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We discuss some implications of anomaly cancellation in the standard model with~i! the color group
extended to SU(Nc) and ~ii ! the leptonic sector extended to allow right-handed components for neutri
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I. INTRODUCTION

While the standard model@1# is quite successful in ex-
plaining known data, there are many questions which
leaves unanswered. One of the most basic is why the ga
group isGSM5SU(3)3SU(2)3U(1)Y . There have been
several appealing ideas which might answer, or help to
swer, this question, such as grand unification and the m
ambitious efforts to derive the standard model from a fund
mental theory of all known interactions, including gravit
@2#. A somewhat complementary approach is to consid
how the standard model gauge group might be viewed as
of a sequence of gauge groups~which, in general, are still
products of factor groups!. In particular, it has proved quite
useful to consider the number of colors as a parameter,
study theNc→` limit of the quantum chromodynamics
~QCD! sector of the theory@3–6#, since this enables one to
carry out analytic nonperturbative calculations~and, indeed,
to obtain a soluble model ind52 spacetime dimensions! @7#.
Many of these discussions naturally concentrated on us
the 1/Nc expansion to elucidate the properties of hadro
When one includes electroweak interactions, however, on
led to address some additional questions. One of these
cerns anomalies.

The freedom from anomalies is a necessary property of
acceptable quantum field theory. Ind54 dimensions, there
are three types of possible anomalies in quantum field th
ries, including~i! triangle anomalies in gauged currents@8,9#
which, if present, would spoil current conservation an
hence renormalizability; and~ii ! the global SU~2! anomaly
resulting from the nontrivial homotopy group
p4@SU(2)#5Z2 @10# which, if present, would render the
path integral ill-defined. Furthermore,~iii ! if one includes
gravitational effects on a semiclassical, even if not fu
quantum level, one is motivated to require the absence
mixed gauge-gravitational anomalies@11# resulting from tri-
angle diagrams involving two energy momentum tens
~graviton! vertices and a U~1!Y gauge vertex, since this
anomaly, if present, would also spoil conservation of t
hypercharge current as well as precluding the construction
a generally covariant theory. As is well known, in the sta
dard model~SM!, all of these anomalies vanish@1,12,9#, and
for anomalies of types~i! and~ii !, this vanishing occurs in a
manner which intimately connects the quark and lepton s
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tors. Furthermore, in the standard model~with no right-
handed neutrinos! the cancellation of the anomalies of type
~i! implies the quantization of the fermion electric charge
@13#; this also holds in an extension of the standard mod
where right-handed neutrinos are included but are assum
to have zero hypercharge@13#. Note that the gauge-
gravitational anomaly vanishes separately for quark and le
ton sectors.

The issue of anomalies in theNc-extended standard model
has recently been addressed explicitly by Chow and Y
@14#. These authors note that the anomaly cancellation co
ditions can be satisfied for arbitrary~odd! Nc , and the solu-
tion leads to unique, quantized, values of the electric charg
of the up-type and down-type quarks,qu andqd . The present
author had carried out a similar analysis for a different typ
of generalization of the standard model, namely, one
which the color group is extended to SU(Nc) and the lep-
tonic sector is extended to include right-handed neutrin
fields.

In this paper, we shall discuss the results of this analys
These results present an interesting contrast to those in
Nc-extended standard model~with no right-handed neutri-
nos!. Both types of generalizations of the SM~excluding or
including right-handed neutrinos! are of interest. The gener-
alization without any right-handed neutrinos may provide
more economical way of getting small neutrino masses~via
dimension-five operators@15#!, while the generalization with
right-handed neutrinos is motivated in part by the fact th
these make possible Dirac and right-handed Majorana m
terms for neutrinos at the renormalizable, dimension-fo
level, which naturally yield small observable neutrino
masses via the seesaw mechanism@16,17#, given that the
natural scale for the mass coefficients of the right-hand
Majorana neutrino bilinears is much larger than the ele
troweak symmetry breaking~EWSB! scale. In the usual ex-
tension of the standard model, the right-handed neutri
fields are electroweak singlets, a property which is crucial f
the existence of the right-handed Majorana mass term. Ho
ever, when one considers theNc-extended standard model
with right-handed neutrino fields from the perspective of de
termining the constraints on the fermion hyperchargesYf
which follow from the requirement of cancellation of anoma
lies, the hypercharge of the right-handed neutrinos~like the
hypercharges of the other fields! naturally becomes a vari-
able, not necessarily equal to zero@18#. If the hypercharge,
and hence electric charge, of the right-handed neutrinos
nonzero, then the nature of the theory changes in a fund
6465 © 1996 The American Physical Society
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6466 53ROBERT SHROCK
mental way. Indeed, the term ‘‘neutrino’’ becomes a misn
mer; we shall retain it here only to avoid proliferation o
terms ~it is no worse than the accepted term ‘‘heavy lep
ton’’ !. Clearly, if YnR

