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Skyrme-Maxwell solitons in 2--1 dimensions
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A gauged (2-+1)-dimensiona) version of the Skyrme model is investigated. The gauge group is U(1)
and the dynamics of the associated gauge potential is governed by a Maxwell term. In this model
there are topologically stable soliton solutions carrying magnetic flux which is not topologically
quantized. The properties of static, rotationally symmetric solitons of degree one and two are

discussed in detail. It is shown that the electric field of such solutions is necessarily zero.

The

solitons’ shape, mass, and magnetic flux depend on the U(1} coupling constant, and this dependence
is studied numerically from very weak to very strong coupling.

PACS number(s): 11.10.Kk, 11.10.Lm, 11.27.+d, 12.38.Dc

I. INTRODUCTION

~ The Skyrme model is a generalized nonlinear ¢ model
in 3+1 dimensions [1]. It has soliton solutions which,
after suitable quantization, are models for physical nu-
cleons [2]. The theory is invariant under the group
SO(3)ise of isorotations, and electromagnetism is intro-
duced into the model by gauging a U(1l) subgroup of
SO(3)je0- See [3] for details. The resulting fully cou-
pled Skyrme-Maxwell system is mathematically hard to
analyze, but of considerable physical interest: it is here
that one should compute the Skyrme model’s prediction
for the proton-neutron mass difference for example. In
this context it is worth recalling that in quark models
electromagnetic interactions also break the isospin sym-

metry and are known to produce a positive mass differ- -

ence my — My [4]. The computation of the mass gap
for the Skyrme model (which necessarily involves quan-
tum theory) was first attempted in [5] where the authors
made various approximations based on the smallness of
the fine-structure constant. They obtained a mass differ-
ence of m, — m, = 1.08 MeV.

In this paper we investigate classical properties of a
(2+1)-dimensional version of the gauged Skyrme model.
The model, to be introduced in Sec. II, is a gauged version
of the baby Skyrme model studied in {6,7] and contains
a dynamical Abelian gauge field. It has soliton selutions
which are stable for topological reasons and which carry
magnetic flux. However, the gauge symmetry is unbroken
and the solitons differ from the much studied flux tubes
or vortices in the Abelian Higgs model in that their mag-
netic flux is not quantized. Contrary to the situation in
{3+1)-dimensional Skyrme-Maxwell theory it is possible
to compute certain soliton solutions in our model explic-
itly with moderate numerical effort, and to investigate
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their structure quantitatively. Thus we study the depen-
dence of the magnetic flux and the solitons’ mass on the
electromagnetic coupling constant, assess the back reac-
tion of the electromagnetic fleld on the matter fields, and
make some semiquantitative statements about the long
range intersoliton forces.

Very recently, a gauged (2+1)-dimensional Skyrme .
model has been considered with éither Maxwell or Chern-
Simons dynamics for the gauge field [8]. However, the
gauge symmetry which is imposed in that paper leads to

" a model significantly different from ours.

II. GAUGING THE BABY SKYRME MODEL

The model we want to study is defined on (2+1)-
dimensional Minkowski space, whose signature we take
to be (—,+,+). Points in Minkowski space are written
as (t,x) or simply z, with coordinates z%, @ = 0,1,2,

- and the velocity of light is set to 1. We will mostly be

concerned with static fields and sometimes use the label
i = 1,2 for the coordinates of the spatial vector x. The
basic fields are a scalar field ¢ describing matter and a
U{(1) gauge potential A, for the electromagnetic field.
More precisely, ¢(z) is a three-component vector satisfy-
ing the constraint ¢ - ¢ = ¢? + ¢2 + ¢Z = 1, thus lying
on a two-sphere which we denote by S2.

The model is a gauged version of the baby Skyrme
model studied in detail in [6,7]. The Lagrangian consid-
ered there is invariant under global isorotations of the
field ¢ about a fixed axis n € 83. Taking n = (0,0,1)
for definiteness such a rotation can be written in terms
of the rotation angle x € {0,27) as

(1, b2, P3)

— (cosx ¢y + siny¢s, —sinxed, + cosxdz, b3), (1)

We write SO(2);;, for the group of such rotations.

