZA AND ZV

Reliable calculations of decay constants depend on o
ability to calculate the renormalization constantsZA andZV
linking the lattice and continuum regularization schemes.
our analysis we use one-loop matching with the tadpole su
traction scheme of Lepage and Mackenzie. An outline of t
scheme, which includes picking a good definition of the la
tice as and the scaleq* at which to evaluate it is as follows.
Lepage and Mackenzie show thatav ~to be defined below! is
zation
n to be
TABLE III. Lattice data for the vector decay constantf V
21 for the two different ways of combining the SL

and SS correlators, and for the three different lattice vector currents described in the text. The renormali
scheme in all cases is TAD1 as described in Table V, and the meson mass used in the analysis is take
the pole mass.

f r
a Loc. f r

b Loc. f r
a Ext. f r

b Ext. f r
a Con. f r

b Con.

ChCh 0.186~02! 0.186~03! 0.184~03! 0.185~02! 0.168~03! 0.169~02!
ChSt 0.184~03! 0.186~03! 0.190~04! 0.191~03! 0.171~03! 0.172~03!
ChU1 0.174~03! 0.176~03! 0.182~04! 0.182~03! 0.162~04! 0.164~03!
ChU2 0.170~04! 0.172~04! 0.177~05! 0.178~04! 0.157~05! 0.159~03!
ChU3 0.166~04! 0.170~05! 0.175~07! 0.176~05! 0.154~06! 0.157~04!
StSt 0.291~04! 0.293~05! 0.303~06! 0.308~05! 0.268~05! 0.274~04!
StU1 0.300~04! 0.301~06! 0.312~07! 0.318~06! 0.273~06! 0.282~04!
StU2 0.302~04! 0.299~09! 0.314~08! 0.319~06! 0.273~07! 0.282~05!
StU3 0.303~05! 0.297~10! 0.313~11! 0.318~08! 0.271~09! 0.281~06!
U1U1 0.316~05! 0.314~05! 0.329~10! 0.334~05! 0.285~09! 0.296~04!
U1U2 0.320~05! 0.317~06! 0.334~13! 0.338~06! 0.288~11! 0.299~05!
U1U3 0.322~06! 0.317~06! 0.333~16! 0.334~09! 0.288~14! 0.300~05!
U2U2 0.325~06! 0.320~07! 0.338~17! 0.337~10! 0.292~15! 0.303~06!
U2U3 0.326~07! 0.319~08! 0.334~23! 0.334~13! 0.292~20! 0.303~07!
U3U3 0.326~07! 0.316~10! 0.326~31! 0.327~16! 0.291~27! 0.302~08!



lysis is

1158 54TANMOY BHATTACHARYA AND RAJAN GUPTA
TABLE IV. Lattice data for the vector decay constantf V
21 as a function of the different renormalization

schemes given in Table V. The results are for the local current, and the meson mass used in the ana
taken to be the pole mass.

ZTADa ZTAD1 ZTAD2 ZTADp ZTADU0
ZTFG11 ZBSTp

ChCh 0.184~2! 0.186~2! 0.193~2! 0.196~3! 0.173~2! 0.188~2! 0.119~2!

ChSt 0.183~3! 0.185~3! 0.192~3! 0.195~3! 0.172~3! 0.187~3! 0.144~2!

ChU1 0.173~3! 0.175~3! 0.182~3! 0.185~3! 0.163~3! 0.177~3! 0.140~2!

ChU2 0.169~4! 0.171~4! 0.177~4! 0.180~4! 0.158~3! 0.172~4! 0.138~3!

ChU3 0.166~4! 0.168~5! 0.174~5! 0.177~5! 0.156~4! 0.169~5! 0.136~4!

StSt 0.289~4! 0.292~4! 0.303~4! 0.308~4! 0.271~4! 0.295~4! 0.278~4!

StU1 0.297~5! 0.301~5! 0.312~5! 0.317~5! 0.279~4! 0.304~5! 0.294~5!

StU2 0.298~6! 0.301~6! 0.312~6! 0.317~6! 0.280~6! 0.304~6! 0.297~6!

StU3 0.297~7! 0.300~7! 0.311~7! 0.317~7! 0.279~6! 0.303~7! 0.298~7!

U1U1 0.312~5! 0.315~5! 0.327~5! 0.333~5! 0.293~4! 0.318~5! 0.316~5!

U1U2 0.315~5! 0.319~5! 0.331~5! 0.336~5! 0.296~5! 0.322~5! 0.322~5!

U1U3 0.316~6! 0.319~6! 0.331~6! 0.337~6! 0.297~5! 0.322~6! 0.325~6!

U2U2 0.319~6! 0.322~6! 0.335~6! 0.340~6! 0.300~6! 0.325~6! 0.329~6!

U2U3 0.319~7! 0.322~7! 0.335~7! 0.340~7! 0.299~6! 0.325~7! 0.331~7!

U3U3 0.318~8! 0.321~8! 0.334~8! 0.339~8! 0.299~7! 0.324~8! 0.332~8!
c

y

o

a better expansion parameter than the bare lattice coupli
To pick the value ofq* we need to know the ‘‘mean’’ mo-
mentum flow relevant to a given matrix element. Again it ha
been pointed out by Lepage and Mackenzie thatq* , esti-
mated by calculating the mean momentum in the loop int
grals, is dominated by tadpole diagrams which are latti
artifacts. If the tadpoles are not removed, then this scale
typically p/a. They have proposed a mean-field-improve
version of the lattice theory which removes the contributio
of tadpoles. The effect of this is threefold. One, it typicall
changesq* to 1/a; i.e., the matching scale becomes mor
infrared if the tadpole diagram is removed. Second, th
renormalization of the quark field changes from
A2k→A8kcA123k/4kc. Finally, the perturbative expres-
sion for 8kc is combined with the coefficient ofav in the
one-loop matching relations to remove the tadpole contrib
tion.

