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Regularities in hadron interaction energies are used to obtain formulas relating the masses of ground-s
hadrons, most of which contain heavy quarks. Inputs are the constituent quark model, the Feynman-Hellm
theorem, and the structure of the color magnetic interaction of QCD. Some of the formulas can also
obtained from heavy quark effective theory or from hadron supersymmetry. Where data exist, the formul
agree quite well with experiment, but most of the sum rules provide predictions of heavy baryon masses t
will be useful for future measurements.@S0556-2821~96!03111-6#
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Thus far, nobody has succeeded in solving continuu
QCD in the nonperturbative regime necessary to evaluate
masses of hadrons. Consequently, hadron masses have
calculated in lattice approximations to QCD and in variou
models such as potential and bag models. We here adop
alternative approach of exploiting observed regularities
the properties of ground-state hadrons to predict the mas
of hadrons yet to be discovered.

It has been found@1,2# that if reasonable values of con
stituent quark masses are subtracted from the masses o
ground-state vector mesons, then the interaction energy
smooth, monotonically decreasing function of the reduc
mass of the quarks. An analogous result has been found@2,3#
for the ground-state baryons of spin 3/2. Both these resu
can be understood@2,3# from application @4# of the
Feynman-Hellmann theorem@5,6#. Here we exploit the regu-
larities in the hadron interaction energies to obtain sum ru
which relate the masses of different ground-state hadro
The advantage in using sum rules is that they contain diff
ences of hadron masses such that the quark masses ca
Previous authors@7–9# have obtained sum rules relating had
ron masses, but most of the ones we give here are new. S
of our formulas also follow from heavy quark effective
theory @10,11# or from approximate hadron supersymmetr
@12#, sometimes called superflavor symmetry@13#. The ef-
fectiveness of our sum rules is, we believe, a sufficient m
tivation to propose them. They will prove extremely usef
when the systematic search for heavy hadrons will ha
reached maturity: it will then be very convenient to have
set of predictions not linked to any specific theoretical mod
but based on general properties.

Although the Feynman-Hellmann theorem provides mo
vation for the systematic study of the vector mesons a
spin-3/2 baryons, experimental regularities also appear in
masses of ground-state pseudoscalar mesons and spin
baryons. For this reason we also propose sum rules for
masses of these hadrons and for the masses of hadrons
aged over their spin states. For most mesons and for th
baryons containing three different quark flavors, we can o
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tain unique expressions for the spin-averaged masses
terms of the physical hadron masses@14#.

The meson and baryon interaction energiesE( i j ) and
E( i jk ) are defined by

E~ i j !5MM~ i j !2(
i
mi , E~ i jk !5MB~ i jk !2(

i
mi , ~1!

where i , j , and k denote the quarks~or antiquarks! in a
meson of massMM or baryon of massMB andmi denote
their constituent masses. It has been shown@2,3# that, for
reasonable constituent quark masses, theE( i j ) of observed
vector mesons and theE( i jk ) of observed spin-3/2 baryons
are smooth, monotonically decreasing functions of a gene
alized reduced massm:

dE~ i j !/dm<0, dE~ i jk !/dm<0, ~2!

where 1/m5( i1/mi . The motivation for examining the de-
pendence of the interaction energies as a function ofm
comes from the Feynman-Hellmann theorem@5,6#, which
enables us to obtain the inequalities~2! in a Hamiltonian
formalism with certain restrictions on the flavor dependenc
of the interaction@2,3#.

We also use a result of Bertlmann and Martin@15# that in
a nonrelativistic approximation the spin-averaged meso
masses satisfy the inequalities (mi,mj,mk)

2M ~ i j !2M ~ i i !2M ~ j j !>0, ~3!

M ~ i i !1M ~ jk !2M ~ i j !2M ~ ik !<0. ~4!

Furthermore, we use a generalization of~3! and ~4! to bary-
ons @16#:

2M ~ i jk !2M ~ i j j !2M ~ ikk!>0, ~5!