Here we couple electromagnetism to the baby Skyrme
model by gauging the SO(2);5, symmetry. Thus we re-
quire invariance under local rotations
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¢ — O(z)o, (2)

where O(z) is an SO(2);,, rotation matrix which depends
on z. For infinitesimal rotation angles (z), this becomes

¢—=>P+enx . (3)

The Abelian gauge field A, transforms as Ay — Ay —
3., so we define the covariant derivative via

Do =8ad+ Aan X &. (4)

Finally we define the curvature or field strength F,g =
OaAg — Og A, with electric components E; = Fjy and the
magnetic component B = Fj;. Thus we can write down
the Lagrangian of our model;

L= —Hfdza:(%(Dagb)z -+ i\ai(pazp X Dg¢)?
+pi(l—n-¢) + Z;;EFGZB) . (5)

The first term is a gauged version of the O(3) o model La-
grangian (see [9]), the second is a ganged Skyrme term,
the third term may physically be thought of as a pion
nass term [7], and the last term is the usual Maxwell La-
grangian. There are four free parameters in this model.
H has the dimension energy, A and 1/u are of dimen-
sion length while g represents the coupling strength to
the gauge field and is also of dimension length. We will
discuss our choice of parameters in further detail below,
but for the time being we fix our energy scale by setting
H=1.

It is worth recalling that the Skyrme term is necessary
in the (ungauged) Skyrme meodel to prevent soliton so-
lutions from collapsing to singular spikes. In the gauged
model, however, the Maxwell term has the same scaling
behavior as the Skyrme term, which suggests that there
could be stable solitons in a “Skyrme-Maxwell theory
without a Skyrme term.” This possibility is studied in
[10]. Here we retain the Skyrme term hecause we are also
interested in properties of soliton solutions in the limit
of vanishing electromagnetic coupling. The Skyrme term
ensures the existence of stable solitons in this limit.

The Euler-Lagrange equations for this model can be
written conveniently in terms of

Jo =@ X Dop+ AN2Ddp(DP - ¢ x Dob) (6)
and the conserved current

ja=n'|]a. (7)

They read
DI =p’nx ¢, (8)
8o F* = g%j°. (9

The second equation has three components which we
want to write explicitly in terms of the electric and mag-

netic field, for later use. The # = 0 component is Gauss’s
lawr:

E; = jo. (10)

The remaining two equations are particularly simple
when expressed in terms of polar coordinates (r,8) for
x. Defining polar and radial coordinates of the current j
via jo = T1ja—®2f1, Jr = (®151+%272)/7 and analogously
for the electric field E;, we obtain

6E, 18B

—_—_——_— = 2z
ot rog I
an 33 _ 2.

The energy E of a configuration (¢, A,) is the sum of
the kinetic energy

1 22 1
(12)
and the potential energy

v=s / d*z ((qub)" +(D2¢)* + N*(D16 x D2’

+24*(1-n- @) + 5332) - (13)

In this paper we are only interested in finite-energy
configurations, so we require that for all ¢

lim ¢(t,%) =n. (14)

This boundary condition allows the Euclidean space R?
to be compactified to a topological two-sphere 82 so that,
at a given time £, fields ¢ may topologically be regarded
as maps

¢:8% = 8. (15)

Such maps are topologically classified by their degree @,
which is an integer and can be calculated via

Q= ZI;F Lg o - (816 X 830) . (16)

The degree is a homotopy invariant of ¢ and therefore
conserved during time evolution,

II1. STATIC SOLUTIONS

It is a well-known and important feature of the O(3)
o model and its generalization to baby Skyrme models
that the potential energy of a configuration is bounded
below by the modulus of its degree (or a suitable multiple
thereof). A similar result holds in our model, but its
proof requires a little work. In {10}, where the potential-
energy functional
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Vil 4 = 5 [ Pa((Dr8)? + (D)
+(1-n-¢)* + B

is studied in detail, it is shown that V,,.[¢, 4;] is
bounded below by 4n|Q|. Thus, changing variables in
the expression for V' via x — px, and discarding the
positive definite Skyrme term we have the inequality

(17)

Vi, Al 2 %fdzw ((131<i-'>)2 + (D20)°
+2(1—n-¢) + ’—;;Bz) . (18)

Now note that, since 0 < (1 —n - ¢) < 2, it follows that
(L-n-¢) > 2(1-n-¢)? Thus we also deduce

Vi, Al ; [ dzm((m)z + (D20p)?

