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Rare kaon decays due to the loop-induced standard model operators̄LgmdLn̄LgmnL are examined. Isospin-
violating mass effects and electroweak radiative corrections are shown to reduceB(K1→p1nn̄) and
B(KL→p0nn̄) relative toB(K1→p0e1ne) by 10% and 5.6%, respectively. Predicted branching ratios for
(KL→nn̄g) and (KL→nn̄) ~if neutrinos have mass! are given. The sensitivity of ‘‘missing energy’’ rareK
decays to new interactions or the emission of light weakly interacting neutral particles, other than neutrinos, is
also briefly discussed.

PACS number~s!: 13.20. Eb, 12.15.Lk
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In the standard model, flavor-changing neutral curr
amplitudes are absent at the tree level due to the Glash
Iliopoulos-Maiani~GIM! mechanism@1#. They are, however
induced at the quantum loop level@2,3#. An interesting case
is the s̄d→n i n̄ i , i 5e,m,t, transition amplitudes. They giv
rise to the effective interaction Lagrangian

Leff52
Gma~mZ!

A2p sin2uW
(

i 5e,m,t
2Cis̄LgmdLn̄ i L

gmn i L
1H.c.,

~1!

where

Gm51.166 39~1!31025 GeV22, ~2!

a~mZ!.1/128, ~3!

sin2uW.0.23, ~4!

CL[
12g5

2
C, ~5!

and theCi are complex coefficients which depend on t
charm and top quark masses, Cabibbo-Kobayashi-Mask
~CKM! quark mixing matrix elements, and perturbati
QCD corrections@4–6#.
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A thorough study of theCi has been carried out b
Buchalla and Buras@4,7#. From their work, one finds that th
Ci , i 5e,m, are well approximated by the following expre
sion which depends on the Wolfenstein parametrization@8#
l, A, r, h of the CKM matrix

Ce5Cm5XtS mt
2

mW
2 D l5A2H 12r2 ih2l2Fh22

r

2

1 ihS 1

2
2r D G J 1~2.460.5!31024, ~6!

Xt~y!50.985
y

8 S 21y

y21
1

3y26

~12y!2 lnyD . ~7!

The 2.460.531024 term in ~6! stems from charm quark
loops and the error is due to charm mass and QCD un
tainties@4#. In the case ofi 5t, thet-lepton mass enters th
loop calculations such that

ReCt.ReCe27.631025, ImCt.ImCe. ~8!

Employingmt[mt(mt)MS5170 GeV, whereMS denotes
the modified minimal subtraction scheme,l50.22,
A50.83~the productl5A25uVusuuVcbu2 currently has an un-
R1 © 1996 The American Physical Society
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R2 53WILLIAM J. MARCIANO AND ZOHREH PARSA
certainty of about615%) along with the less certain centr
valuesr50, h50.36, one finds

uReCeu5uReCmu51.1uReCtu57.8131024, ~9!

uImCi u52.0131024, i 5e,m,t. ~10!

Those quantities currently carry about a640% uncer-
tainty, primarily becauser andh are only constrained to lie
in the ~correlated! range@9#

20.37&r&0.29, ~11!

0.22&h&0.45. ~12!

Testing the standard model prediction in~1! is extremely
important. Doing so confronts the underlying structure
quark mixing andCP violation. A deviation from expecta
tions would signal the presence of ‘‘new physics’’@10#. In
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that regard, ‘‘redundant’’ checks are very useful, since diff
ent processes may depend on the same standard mode
rameters, but exhibit different sensitivity to the ‘‘new phy
ics.’’

The two best known predictions which follow from~1!
are the branching ratios forK1→p1nn̄ and KL→p0nn̄.
Both of those semileptonic decays are very clean theor
cally because they involve the hadronic vector current in~1!
which is conserved in the limit of zero quark masses. Ren
malization due to strong interactions is therefore of seco
order in SU~3! breaking and thus small. In addition, thos
decays can be related by isospin to the well measuredKe3
decay rates; a prescription generally followed in the lite
ture. However, as we shall show, isospin violating qua
mass effects and electroweak radiative corrections mus
included for precise predictions.

