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Following a remark advanced by Feynman, we study the connection between the form of the
nonlinear vertices involving gauge particles and the Abelian gauge invariance of physical tree am-
plitudes. We show that this requirement, together with some natural assumptions, fixes nniquely
the structure of the Yang-Mills theory. However, the constraints imposed by the above property are
not sufficient to single out the gauge theory of gravitation.

PACS number(s): 11.15.Bt

I INTRODUCTION

In the Yang-Mills theory, the source of the Yang-Mills
fields is the conserved color current. Since these fields
carry color, these will self-interact leading to a non-
Abelian gauge theory [1]. Similarly, the source of the
gravitational fields is the energy-momentum tensor, a
quantity that is locally conserved. These fields carry en-
ergy and momentum and hence must couple to them-
selves. The non-Abelian gauge theory of gravitation,
which is invariant under local gauge transformations, is
identical to Einstein’s theory [2]. There has been much
fundamental work on basic aspects of the non-Abelian
gauge theories [3~9]. Feynman 3] has shown that in
these theories the tree amplitudes involving free exter-
nal gauge fields must be invariant under Abelian gauge
transformations of the external fields. He remarked that
this property may be used in order to investigate, in an
alternative way, the structure of the nonlinear graviton
. interactions. '

The purpose of this work is to study the question of
whether the above property of physical tree amplitudes is
sufficient to determine completely the form of the nonlin-
ear interactions between the gauge particles. We consider
this problem in Sec, I, first in the simpler context of the
Yang-Mills theory. We assume that the nonlinear inter-
actions between the gluons are local and involve only di-
mensionless coupling constants. We find that in this case
the answer to the above question is affirmative, basically
because of the absence of gluon vertices of higher degree
than four, In Sec. 111, we work out the corresponding ex-
pressions for gravity, whose algebraic complexity is much
greater. We assume that the interactions between the
gravitons are local and involve only two derivatives of
these fields. This allows for the presence of graviton self-
couplings to all orders. In the gravity case, it is always
possible to make a local redefinition of the basic fields
such that the physical amplitudes will be the same [9].
We argue that, even accounting for this possibility, the
Abelian gange invariance of the tree amplitudes does not
yield enough constraints to fix the form of the nonlinear
graviton couplings.

We report for simplicity only the results for pure gauge
theories, since the problem we study is basically con-
nected with the self-interaction of gauge particles. We
have verified that the introduction of matter fields adds
only a further algebraic complication, without medifying
the above conclusions. Finally, we mention that other
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interesting aspects of tree amplitudes in gauge theories
have been discussed recently in the literature [10-12].

II. THE YANG-MILLS THEORY

We start with the Yang-Mills case, characterized by a
gange field A2, where a denotes the color index and « is
a Lorentz index. The quadratic part of the Yang-Mills
Lagrangian :

Loy (A) = 3 (9pA2 — 8.A3) (9pAL - 8,43), (1)

is invariant under the Abelian gauge transformation

AS —s AT + B, (2)
This leads in momentum space to the free equation of
motion '
(ragk® = kakg) 45 (k) =0, (3)
which is invariant under the gauge transformation
AL (k) = w®kq. o 4)

We now consider the interactions between the gluons,
which we assume to be local and characterized by di-
mensionless coupling constants. This natural assumption
allows for vertices involving three gluons with one deriva-
tive term and four gluons with no derivatives, but pre-
cludes the presence of higher-order gluon self-couplings.
In this case, using Bose symmetry and Lorentz invariance
and disregarding total derivative terms, we can write the
interaction Lagrangian as

E{[M (A) = (g fabe + €0 dabe) (BVA;)AI::A:; + (o fabe fede
+I dabedcde + l2 6abacd)Af;A3AzAﬁ
+ (I3 dapedede + la Sabdea) AﬁAﬂAf,Aﬂ- (5)

Here f.p. denote the antisymmetric color structure con-
stants of the gauge group SU(N), and d,p. are the sym-
metric color factors. The coupling constant g sets the
scale of the gluon interactions and ep,l; are dimension-
less couplings, which must be determined.