2
+(1—n-¢)? + %Bz) : (19)
If #/g > 1 it then follows immediately that
V[rr’)l At] 2 Vaux[(i’? A‘l-] 2 4:?T|Q| . (20)
If u/g <1, on the other hand, we have
p* I
V[qb: A‘I] = _2'Vaux[¢a Ai_] > 4"’7—]@] . (21)

92

w

In both cases we have therefore found a topological lower
bound for the potential energy V.

Our next goal is to find static configurations of given
degree n > 0 which minimize the potential energy V. To
find these we exploit the symmetries of our model. Both
V and @ are invariant under spatial rotations and trans-
lations x — Rx 4 d, where R is an SO(2) matrix and
d a translation vector in R?, and under global SO(2);,
rotations defined earlier (1). They are also invariant un-
der simultaneous reflections in the Euclidean plane and
on the 87 manifold:

(z1,22) = (—21,22),

(¢1’¢21¢3) —* (—¢15¢’21¢3) .

Physically one may .think of this transformation as si-
multaneous electric charge conjugation and parity oper-
ations.

Translationally invariant fields necessarily have degree
zero, but it is possible to write down fields of arbitrary de-

(22)

'
£+ X%@%in? f) + JF;{[2(zu-)' — a]X%asin®f + X2rf'a®sinf cosf + 1} — @%sinf cosf — plsinf = 0,

gree which are invariant under the reflection (22) and un-
der a combination of a rotation by some angle x € [0,2x)
and an isorotation by —nyx. The appropriate ansatz for
the scalar field ¢ is, in terms of polar coordinates (r, )
for x,

sinf(r)cosnd
sinf(r)sinnd

cosf(r)

This is a two-dimensional version of the hedgehog ansatz
used in the three-dimensional Skyrme model [11].

Here we consider configurations with their symmetry
center, defined by ¢ = —n, at the origin. Under the
reflection (22) the gauge field transforms as

‘ib("" 9) = (23)

AG — _AU) A¢ — “'Ar; AG s ABa (24)
with the polar and radial coordinates of A; defined anal-
ogously to those of j; before Eq. (11). Thus the require-
ment of rotational symmetry and reflection symmetry im-
plies the following form for the gauge potential:

Ao = A, =0, Ag=na(r), (25)

~ where a is an arbitrary function and the factor n is intro-

duced for convenience. For such a gauge field the electric
field vanishes, and the magnetic field is given by

B=n—.

: (26)

To ensure that the field is regular at the origin we
impose

f(®)=kmr, ke Z, anda(0) =0, (27)

and the finite-energy requirement implies for the function

f
lim f(r)=0.

OO

(28)

With these boundary conditions the topological charge
@ of the hedgehog configuration {23) is equal to —n if
k is odd and zero otherwise [6]. In the following we will
restrict attention to k = 1. '

For configurations of the form (23) and (25) the current
Jo has only one nonvanishing component, namely o:

jo =n(1+ a)(1+ A2f'%)sin®f . (29)

The electric field vanishes and the magnetic fleld is in-
dependent of @, so only the # component of the Euler-
Lagrange Eq. (9) is nontrivial. Thus the field equations
{8) and (9) imply two equations for a and f, which read
as follows:

(30)
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where @ = n{a +1)/r, and

a' - d = P+ N el (31)
Note that ¢ = 0 is not a solution of the second equa-
tion. Since other constant solutions are forbidden by the
boundary condition (27) it follows that all solutions will
have a nontrivial magnetic field given by (26).

We will discuss the solutions of (30) and (31) in detail
in the next sections, but first we want to address another
" question of principal interest. Are there finite-energy so-
lutions of the field equations (8) and (9) which have a
time-independent purely radial electric field? First we
note that, in two spatial dimensions, finite-energy solu-
tions necessarily have zero electric charge

q=fd2mjo(x).