Þ0, then the right-handed Majorana

bilinear n iR
T Cn jR is forbidden by gauge invariance~where

i , j denote generation indices, andC denotes the Dirac
charge conjugation matrix!. Given that Dirac mass terms for
the neutrinos would be present in this type of theory,
would be natural for all of the fermions of a given generatio
to have comparable masses@19#. This class of models is of
interest from an abstract field-theoretic viewpoint, because
serves as a theoretical laboratory in which to investigate
properties that follow from anomaly cancellation in a chira
gauge theory constituting a generalization of the standa
model withNc colors, constructed such that all left-hande
Weyl components have right-handed components of t
same electric charge.

In most of our discussion, we shall not need to make a
explicit assumption concerning the still-unknown origin o
electroweak symmetry breaking. At appropriate points, w
shall comment on how various formulas would apply in th
Nc-extended minimal supersymmetric standard mod
~MSSM! as well as theNc-extended standard model itself~in
both cases, including right-handed components for all mat
fermions!. As regards anomalies in the context of th
MSSM, recall that in addition to the usual HiggsHd , one
must introduce another,Hu , with opposite hypercharge, both
in order to be able to give the up-type quarks masses wh
maintaining a holomorphic superpotential, and in order
avoid anomalies in gauged currents which would be caus
by the higgsinoH̃d if it were not accompanied by aH̃u . @The
addition of a singleH̃d to the~even! number of matter ferm-
ion SU~2! doublets would also cause a global SU~2!
anomaly.# All of this works in the same way regardless of th
charges of the matter fermions, provided that the latter s
isfy the anomaly cancellation condition by themselve
Moreover, as regards the neutralino sector, electric cha
conservation by itself would allow mixing of neutrinos an
neutralinos~the neutral higgsinos and superpartners of t
gauge fieldsÃ0 and B̃) if and only if qn50. However, the
R parity commonly invoked in the MSSM to prevent disas
trously rapid proton decay also prevents mixing among t
neutralinos and neutrinos even in the conventional ca
whereqn50, so there would be no change concerning th
mixing even ifqnÞ0. Finally, considering alternative ideas
for electroweak symmetry breaking, one could envision em
bedding theGSM8 theory in a larger one in which this sym-
metry breaking is dynamical.

II. ANOMALY CONSTRAINTS
AND THEIR IMPLICATIONS

A. General

Consider, then, the generalization

GSM→GSM8 5SU~Nc!3SU~2!3U~1!Y ~2.1!

with the fermion fields consisting of the usualNgen53 gen-
erations, each containing the following representations
GSM8 :
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QiL5S uidi D L : ~Nc,2,YQL
!, ~2.2!

uiR : ~Nc,1,YuR
!, ~2.3!

diR : ~Nc,1,YdR
!, ~2.4!

LiL5S n i

ei
D
L

: ~1,2,YLL!, ~2.5!

n jR : ~1,1,YnR
!, ~2.6!

eiR : ~1,1,YeR
!, ~2.7!

where the indexi denotes generation,i51, . . . ,Ngen53,
with u15u, u25c, u35t, d15d, d25s, d35b, etc. Thus,
as usual, all generations have the same gauge quantum n
bers. ~In some formulas, we shall leaveNgen arbitrary for
generality.! Because the SU~2! representations are the sam
in GSM8 as they were in GSM, the usual relations
Q5T31Y/2, YQL

5qu1qd , qu5qd11, qn5qe11, and

YfR
52qfR continue to hold, independent of the specific va

ues of the fermion electric charges~where we have used the
vectorial nature of the electric charge coupling
qfL5qfR5qf for all fermions f ); and just as in the standard
model itself, these relations imply

YuR
5YQL

11, YdR
5YQL

21 ~2.8!

and

YnR
5YLL11, YeR

5YLL21. ~2.9!