From the interaction in~1!, the predicted branching ratio
for K1→p1nn̄ is given by
B~K1→p1nn̄!5
Gm

2

192p3

a2~mZ!

4p2sin4uW
u f 1

K1p1

~0!u2I ~mK1,mp1!tK1S (
i 5e,m,t

uCi u2D , ~13!

where

I ~mK ,mp!5~mK2mp!5S 11
mp

mK
D 3E

0

1

dx~12x!3/2~12ax!3/2~110.03bx!2, ~14!

a5S mK2mp

mK1mp
D 2

, b5S mK2mp

mp
1 D 2

, ~15!
rec-

of
is a phase-space integral and

f 1
K1p1

~0!50.96, ~16!

tK151.879531013 MeV21, ~17!

mK15493.65 MeV, ~18!

mp15139.57 MeV. ~19!

The deviation of the vector form factorf 1
K1p1

(0) from 1
is due to SU~3!-breaking quark mass effects. We have tak
the specific value in~16! from a study by Leutwyler and

Roos@11#, assumingf 1
K1p1

(0). f 1
K0p1

(0). Deviations from
that equality are expected to be small, but we have not m
a quantitative study. That situation is to be contrasted w

f 1
K1p0

(0) which is larger by about 2.2% due top02h mix-
ing via isospin violation@11,12#. We note that our use o
f 1

Kp(0) from Leutwyler and Roos@11# is consistent with the
employment ofl50.22 which is also taken from their analy
sis. We also note that there are no short-distance electrow
radiative corrections of the form@11c(a/p)ln(mZ /mp)# to
the interaction in~1!. That situation is to be contrasted wit
n

de
h

ak

Ke3 decays which have a@112(a/p)ln(mZ /mp)# short-
distance enhancement due to electroweak radiative cor
tions @13#.

From the formulas and parameter values in~13!–~19!, one
finds

B~K1→p1nn̄!55.2331025S (
i 5e,m,t

uCi u2D , ~20!

where the 5.2331025 coefficient has about a63% uncer-
tainty @11# due to neglected electroweak corrections~non-

leading logs!, the uncertainty inf 1
K1p1

(0) and other small
effects. Modulo uncertainties in theCi from the Wolfenstein
parameters,~20! represents a very precise prediction.

An alternate prescription generally employed in place
~13! is to use the measured value ofB(K1→p0e1ne) as
input, since it is related toK1→p1nn̄ by isospin. That pro-
cedure gives

B~K1→p1nn̄!

.
a2~mZ!

2p2 sin4uW

B~K1→p0e1ne!

l2 S (
i 5e,m,t

uCi u2D ~21!
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TABLE I. Relative size of the phase space integralI (mK ,mp), u f 1(0)u2, and short-distance electrowea
radiative correction forK→pnn̄ decays in comparison withK1→p0e1ne . In the case ofKe3

1 , the effect of
the electron mass is included.

Decay mode I (mK ,mp)/I (mK1,mp0) u f 1
Kp(0)u2/u f 1

K1p0
(0)u2

EW radiative correction

F11
2a

p
ln~mZ /mp!G21

K1→p1nn̄ 0.9614 0.9574 0.979
KL→p0nn̄ 1.0522 0.9166 0.979
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up to isospin violating quark mass effects and electrow
radiative corrections. EmployingB(K1→p0e1ne)50.0482
leads to a coefficient of 5.831025 in ~20! rather than
5.2331025. They differ by 10%. That difference can b
traced to three isospin breaking effects all of which redu
B(K1→p1nn̄) relative toB(K1→p0e1ne). Those effects
are: ~1! A factor of 0.9614 phase-space reduction factor d
to the p12p0 mass difference. ~2! A factor

of 0.9575u f 1
K1p1

(0)/ f 1
K1p0

(0)u2 which comes primarily
from p02h mixing and is first order inmd2mu @11#. ~Iso-
spin violation may also reduce slightly the 0.03 slope fac
in ~14!, but that effect is expected to be;0.1% at the
branching ratio level and therefore neglected.! ~3! A relative
reduction factor of 0.979 because there are no leading
short-distance electroweak radiative corrections to~1!, while
the s̄LgmuLn̄LgmeL amplitude which contributes toK1