M ~ i i i !1M ~ i jk !2M ~ i i j !2M ~ i ik !<0. ~6!

Where data are available, the inequalities~3!–~6! hold also
for hadrons of definite spin configuration. Using~1!, we see
6678 © 1996 The American Physical Society
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53 6679BRIEF REPORTS
that ~3!–~6! should hold for the corresponding meson an
baryon interaction energies because the quark masses ca
We use these ideas to motivate our proposed sum rules
hadron masses. In particular, we use quantitative estimate
the behavior ofE( i j ), E( i jk ), and their derivatives taken
from the known hadrons and extrapolate to unknown ha
rons.

We begin with the mesons. From the Feynman-Hellma
theorem we deduce that inequality~3! is most likely to be an
equality in the case in which the value ofm in the different
terms varies least. This is the case in which thei quark is
either u or d and the j quark is s. ~We neglect the mass
difference betweenu andd, and denote them byq.) Using
~3! as an equality for vector mesons, we obtain

2K*2f2r50, ~7!

where the symbol for a hadron denotes its mass. This s
rule agrees quite well with the data@17#, but it does not
involve mesons containing heavy quarks and may not
new. Because of the larger changes inm for the heavyc or
b quarks, sum rules analogous to Eq.~7! do not hold for
mesons containing these quarks, but only the inequality~3!.
In obtaining ~7!, we assume that thef is an ss̄ state. We
cannot obtain a corresponding sum rule for the pseudosca
because neither theh nor theh8 is a puress̄state.~They are
mixtures ofqq̄ andss̄ and perhaps glueball as well.!

Sum rules from~4! for vector and pseudoscalar meson
containing one heavy quark are

Ds*2D*1B*2Bs*50, Ds2D1B2Bs50. ~8!

According to heavy quark effective theory@10,11,13#, the
interaction energy in a hadron should not change apprecia
when ac quark is replaced by ab quark. Because the quark
masses cancel in~8!, these sum rules follow from heavy
quark theory. All the mesons appearing in~8! have been seen
experimentally so these equations can be tested. The resu
the comparison with the data@17,18# is shown in Table I
~where all the comparisons between the data, where av
able, and the sum rules to be discussed in what follows,
also given!.

We have many more possibilities to obtain sum rules f
baryons than for mesons because for a fairly large numbe
baryons, the variation of the generalizedm is small. Exam-
ining the systematics, we find that~5! is approximately an
equality if none of the quarks is heavy. We obtain the tw
sum rules for spin-3/2 baryons

2S*2D2J*50, 2J*2S*2V50. ~9!

These two sum rules are well known, and together are j
the Gell-Mann–Okubo baryon decuplet mass formula.

We next turn to sum rules involving at least two baryon
containing a heavy quark. We obtain the sum rules from t
systematics

V1Sb*2J*2Jb*50, Sc*1Vb*2Jc*2Jb*50,

Jc*1Jb*2Vc*2Sb*50, V1Jc*2J*2Vc*50, ~10!

J*1Sb*2S*2Jb*50, J*1Jc*2S*2Vc*50.
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Because each of these sum rules contains the mass o
baryon not yet discovered, they cannot be tested at this tim
On the other hand, these relations~like most of those that
follow! provide approximate values for the masses of th
unknown baryons and await experimental verification. Ou
predictions are summarized in Table II.

The sum rules for spin-1/2 baryons are different from
those in Eq.~10! because the color magnetic energies, whic
depend on quark masses and spin configuration, are diffe
ent. If all three quarks in a baryon have different flavors, the
two distinct baryons exist with a given quark content. Fo
any pair of spin-1/2 baryons containing three different fla
vors, the lighter baryon is the one in which the two lightes
quarks have spin 0, and the heavier baryon is the one
which the two lightest quarks have spin 1, as with theL and
S.