To getaMS(q* ) we use the following Lepage-Mackenzie
scheme. The couplingav is defined at scaleq53.41/a to be

avS 3.41a D @12~1.1910.025nf !av#52
3

4p
ln~ 1

3 Tr Plaq!,

~4.1!

which is related toaMS at scaleq53.41/a by

1

aMS
5

1

av
10.822. ~4.2!

We then runaMS from q to q* by integrating the two-loopb
function. To translate the results fromq* to any other point,
one uses the standard continuum running.

At the lowest order there are two equally good tadpo
factors, U05plaquette1/4 or 8kc . To the accuracy of the
mean-field improvement, one expects 8kcU051. Deviations
from this relation~'10% for the Wilson action atb56.0!
are a measure of possible residual errors. Writing the tadp
factor as 12XaMS(q* ), we define a givenZ factor to be
ng.

s

e-
e
is
d
n

e
e

u-

le

le

Z511aMS~q* !S g0

4p
ln~q* a!1~C2X! D , ~4.3!

whereC is the difference between the finite part of the con-
tinuumMS and lattice one-loop result. ThusZA for the local
operator in the tadpole-improved schemes is

AZc
1Zc

2ZA
L5A123k1/4kcA123k2/4kc

3@12aMS~q* !~1.682X!#. ~4.4!

In order to examine the dependence of the decay con-
stants onZ and the renormalization of the quark field, we
present our results for seven different commonly used
schemes described in Table V. The schemesZTADa , ZTAD1,
ZTAD2, ZTADp , andZTGF11 are all self-consistent toO(as).
The schemeZTADU0 is ad hocas we have replaced 8kc byU0
in only one part. We shall quote, as our best estimates, re-
sults obtained in theZTAD1 scheme and use the difference
between it andZTADp as an estimate of the systematic error
due to turningq* . Finally, an estimate of the residual pertur-
bative errors is taken to be the difference betweenZTAD1 and
ZTADU0

, and is given in column labeledZA in Table X. This,
we believe, is an overestimate of the error we make by using
the one-loop coefficient ofav .

The renormalization of the local vector currentZV
L pro-

ceeds in the same way asZA . In the case of both the ex-
tended and conserved currents, there is no tadpole contribu-
tion in C as it cancels between the wave-function
renormalization and the vertex correction. Consequently, we
use the nonperturbative value for 8kc . The complete renor-
malization factors in the tadpole-improved schemes for relat-
ing the lattice results to the continuum are

AZc
1Zc

2ZV
L5A123k1/4kcA123k2/4kc

3@12aMS~q* !~2.1822X!#, ~4.5!
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TABLE V. Different renormalization schemes used in the analysis. The two possible tadpole factors are
U05plaq1/450.878 and 1/8kc50.795. The one-loop perturbative expansions for these areU05121.0492a
and 8kc5111.364a, respectively. The sixth schemeZTGF11 is the one used by the GF11 Collaboration with
a slightly different definition ofaMS@4#.

ZTADa ZTAD1 ZTAD2 ZTADp ZTADU0
ZTGF11 Zboostp

Zc 12
3k

4kc
12

3k

4kc
12

3k

4kc

12 3k4kc
12

3k

4kc
12

3k

4kc

2k

Tadpole 1/8kc 1/8kc 1/8kc 1/8kc U0 1/8kc NO
q* 2 GeV 1/a 2/a p/a 1/a 1/a p/a
as(q* ) 0.204 0.193 0.152 0.134 0.190 0.181 0.133
t

h

r

s

d

AZc
1Zc

2ZV
E58kcA123k1/4kcA123k2/4kc

3@121.038aMS~q* !#,

AZc
1Zc

2ZV
C58kcA123k1/4kcA123k2/4kc.

We find that the results with the local current lie in betwee
those from the extended and conserved currents, and h
the best statistical signal. We therefore quote results from
local current as our best estimate and use the difference
tween them as an estimate of the systematic error.

V. LATTICE SCALE a

To convert lattice results to physical units, we use t
lattice scale extracted by settingM r to its physical value.
This gives 1/a52.330~41! GeV @3#. The variation of 1/a be-
tween the jackknife samples is folded into our error analys
however, different ways of setting the scale are not. For e
ample, usingMN to set the scale gives 1/a52.062~56! GeV
@3#, while nonrelativistic QCD~NRQCD! simulations of the
charmonium andY spectrum give 1/a52.4~1! GeV @10#. As
we show later, the scale determined fromfp is 2265~57!
MeV. Thus estimates based on mesonic quantities such
M r , heavy-heavy spectrum, andfp all give consistent re-
sults. We take 1/a(M r)52.330~41! GeV and use the spread
;70 MeV ;3% as our best guess of the size of scalin
violations relevant to the analysis of the decay constants.
reduce this error requires using an improved gauge and fe
ion action, which is beyond the scope of this work.