We proceed by imposing the condition that the gluon
tree amplitudes should be invariant under the Abelian
gauge transformation given by (4). This property [3] fol-
lows in consequence of the fact that the external lines
satisfy the free equation of motion (3). We use this
constraint on the three-gluon vertex shown in Fig. 1(a)
and perform a gauge transformation on the field A% (k,).
Since the trilinear gluon coupling proportional to ¢ fe.
satisfies identically the above constraint, when we make
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FIG. 1. Basic {ree diagrams involving gauge particles. All
momenta are inwards with Z k; =0.

use of momentum conservation, we find the condition
that

eo (kzg ksy — k2 - kangy) w® dase A (kz) A5 (ks) = 0. (6)

Because ks and k3 are arbitrary and independent mo-
menta, this equation requires the vanishing of the coun-
pling constant eq:

€g = 0. (7)

Therefore, in this case the Abelian gauge invariance de-
termines basically the structure of the trilinear vertex.
As we shall see, this special feature does not occur in
the gravity case, which is much more complicated alge-
braically.

We now evaluate the contributions from the graph in
Fig. 1(b) and its permutations to the gluon-gluon scat-
tering amplitude. In order to perform these calculations,
it is simpler to use the Feynman propagator 7, /¢*. In
view of the Abelian gauge invariance of this amplitude,
we must equate the negative of the gaunge variation of
these contributions to the corresponding variations as-
sociated with the four-gluon vertex shown in Fig. 1(c).
Then, under a gauge transformation of the gluon field
A% (k1), we find that

[6 tree]lc = —'gzlfabefcde (klﬂﬂav + klaﬂﬁ‘y - 2’01771.50)

+fucefbde (kl-ynaﬂ + klo‘ﬂ.@‘r - 2k1ﬁ7hra)]
xw® A4 (ka) AS (ka) A% (ka), (8)

where we have used the Jacobi identity

fabefcde + faccfdbe + fade.fbce =0 (9)

to eliminate contributions proportional t0 fade fee-

We can now express the gauge variation on the left-
hand side of (8) in terms of the parameters introduced in
{(5). Using relations such as

2
fabe.fcde = "ﬁ‘ ('Sac(sbd - Jadsbc) + daceddbe - _adedbce-;
(10)
and identifying the coefficients of the independent struc-
tures appearing in (8), we obtain the relations

2 2
g 2 g
= e = e 2 = ], = = <y 1
L I3=1 e I Iy N(lo 4) (11)

We thus see that the parameters I; have not been fully de-
termined by the gauge invariance property of the gluon-
gluon scattering amplitude, However, we can now apply
this condition also to the five-gluon tree amplitude rep-

ks ks ks
ke ks ks kg
k3 kg

ky [y kg Ky ks kg
(2) (v} (s}
FIG. 2. Higher-order tree amplitude containing nonlinear
couplings of gauge particles.

resented by diagrams such as the one shown in Figs. 2{a)
and 2(b). Because of the absence of direct five-gluon cou-
plings, and using Eqgs. (11), it is straightforward to show
that this constraint yields a further relation:

Iy = g%/4. (12)

Together with (11), this relation implies the vanishing
of the coupling constants I; (i = 1,2,3,4). Substituting
these results in Eq. (5), and using (1) and (7}, we arrive at
the well-known expression for the Yang-Mills Lagrangian

Lym(A) = § (0842 — aAf + g farcALAS)
x (aﬂAg — 85 A% + g faprar AL Afg') . (13)

- IIL. THE GRAVITATIONAL FIELD

In this case, it is convenient to introduce a symmetric
tensor field h,, representing the deviation of the metric
tensor gy, from the flat space Minkowski metric 5,

Gpv = M + £ huv’ (14)

where & is the usual gravitational constant. Gauge sym-
metry and Lorentz invariance enable us to get the lin-
earized gravitational Lagrangian