→p0e1ne is enhanced by a factor@11 2(a/p)ln(mZ /mp)#
.1.02. Those correction factors are illustrated in Table I

Long distance electroweak radiative corrections
K1→p0e1ne are assumed to be applied to the experimen
data@11#. We will not address that issue here, but note tha
should be revisited. Indeed, given the important role ofKe3
decays in determininguVusu5l, the electroweak radiative
corrections and precise values ofu f 1

Kp(0)u should be care-
fully scrutinized. In addition, new experimental measu
ments of bothKe3

1 andKe3
0 are warranted. Together, they ca

better determine thel and u f 1
Kp(0)u values. In any event

~20! rather than~21! clearly provides a better prediction fo
B(K1→p1nn̄).

In the case ofKL→p0nn̄, the branching ratio formula
in ~13! must be modified by replacinguCi u by uImCi u,
tK1 by tKL

54.18tK1, and f 1
K1p1

(0) by f 1
K0p0

(0)

.0.978f 1
K1p1

(0) ~due top02h mixing!. Also, the phase-
space integral must be evaluated using

mKL
5497.67 MeV, ~22!

mp0
5134.97 MeV. ~23!

In that way, we find

B~KL→p0nn̄!52.2931024S (
i 5e,m,t

uImCi u2D , ~24!

where the coefficient again has about63% uncertainty. That
prediction is about 5.6% smaller than the result usua
quoted usingB(K1→p0e1ne) as input and assuming iso
spin. In this case, phase-space actually gives a 5.22%
k
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hancement ofB(KL→p0nn̄) relative toB(K1→p0e1ne);
however, it is more than offset by a28.34% reduction due

to a significant deviation inu f 1
K0p0

(0)u2/u f 1
K1p0

(0)u2 from 1
due to p02h mixing. Indeed they are each shifted awa

from f 1
K0p1

(0). f 1
K1p1

(0) by equal but opposite amount
Finally, the short-distance leading log radiative correction
K1→p0e1ne effectively suppressesB(KL→p0nn̄) by a
0.979 factor. All those isospin violating factors are illustrat
in Table I.

Employing the centralCi values in~9,10!, one finds, from
~20! and ~21!,

B~K1→p1nn̄!50.96310210, ~25!

B~KL→p0nn̄!52.78310211. ~26!

Those predictions currently carry about a factor of 2 u
certainty mainly from the uncertainty inr and h. There is
currently also about a630% error due to correlated unce
tainties inl andA, that will hopefully be reduced by bette
determinations ofuVcbu. B(K1→p1nn̄) has an additional
612% uncertainty due to its dependence on the charm qu
mass and perturbative QCD.

An ongoing experiment~E787! at Brookhaven Nationa
Laboratory has lowered the bound@14# on K1→p1nn̄ to
B(K1→p1nn̄),2.431029 and expects to eventually ob
serve that rare decay if it actually occurs at the 10210 level.
Their next step would be a measurement of the branch
ratio to about620%, thereby determininguCi u and uVtdu to
an experimental accuracy of about610%. The underlying
theoretical uncertainties mentioned above are well matc
to such a measurement. When completed, such a prog
would cleanly determiner to roughly 60.10 ~assuming
uVcbu is better known!.