VI. SETTING THE QUARK MASSES

In order to extrapolate the lattice data to physical valu
of the quark mass, we have to fixm̄, ms , andmc . The chiral
limit is determined by linearly extrapolating the data forM p

2

to zero using the six cases$UiU j%. Our best estimate is

kc50.157 131~9!, ~6.1!

which is used in the calculation ofZc .
To fix the value ofkl corresponding tom̄, we extrapolate

the ratioM p
2 /M r

2 to its physical value 0.031 82. The result i

k l50.157 046~9!. ~6.2!

Thus our data are able to resolve between the chiral limit a
m̄. In @3# we had shown that a nonperturbative estimate
quark massmnp calculated using the Ward identity, an
n
ave
he
be-

e

is;
x-

as

g
To
m-
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nd
of

~1/2k21/2kc! are linearly related for light quarks; so either
definition of the quark mass can be used for the extrapola-
tion. We have chosen to usemnp in this paper.

The determination of the strange quark mass has signifi-
cant systematic errors as shown below. We determineks in
three ways as described in@3#. We extrapolateM K

2 /M p
2 ,

MK* /M r , and Mf/M r to m̄ and then interpolate in the
strange quark to match their physical value. In Table VI we
give ks , the nonperturbative estimatemnpa5msa, and
ms5Zm(1/2k21/2kc) evaluated at 2 GeV in theMS scheme
using the TAD1 matching between lattice and continuum.
The data show a;20% difference between various estimates
of ms which cannot be explained away as due to statistical
errors. UsingM K

2 /M p
2 to fix ms implies thatms[25m̄ as we

use the lowest order chiral expansion to fit theM p
2 data. On

the other hand,Mf/M r givesms/m̄'30. This estimate is not
constrained by the chiral expansion and is in surprisingly
good agreement with the next-to-leading chiral result@11#. In
this paper we shall quote results for bothms(MK) and
ms(Mf), and take the values withms(Mf) as our best esti-
mates. The difference in results between usingms(MK) and
ms(Mf) will be taken as an estimate of the systematic error
due to the uncertainty in settingms .

To determine the value ofk corresponding tomc , we
matchMD , MD* , andMDs

as these are obtained from the
same two-point correlation functions as used to determine
the decay constants. Unfortunately, as shown in@3#, the es-
timate of charmonium andD meson masses measured from
the rate of exponential falloff of the two-point function~pole
mass orM1! and those from the kinetic mass defined as
M2[(]2E/]p2up50)

21 are significantly different. We find
that the data for the heavy-heavy and heavy-lightqq̄ combi-
nations are consistent with the nearest-neighbor symmetric-
difference relativistic dispersion relation
sinh2~E/2!2sin2~p/2!5sinh2~M /2!, in which caseM2, as de-

TABLE VI. Estimates ofms using different combinations of
hadron masses. We give thek values, the quark mass determined by
the Ward identity, andms5Zm(1/2k21/2kc) evaluated at 2 GeV
in theMS scheme, and using the TAD1 tadpole subtraction proce-
dure.

ks ms,npa ms ~2 GeV! ~MeV!

M K
2 /M r

2 0.155 03~7! 0.0372~14! 129~2!

MK* /M r 0.154 79~19! 0.0421~36! 145~9!

Mf/M r 0.154 64~17! 0.0445~32! 154~8!
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fined above, is given by sinhM . The results forM1 andM2
for theD states are given in Table VII fork50.135~we have
simulated only one heavy quark mass!. The data show that
the experimental results lie betweenM1 andM2 for each of
the three states, and the difference betweenM1 andM2 is
large and statistically significant. The size of this systemat
error and the uncertainty in setting the scale 1/a make it
difficult to fix kcharm. We simply assume thatk50.135 cor-
responds tomc and quote final results usingM2. As an esti-
mate of systematic errors associated with not tuningmc , we
take the difference in results between usingM1 andM2 since
we do not have access to the rate of variation of decay co
stants in the vicinity ofmc .

VII. QUENCHED APPROXIMATION

In the last couple of years it has been pointed out b
Sharpe and co-worker@12# and by Bernard and Golterman
@13# that there exist extra chiral logarithms due to theh8,
which is also a Goldstone boson in the quenched approxim
tion. These make the chiral limit of quenched quantities sic
To analyze the effects of quenching, Bernard and Golterm
@13# have constructed the ratio

R[
f 12
2

f 118 f 228
~7.1!

applicable in a four-flavor theory wherem15m18 and
m25m28. The advantage of this ratio in comparing full and
quenched theories is that it is free of ambiguities due to th
cutoff L in loop integrals andO(p4) terms in the chiral
Lagrangian. The chiral expression forR in the quenched
theory is

RQ511dF m12
2

~m118
2

2m228
2

!
ln
m118
2

m228
2 21G1O„~m12m2!

2
…,

~7.2!

whered[m0
2/24p2f p

2 parametrizes the effects of theh8. The
analogous expression in full QCD is

RF511
1

32p2f 2 Fm118
2 ln

m118
2

m12
2 1m228

2 ln
m228
2

m12
2 G

1O„~m12m2!
2
…. ~7.3!

The leading analytic corrections in both cases a
O„(m12m2)

2
… @14# and were not included in the analysis

TABLE VII. Comparison of lattice estimates ofD meson
masses with the experimental data. We show results forM1 andM2
and for the two different ways of settingms described in the text.

M1 M2 Expt.

MD 1805~31! 1990~34! 1869
MD* 1876~32! 2085~35! 2008
MDs

@ms(MK)# 1896~30! 2112~32! 1969
MDs

@ms(Mf)# 1914~26! 2137~27! 1969
MD

s*
@ms(MK)# 1961~31! 2201~34! 2110?

