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Mass sum rules for heavy-flavored hadrons
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Regularities in hadron interaction energies are used to obtain formulas relating the masses of ground-state
hadrons, most of which contain heavy quarks. Inputs are the constituent quark model, the Feynman-Hellmann
theorem, and the structure of the color magnetic interaction of QCD. Some of the formulas can also be
obtained from heavy quark effective theory or from hadron supersymmetry. Where data exist, the formulas
agree quite well with experiment, but most of the sum rules provide predictions of heavy baryon masses that
will be useful for future measuremen{$0556-282196)03111-9

PACS numbes): 12.10.Kt, 12.40.Yx

Thus far, nobody has succeeded in solving continuumain unique expressions for the spin-averaged masses in
QCD in the nonperturbative regime necessary to evaluate thterms of the physical hadron masgéd].
masses of hadrons. Consequently, hadron masses have beenfhe meson and baryon interaction energi@j) and
calculated in lattice approximations to QCD and in variousE(ijk) are defined by
models such as potential and bag models. We here adopt an
alternative approach of exploiting observed regularities irE(ij)zMM(ij)—Z mi, E(ijk)=Mg(ijk)—> m;, (1)
the properties of ground-state hadrons to predict the masses [ [
of hadrons yet to be discovered. o ) )

It has been foundi1,2] that if reasonable values of con- Wherei, j, andk denote the quarkgor antiquarks in a
stituent quark masses are subtracted from the masses of tfi¢Son of masty or baryon of masMg and m; denote

ground-state vector mesons, then the interaction energy is HeIl constituent masses. It has been shg@s] that, for

smooth, monotonically decreasing function of the reducedreasonable constitlient q_uark masses,Et(ieje).of observed
mass of the quarks. An analogous result has been ff,6H vector mesons and the(ijk) of observed spin-3/2 baryons

for the ground-state baryons of spin 3/2. Both these resultg © smooth, monotonically decreasing functions of a gener-

can be understood2,3] from application [4] of the alized reduced mass:

Feynman-Hellmann theore[ﬁ_,6]. Here we exploit the regu- dE(ij)/du=<0, dE(ijk)/du=<0, 2

larities in the hadron interaction energies to obtain sum rules

which relate the masses of different ground-state hadronsvhere 1f=3;1/m;. The motivation for examining the de-

The advantage in using sum rules is that they contain differpendence of the interaction energies as a functioruof

ences of hadron masses such that the quark masses canceimes from the Feynman-Hellmann theoré®6], which

Previous authorg7—9] have obtained sum rules relating had- enables us to obtain the inequaliti€y in a Hamiltonian

ron masses, but most of the ones we give here are new. Sorf@malism with certain restrictions on the flavor dependence

of our formulas also follow from heavy quark effective of the interactior{2,3].

theory[10,11] or from approximate hadron supersymmetry ~We also use a result of Bertimann and Maftlib] that in

[12], sometimes called superflavor symmefg]. The ef- @ nonrelativistic approximation the spin-averaged meson

fectiveness of our sum rules is, we believe, a sufficient moMmasses satisfy the inequalitiesy{<m;<m,)

tivation to propose them. They will prove extremely useful . . .

when the IZysEc)ematic search {‘or hgavy hadrons \)//vill have 2M(ij)—=M(ii) = M(jj)=0, 3

reached maturity: it will then be very convenient to have a

set of predictions not linked to any specific theoretical model

but based on general properties. , _Furthermore, we use a generalization(8f and (4) to bary-
Although the Feynman-Hellmann theorem provides moti-gns[16]:

vation for the systematic study of the vector mesons and

M (ii)+M(jk)—M(ij)—M(ik)<O. (4)

spin-3/2 baryons, experimental regularities also appear in the 2M(ijk)—M(ijj)—M(ikk)=0, (5)
masses of ground-state pseudoscalar mesons and spin-1/2
baryons. For this reason we also propose sum rules for the M (iii )+ M(ijk)—M(iij )— M(iik)=<O0. (6)