We have not been able to find any sum rules involvin
four baryons if the two lightest quarks have spin 0 (L-type
symmetry!. Sum rules for the case in which the two lightes
quarks have spin 1 (S-type symmetry! are

S1Vc2J2Jc850, J1Sc2S2Jc850,

J1Jb82S2Vb50, Jc81Jb82Sb2Vc50, ~11!

Vc1Sb2Sc2Vb50.

~When two spin-1/2 baryons exist with the same quark con
tent and the same Greek symbol@17#, a prime denotes the
configuration in which the two lightest quarks have spin 1.!
Only the last of the sum rules in~11! follows from heavy
quark theory. Data do not yet exist to test these sum rule
Again, our predictions are listed in Table II.

We have obtained a large number of mass formulas in
volving two baryons and two mesons. We give here those
which no baryon contains more than one heavy quark. W
begin with formulas for spin-3/2 baryons and spin-1 meson

TABLE I. Test of sum rules when all particles’ masses are
known from experiment. Column one gives the sum rule; colum
two lists the actual value in MeV obtained by using experimenta
mass values from the Particle Data Group@17# and from a recent
conference report by Jarry@18#.

Sum rule Violation~MeV!

2K*2f2r50 163
Ds*2D*1B*2Bs*50 565 or 1264 a

Ds2D1B2Bs50 465 or 1162 a

2S*2D2J*50 563
2J*2S*2V50 963

Sc*2J*1f2D*50 862
Sc*2Sb*1B*2D*50 4618a

Sb*2Sc*1Ds*2Bs*50 8618a

Sb2N1K2Bs50 6618a

Eq. ~ 14! 163
Eq. ~ 15! 263
Eq. ~ 16! 8618a

Eq. ~ 17! 3618a

aResults which use any data from Ref.@18#.
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TABLE II. Predicted baryon masses in MeV. Here,MA andMS denote the two spin-1/2 baryons,M*
denotes spin-3/2 baryons, andMB denotes spin-averaged baryons. The predicted masses are determin
where possible, using mass sum rules in which the values of all masses but one are known from experim
If more than one formula exist for a given hadron, an average is taken. The results are exploited to obtain
mass values from sum rules containing more than one hadron with masses not yet measured. The errors
predicted masses are estimated to be up to 20 MeV for a baryon containing one heavy quark, 30 MeV
contains twoc quarks, 40 MeV if it contains onec and oneb quark, and 50 MeV if it contains twob quarks.

Quark content and symbol MB MA MS M*

qqq N D 1086 939a 1232a

qqs L S S* 1270 1116a 1193a 1385a

ssq J J* 1318a 1533a

sss V 1672a

qqc Lc Sc Sc* 2450 2285a 2453a 2530a

qsc Jc Jc8 Jc* 2588 2468a 2582b 2651b

ssc Vc Vc* 2710a 2775
qqb Lb Sb Sb* 5783 5627a 5818a 5843a

qsb Jb Jb8 Jb* 5955 5984
ssb Vb Vb* 6075 6098
ccq Jcc Jcc* 3676 3746
ccs Vcc Vcc* 3787 3851
qcb Jcb Jcb8 Jcb* 7062 7029 7053 7083
scb Vcb Vcb8 Vcb* 7151 7126 7148 7165
bbq Jbb Jbb* 10398
bbs Vbb Vbb* 10483

aInput mass from experiment@17,18#.
bAfter this work was completed, we learned that theJc8 andJc* have been observed@19#. Preliminary values
of their masses are 257364 and 264364, respectively, in agreement with our predictions within our stated
errors.
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J*2Jc*1D*2K*50, V2Vb*1B*2K*50,

Sc*2J*1f2D*50, Sc*2Jc*1K*2r50,

Sc*2Sb*1B*2D*50, Vc*2J*1r2D*50,

Vc*2Jc*1K*2f50, Vc*2Jb*1B*2Ds*50,

Sb*2Sc*1Ds*2Bs*50, Jb*2V1f2B*50,

Jb*2Vb*1K*2r50, Vb*2Vc*1D*2B*50,

Vb*2Sb*1r2f50. ~12!