MD
s*
@ms(Mf)# 1978~27! 2224~29! 2110?
ic

n-

y

a-
.
n

e

e

presented in Ref.@15#. The data, shown in Figs. 1 and 2,
indicate the need for including them in the fits.@Xquenchedis
the coefficient ofd in Eq. ~7.2!, andXfull is the complete
chiral logarithm term in Eq.~7.3!.# The fit to the quenched
expression, Fig. 1, givesd50.14~4!. The fit to full QCD
expression has smallerx2 if we leave the intercept as a free
parameter. In that case the fit gives 1.69~45! and not unity as
required by Eq.~7.3!. Thus the effect of chiral logarithms is
small, barely discernible from the statistical errors, and
partly due to normal higher order terms in the chiral expan-
sion. We shall therefore neglect the effects of quenched chi-
ral logarithms in this study and only discuss deviations off P
from a behavior linear inmq at the appropriate places.

The second consequence of using the quenched approx
mation is that the coefficients in the chiral expansion are
different in the quenched and full theories. This difference
can be evaluated by comparing quenched and full QCD data
which is beyond the scope of this work. Thus we cannot
provide any realistic estimates of errors due to using the
quenched approximation.

FIG. 1. Bernard-Golterman ratioR versus (m1a2m2a)
2.

Xquenchedis the coefficient ofd defined in Eq.~7.2!. The intercept
givesd50.14~4!.

FIG. 2. Bernard-Golterman ratioRversus (m1a2m2a)
2. Xfull is

the chiral correction defined in Eq.~7.3!. The linear fit gives an
intercept of 1.69~45! instead of unity as indicated by Eq.~7.3!.
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VIII. EXTRAPOLATION IN QUARK MASSES

In Fig. 3 we show the pseudoscalar data for$UiU j% and
$SS,SUi% combinations along with two different linear fits
one to the six $UiU j% data points [f Pa50.0572(14)
10.51(2)ma] and the other to the fourSSand$SUi% points
[ f Pa50.0568(14)10.48(1)ma]. Here m is the average
mass of the quark and antiquark. The data show that e
though the slopes for the two fits are different, the valu
after extrapolation are virtually indistinguishable. The size
the break between the$SS,SUi% and $UiU j% cases atms is
right at the 1s level, and no such break is visible between t
U1Ui and theU2U2 cases. We thus extrapolate tofp using
$UiU j% points and assume that the overall jackknife er
adequately includes the uncertainty due to extrapolation.

In Fig. 4 we show the extrapolation for heavy-light m
sons for three cases of ‘‘heavy’’ (C,S,U1) quarks. The lin-
ear fits in the light quark mass,

FIG. 4. Extrapolation of heavy-light pseudoscalar decay c
stants for three cases of ‘‘heavy’’C, S, U1 quarks. The linear fits
are to the three ‘‘light’’Ui quarks, and the fourth point~light quark
isS! is included to show the breakdown of the linear approximatio

FIG. 3. Plot of data forf pa versusmnpa. The linear fit, shown
as a solid line, is to the six {UiU j } points. The error estimate on the
fit is shown by the dotted lines. The dot-dashed line is a linear fi
the fourSSand {SUi} points. The vertical line atmnpa'0 repre-
sentsm̄, and the band atmnpa'0.04 denotes the range ofms.
en
s
f

e

r

-

f Pa50.103~3!10.33~5!mnpa ~CUi !,

f Pa50.074~1!10.26~1!mnpa ~SUi !,

f Pa50.067~1!10.25~1!mnpa ~U1Ui !, ~8.1!

fit the data extremely well in each of the three cases. Devia
tions from linearity are apparent if the ‘‘light’’ quark mass is
taken to beS as shown by the fourth point atmnpa50.076.
These can be taken into account by including corrections
i.e., chiral logarithms and/or a quadratic term. A fit including
a quadratic term fits all four points exceedingly well; how-
ever, the extrapolated value changes by,0.2s in all three
cases. Also, the change in curvature betweenU1Ui andCUi
is within the error estimates. Considering that the form of the
correction term is not unique and that the linear and qua-
dratic fits give essentially the same result, we consider it
sufficient to use a linear fit to the threeUi points to extrapo-
late the heavy-light decay constants tom̄.

n-

n.

FIG. 5. Plot of data forf V
21 versusmnpa. The linear fit is almost

identical for the six {UiU j } or three {UiUi} points. TheSSand
{ SUi} points are also shown for comparison.

FIG. 6. Extrapolation of heavy-light vector decay constants for
three cases of ‘‘heavy’’C, S, U1 quarks. The linear fits are to the
three ‘‘light’’ Ui quarks, and the fourth point~light quark isS! is
included to show the breakdown of the linear approximation.

to
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TABLE VIII. Summary of results for pseudoscalar decay constants in lattice units. The variations withms

~set byMK or Mf! and the heavy-light meson mass~M1 or M2! are shown explicitly. The jackknife error
estimates include statistical and a part of systematic errors due to extrapolation in quark masses.