masses of these hadrons and for the masses of hadrons aver-
aged over their spin states. For most mesons and for thod&'here data are available, the inequaliti@s—(6) hold also
baryons containing three different quark flavors, we can obfor hadrons of definite spin configuration. Usi(, we see
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that (3)—(6) should hold for the corresponding meson and TABLE I. Test of sum rules when all particles’ masses are
baryon interaction energies because the quark masses candelown from experiment. Column one gives the sum rule; column
We use these ideas to motivate our proposed sum rules féwo lists the actual value in MeV obtained by using experimental
hadron masses. In particular, we use quantitative estimates Bfass values from the Particle Data Grdug] and from a recent
the behavior ofE(ij), E(ijk), and their derivatives taken conference report by Jarfy8].

from the known hadrons and extrapolate to unknown had-

rons. Sum rule Violation(MeV)
We begin with the mesons. From the Feynman-Hellmann 2K* —¢p—p=0 1+3
theorem we deduce that inequali) is most likely to be an Df—D*+B*—B* =0 5+5 or 12+4 2
equality in the case in which the value gafin the different D.—D+B-B.=0 4+5 or 11+2 2
terms varies least. This is the case in which thguark is 232*—A—=*S=0 5+3
eitheru or d and thej quark iss. (We neglect the mass xSk () —
. . 2E*-3*-0=0 9+3
difference between andd, and denote them bg.) Using S*_E*1$-D*=0 g+2
) . =] = +
(3) as an equality for vector mesons, we obtain S¥_31B¥-D*=0 44182
2K* —¢—p=0, 7) Sr-3f+Dt-Bf=0 8i18:
Sp—N+K—-B=0 6+18
where the symbol for a hadron denotes its mass. This sum Eq. (14 1+3
rule agrees quite well with the dafd7], but it does not Eq. (15 2+3
involve mesons containing heavy quarks and may not be Eq. ( 16) 8+182
new. Because of the larger changesuirfor the heavyc or Eq. (17) 3+182

b quarks, sum rules analogous to K@) do not hold for
mesons containing these quarks, but only the inequédity ~ “Results which use any data from REES8].

In obtaining (7), we assume that the is anss state. We

cannot obtain a corresponding sum rule for the pseudoscalaBgecause each of these sum rules contains the mass of a
because neither the nor the’ is a puressstate(They are  baryon not yet discovered, they cannot be tested at this time.

mixtures ofqq andss and perhaps glueball as well. On the other hand, these relatiofilke most of those that
Sum rules from(4) for vector and pseudoscalar mesonsfollow) provide approximate values for the masses of the
containing one heavy quark are unknown baryons and await experimental verification. Our
predictions are summarized in Table II.
Df-D*+B*-Bf{=0, Ds—D+B—-B;,=0. (8 The sum rules for spin-1/2 baryons are different from

those in Eq(10) because the color magnetic energies, which

According to heavy quark effective theof#0,11,13, the  depend on quark masses and spin configuration, are differ-
interaction energy in a hadron should not change appreciablynt. If all three quarks in a baryon have different flavors, then
when ac quark is replaced by b quark. Because the quark two distinct baryons exist with a given quark content. For
masses cancel i), these sum rules follow from heavy any pair of spin-1/2 baryons containing three different fla-
quark theory. All the mesons appearing& have been seen vors, the lighter baryon is the one in which the two lightest
experimentally so these equations can be tested. The result gfiarks have spin 0, and the heavier baryon is the one in
the comparison with the dafd 7,18 is shown in Table I which the two lightest quarks have spin 1, as with thand
(where all the comparisons between the data, where avait
able, and the sum rules to be discussed in what follows, are We have not been able to find any sum rules involving
also given. four baryons if the two lightest quarks have spin/0-{ype

We have many more possibilities to obtain sum rules forsymmetry. Sum rules for the case in which the two lightest
baryons than for mesons because for a fairly large number qjuarks have spin 13-type symmetry are
baryons, the variation of the generalizadis small. Exam-
ining the systematics, we find th&) is approximately an S+0,-E-E2.=0, E+3,~3-E.=0,
equality if none of the quarks is heavy. We obtain the two
sum rules for spin-3/2 baryons

25*—-A-E*=0, 2E*-3X*-0=0. 9

i

+

I

=5 —-0,=0, El+EL-3,—0.=0, (11

. QC‘FEb_EC_Qb:O.