Before imposing the anomaly cancellation conditions, the
are thus only two independent electric charges among t
fermions; we may take these to beqd andqe . ForNc53 and
qn50, one may,a priori, have j51, . . . ,Ns electroweak-
singlet right-handed neutrinosn jR , whereNs need not be
equal to Ngen. However, in the general solution to the
anomaly cancellation conditions forNcÞ3 ~see below! the
electric charges of all of the fermions will differ from their
Nc53 values. In particular, sinceqn will not, in general, be
equal to zero, the numberNs of electroweak-singlet right-
handed neutrinosn jR must be equal to the numberNgen of
left-handed lepton doublets in order to construct renormali
able, dimension-four neutrino mass terms, which in turn
necessary in this case to avoid massless, charged, unconfi
fermions in the theory. Given thatNs5Ngen, the number
Ngen. enters in a trivial way as a prefactor in all of the ex
pression for the anomalies of types~i! and ~iii !, i.e., these
cancel separately for each generation of fermions. Accor
ingly, we shall often suppress the generational index in th
notation henceforth.

The hypercharge relations~2.8! and ~2.9! guarantee that,
independent of the specific values of the fermion charge
one can writeGSM8 -invariant Yukawa couplings
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2LYuk5(
i , j

@~Yi j
~d!Q̄iLdjR1Yi j

~ l !L̄iLejR!Hd

1~Yi j
~u!Q̄iLujR1Yi j

~n!L̄iLn jR!Hu#1H.c. ,

~2.10!

where in a context in which one uses a single standard-mo
Higgs field, f, with If51/2, Yf51, then Hd5f and
Hu5 is2f* as usual, and in the minimal supersymmetr
standard model~MSSM!, Hd andHu correspond to the scalar
components of the two oppositely charged Higgs chiral s
perfields.@In Eq. ~2.10!, no confusion should result between
the symbolsLYuk for the Lagrangian terms andLiL for the
lepton doublets.# The vacuum expectation value~s! ~VEV’s!
of the Higgs fields then yield fermion mass terms. We deno
these VEV’s as ^f&5221/2v in the SM, with
v5221/4GF

21/2, and ^Hu,d&5221/2vu,d in the MSSM, with
tanb5vu /vd andv5Avu21vd

2. In a scenario without Higgs,
in which the electroweak symmetry breaking is dynamica
the fermion mass terms are envisioned to arise from fo
fermion operators~the origin of which is explained with fur-
ther theoretical inputs!. In all three cases, this can be don
just as in the respectiveNc53 model with conventional
fermion charge assignments. It is also straightforward to s
that in either a nonsupersymmetric model with the sing
Higgs f, or the MSSM, or a model with dynamical elec
troweak symmetry breaking, the breaking pattern

GSM8 →SU~Nc!3U~1!em ~2.11!

can be arranged, just as for theNc53 case with conventional
fermion charges.

B. Anomalies in gauged currents

We proceed to analyze the constraints from the cance
tion of the three types of anomalies. Among the triang
anomalies of type~i!, the SU(Nc)

3 and SU(Nc)
2U(1)Y

anomalies vanish automatically~as for Nc53) because of
the vectorial nature of the color and electromagnetic co
plings. The condition for the vanishing of the
SU(2)2U(1)Y anomaly is

NcYQL
1YLL50, ~2.12!

i.e.,

Nc~2qd11!1~2qe11!50. ~2.13!

The U(1)Y
3 anomaly vanishes if and only if

Nc~2YQL

3 2YuR
3 2YdR

3 !1~2YLL
3 2YnR

3 2YeR
3 !50. ~2.14!