£2(h) = ';'huv)ahw,a - %hnﬂ,ahwn

+hpy,ahcxv,u - huu,uh_ua,cn . (15)

where the index after a comma indicates differentiation.
Although we are not making explicit the distinction be-
tween up and down indices, the Minkowski metric tensor
v is implicitly present in all the contractions of pairs
of identical indices (e.g., hpu = Wb )-

It is easy to verify that the above Lagrangian is invari-
ant under the Abelian gauge transformation

Buy = by + € + € - (16)

By varying this Lagrangian one obtains in momentum
space the equation of motion satisfied by a free graviton,

(kz"?a#nﬁv - kukaﬂﬁu - k#kﬁnau + kakﬂﬂuv) h,uv(k)
‘ =0, (17)

which is invariant under the gauge transformation
by (k) = ko€ + kub.

In order to proceed, we need to parametrize the general
structure of the graviton seM-interactions, which we as-

(18)
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sume to involve products of fields with two derivative
indices. The algebraic compiexity is now so great that
we have made use of computer algebra to do the calcu-
lations. We start constructing the three-graviton vertex
L3 as a sum over all possible independent trilinear prod-
ucts of fields with two derivative terms. When we write
all such possible products and use Lorentz invariance, we
find an expression involving 16 independent constants a;:

o (h) = n(alhm,hag,“h,,a,g +azh oo, hup g
tashyhya,abup,s + asbpnbuahop,s
tashuhap phapy + aehyuhpe,ghyes
+arhpuhoa,phvas + ashuuhue, has,s
Foghuhyu,ahap,s + ar10huuhve oo
+e11hphaa gy + a'12hpvhcxa,_uh,6ﬁ,u
taishubpa s o + Grabuhue ghus o
+a15h,u._uhua,ﬂhu[3,o¢ + alﬁhuuhvv,ah,@ﬁ,a)- (19)

The next steps are done in correspondence with the
ones in the Yang-Mills theory. We attempt to determine
these constants, using the requirement of gauge invari-
ance under the transformation (18) of the three-graviton
vertex associated with Fig. 1(a). Using the equation of
motion (17) for the free gravitons and momentum con-
servation, this results in a set of seven independent equa-
tions for the 16 parameters, which yield the relations

a1 = ayq —6ag —6ais — 8aig — 8ayo — 4a11 — 4ay,
gz = —6ag — 8a1s — 815 — 8axg
+a13 — 2ayn — 2a9 — 4a12,
ez =2 ais +126g + 16 a6 + 16 a0
—2e13+4e11 +409 +4e12 —ag, (20)
a4 = —ayq + 2a15 — 213,
as = 3ag +3ays +4as +4ai +2a11 + 2ay,
ag = —2a35 + 2 a3,
2&7 = —3&3 — 30,15 —4&16 - 4&10.
We remark that after inserting (20) into (19) the resulting

expression is such that the coefficient of @14 is a total
derivative. '

|

In contrast with the situation in the Yang-Mills theory
[see Eq. {7)] we see that in this case we do not have
enough conditions to determine all the parameters of the
trilinear graviton couplings. All we can do is to express
£3 as a function of the parameters that appear on the
right-hand side of Eq. (20), which we denote collectively
to be the set & = ag, ..., 1.

It is appropriate to comment here on the possibility of
making a local transformation of the fields so that

h’,'u.v = h,u-V + N(Alﬂ.uv (haa)z + Azn}svhaﬁhﬁa
+A3h.uochua -+ A4huuhaa) + -y, (21)

where the ellipsis denotes terms of higher order in k. Note
that the Abelian gauge transformation (18) is the same
for both fields k. and Aj,. Since the terms of order
in (21) involve four arbitrary parameters, it is possible
to make a redefinition of the fields such that the number

~ of independent parameters in (19) may be reduced from

9 to 5. Even allowing for this possibility, we see that,
in contrast to the Yang-Mills case, there remains a basic
indetermination of the trilinear graviton couplings.

