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Heavy quark fragmentation functions in the heavy quark effective theory
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We calculate fragmentation functions for ab quark to fragment into color-singletP-wave bound states

c̄ b in the heavy quark effective theory with the exact account ofO(1/mb) corrections. We demonstrate an
agreement of the obtained results with the corresponding calculations carried out in quantum chromodynam
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The study of heavy quarkonia properties is a subject
much current interest for understanding quark-gluon intera
tion dynamics.Bc mesons, consisting ofb andc quarks, hold
a unique position in heavy quarkonia physics@1#. In the first
place,Bc mesons consist of two heavy quarks, and so t
predictions of the potential models refer toJ/C andY me-
sons as well as toBc mesons@2#. In the second place,Bc

mesons are constructed from quarks of different flavors a
masses, which essentially determines their decay charac
istics @3#.

Production of mesons with heavy quarks ine1e2, gg,
andpp̄ interactions may be described by nonrelativistic pe
turbative quantum chromodynamics. At present, two mech
nisms have been investigated for the production ofBc me-
sons: recombination and fragmentation. In the first case,Bc
mesons are formed from heavy quarks, produced indep
dently in hard subprocesses. The fragmentational mechan
demands pair production ofb or c quarks in the hard sub-
process with their subsequent fragmentation toBc mesons
(b̄→Bcc̄, c→Bcb). The relative contributions of these
mechanisms in the production cross sections are differen
various reactions. Ine1e2 annihilation only the quark frag-
mentation is essential@4#. In pp̄ andgg interactions the frag-
mentational mechanism prevails also forBc-meson produc-
tion with large transverse momenta@5,6#. In the range of
small transverse momenta the recombination is dominant
determines the total cross section ofBc-meson production in
gg and pp̄ interactions. But experimental conditions o
Bc-meson discovery are more limited in the large transve
momenta domain. So the study of heavy quark fragmentat
into Bc mesons has attracted considerable interest. An
proach for the calculation of the fragmentation function
D b̄→Bcc̄

,Dc→Bcb
in nonrelativistic perturbative quantum

chromodynamics was suggested in@7#.
At the same time, in the last years there was sugges

based on QCD, the heavy quark effective theory~HQET!
@8,9# for the description of heavy hadron properties. HQE
makes it possible to obtain a finite analytical result wi
some accuracy even for the complicated processes of
quark-gluon interaction. In this approach the matrix eleme
of the different processes may be decomposed on degree
two small parameters: the strong coupling constantas(mQ)
andLQCD/mQ , wheremQ is the mass of the heavy quark. In
the limit mQ→` the effective Lagrangian, which describe
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the strong interactions of heavy quarks, has an exact sp
flavor symmetry@8#. HQET is successfully used for the in-
vestigation of exclusive and inclusive hadron decays@9#. Re-
cently it was shown@10# that HQET may be used for the
study of b-quark fragmentation intoS-wave pseudoscalar
and vector mesons and the corresponding nonpolarized fra
mentation functions were calculated. The HQET calculatio
of b-quark fragmentation into transverse and longitudinal po
larizedS-waveBc* mesons was done in@11#. In this paper
we have calculated the fragmentation functions ofb-quark
into P-wave color-singlet states (c̄b) at next to leading order
in the heavy quark mass expansion using the methods
HQET.

Heavy b-quarks may fragment into bound states of two
heavy quarks (c̄b states! with the orbital momentumL51.
There are four such states:1P1 ,

3PJ (J50,1,2!. Heavy quark
fragmentation functions intoP-waveBc mesons were calcu-
lated by Chen@12# and Yuan@13# in QCD. Consider the
calculation of the fragmentation functions in HQET. Le
q5mbv1k be the four-momentum of virtual heavy quarks
p15(12r )Mv1r and p25rM v2r the four-momenta of
b and c̄ quarks, correspondingly, andr the four-momentum
of the relative motion. Let alsol5k2r be the four-
momentum of the virtual gluon andk the residual momen-
tum of the fragmenting heavy quark. The fragmentatio
functions for the processb→Bc1c are determined by the
next expression@7#

D~z!5
1

16p2E dsuS s2
M2

z
2

mc
2

12zD lim
q0→`

(uTu2

(uT0u2
, ~1!

whereM5mb1mc is the mass ofBc meson,T is the matrix
element for productionBc1 c̄ from an off-shellb* quark
with virtuality s5q2, andT0 is the matrix element for pro-
ducing an on-shellb quark with the same three-momentum
qW . The calculation can be greatly simplified by using th
axial gauge with gauge parameternm5(1,0,0,21) in the
frame whereqm5(q0,0,0,Aq022s):

Dsl~k!5
1

k21 i0 Fgsl2
ksnl1klns

k•n
1
n2kskl

~k•n!2 G . ~2!