Expressing this in terms ofqd andqe yields the same con-
dition as Eq.~2.13!. Solving ~2.13! for qd yields

qd52
1

2 S 11
1

Nc
~2qe11! D ~2.15!

and hence
del

ic

u-

te

l,
ur-

e

ee
le
-
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le
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qu5
1

2 S 12
1

Nc
~2qe11! D ~2.16!

or equivalently, takingqd as the independent variable,

qe52 1
2 „11Nc~2qd11!… ~2.17!

and thus

qn5 1
2 „12Nc~2qd11!… ~2.18!

C. Global SU„2… anomaly

The constraint from the global SU~2! anomaly is well
known @10#: the numberNd of SU~2! doublets must be even:

Nd5~11Nc!Ngen. is even. ~2.19!

For oddNgen., this implies thatNc is odd. For a nontrivial
color group, this meansNc52s11, s>1. Note that one gets
a qualitatively different result in the hypothetical case i
which Ngen. is even; here, there is no restriction on whethe
Nc is even or odd. From a theoretical point of view, on
could perhaps regard it as satisfying that the physical val
Ngen.53 is odd and hence is such as to yield a constraint
Nc @20#. Of course, a world with evenNc would be very
different from our physical world, since baryons would b
bosons.

D. Mixed gauge-gravitational anomalies

Finally, the anomalies of type~iii ! do not add any further
constraint; the mixed gauge-gravitational anomaly involvin
SU(Nc) and SU~2! gauge vertices vanish identically since
Tr(Ta)50 whereTa is the generator of a nonabelian group
and the anomaly involving a U~1!Y vertex is proportional to

Nc~2YQL
2YuR

2YdR
!1~2YLL2YnR

2YeR
!50, ~2.20!

where the expression vanishes because of the vectorial na
of the electromagnetic coupling. Indeed, the two separa
terms in parentheses each vanish individually
2YQL

2YuR
2YdR

50 and 2YLL2YnR
2YeR

50, so that this
anomaly does not connect quark and lepton sectors, unl
~2.12!, ~2.14! and the global SU~2! anomaly. Hence, the only
constraint on the fermion charges is provided by the cond
tion that the anomalies of type~i! vanish.

E. Discussion

Our results show that the SM has a consistent generali
tion to the gauge groupGSM8 in Eq. ~2.1! with fermion
charges given by~2.2!–~2.7!. We find the one-parameter
family of solutions given in~2.13! to the condition of zero
anomalies in gauged currents. Since the values ofqd and
qe for which ~2.13! is satisfied are, in general, real, and ar
not restricted to the rational numbers, it follows that in thi
generalization of the standard model, the anomaly cancel
tion conditions do not imply the quantization of electric
charge~and hence, hypercharge!. We note that this is quali-
tatively different from the type of generalization studied in
Ref. @14#, in which one extendsGSM→GSM8 but keeps the
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TABLE I. Possibilities for quark charges.

Case qd (qu ,qd) YQL
YLL

C1q .0 (1,1) .1 ,2Nc

C2q 21,qd,0 (1,2) 21,YQL
,1 2Nc,YLL,Nc

C2q,sym 21/2 (1/2,21/2) 0 0
C3q ,21 (2,2) ,21 .Nc

C4q 0 ~1,0! 1 2Nc

C5q 21 (0,21) 21 Nc
o e-

of
r,
fermion content precisely as in the standard model, with
electroweak-singlet right-handed neutrinos. In that case,
must keepqn50 in order to avoid a massless, charged, u
confined fermion, and hence the lepton charges must be
at theirNc53 values while the quark charges are allowed
vary. Hence, the one-parameter family of solutions~2.13!
reduces to a unique solution

qd5qu215
1

2 S 211
1

Nc
D ~2.21!

and the anomaly cancellation conditions@specifically, of type
~i!# do imply charge quantization, as was noted in Ref.@14#.
In passing, we observe that for our type of generalizati
although the generic situation for the solutions of Eq.~2.13!
is that YQL

and YLL are real numbers, it is true that thi
equation implies that if either is rational, so is the other.