Recently, there has been growing interest in trying
measureB(KL→p0nn̄) because it probes directCP viola-
tion unambiguously@15#. In addition, it is even cleaner theo
retically thanK1→p1nn̄, since it exhibits almost no depen
dence on the charm quark mass or QCD uncertainties. T
it could be used to determineh. A bound of
B(KL→p0nn̄),5.831025 has been set@16# and efforts are
underway to mount a dedicated experiment capable of re
ing the prediction in~26!. Such a measurement is even mo
challenging thanK1→p1nn̄ becauseKL decays in flight
and the final state kinematics are, therefore, more uncer

By-products of searches forK→p1‘‘ missing energy’’ are
constraints on nonstandard new interactions which migh
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R4 53WILLIAM J. MARCIANO AND ZOHREH PARSA
induced by horizontal gauge bosons, leptoquarks@17#, ex-
tended technicolor, etc. Such interactions could give rise
an amplitude

2
GF

A2

mW
2

L2 s̄gm~a1bg5!dn̄LgmnL8 , ~27!

wheren andn8 may or may not be the same flavor andL is
the scale of the new physics. Ifa is of order 1, then a mea
surement of B(K1→p1nn̄) at the 10210 level probes
L.30 TeV and a measurement ofB(KL→p0nn̄) at
3310211 probes L.57AuImauTeV. ‘‘Missing energy’’
searches can also be used to constrain@5,10,18# K decays
into neutral weakly interacting particles other than neutrin
such asK→p1axion, familon or photinos (g̃g̃).

Next, we would like to discuss two not so well-know
decays of theKL ~or KS at an even more suppressed lev!
that follow from ~1!, KL→nn̄g and KL→nn̄ ~if neutrinos
have mass!. Both are likely to only be of academic interes
since they would be even harder to detect thanK→pnn̄.
Nevertheless, we feel that a discussion is useful for co
pleteness as well as the off chance that it may inspire exp
mental creativity. Also, searches for those modes may pr
useful for uncovering or bounding other ‘‘new physics’’ sc
narios.

We first consider the radiative decayKL→nn̄g. An ear-
lier study @19# of that decay considered only doubly wea
amplitudes corresponding to the decay ch
KL→gZvirtual→gnn̄ and found an extremely small branc
ing ratio of ;10218. That contribution is, however, not th
leading effect. The diagrams in Fig. 1, which follow from th
interaction in~1!, are in fact dominant. Those amplitudes a
analogous to what are called ‘‘structure-dependent’’~SD!
amplitudes inK1→e1neg decay@20#. Both proceed through
a chain K→gKvirtual* followed by K virtual* decay to lepton
pairs and are therefore not helicity suppressed. We can
pass hadronic form factors by relatingKL→nn̄g to the well
studied SD part ofK1→e1neg. The hadronic vector curren
in ~1! dominates. It is approximately related to the structu
dependent vector ~SDV! current contribution to
K1→e1neg via

G~KL→nn̄g!SDV.
1

l2 S a~mZ!

p sin2uW
D 2S (

i 5e,m,t
uReCi u2D

3G~K1→e1ng!SDV. ~28!

Using B(K1→e1neg)SDV.1.231025, tKL
/tK1.4.18,

and the values of ReCi in ~9! then implies

FIG. 1. Structure dependent contributions to the de
KL→nn̄g.
to

,

-
ri-
e

y-

e

B~KL→nn̄g!SDV.2310213. ~29!

For completeness, we also give the approximate pho
energy spectrum~neglecting form factor attenuation!

1

G~KL→nn̄g!SDV

dG~KL→nn̄g!SDV

dx
520~x32x4!,

~30!

where

x52Eg /mKL
. ~31!

The structure dependent axial-vector SDA contribution
KL→nn̄g goes through directCP violation in ~1!. That con-
tribution is suppressed by 1/4uImCi u2/uReCi u2.1/64 relative
to SDV.