The part of amplitudeT that involves production of the
virtual b* quark can be treated as an unknown Dirac spino
6666 © 1996 The American Physical Society
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G. The same spinor factorG appears in the matrix elemen
T05Ḡv(q), which leads to its cancellation in~1!.

Let consider the fragmentation of ab quark into a color-
singlet bound state (c̄b) 1P1 . The amplitude of such proces
involves the spinor factorv(p1)ū(p2). To project the pair of
quarks on the1P1 bound state we have used the next subs
tution @14#:

v~p2!ū~p1!→AM
p” 22mc

2mc
g5

p” 11mb

2mb
. ~3!

The HQET Lagrangian, including the leading and th
1/mb terms, is given by@8,9#

L5h̄vH iv•D1
1

2mb
FC1~ iD !22C2~v• iD !2

2
C3

2
gssmnG

mnG J hv , ~4!
t

s

ti-

e

where

C151, C253S as~m!

as~mb!
D 28/~3322nf !

22,

C35S as~m!

as~mb!
D 29/~3322nf !

. ~5!

All of these coefficients are equal to 1 at the heavy qua
mass scalem5mb . When we concern the fragmentation into
P-wave mesons, it is necessary to decompose the project
operator ~3! and the gluon propagator~2! on the relative
motion momentumr. Using the Feynman rules, derived
from the HQET Lagrangian~4!, we may write the full frag-
mentation amplitude into a1P1 state@14#:
iM ~n1P1!5
A4pMas

3mcmb
R18~0!ea~Lz!

]

]ra H 1

l 2 S 2gmn1
nnlm
n• l D ū~p8!gn~mcv”2r”2mc!g5~mbv”1r”1mb!

3Fvm1
C1

2mb
~r1k!m2

C2

2mb
v•~r1k!vm1 i

C3

2mb
sml~r2k!lG11v”

2
G

i

v•k1
C1

2mb
k22

C2

2mb
~v•k!2 J U

r50

,

~6!
e
m

whereea(Lz) is the polarization vector of the1P1 state. To
calculate the amplitude~6! it is convenient to divide it into
two parts on the degrees of the small parameter 1/mb . When
mb→` in the vertex function and in the propagator of hea
quarks, we obtain the main contribution to the fragmentat
amplitude ofb quarks in the form

iM 1~n
1P1!5

A4pMas2R18~0!

3r 2~s2mb
2!3

ea* ~Lz!ū~p8!Wag5G,

Wa5~s2mb
2!F ~v”11!ga2

v•k
n•k

n” ~v”11!gaG
14mkaF11

k•v
k•n

n” G~v”21!22Mr ~s2mb
2!va

1

n•k

3n” ~v”21!12Mr ~s2mb
2!na

v•k
~n•k!2

n” ~v”21!. ~7!
vy
ion

All calculations of the fragmentation functions, which ar
rather complicated, were done by means of the syste
REDUCE. Substituting~7! into ~1!, we obtain

D1~n
1P1!~y!5N1

~12y!2

ry8
~9y424y3140y2196!,

~8!

N15
as
2uRnP8 ~0!u2

54pr 5M5 ,

wherey5(12z1rz)/rz is the so-called Yaffe-Randall vari-
able @15#, andr5mc /M .

The amplitude of boundc̄b staten3PJ production may be
derived from~6!, changingg5→e” (Sz), whereem(Sz) is the
spin wave function:
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iM ~n3PJ!5
A4pMas

3mcmb
R18~0! (

Sz ,Lz
^1,Lz ;1,SzuJ,Jz&

3eb* ~Sz!ea* ~Lz!,

]

]ra H 1

l 2 S 2gmn1
nnlm
n• l D ū~p8!gn~mcv”2r”2mc!

3gb~mbv”1r”1mb!Fvm1
C1

2mb
~r1k!m

2
C2

2mb
v•~r1k!vm1 i

C3

2mb
sml~r2k!lG

3
11v”
2

G
i

v•k1
C1

2mb
k22

C2

2mb
~v•k!2 J U

r50

, ~9!

where we have expressed the Clebsch-Gordon coeffici
andeb* (Sz),ea* (Lz) by the bound state polarizations@14#

(
Sz ,Lz

^1,Lz ;1,SzuJ,Jz&eb* ~Sz!ea* ~Lz!

55
1

A3
~gab2vavb!, J50,

i

A2
eablrvler* ~Jz!, J51,

eab~Jz!, J52.

~10!

Taking in ~9! only the terms of leading order on 1/mb and
doing necessary differentiation onra , we have obtained

iM 1~n
3PJ!5

A4pMas2R18~0!