For it follows from Gauss’s law (10) that the modulus
of the electric field falls off like ¢/r for large ». Hence
the electric energy [d?zE? diverges if ¢ # 0. However,
this argument does not rule out finite energy sclutions
with a nontrivial but spherically symmetry charge distri-
bution which integrates to zero. Like, for example, the
hydrogen atom such a distribution would only produce
a short-range electric field. We claim that this possibil-
ity is not realized in our model. To prove this assertion
we must allow for more general fields than considered so
far. In particular we can no longer impose the reflection
symmetry (22) since it eliminates radial electric fields
from the start. Imposing invariance under simultaneous
spatial rotations and isorotations leads to the following
general form for the scalar field:

(32)

sinf(r)cos[né — x(r,t)]
sinf (r)sin[nf — x(r,t)] |,
cosf(r)

(r,0,t) = (33)

where x(r,t) is an arbitrary function of r and ¢. How-
ever, having introduced this function we can immediately
remove it by a gauge transformation which brings (33)
into the standard hedgehog form (23). Thus having fixed
the gauge we write down the most general gange field

which gives rise to a purely radial time-independent elec-
ric field

Ag =o(r), A, =h(r)t, Ap=nalr), (34)

where v and b are arbitrary functions of », The electric
field is then

E; = —[v'(r) + h(r) “’7 : (35)
Inserting this ansatz into the field equations (8) and (9)
leads to a complicated set of coupled differential equa-
tions. Let us first consider the “electromagnetic” equa-

tions (9). The 8 component of the current j, is still given

by (29), so the equation implied by the # component of
(9} is (31) as before. However, both the ¢ and » compo-
nent of (9) now lead to nontrivial equations which read

thsin’f =0,
1
"+ ;v' = g%v(1 + f'?)sin®f.

(36)
(37)

The first clearly implies that h is identically zero. To
analyze the second we first note that v has to satisfy the
boundary condition ¥'(0) = 0 to ensure that the electric
field is regular at the origin and that for large », v(r) has
to tend to O faster than 1/r for the electric field energy
to be finite. However, under these conditions we can
multiply (37) by [ro{r)], integrate both sides over r from
0 to co and finally integrate by parts to obtain

/oo rdr{(v'}® + v2g* (1 + M F P )sin?f] =0.  (38)
0

Since the integrand is positive definite it follows that v =
0 everywhere. Thus v = h = 0, and the functions f and
o satisfy the same equations as before. In particular, the
electric field of the solution vanishes everywhere.

IV. ASYMPTOTIC PROPERTIES

To learn more about the minimal energy solutions of
the rotation and reflection symmetric form (23) and (25)
we need to solve the boundary value problem posed by
the coupled second-order equations (30) and (31) and
the boundary conditions (27} and (28). This requires a
careful analysis of the equations near the regular singular
points » = 0 and r = oo of (30) and (31).

At the origin, f and a behave as follows:

F(r) = w4 epr™ + cpr™ 2, (39)

2 1,2
g2 266l +0568) anso
a(r) = dor® + g _—4n(n T r , (40)

where 82 is the Kronecker symbol, cg and dy are arbitrary
parameters and ¢4 is a function of ¢y, dg, 7, and p.
We already know that f tends to zero for large = (28).

Thus Eq. (31) becomes, for large 7,

H !

re” =a, (41)

which is solved by a constant function or by a(r) = r2.
Since the latter leads to a magnetic field with infinite
energy we conclude that there exist a number a., such
that :

lim a(r) = @eo . (42)

00

Note that the finite-energy requirement does not impose
any restrictions on the value of a.,. Since @, is related
to the magnetic flux

@:/d%B

P = 21na, ,

(43)
(44)

there are also no a priori restrictions on the value of
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the magnetic flux. This should be contrasted with the
situation in the Abelian Higgs model, for example, where
the flux is quantized.