ZTADa ZTAD1 ZTAD2 ZTADp ZTADU0
ZTGF11 Zboostp

~M1! fp 0.057~01! 0.058~01! 0.058~01! 0.059~01! 0.054~01! 0.058~01! 0.060~01!
(M1 ,MK) f K 0.067~01! 0.067~01! 0.068~01! 0.068~01! 0.063~01! 0.067~01! 0.068~01!
(M1 ,Mf) f K 0.068~01! 0.068~01! 0.069~01! 0.070~01! 0.064~01! 0.069~01! 0.069~01!
(M1 ,MK) f K/ fp 1.161~11! 1.161~11! 1.161~11! 1.161~11! 1.161~11! 1.161~11! 1.127~10!
(M1 ,Mf) f K/ fp 1.186~16! 1.186~16! 1.186~16! 1.186~16! 1.186~16! 1.186~16! 1.145~14!
~M1! f D 0.103~03! 0.103~03! 0.105~03! 0.105~03! 0.097~03! 0.104~03! 0.083~02!
~M2! f D 0.098~02! 0.098~03! 0.100~03! 0.100~03! 0.092~02! 0.099~03! 0.079~02!
~M1! f D/ fp 1.793~49! 1.793~49! 1.793~49! 1.793~49! 1.793~49! 1.793~49! 1.388~38!
~M2! f D/ fp 1.705~45! 1.705~45! 1.705~45! 1.705~45! 1.705~45! 1.705~45! 1.320~35!
(M1 ,MK) f Ds

0.115~02! 0.115~02! 0.117~02! 0.118~02! 0.108~02! 0.116~02! 0.091~01!
(M2 ,MK) f Ds

0.109~02! 0.109~02! 0.111~02! 0.111~02! 0.102~02! 0.110~02! 0.086~01!
(M1 ,Mf) f Ds

0.118~02! 0.118~02! 0.120~02! 0.120~02! 0.110~02! 0.118~02! 0.092~01!
(M2 ,Mf) f Ds

0.111~02! 0.112~02! 0.113~02! 0.114~02! 0.104~02! 0.112~02! 0.087~01!
(M1 ,MK) f Ds

/ f D 1.117~19! 1.117~19! 1.117~19! 1.117~19! 1.117~19! 1.117~19! 1.088~18!
(M2 ,MK) f Ds

/ f D 1.112~18! 1.112~18! 1.112~18! 1.112~18! 1.112~18! 1.112~18! 1.083~17!
(M1 ,Mf) f Ds

/ f D 1.141~22! 1.141~22! 1.141~22! 1.141~22! 1.141~22! 1.141~22! 1.106~20!
(M2 ,Mf) f Ds

/ f D 1.135~21! 1.135~21! 1.135~21! 1.135~21! 1.135~21! 1.135~21! 1.100~19!
t
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The difference in slope between fits to$UiU j% and$SUi%
points does effect the value off K . We therefore calculate i
in two ways; the central value is taken by extrapolating
$SUi% and $U1Ui% data in the light quark tom̄ and then
interpolating in the ‘‘heavy’’ toms . In the second way we
use the slope determined from$UiU j% points and extrapolate
to m̄1ms . The two give consistent results, and we use
difference as an estimate of the systematic error.

The analogous plots forf V
21 are shown in Figs. 5 and 6

To extractf r
21 we make linear fits to the six$UiU j% and the

three$UiUi% points. As shown in Fig. 5, these two fits a
almost identical@f Va50.328(10)10.33(23)mnpa# and nei-
ther of them fits the data very well. The$SUi% points show a
very significant break from the$UiU j% points, and so to
extract f K* , f D* we use the fits shown in Fig. 6. As in th
case off P , a linear fit to the three cases (CUi ,SUi ,U1Ui)
works well. The fit parameters are

f Va50.163~6!10.31~10!mnpa ~CUi !,

f Va50.300~9!10.026~14!mna ~SUi !,

f Va50.322~7!20.18~10!mnpa ~U1Ui !. ~8.2!
he

the

.

e

e

Note that the slope changes sign between theSUi andU1Ui
cases. Since the points atmnpa50.076 (S) show deviations
from the linear fits, we do not include this point in our analy-
sis.

IX. RESULTS AT b56.0

The results for the pseudoscalar decay constants, in latti
units, are given in Table VIII for each of the seven renor-
malization schemes. The table also shows the variation wit
respect to the two choices ofms and whether one usesM1 or
M2 for the heavy-light meson mass. For our best estimate
we useZTAD1 and convert this data to MeV using 1/a(M r).
The results are summarized in Table IX where we agai
display variation with respect toms and the heavy-light me-
son mass.

Our final results are shown in Table X along with the
estimates of the various systematic errors discussed abov
Thus, atb56.0, the value offp come out about 3% larger.
Using f p data to set the lattice scale gives 1/a( f p)52265~57!
MeV, whereas 1/a(M r)52330~41! MeV @3#. Even ignoring
the various systematic errors, the two estimates differ b
roughly 1s.

The ratio f K/ f p51.186~16! is about 2s smaller than the
experimental value 1.223 if one ignores all systematic error
s

TABLE IX. Results for decay constants in theZTAD1 scheme as a function ofms and heavy-light meson

masses. The data have been converted to MeV usingM r to set the scale. Only the jackknife error estimate
are given.

M1 andms(mK) M1 andms(mf) M2 andms(mK) M2 andms(mf)

fp 134.4~41!
f K 156.1~37! 159.4~33!
f D 241.0~75! 229.2~70!
f Ds

269.1~54! 275.0~46! 254.8~51! 260.1~44!
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TABLE X. Our final results using TAD1 scheme along with estimates of statistical and various systemati
errors as described in the text. All dimensionful numbers are given in MeV with the scale set byM r . For the
systematic errors due toms , mc and q* , we also give the sign of the effect. We cannot estimate the
uncertainty due to using the quenched approximation. Also, we do not have useful estimates for entr
marked with a question mark~?!.