III. CLASSIFICATION OF SOLUTIONS
FOR QUARK CHARGES

There is another important difference in the properties
the two types ofNc-extended standard model in which on
includes or excludes right-handed neutrinos. In the c
where one excludes them, Eq.~2.21! shows that~given a
nontrivial color group! qd is always negative, andqu is al-
ways positive, and both decrease monotonically as functi
of Nc @from (qu ,qd)5(2/3,21/3) atNc53 to (1/2,21/2) in
the limit asNc→`#. The situation is qualitatively different in
theNc-extended standard model with right-handed neutrin
here, there are a number of different cases~denotedCnq)
describing the up and down quark charges, of which th
are generic and two are borderline.~We also list a certain
special subcase because of its symmetry.! Regardingqe as
the independent variable in the solution of Eq.~2.13!, these
are

C1q : qd.0 ~⇒qu.0!, ~3.1!

i.e.,YQL
.1, which occurs if and only ifYLL,2Nc , that is,

qe,2SNc11

2 D , ~3.2!

C2q : qu.0, qd,0, ~3.3!

or equivalently,21,qd,0, which occurs if and only if

2SNc11

2 D,qe,SNc21

2 D ~3.4!
no
one
n-
kept
to

n,

s

of
e
ase

ons

os;

ree

and

C3q : qu,0 ~⇒qd,0!, ~3.5!

or equivalently,qd,21, which occurs if and only if

qe.SNc21

2 D . ~3.6!

A symmetric special charge within caseC2q is

C2q,sym: qu52qd5
1
2⇔qn52qe5

1
2 . ~3.7!

Finally, there are two special cases which are borderline b
tweenC1q andC22 , andC2q andC3q , respectively, and in
which qu or qd is electrically neutral:

C4q : qd50, qu51⇔qe52SNc11

2 D ~3.8!

and

C5q : qu50, qd521⇔qe5SNc21

2 D . ~3.9!

These cases are summarized in Table I.
From Eq.~2.12!, it is clear thatqu andqd are monotoni-

cally increasing~decreasing! functions ofNc if qe,21/2
(qe.21/2). In the borderline caseqe521/2, qu andqd are
independent ofNc ~and equal to the respective values in
C2q,sym), so that the anomalies of type~i! cancel separately
in the quark and lepton sectors. ForNc53, the explicit con-
ditions on qe for the five cases are~1! qe,22; ~2!
22,qe,1; ~3! qe.1; ~4! qe522; and~5! qe51. As these
results show, even forNc53, in the standard model with
right-handed components for all fields, the cancellation
anomalies does not imply that any field, and in particula
any leptonic field, must have zero electric charge.

IV. CLASSIFICATION OF SOLUTIONS
FOR LEPTON CHARGES

The corresponding possible cases for leptonic (l ) electric
charges are as follows, takingqd as the independent variable
in Eq. ~2.13!:

C1l : qe.0 ~⇒qn.0!, ~4.1!

if and only if
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TABLE II. Possibilities for lepton charges.

Case qe (qn ,qe) YLL YQL

C1l .0 (1,1) .1 ,21/Nc

C2l 21,qe,0 (1,2) 21,YLL,1 21/Nc,YQL
,1/Nc

C2l ,sym 21/2 (1/2,21/2) 0 0
C3l ,21 (2,2) ,21 .1/Nc

C4l 0 ~1,0! 1 21/Nc

C5l 21 (0,21) 21 1/Nc
ss
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qd,2
1

2 S 11
1

Nc
D , ~4.2!

C2l : qn.0, qe,0, ~4.3!

if and only if

2
1

2 S 11
1

Nc
D,qd,2

1

2 S 12
1

Nc
D , ~4.4!

C3l : qn,0 ~⇒qe,0!, ~4.5!

if and only if

qd.2
1

2 S 12
1

Nc
D . ~4.6!

The symmetric subcaseC2l ,sym is identical toC2q,sym in Eq.
~3.7!. The two special cases which are borderline betwe
C1l andC2l , and betweenC2l andC3l are, respectively,

C4l : qe50, qn51⇔qd52
1

2 S 11
1

Nc
D ~4.7!

and

C5l : qn50, qe521⇔qd52
1

2 S 12
1

Nc
D . ~4.8!