It follows from (42) that Eq. (30) can be simplified for
large r, and becomes

fan _J;_I . (n2(£10:2+ 1)2 +u2) f=0. (45)

The solutions of this equation are the modified Bessel
functions K, (pr), m = nf{ac +1). Thus f is asymptot-
ically proportional to

Kt~ [ [r0(2)]

We then deduce from (31) the asymptotic proportionality

B(r) ~ —%e"z‘”‘ [1 - o( - )] . (47)

2ur

This shows in particular that the magnetic field has no
long-range component.

The solution of {30) and (31) for n = 1 corresponds to
the basic soliton of our model, which we call a gauged
baby Skyrmion. The profile function f of the gauged
baby Skyrmion has the same asymptotic behavior (46)
as that of the ungauged baby Skyrmion discussed in [6].
As explained there the resulting asymptotic forms of the
matter fields ¢, and ¢, are the same as those produced by
two orthogonal scalar dipoles in classical Klein-Gordon
theory. In addition, however, the gauged baby Skyrmion
has a nontrivial electric current distribution with a mag-
netic dipole moment orthogonal to the plane of motion.
Such a magnetic dipole moment does not produce a long-
range magnetic field in (2+1)-dimensional electromag-
petism, but it does carry magnetic flux. Our soliton sim-
ilarly has no long-range magnetic field and also carries
magnetic lux. Thus from afar a gauged baby Skyrmion
looks like a triplet of mutually orthogonal dipoles: two
scalar dipoles in the plane of motion and one magnetic
dipole orthogonal to it.

V. NUMERICAL RESULTS

Having understood the asymptotic properties of
Egs. (30) and (31) it is relatively straightforward to solve
them numerically. We have done this for confignurations
of degree n < 2 by using a shooting method and a relax-
ation technique, with identical results. The more general
study of static multisoliton solutions in the (ungauged)
baby Skyrme model in [6] suggests that minimal energy
configurations have the rotationally symmetric form con-
sidered here for degrees 1 and 2, but are less symmetric
for higher degrees. We expect that the rotationally sym-
metric solutions of degree n > 2 are similarly not true
minima of the potential energy in our gauged model, and
we therefore do not consider them here.

To compute explicit solutions of (30) and (31) we need
to fix the parameters of the model. We can fix the energy

and length scales by setting H = 1 and A = 1, so that we
are working in geometric units where all quantities are
dimensionless. We further choose u? = 0.1 in order to
be able to compare our results with the discussion of the
ungauged baby Skyrme model in [6].

The energy of the solutions for n = 1l and n = 2 is
shown in Fig. 1 as a function of g. When n = 2, the
energy is less than twice the energy of the n = 1 soliton
for all g, so this solution may be thought of as a bound

_state of two gauged baby Skyrmions. From Fig. 1 it

is also clear that the energy shows a dependence on g
very similar to the Bogomol’nyi bound, compare (20) and
(21). For both n =1 and n = 2 it is essentially constant
in the regime g < p, staying approximately 50% above
the Bogomol'nyi bound. Here we find in particular that
in the limit g — 0 the energy of then = 1 and n = 2
solution tends to By = 1.564 x 4% and E, = 2.936 X 4w,
respectively, which agrees with the calculation for the
ungauged meodel in [6]. In the regime g > p, by contrast,
the energy, like the Bogomeol'nyi bound, decreases rapidly
as g is increased further. However, our numerical results
suggest that for both n = 1 and n = 2 the energy tends
to a nonzero limit for g — oco.

The precise dependence of the magnetic flux & on the
coupling constant g is shown in Fig. 2 for bothn = 1
and 2. In the limit ¢ — 0 the magnetic flux tends to
zero, which is what one expects physically and which one
can understand analytically by noting that in the limit
g — 0 Eq. (31) becomes Eq. (41). As we saw in our
earlier discussion of that equation, the only finite-energy
solution is the constant solution. It then follows from the
boundary condition (27) that @ and hence also ® vanish
in this limit. Furthermore, integrating Eq. (31) once and
using lim, .. B(r) = 0 we find

B(0) = ¢* /:o dr (1 + a) (1+ X2fP)sin®f.  (48)

r

Numerically we observe that the dependence of @ and f

T 1 IllIIII

LA T

E/{4nm)

. .
L IlIIIIII ] l||||||| 'T'\-lJ_l!_ll]l J.