Our result in~29! is five orders of magnitude larger tha
the previous estimate@19#. It is, however, still outside the
realm of experimental accessibility. Nevertheless, it might
useful to search for that decay or place a bound on its oc
rence. It is possible that such a decay might be enhance
some models. For example, aCP-violating axial vector had-
ronic amplitude would not contribute toK→pnn̄ decays but
could give rise toG(KL→nn̄g)SDA.

If neutrinos have mass, the interaction in~1! can give rise
to KL→nn̄ via the hadronic axial-current in~1!. That decay
amplitude is proportional tomn ; so, only thent might give a
non-negligible contribution. Its mass bound,mnt

&24 MeV

leaves some room forB(KL→ntn̄t) at the 10210 level, as we
shall see. In addition, a relatively heavymnt

.10 MeV has
been suggested in some cosmological scenarios@21#.

To compute the rate forKL→nn̄, one must distinguish
Majorana and Dirac neutrino cases. In the massless limit,
two cases are the same, but when mass plays a crucial
they will differ @22,23#. For a given neutrino mass, we fin
that the decay rate into Majorana neutrinos is a factor o
larger than the case of Dirac neutrinos. That overall fac
results from a factor of 2 enhancement of the amplitu
which gets squared times12 for identical particles in the fina
state.

From the axial-vector hadronic current interaction in~1!,
we find for Majorana neutrinos

B~KL→n in i !5
Gm

2 f K
2 a2~mZ!

4p3 sin4uW
uReCi u2mKL

mn i

2

3S 12
4mn i

2

mKL

2 D 1/2

tKL
. ~32!

~For Dirac neutrinos, that quantity should be multiplied
1/2.) From~32!, we find

B~KL→n in i !51.331026uReCi u2S mn i

1 MeVD 2S 12
4mn i

2

mKL

2 D 1/2

58310213S mn i

1 MeVD 2S 12
4mn i

2

mKL

2 D 1/2

.

~33!
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If the neutrino mass is;10 MeV, one expects a
B(KL→nn).10210. Trying to measure that branching rat
would be extremely difficult. First one must tag theKL and
then determine that it actually decayed into ‘‘nothing
Given the long lifetime of theKL , such a determination is
perhaps impossible at the 10210 level.

For comparison, we recall the branching ratio f
p0→n in i in the case of massive Majorana neutrinos

B~p0→n in i !.3310212S mn i

1 MeVD 2S 12
4mn i

2

mp
2 D 1/2

.

~34!

That formula is a factor of 2 larger than those in t
literature @24,25# which were derived for Dirac neutrinos
Bounding that decay is easier because ap0 can be efficiently
tagged and once that has been done, the shortp0 lifetime
guarantees it must decay in the detector. Nevertheless,
in that case, reaching the 10210 level is extremely challeng
ing. Current experiments probe;8.331027 @26#.

It is possible that some new interaction contributes
KL→nn ~or p0→nn) and enhances its branching ratio. If
were in the s̄d axial-vector current, it would allude
K→pnn̄ searches. Also, there might be other weakly int
e

en

o

-

acting neutral particles that could contribute
KL→nothing. For example, photinos (g̃) with masses
;100 MeV might be emitted with;1028 branching ratio,
depending on the loop structure and magnitude that indu
s̄dg̃g̃ interactions@27#. We note, however, that photinos i
that mass range present cosmological problems.

In conclusion, we have refined the predictions f
K1→p1nn̄ and KL→p0nn̄ in the standard model by in
cluding isospin violating quark mass effects and some e
troweak loop differences withKe3 decays. Those interestin
rare decays can serve as theoretically clean laboratories
measuring quark mixing parameters and searching for n
physics. The experiments are very challenging, but wit
the realm of being possible and certainly worth the effort. W
have also given standard model predictions forKL→nn̄g
and KL→nn̄ ~if neutrinos have mass!. Those decays would
be interesting to explore, but their detection looks essenti
impossible. New ingenious experimental ideas are requir
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