These are summarized in Table II.
Several comments are in order. First, note thatqe and

qn are monotonically increasing~decreasing! functions of
Nc if qd,21/2 (qd.21/2). The special caseqd521/2 has
been discussed above. Second, observe that, even if we
clude right-handed neutrinos, so thatqn need not be zero in
general, there is, for a givenNc , a solution of~2.13! where it
is zero, namely caseC5l .

Of the various cases of lepton charges, two would yield
world similar to our own, in the sense that there would
neutral leptons with masses which are naturally much l
than the electroweak symmetry breaking scalev. The closest
would be caseC5l , where the neutrino has zero charge. A
will be discussed further below, caseC4l , with qe50
would also be reminiscent of our world. The lightness of t
masses of the observed electron-type leptons in this c
would follow from a seesaw mechanism completely ana
gous to that for the neutrinos in the physical world; in th
case, sinceYeR

50, there would be gauge-invariant righ
handed Majorana mass terms of the for
( i , j51
Ngen.mR,i j eiR

T CejR1H.c. in addition to the usual Dirac neu
en

in-

a
be
ess

s

he
ase
lo-
is
t-
m
-

trino mass terms resulting from Eq.~2.10!. By the usual ar-
gument, since the right-handed electron Majorana ma
terms are electroweak singlets, the mass coefficientsmR,i j

are naturally much larger than the electroweak scale. Diag
nalizing the combined Dirac-Majorana neutrino mass matri
would yield two sets of mass eigenvalues and correspondi
~generically Majorana! mass eigenstates, the observed, ligh
electron-type leptons having masses;mD

2 /mR!mD and the
heavy ones having masses;mR ~wheremD denotes a ge-
neric Dirac mass, and we suppress generational indices!.

Although the generic situation in our generalization of the
standard model is that the electric charges of all the fund
mental fermions are nonzero, there are evidently four spec
cases in which one type of fermion has zero charge, viz
C4q (qd50), C5q (qu50), C4l (qe50), and C5l
(qn50). In each of the two leptonic cases containing a neu
tral lepton, one may define a new model in which one ex
cludes the right-handed Weyl component for all generation
copies of this lepton, viz.,eiR for caseC4l , andn iR for case
C5l , wherei51, . . . ,Ngen.. Performing the excision of the
n iR in caseC5l and puttingNc53 just yields the standard
model. Performing the analogous excision of theeiR fields in
caseC4l yields a model in which the electron-type leptons
are naturally light, for the same reason that the neutrinos a
naturally light in the standard model, namely that~a! there
are no four-dimension Yukawa terms contributing to the
masses of electron-type leptons; and~b! higher-dimension
operators~which one would take account of when one views
the model as a low-energy effective field theory! give natu-
rally small masses. Indeed, the argument for the lightness
the neutral lepton in these reduced models,C4l with no
eiR fields, andC5l with no n iR fields, could be regarded as
more economical than the seesaw mechanism, since the sa
result is achieved with a smaller field content~albeit by mak-
ing reference to higher-dimension, nonrenormalizable oper
tors!. In passing, we note that in casesC4q andC5q where
the conditions that there be no SU(2)2U(1)Y or U(1)Y

3

anomalies, and no mixed gauge-gravitational or global SU~2!
anomalies, by themselves, would allow one to define reduc
models withoutdiR anduiR components, respectively~analo-
gously to the removal ofeiR and n iR in the leptonic cases
C4l andC5l ), this is, of course, forbidden because it would
produce SU(Nc)

3 and SU(Nc)
2U(1)Y anomalies, as well as

rendering the color group chiral and thereby contradictin
the observed absence of parity and charge conjugation v
lation in strong interactions.