Best
estimate

Statistical and
extrapolation

Tuning
ms

Tuning
mc q*

Tuning
a ~3%! ZA

fp 134 4 12 4 10
f K 159 3 23 13 5 10
f D 229 7 112 14 7 14
f Ds

260 4 25 115 14 8 20
f K/ fp 1.19 0.02 20.025 0
f D/ fp 1.71 0.05 10.09 ?
f Ds

/ f D 1.135 0.021 20.023 10.006 0
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~The systematic error in fixing,ms would tend to lower our
estimate, i.e., further increasing the difference.! An under
estimate of this ratio in the quenched approximation is c
sistent with predictions of quenched chiral perturbat
theory ~CPT! @12,13#.

The major uncertainty in the results for the heavy-lig
casesf D and f Ds

comes from the uncertainty inZA and in
setting the charm mass. These corrections can be signifi
and we need to reduce the various sources of system
errors in order to extract reliable continuum estimates.

In Tables XI and XII we give the values for the vect
decay constantf V

21, extrapolated to the masses of a num
of vector states even though some of them do not de
electromagnetically tol1l2. These tables also give the var
tion with respect to settingms , the heavy-light meson mas
~M1 or M2!, q* , ZA , and the dependence on the lattice c
rent. The criterion that the three types of currents should
consistent results justifies using the Lepage-Mackenzie
cedure forV i

C also, as pointed out by Bernard in@16#. Using
theA2k normalization forV i

C @i.e., the same normalizatio
as V 4

C ~pm50!, which is constrained by the value of th
conserved charge# gives significantly smaller values fo
cases withC quarks.

X. INFINITE VOLUME CONTINUUM RESULTS

In the companion paper analyzing the meson and ba
spectrum@3#, we show that there are no noticeable diff
on-
ion

ht

cant,
atic
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er
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s
ur-
ive
pro-
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ences between results obtained on 243 ~earlier calculations!
and our 323 lattices. Thus we do not apply any finite size
corrections to our data. To extract results valid in the con
tinuum limit, we combine our data with those from the GF11
~b55.7,5.93,6.17! @4#, JLQCD ~b56.1,6.3! @5#, and APE~b
56.0,6.2! @6# Collaborations. We have attempted to correc
for as many systematic differences; however, some like di
ferences in lattice volumes, range of quark masses analyze
and fitting techniques remain.

Bernard, Labrenz, and Soni have previously carried out
systematic study of heavy-light decay constants with Wilso
fermions@17#. They obtainedf D5208~9!635612 MeV and
f Ds

5230(7)630618 MeV after extrapolation toa50.

Overall, within errors, their raw lattice data at common pa
rameter values agree with the numbers presented here. Ho
ever, since their bestb56.0 data is based on only eight
243340 lattices and the various sources of systematic erro
are handled differently, we do not discuss it any further.

We first compare the data forfp and f K from the different
collaborations as shown in Figs. 7 and 8. The various calcu
lations have similar statistics~within a factor of 2! and the
two largest physical volumes used are by GF11~243 at
b55.7! and LANL ~323 at b56.0! Collaborations. To facili-
tate comparison we make three changes:~a! We switch to
the convention in whichf p593 MeV, ~b! use theZTGF11
scheme, and~c! setm usingM . A noticeable difference in
in
TABLE XI. Results for f V
21 extrapolated to the masses of a number of vector states specified with

square brackets as a function of the renormalization schemes,ms ~MK orMf!, and meson mass~M1 orM2!.

ZTADa ZTAD1 ZTAD2 ZTADp ZTAD8k ZTGF11 Zboostp

~M1! [M r] 0.324~10! 0.328~10! 0.340~11! 0.346~11! 0.305~09! 0.331~10! 0.345~11!
(M1 ,MK) [MK* ] 0.319~06! 0.322~06! 0.335~07! 0.340~07! 0.300~06! 0.325~06! 0.331~06!
(M1 ,Mf) [MK* ] 0.315~06! 0.318~06! 0.330~06! 0.336~06! 0.296~06! 0.321~06! 0.325~06!
(M1 ,MK) @Mf# 0.312~04! 0.316~04! 0.328~05! 0.333~05! 0.293~04! 0.318~04! 0.316~04!
(M1 ,Mf) @Mf# 0.308~04! 0.311~04! 0.323~05! 0.328~05! 0.289~04! 0.314~04! 0.309~05!
~M1! [MD* ] 0.162~05! 0.164~05! 0.170~06! 0.173~06! 0.152~05! 0.165~06! 0.134~04!
~M2! [MD* ] 0.137~04! 0.139~04! 0.144~04! 0.147~04! 0.129~04! 0.140~04! 0.114~03!
(M1 ,MK) @MD

s*
# 0.173~03! 0.175~03! 0.182~03! 0.185~03! 0.163~03! 0.177~03! 0.140~03!

(M2 ,MK) @MD
s*
# 0.145~02! 0.147~02! 0.152~03! 0.155~03! 0.136~02! 0.148~02! 0.117~02!

(M1 ,Mf) @MD
s*
# 0.175~03! 0.177~03! 0.184~03! 0.187~03! 0.164~03! 0.179~03! 0.141~03!