These two sum rules are well known, and together are just
the Gell-Mann—Okubo baryon decuplet mass formula. (When two spin-1/2 baryons exist with the same quark con-

We next turn to sum rules involving at least two baryonstent and the same Greek symi{ar], a prime denotes the
containing a heavy quark. We obtain the sum rules from theonfiguration in which the two lightest quarks have spin 1.
systematics Only the last of the sum rules ifl1) follows from heavy

bk ok 5Ok ok ek _ quark theory. Data do not yet exist to test these sum rules.
Q+3p-E*-Ep=0, 30+Qy —Ec-Ep =0, Again, our predictions are listed in Table II.

v mr ok s ok ok w We have obtained a large number of mass formulas in-
¢ TE—Qc—25=0, Q+Ec-E"-0¢=0, (10  yolving two baryons and two mesons. We give here those in
o . R e w . . which no baryon contains more than one heavy quark. We
E*+3f-X*-Ep=0, E*+E;-2*-Q7=0. begin with formulas for spin-3/2 baryons and spin-1 mesons
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TABLE II. Predicted baryon masses in MeV. Hei,, and Mg denote the two spin-1/2 baryonigl*
denotes spin-3/2 baryons, ahdlz denotes spin-averaged baryons. The predicted masses are determined,
where possible, using mass sum rules in which the values of all masses but one are known from experiment.
If more than one formula exist for a given hadron, an average is taken. The results are exploited to obtain new
mass values from sum rules containing more than one hadron with masses not yet measured. The errors in the
predicted masses are estimated to be up to 20 MeV for a baryon containing one heavy quark, 30 MeV if it
contains twac quarks, 40 MeV if it contains one and oneb quark, and 50 MeV if it contains twb quarks.

Quark content and symbol Mg M Mg M*
qqq N A 1086 93¢ 1232
qqgs A pX 3 1270 11186 1193  138%
ssq =) B* 1318 1533
sss Q 1672
qqc A DI 3% 2450 2288 2453 2530
gsc = =] =] 2588 2468 2582 2657
ssc Q. Qr 2710 2775
aqgb Ay S ¥ 5783 562% 5818  584F
gsb =1 Ep = 5955 5984
ssb Q, a 6075 6098
ccq Eec (= 3676 3746
ccs Qe Q% 3787 3851
qcb  E, Bl Bl 7062 7029 7053 7083
scb Qg o ¥ 7151 7126 7148 7165
bbq Ebb E;b 10398
bbs Qpp Qf, 10483

3nput mass from experiment7,18§.
PAfter this work was completed, we learned that BBgandZ? have been observéd9]. Preliminary values
of their masses are 25731 and 2643 4, respectively, in agreement with our predictions within our stated

errors.
E*-Ef+D*—K*=0, Q-Qp+B*—K*=0, (23*+3 4+ A)/4—(N+A)/2+ (3p+ )4
—_ — —(3K*+K)/4=0, 14
S¥-E*+¢-D*=0, 3-E:+K*—p=0, ( ) (14
2§—E§+B*—D*=O, Q:—:* +p—D*=0, (22:+2C+AC)/4—(22*+E+A)/4+(3K*+K)/4
—(3D*+D)/4=0, (15)