-0 PERETT|
0.001 0.01 0.1 1 10

g
FIG. 1. Energy “per Skyrmion” as a function of the cou-
pling constant g for n = 1 and n = 2. The dashed line is a
plot of the Bogomol’'nyi bound, see (20) and (21).
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FIG. 2. The magnetic flux “per Skyrmion” as a function of
the coupling constant g for n = 1 and 2.

on g is small for weak coupling, and that the flux & is
approximately proportional to B(0), so we expect & to
grow quadratically with g for small g. This is precisely
what the double logarithmic plot in Fig. 2 shows: there
is a weak-coupling range (0 < g < u) where log;o® is a
linear function of log,; g with gradient 2. Thus in this
region the magnetic flux of the solutions of degree n =1
and n = 2 is approximately

&~ —Chg?, (49)
where C) =~ 24.5 and C, =~ 31.5.

For large g the flux of the degree n solution tends to
—2qrm for n = 1,2. These are precisely the allowed values
of the magnetic flux in models such as the Abelian Higgs
model where the flux is guantized for topological reasons.
Thus, although there is no such reason for flux quantiza-
tion in our model we observe an effective quantization in
the strong-coupling limit.

To understand the effective flux quantization and the
limit of the energy as g — oo better, we look at the de-
pendence of the gauged baby Skyrmion’s shape on the
coupling g. The function a characterizing the magnetic
field is plotted in Fig. 3(a) for several values of g. Note
in particular that for strong coupling, & tends to a step
function, taking the value 0 at the origin but —1 every-
where else, Thus at strong coupling the magnetic field
is increasingly localized at the origin, This is certainly
consistent with Eq. (31) in the limit of large g, although
it is not obviously implied by it. Note also that ., = —1
implies, via (44), our earlier observation that at strong
coupling the magnetic flux is quantized in units of 2x.

In Fig. 3(b) we plot the profile function f for a range of
couplings. We have not included more plots at weak cou-
pling (g < 1) because the profile function barely changes
in this regime. Thus, as assumed in the calculation of the
proton-neutron mass difference in [5], the back reaction

of the electromagnetic field on the scalar field is negligible
at weak coupling. At strong coupling, however, the pro-
file function changes significantly, and the configuration
becomes more localized. We conjecture that f also tends
to a singular step function in the limit ¢ = co. To jus-
tify this conjecture, consider Egs. (30) and (31). When
@ is the step function described above, these equations
decouple everywhere except at the origin, and the first
equation becomes the Euler-Lagrange equation derived
from the functional

Flf] = fdrr (%f"’ + u;(1 - cosf)) .

Following Derrick’s theorem [12], one readily sees that
this functional cannot yield stable soliton solutions be-
cause of its scaling behavior.

To sum up, we have the following picture for the n = 1
and 2 solitons in the strong-coupling limit: both the
magnetic field and the energy distribution become local-
ized near the origin, tending to singular distributions as
g — co. In this limit, the total energy does not vanish
because of the contributions from gradient terms in the
energy density, and the magnetic flux tends to —27n.

To end, let us look at the solutions of (30) and (31)

(50)

0lwl|lil‘;]lllu111

g =01 -

1 -
~0.5 - .

-0 2 4 6 B 10
r

4’5Ii_l_l'llllllllilllll
L (b)

||l|]l||]ll|ll|lll!

P S T A DA

-
S|
[4]
S

FIG. 3. The function e (a) and the profile function f (b) of
the n = 1 sclution for various values of the coupling constant

a.
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for a particular value of ¢ in more detail. The basic idea
is to treat our model as if its solitons described physi-
cal baryons and its elementary quanta were physical pi-
ons: this allows us to fix the energy and length scale, and
to compute a definite value for the coupling constant g
from the physical value of the fine structure constant.