Following the analysis done in the Yang-Mills case, we
may evaluate the contributions from the graph 1(b) and
its permutations to the graviton-graviton tree amplitude,
in terms of the parameters present in the set d. Since the
gauge invariance condition of the physical tree amplitude
should be valid for any gauge-fixing term added onto (15),
it will be convenient to choose this so that the graviton
propagator becomes [3]

Prvop(d) = (Muathp + Muplva — Tullag) /24 (22)

(We have verified, in the case of the gravitational Comp-
ton scattering by scalar particles, that no additional
information is obtained by considering a more general
class of gauges.) The result of this evaluation, involv-
ing quadratic functions of the parameters &;, which are
excessively long to write down here, will be employed
subsequently.

Next we must parametrize the structure of the four-
graviton vertex £* indicated in Fig. 1(c), in terms of all
possible gquadrilinear products of fields with two deriva-
tives indices. Proceeding in this way, we find for £* the
following expression involving 43 independent constants:

LAR) = K2 (brhu huvhap,ohans + baluphunhas ohaps + bk hac,ghops + bahuwhauhsp oPup.p
+os b huvhag,ahgp,p + bﬁh#ﬂhwhaﬁ,ahﬂp,p + brhuphuvhog phap,p + bshuphusbaa,shops
+59hwhaﬂhﬁﬁ,phav,p + bloh#vhaﬁhau,vhpp.ﬁ + bilhwhaahﬂ#.ﬁhw.p + blzh#vha#hﬁv,ﬂhap,p
t+biahuvhaahpu,phepe + bl4hwhaahﬂ#,vhpp,ﬂ + bl5huvhauhﬁp,ﬁhav.p + blehnuhavhav,ﬁhﬁp,p
+b17hpyhavha,6,phvp,ﬂ + blshyvhaﬁhap,#hvp,,ﬁ + lehuuhaphﬁp,Vhﬁp,a + b20h,u,vha;thﬁp,ahﬁv,p
+o21lunhachss whpu,p + bashuhaphuphass + bashuhaalspuhspe + b2ahuwhaphap, o,
+525huvhanhﬁm9h0ﬁ,p + b26huvha#hﬁv,ahﬁp.p + bZTh#vhwhaﬁ,thﬁ,p + bZBhuvhaﬂhaﬁ,phw,p
+haohuvhaphap,ultve,p + bsohuaphop,yhep,e + bs1hu b hap,ehpp, + bazhuvhauhss v hop o
+633hwhauhﬁvmhaﬁ,ﬂ + b34h##havhﬁﬁvvhm,a + b35h##hvvha&;ﬁhﬂp,p + b36h#uhavhﬁﬁ,vha.ﬂ,p
Foarhuhaphas,phspy + bashuwftaahpu,ohsr,s + bashu haphushiap s + baohu haphap uhpe,
+b41hnﬂhavhav,ﬁhpp,ﬁ + b42huvha.ﬂhaﬂ,uhﬂp,v + b43h#vhaﬂhﬁv,ahm,ﬂ)- (23)
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From the gauge invariance condition, one expects that
a change in the gravitational field 6k, given by (18),
should have no effect on the graviton-graviton tree am-
plitude. Imposing this requirement and using the results
mentioned in the previous equations, we obtain a relation
that can be written in correspondence with (8) as

(6 tree(bs)],, = — (6 tree(d)]yy » (24}

where [§ tree},, represents the gauge variation associated
with the diagram in Fig. 1(b} and its corresponding per-
mutations. It is expressed as a function of the inde-
pendent coupling constants &; left over from the anal-
ysis of the trilinear graviton vertices. The left-hand
side of Eq. (24), denotes the gauge variation result-
ing from the contributions associated with the graph in

Fig. 1(c), which is a function of the independent con-
]

stants by - - - by3, which parametrize the four-graviton ver-
tex in (23). : _
We now gather together the terms with the same struc-
ture and set the coefficients of all independent struc-
tures in (24) equal to zero. We then obtain a system
that comprises 27 algebraically independent equations,
expressing certain linear combinations of the b; in terms
of quadratic functions of the parameters a;. Clearly, this
set of independent equations cannot determine all the
parameters b;, nor can it lead to any additional rela-
tions among the ;. The solution of the above system
is given by a set of equations where the 27 coeflicients
b; (i=1, 2,...,26, 27) are expressed in terms of the re-
maining 16 coefficients b; {¢ = 28, 29, ...,42, 43} and of
the parameters @;. We write here explicitly only a few
typical equations:

8by = —4bgg — 8bys + 1241188 + agayz + 16016411 + 6 agag + 16 ar0a11 + 14 agayy + 5 asars + 8agaig
+8agais + 12a15011 + 6&3 + 8&%1,862 = —2byg — 4bsg ~ 2bay —4baz + 2bzs — Bbao — 2bys — Jaeas
—3ay108 ~ daypa11 — 16 afo —4daga10 — 24 a190a + 4 13211 + 4 agas + 8ayzas — 18 a%s 4+ 10a1s5a13
—35a15a10 — 7 agays — 7ais011 — 26 aisag + 11aiga1s — 13% — daiea1n + 12 a16a13 — 36 a15a16 — 32 a16010

—4 agldis — 24 a1gg — 90.'% —16 a%s,

2byg = 2bog +4bgy — 4b3s — 12agag — 40,3 - 4a¥1 —12aq163 — 16 a1pa11 — 8 agay, — 16 a,%o — 16 agap — 24 ajpas

2
—8ai3011 —8agers — 12ay3a5 + 407y — 1daisa1s — Baisaio ~ 4apa1s — daise1; — 6eisas + 16 aj0a13

+a§3 —16 Q111 — 16 a16T13 — 80.150.16 - 32 16010 — 16 Qgl1g — 24 a1y — 9(1.?; —16 afs,

16 627 = 8b42 - 40’90'16 - 4&3 - 3&.9&15 - 4(1,9(110 — 3(190.3 —12 agadi; — 12 1108 ~ 16 1611 — 16 210011

2
—1Zaisa11 — 8aj;.

Although much more complicated in detail, these rela-
tions are basically similar to the one encountered in the
Yang-Mills case [see Eq. {11}]. The crucial difference oc-
. curs when attempting, in parallel to the procedure used
in the Yang-Mills case, to apply the gauge invariance con-
dition to the five-graviton tree amplitude. Now, there
exists a basic five-graviton vertex, shown in Fig. 2(c),
which must be parametrized in terms of the most gen-
eral sum of independent products involving five graviton
fields with two derivatives. This parametrization can be
done in terms of a very large number of new constants,
which we denote by the set c;. Following closely the
analysis after Eq. (24), is is clear that the Abelian gauge
invariance condition will merely lead to some relations
expressing certain ¢; in terms of the remaining ¢; and
of the parameters &; and b; left over from the previous
analysis.

It is evident that this behavior is quite general, in view
of the fact that the graviton self-couplings occur to all
orders. We thus conclude that the constraint of Abelian
gauge invariance of the physical tree amplitudes does not
determine completely the from of the nonlinear graviton
interactions. It is only when we impose the condition
that the theory should be invariant under (infinitesimal)
non-Abelian gauge transformations,

(25)

huy = By + &up + & ‘
+K (ﬁihau + gz;hcm + £Uh,u.v,o') 1 (26)
that it becomes essentially determined. For example, us-

ing the parametrization given by (19), we find in this
case, for the trilinear graviton vertex,

oy =1+a14, 26z =-3—-2a3;5, az=1-a,
G4 =ag, 2a5=-—1, eag=~1, day =1,
2ag = —1—-20a4s5, ag=—1, 2a10=1, en=1,
2a:0=1, 2033 =20a35—1, 4215 = ~1.

We remark that the structures, which multiply a;4 and
@15, add up to total derivative terms. Since total deriva-
tives are not relevant for our purpose, the above result is
equivalent to the one obtained from the Einstein’s gen-
eral relativity. Then, the theory becomes consistent with
the existence of a locally conserved energy-momentum
“tensor” of matter and gravitation [2].
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