(M2 ,Mf) @MD
s*
# 0.146~02! 0.148~02! 0.154~03! 0.156~03! 0.138~02! 0.149~02! 0.118~02!
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the data shown in Figs. 7 and 8 is that the APE points
b56.0 lie about 1s higher than LANL’s and the value o
mra is also larger. We believe that the difference is partly
result of extrapolation from heavier quarks~the APE Col-
laboration use a linear fit to extrapolate data
k50.153,0.1540.155 to the chiral limit!. We find that bothf P
andMV @3# data show negative curvature, and a linear e
trapolation using only SS andU1U1 points increases the
LANL estimates, accounting for the full difference inM r
and a part of that inf p . The more important feature of th
data, however, is that neither plot shows a cleara depen-
dence. Nevertheless, a linear fit to all data, assuming
lattice spacing errors areO(a), gives

fp

M r
50.111~5! ~expt. 0.120!,

TABLE XII. Results for f V
21 as a function of the different dis-

cretizations of the vector current. We also show the dependenc
ms ~MK or Mf! and meson mass~M1 or M2!.

Local Extended Conserved

~M1! @M r# 0.328~10! 0.335~26! 0.304~18!
(M1 ,MK) [MK* ] 0.322~06! 0.338~13! 0.297~10!
(M1 ,Mf) [MK* ] 0.318~06! 0.334~12! 0.293~09!
(M1 ,MK) @Mf# 0.316~04! 0.332~06! 0.291~06!
(M1 ,Mf) @Mf# 0.311~04! 0.327~06! 0.287~05!
~M1! [MD* ] 0.164~05! 0.171~06! 0.151~05!
~M2! [MD* ] 0.139~04! 0.146~05! 0.128~04!
(M1 ,MK) @MD

s*
# 0.175~03! 0.182~03! 0.163~03!

(M2 ,MK) @MD
s*
# 0.147~02! 0.152~03! 0.137~03!

(M1 ,Mf) @MD
s*
# 0.177~03! 0.183~03! 0.164~03!

(M2 ,Mf) @MD
s*
# 0.148~02! 0.153~03! 0.138~03!

FIG. 7. Linear extrapolation to the continuum limit of the ratio
f p/M r. Our data are shown with the symbol octagon, squares
fancy squares are the points from the GF11 Collaboration@4#, dia-
monds are APE Collaboration points@6#, and the plus symbol labels
JLQCD @5# data. The two GF11 points atM ra'0.56 represent
163 ~squares! and 243 ~fancy squares! lattices atb55.7. The solid
line is a linear fit to all the data with error estimates shown by
dotted lines. The dot-dashed line is a fit to the data excludingb55.7
points.
at

a

t

x-

at

f K
M r

50.121~4! ~expt.0.147!, ~10.1!

with x2/NDF51.6 and 1.7, respectively. The change from the
GF11 results is marginal as the fit is still strongly influenced
by the point atb55.7, which may lie outside the domain of
validity of the linear extrapolation. A linear extrapolation
excluding theb55.7 data gives

fp

M r
50.118~10!,

f K
M r

50.132~8!, ~10.2!

FIG. 9. Extrapolation to the continuum limit off D and f Ds
ex-

pressed in MeV. Error estimates on the linear fits are shown by th
dotted lines. Our data are shown with the symbol octagon, the plu
points are from the JLQCD Collaboration@5#, and the diamonds
label the APE Collaboration@6# data.

on

s
nd

e

FIG. 8. Linear extrapolation to the continuum limit of the ratios
f K/M r. Our data are shown with the symbol octagon, the square
and fancy squares are the points from the GF11 Collaboration@4#,
and the diamond labels APE@6# data. The solid line is a linear fit to
all the data with error estimates shown by the dotted lines. Th
dot-dashed line is a fit to the data excludingb55.7 points.
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with x2/NDF52.1 and 1.9, respectively. Usingms(Mf)
would increasef K by;2%. Given the large difference in th
extrapolated value depending on whether the data atb55.7
is included or not makes it clear that more data are requ
to make a reliable extrapolation to the continuum limit.

The f D and f Ds
data are combined with results fro

JLQCD @5# and APE@6# Collaborations as shown in Fig.
The results are in the TAD1 scheme, and for compariso
usems(MK). Also, from here on we switch back to the co
vention in whichf p5131 MeV. The APE Collaboration us
M1 for the meson mass. For consistency we have sh
their data toM2 using our estimates given in Table X.
linear extrapolation toa50 then gives

f D5186~29! MeV,

f Ds
5218~15! MeV, ~10.3!

with x2/NDF52.2 and 2.0, respectively. Usingms(Mf)
would increasef Ds

to 224~16! MeV. The quality of the fits
is, however, not very satisfactory. We feel that in orde
improve the reliability of estimates in Eq.~10.3! one needs t
reduce the various systematic errors that have not bee
cluded in thea→0 extrapolations presented above.

The status of experimental measurements off D and f Ds
is

summarized in the recent review by Richman and Bur
~see Table VI in Ref.@18#!. The statistical errors are lar
and there is no consensus yet. Most experiments give
bers in the range 225–350 MeV forf Ds

, while for f D there is
only an upper limit,,290 MeV. Thus it is important t
extract reliable lattice values for the heavy-light decay c
stants.

FIG. 10. Linear extrapolation to the continuum limit off r
21. Our

data are shown with the symbol octagon, and the rest of the p
are from the GF11 Collaboration@4#.
e

ired

.
we
-

fted

to

in-

hat
e
um-
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Finally, a linear fit tof r
21 data is shown in Fig. 10. The

extrapolated value 0.153~17! with x2/NDF51.8 is smaller
than the experimental value 0.199~5! and also smaller than
that from a fit to just the GF11 data, which gives 0.18~2! @4#.