Several of these formulas can be justified from hadron sup
symmetry or from heavy quark effective theory.

The formulas involving two spin-1/2 baryons (S-type
symmetry! and two pseudoscalar mesons are

Jc82Vb1Bs2D50, Sb2N1K2Bs50,

Jb82Sc1D2Bs50. ~13!

Of these, the first and the third descend from hadron sup
symmetry. We were unable to find formulas involving tw
spin-1/2 baryons (L-type symmetry! containing only up to
one heavy quark, and two pseudoscalar mesons.

Finally, the sum rules involving spin-averaged baryon
and mesons are
er-

er-
o

s

~2S*1S1L!/42~N1D!/21~3r1p!/4

2~3K*1K !/450, ~14!

~2Sc*1Sc1Lc!/42~2S*1S1L!/41~3K*1K !/4

2~3D*1D !/450, ~15!

~2Sc*1Sc1Lc!/42~2Sb*1Sb1Lb!/41~3B*1B!/4

2~3D*1D !/450, ~16!

~2Sb*1Sb1Lb!/42~2Sc*1Sc1Lc!/41~3Ds*1Ds!/4

2~3Bs*1Bs!/450. ~17!

The first three of these equations have been obtained pre
ously @9#. The last two can also be derived from heavy quar
theory. Furthermore, Eq.~17! follows from ~16! with the
help of ~8!.

Some of our formulas contain only masses of known ha
rons. We test these formulas using data from the Partic
Data Group@17# and more recent preliminary data from con
ference talks by Jarry@18# and Alam@19#. We give our re-
sults in Table I. As can be seen from this table, those of o
sum rules which can be tested agree with experiment with
about 10 MeV or less.

Although several theoretical papers have been writte
about baryons containing two heavy quarks@7,8,13,16,20#,
none has yet been observed. We have been able to fin
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rather large number of sum rules involving some baryo
which contain two heavy quarks@21#, but do not reproduce
them here.

If all but one of the hadrons entering a formula have be
observed, we use the formula to predict the mass of the
known hadron. We put these predicted masses in other
rules to obtain still further predictions, using the sum rules
Ref. @21# as well as those appearing here. The predic
masses arising from this procedure are given in Table II. O
estimated errors are 20 MeV or less for sum rules not invo
ing any baryons containing two heavy quarks. The caption
Table II gives our estimated errors each case.

We are unable to use our mass formulas to get predicti
for the baryonsJbb andVbb . However, we can estimate th
difference Vbb2Jbb . From heavy quark symmetry, i
should beVcb8 2Jcb8 595 MeV, while hadron supersymme
try suggests thatVbb2Jbb5Bs2B590 MeV.

If any of our sum rules should turn out to be badly
error, would we learn anything? First, it is highly unlikel
that such an event will happen because enough hadrons
already known to make us believe that the regularities in
interaction energies are much more than coincidenc
Therefore, these regularities should persist in ground-s
hadrons not yet discovered. Second, in the unlikely ev
ns

en
un-
sum
of
ted
ur
lv-
to

ons
e
t
-

in
y
are

the
es.
tate
ent

that an exception is found, it will cast doubt on the flavo
independence of the fundamental interaction between quar

In conclusion, relying on observed systematics of the in
teraction energies of known hadrons, we have obtained
large number of sum rules for the masses of known a
unknown hadrons. In those cases in which the masses of
hadrons entering our sum rules are known from experime
the sum rules agree with experiment within about 10 MeV o
less. This fact gives us confidence that the predictions
unknown hadron masses which follow from the sum rule
are likely to be correct within quite small errors compared t
the masses themselves. We believe our predictions should
a useful guide to experimentalists searching for new hadro
as our results depend on the regularities in observed hadr
persisting to hadrons not yet seen rather than on any spec
model of quark interactions.
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and by MURST~Ministry of Universities, Research, Science
and Technology! of Italy.
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