First we fix the energy scale H by identifying the mass
of a gauged baby Skyrmion with the physical nucleon
mass of 940 MeV. Since for small g the mass of the ganged
baby Skyrmion is virtually independent of g, we pick the
value of the mass at g = 0; this leads to H = 48 MeV.
To find a physical length scale A we note that 1/u is the
equivalent to the Compton wavelength of the pion in the
Skyrme model. Thus we choose A such that 1/p = 1.41
MeV, ie., b = /0.1 x 1.41 fm = 0.45 fm. To compute
Planck’s constant in geometric units we write

A =197.3 MeV fm ~ 9.1(48 MeV)(0.45 fm)  (51)

and deduce that A = 9.1 in geometric units. Finally
we use the physical value of the fine structure constant
a = e*(4nh) ~ 7i=. Here ¢ is the electron’s charge which
is related to the coupling constant g via e = gh. With
£ = 9.1 we conclude g = 0.1 in geometric units,

At this value for g the gauged baby Skyrmion is lighter
than the baby Skyrmion at ¢ = 0 by AFE; = 0.12, which

1_]IIIIIIIIIIIIIrrIIlIiﬁ]I

EE W I A A A

I

8 10
r
0 T T T T

1

~0.01 -

= ]
—-0.02 -
-0.03 _r sl b Ty by g |-
~0 2 4 6 8 10

r
FIG. 4. The energy density (a) and the magnetic field (b)

for n =1 and n = 2 at g = 0.1; the function e plotted in (a)
is the integrand of (13) divided by 4.

is 5.9 MeV in physical units. For the solution with n = 2
the corresponding energy difference is AEy =0.56, which
is 27 MeV in physical units. It is also interesting to look
at the g dependence of the difference between the energy
of the n = 2 solution and twice the energy of the n = 1
solution, which may be interpreted as a binding energy.
In the g = 0 case, this is about 6.6%, but it is 14% when
g = 0.1. Thus the inclusion of the electromagnetic field
leads to a more strongly bound n = 2 soliton.

The precise shape of the solutions for g = 0.1 can be
seen in Fig, 4, where we plot the energy density and
the magnetic field for both » = 1 and 2. The baby
Skyrmion’s energy distribution is bell-shaped and peaked
at the origin, whereas the energy distribution for the soli-
ton of degree 2 is maximal on a ring with radius » = 1.78.

VI. CONCLUSIONS

In this paper we have studied soliton solutions of the
coupled Skyrme-Maxwell system in 2+1 dimensions. The
rotationally symmetric solitons we have considered nec-
essarily carry a magnetic field but the electric field is
zero. The magnetic flux can take arbitrary values, but
in the strong-coupling limit we observe an effective flux
quantization. The soliton mass decreases when the elec-
tromagnetic coupling constant is increased and all the
other parameters of the model are kept fixed. Thus a
baby Skyrmion can lower its mass by interacting with
the electromagnetic field. :

Although the U(1) gauge group is unbroken the baby
Skyrmions’ magnetic field is short-ranged. The reason
for this is that the electromagnetic current carried by
the baby Skyrmion only has a magnetic dipole compo-
nent; in 2-+1 dimensions static magnetic dipoles, how-
ever, have no long-range fields in Maxwellian electromag-
netism. This observation has important consequences
for the interaction of gauged baby Skyrmions. Since the
scalar fields fall off like exp(—~pr) and the magnetic field
like exp{—2ur), the magnetic forces will be negligible
compared to the scalar forces between two well-separated
gauged baby Skyrmijons. Thus, to first approximation,
the forces should be the scalar dipole-dipole forces be-
tween purely scalar baby Skyrmions discussed in detail
in [7].

I[t ]seems to be possible to modify the model in a way
such that the solitons obtain an electric field. This could
be done by replacing the Maxwell term by a Chern-
Simons term. In a recent publication it was shown that a
gauged O(3) o model with Chern-Simons term supports
both topological and nontopological self-dual soliton so-
lutions [13]. Alternatively, one could add an antisym-
metric term which couples gauge and matter fields; like
a Chern-Simons term, such a term is metric independent
and does not contribute to the energy. The investiga~
tion of such a model is in progress and will be reported
elsewhere.
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