XI. CONCLUSIONS

We have presented a detailed analysis of the decay co
stants involving light-light and heavy-light~up to charm!
quarks. We find that the various sources of systematic erro
~due to setting the quark masses, renormalization consta
and lattice scale! are now larger than the statistical errors.
Work is under progress to address these issues. Our b
estimates for the pseudoscalar decay constants and the v
ous sources of error, without extrapolation to the continuum
limit, are given in Table X.

We would like to stress that by including all of the presen
high statistics large lattice data, the extrapolation to the con
tinuum limit is, in all cases, not very reliable. For the Wilson
action the corrections areO(a), and one expects that a linear
extrapolation should suffice starting at someb. We find that
in all cases the combined world data do not show an unam
biguous linear behavior ina. Since different groups analyze
the data in different ways, there is no clean way of including
the systematic errors in individual points in the fits. We
therefore cannot resolve whether the poor quality of the lin
ear fits is due to the various systematic and statistical erro
or due to the presence of higher order corrections. As a r
sult, our overall conclusion is that precise data at a few mor
values ofb are required in order to extract reliable results in
thea→0 limit.

We have made linear fits to the data with and withou
including the point at the strongest coupling,b55.7. A linear
fit to combined world data givesf p5120~6! MeV and
f K5135~5! MeV. Excluding theb55.7 point changes these
estimate tof p5128~6! MeV and f K5146~5! MeV. Our best
estimates for heavy-light meson,f D5186~29! MeV and
f Ds

5218~15! MeV in the continuum limit, are from a linear
fit to data atb>6.0. The above estimates are usingms(MK).
Usingms(Mf) ~our preferred value! would increasef K and
f Ds

by '2%.
We study three lattice transcriptions of the vector curren

to calculate f V
21 . Using the Lepage-Mackenzie scheme to

calculateZV for each of the three currents yields results tha
are consistent to within 10%. We extrapolatef r

21 to the con-
tinuum limit by combining with results from the GF11 Col-
laboration. The result is 0.153~17! compared to the experi-
mental value of 0.199~5!.

ACKNOWLEDGMENTS

We are very grateful to Steve Sharpe and Claude Berna
for comments on this paper, and to Chris Allton and Akira
Ukawa for communicating unpublished results of the APE
and JLQCD Collaborations to us. These calculations hav
been done on the CM5 at LANL as part of the DOE HPCC
Grand Challenge program and at NCSA under a Metacent
allocation. We thank Jeff Mandula, Larry Smarr, Andy
White, and the entire staff at the two centers for their tre
mendous support throughout this project.

ints
@1#



,

d

ry
o-

1166 54TANMOY BHATTACHARYA AND RAJAN GUPTA
@1# C. Allton, in Lattice ’95, Proceedings of the International Sym-
posium on Lattice Field Theory, Melbourne, Australia, 1995
edited by T. D. Kieuet al. @Nucl. Phys. B~Proc. Suppl.! 47
~1996!#, Report No. hep-lat/9509084~unpublished!.

@2# T. Bhattacharya and R. Gupta, inLattice ’94, Proceedings of
the International Symposium on Lattice Field Theory
Bielefeld, Germany, 1994, edited by F. Karschet al. @Nucl.
Phys. B~Proc. Suppl.! 42, 935 ~1995!#.

@3# T. Bhattacharya, R. Gupta, G. Kilcup, and S. Sharpe, Phy
Rev. D53, 6486~1996!.

@4# GF11 Collaboration, F. Birtleret al., Nucl. Phys.B421, 217
~1994!.

@5# S. Hashimoto, inLattice ’95 @1#, Report No. hep-lat/9510033
~unpublished!.

@6# C. Allton et al., in Lattice ’93, Proceedings of the International
Symposium on Lattice Field Theory, Dallas, Texas, 1993, e
ited by T. Draperet al. @Nucl. Phys. B~Proc. Suppl.! 34, 456
~1994!#; and ~private communications!.

@7# C. Bernard et al., in Lattice ’95 @1#, Report No.
hep-lat-9509045~unpublished!.

@8# H. Hamber and G. Parisi, Phys. Rev. D27, 208 ~1983!.
,

s.

-

@9# Particle Data Group, L. Montanetet al., Phys. Rev. D50, 1173
~1994!.

@10# NRQCD Collaboration, C. T. H. Davieset al., Phys. Rev. D
50, 6963~1994!.

@11# J. Donoghue, B. Holstein, and D. Wyler, Phys. Rev. Lett.69,
3444 ~1992!.

@12# S. Sharpe, Phys. Rev. D41, 3233~1990!; 46, 3146~1992!; J.
Labrenz and S. Sharpe, inLattice ’93 @6#, p. 335; S. Sharpe, in
CP Violation and the Limits of the Standard Model, Proceed-
ings of the Theoretical Advanced Study Institute in Elementa
Particle Physics, Boulder, Colorado, 1994, edited by J. Don
ghue~World Scientific, Singapore, 1995!, Report No. hep-ph/
9412243~unpublished!.

@13# C. Bernard and M. Golterman, Phys. Rev. D46, 853 ~1992!;
M. Golterman, Report No. hep-lat/9405002~unpublished!;
Acta Phys. Polon. B25, 1731~1994!.

@14# S. Sharpe~private communication!.
@15# R. Gupta, inLattice ’94 @2#, p. 85.
@16# C. Bernard, inLattice ’93 @6#, p. 47.
@17# C. Bernard, J. Labrenz, and A. Soni, Phys. Rev. D49, 2536

~1994!.
@18# J. Richman and P. Burchat, Rev. Mod. Phys.67, 893 ~1995!.