3r 2~s2mb
2!3

3 (
Sz ,Lz

^1,Lz ;1,SzuJ,Jz&eb* ~Sz!ea* ~Lz!,

ū~p8!H ~s2mb
2!S 12

k•v
k•n

n” Dgagb24kaM S 11
k•v
k•n

n” Dgb

24rM 2S k•vk•nD
2

nan”gbJ ~11v” !G. ~11!

This amplitude determines the basic contribution to fragm
tation functions ofb quarks into the3PJ- state:

D1~n
3P0!~y!5N1

~y21!2

ry8
~y424y318y2132!, ~12!

D1~n
3P1!~y!5N1

2~y21!2

ry8
~3y424y3116y2148!,

~13!

D1~n
3P2!~y!5N1

20~y21!2

ry8
~y414y218!. ~14!
ents

en-

Our results~8!, ~12!–~14! coincide with the leading 1/r
terms of the fragmentation functions, calculated in@12,13#.
The calculation of the next-to-leading order contribution
O(1/mb) to the P-wave fragmentation functions was per-
formed on the basis of the amplitudes~6! and ~9!. Omitting
the details of our calculations we can represent the obtain
fragmentation functions withC15C351 in the following
manner:

D~n1P1!~y!5
as
2uRnP8 ~0!u2

54pr 5M5

~y21!2

ry8

3@~9y424y3140y2196!2r ~3y5

231y4132y318y22192y196!#.

~15!

D~3P0!~y!5
as
2uRnP8 ~0!u2

54pr 5M5

~y21!2

ry8 F ~y424y318y2132!

1
r

3
~3y5211y41392y21192y296!G , ~16!

D~3P1!~y!5
as
2uRnP8 ~0!u2

27pr 5M5

~y21!2

ry8
@~3y424y3116y2148!

1r ~3y515y418y3132y2196y248!#, ~17!

D~3P2!~y!5
10as

2uRnP8 ~0!u2

27pr 5M5

~y21!2

ry8

3F ~y414y218!1
r

15
~23y52y4136y3

2164y21240y2120!G . ~18!

As it follows immediately from~15!–~18! that our results
coincide with the QCD calculations of Yuan@13# and Chen
@12# with the accuracyO(r ), if we take into account that the
nonperturbative factor of~15!–~18! in @13# contains the re-
duced massm contrary to our factorrM . Using the obtained
fragmentation functions~15!–~18!, we may calculate the
fragmentation probabilities of the corresponding (c̄b) me-
sons@7#:

Pb→ c̄ b~nP!5E
0

1

dzDb→ c̄ b~nP!~z,r !. ~19!

Omitting the analytical expressions for theP-wave frag-
mentation probabilities~19! and putting uR2P8 (0)u250.201
GeV5, mc51.5 GeV, mb54.9 GeV, andas(2mc)50.38
(2mc is a minimal energy of exchanged gluon!, we have
obtained the numerical value of the fragmentation probabi
ties, which are presented in Table I. We see that our integ

TABLE I. The fragmentation probabilities ofb-quark into
P-wave color-singlet states (c̄b).

Pb→ c̄ b(2
1P1) Pb→ c̄ b(2

3P0) Pb→ c̄ b(2
3P1) Pb→ c̄ b(2

3P2)

6.431025 2.531025 7.331025 10.531025
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probabilities ofP-wave c̄b meson production, founded by
means of theb-quark fragmentation functions in HQET, ar
in good agreement with the results of QCD calculations
@13#.

The distribution functionsf Q/H of the heavy quark inside
the heavy P-wave mesons, obtained by means of the fr
mentation functionsDQ→H , Eqs.~15!–~18!, have a pole of
order 8 located atx5 r̄ @13#:

f Q/H5xDQ→HS 1xD5
a8~r !

~x2 r̄ !8
1 less singular terms.

~20!

Therefore, we can conclude from~15!–~18!, ~20! that the
coefficientsa8(r ) and a7(r ) of the Laurent series off Q/H
obey the Braaten-Levin spin-counting rules: 3:1:3:5.

So the performed calculations show that the heavy qu
effective theory may be successfully used for the study of t
heavy quark fragmentation. In this approach we may syste
e
of

ag-

ark
he
m-

atically take into account theO(1/mb) corrections in the am-
plitudes and the probabilities of the fragmentation, whic
increases the accuracy of HQET calculations. Moreover,
seems more important that HQET lead to the finite analytic
answer, when we study complicated problems in heav
quark physics. The approach, based on HQET, may be us
for the calculation of heavy quark fragmentation function
into L-wave mesons (L52,3, . . . ), and for theinvestigation
of Bc-meson hadroproduction.
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