07 —E7+K*—¢=0, Qf-E;+B*-DI=0,
(25X +3 .+ Ao)/A— (23F + 35+ Ap)/4+ (3B* +B)/4
—(3D* +D)/4=0, (16)

SE-3%¥+D:-Bf=0, Ef—-Q+¢—B*=0,

By —Qp +K*—p=0, Q-0 +D*-B*=0,
(225 +3p+Ap)/4— (235 +3 .+ A )4+ (3D% +Dy)/4

Qf—3F+p—¢=0. (12
— (3B} +Bg)/4=0. (17
Several of these formulas can be justified from hadron super-
symmetry or from heavy quark effective theory. The first three of these equations have been obtained previ-
The formulas involving two spin-1/2 baryons {type  ously[9]. The last two can also be derived from heavy quark
symmetry and two pseudoscalar mesons are theory. Furthermore, Eq17) follows from (16) with the
help of (8).
Ei—QptBs—D=0, X,—N+K-Bs=0, Some of our formulas contain only masses of known had-
rons. We test these formulas using data from the Particle
E{—3.+D—-B¢=0. (13)  Data Grougd17] and more recent preliminary data from con-

ference talks by Jarr{18] and Alam[19]. We give our re-
Of these, the first and the third descend from hadron supesults in Table I. As can be seen from this table, those of our
symmetry. We were unable to find formulas involving two sum rules which can be tested agree with experiment within
spin-1/2 baryons A -type symmetry containing only up to about 10 MeV or less.
one heavy quark, and two pseudoscalar mesons. Although several theoretical papers have been written
Finally, the sum rules involving spin-averaged baryonsabout baryons containing two heavy quatks8,13,16,2()
and mesons are none has yet been observed. We have been able to find a
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rather large number of sum rules involving some baryonghat an exception is found, it will cast doubt on the flavor
which contain two heavy quark21], but do not reproduce independence of the fundamental interaction between quarks.
them here. In conclusion, relying on observed systematics of the in-
If all but one of the hadrons entering a formula have beerieraction energies of known hadrons, we have obtained a
observed, we use the formula to predict the mass of the uarge number of sum rules for the masses of known and
known hadron. We put these predicted masses in other sulknown hadrons. In those cases in which the masses of all
rules to obtain still further predictions, using the sum rules ofh@drons entering our sum rules are known from experiment,
Ref. [21] as well as those appearing here. The predicted® SUm rules agree with experiment within about 10 MeV or
masses arising from this procedure are given in Table II. OuleSS- This fact gives us confidence that the predictions of
estimated errors are 20 MeV or less for sum rules not involvUnknown hadron masses which follow from the sum rules

ing any baryons containing two heavy quarks. The caption t§e likely to be correct within qu[te small errors g:ompared to
Table 1l gives our estimated errors each case the masses themselves. We believe our predictions should be

We are unable to use our mass formulas to get prediction§ useful guide to experimentalists searching for new hadrons,

for the baryonsE,,, andQ,,,. However, we can estimate the as oyr_results depend on the regularities in observed hadr(_)r_ls
difference Qp,— Epp. From heavy quark symmetry, it persisting to hadrons not yet seen rather than on any specific
should beQ/,—E[,=95 MeV, while hadron supersymme- model of quark interactions.
try suggests thaf),,— E,,=Bs— B=90 MeV. We thank Rick Van Kooten and Saj Alam for information

If any of our sum rules should turn out to be badly in about the latest experimental data. Part of this work was
error, would we learn anything? First, it is highly unlikely done while one of usE.P) visited Indiana University. This
that such an event will happen because enough hadrons am®rk was supported in part by the U.S. Department of En-
already known to make us believe that the regularities in thergy, in part by the U.S. National Science, Foundation, and
interaction energies are much more than coincidencesn part by the Italian National Institute for Nuclear Physics
Therefore, these regularities should persist in ground-statend by MURST(Ministry of Universities, Research, Science
hadrons not yet discovered. Second, in the unlikely evenand Technologyof Italy.
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