An important observation concerns a connection betwee
the values of the lepton charges and the perturbative natu
of the electroweak sector. In the standard model, the o
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served electroweak decays and reactions are perturbativ
calculable. However, in the generalizedNc-extended stan-
dard model that we consider here, this is no longer guara
teed to be the case, even if the SU~2! and U(1)Y gauge
couplingsg andg8, and hence also the electromagnetic co
pling, e5gg8/Ag21g825g sinuW, are small. Because the
left-handed fermions have fixed, finite values of wea
T3561/2, the SU~2! gauge interactions are still perturba
tive, as in the usual standard model. However, for a giv
value ofNc , the solution to the anomaly condition~2.12!
allows arbitrarily large values of the magnitudes of fermio
hypercharges and equivalently, electric charges, as is c
from the explicit solutions~2.15!–~2.18!. If uqdu@1 ~which,
for a fixed value ofNc , implies uqeu@1), then even though
the gauge couplingg8 is small, the hypercharge interaction
would involve strong coupling, sinceug8Yf u@1 for each
matter fermionf ; similarly, even thoughg and hencee are
also small, the electromagnetic interactions would also
volve strong coupling, sinceueqf u@1 for each matter ferm-
ion f . Thus, nothing in the generalNc-extended standard
model~with right-handed components for all fermions! guar-
antees that hypercharge and electromagnetic interactions
perturbative, as observed in nature. This perturbativity
natural~provided that theg andg8 are small! only if one has
a criterion for restricting the fermion charges to values whic
are not@1 in magnitude. Of course, this is automatic in a
approach using grand unification; here we inquire what co
ditions make it natural without invoking grand unification
There are only two cases where one can naturally guaran
that the fermion charges are not@1 in magnitude~and these
both yield worlds reminiscent of our own!, namelyC4l and
C5l , whereqe50 or qn50, and the electron-type leptons
and neutrinos, respectively, are naturally very light compar
to the electroweak scale. In these cases, as Eqs.~4.7! and
~4.8! show, the quark charges cannot be large in magnitu
Of course, any set of charges in whichuqeu ~and hence
uqnu) are bounded above by a number of order unity impli
by ~2.13! that uqdu and uquu are also bounded above in mag
nitude byO(1), but onewould lack a specific reason for
choosing such a value ofqe or qn . We thus are led to con-
clude that, in the context of the generalNc-extended standard
model, the condition that there be neutral~electron- or
neutrino-type! leptons which are much lighter than the elec
troweak scale provides a natural way to get fermion charg
which are not@1 in magnitude and hence to get perturbativ
hypercharge and electromagnetic interactions, given that
electroweak gauge couplings are small. Note that this is tr
both in casesC4l andC5l themselves and in the reduce
models in which one excludes the right-handed compone
of the respective neutral leptons,eiR in C4l and n iR in
C5l , since in either case, albeit for different reasons~see-
saw mechanism or higher-dimension operators!, one has
naturally light neutral leptons.

V. CONDITIONS FOR FINITENESS OF ELECTROWEAK
EFFECTS AS Nc˜`

We have already noted that the anomaly conditions can
solved for fermion hypercharges and equivalently elect
charges of arbitrarily large magnitude. Obviously, one co
dition for hypercharge and electromagnetic interactions to
ely
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finite is that one choose finite values of fermion charges
solve Eq.~2.13!. It is also of interest to consider this from th
viewpoint of the large-Nc limit. From Eqs.~2.17! and~2.18!
it is clear that ifYQL

is nonzero, thenqe andqn will diverge,

like (21/2)YQL
Nc , asNc→`. A necessary condition for

the lepton charges to remain finite in this limit is that

lim
Nc→`

qd52 1
2 , ~5.1!

i.e., limNc→`YQL
50. However, this is not a sufficient condi

tion; for example, if, as a function ofNc , qd behaves as

qd→
211aNc

2a

2
~5.2!

for largeNc ~whereaÞ0), then, from Eq.~2.17!,

qe52 1
2 ~11aNc

12a! ~5.3!

which is finite asNc→` if and only if a>1. In contrast, as
is clear from~2.15!, for any fixed~finite! value ofqe , qd has
a finite limit, namelyqd521/2, asNc→`.

However, this is still not sufficient for electroweak effec
to remain finite in the limitNc→`. It will be recalled that in
the large-Nc limit, one holds

gs
2Nc5const, ~5.4!

wheregs denotes the SU(Nc) gauge coupling@3–6#. As has
been noted in Ref.@14#, to avoid a breakdown of large-Nc
relations such as that for thep0→gg amplitude while retain-
ing nonzero electroweak interactions asNc→`, one sets

g2Nc5const ~5.5!

and

~g8!2Nc5const ~5.6!

in this limit, whereg and g8 denote the SU~2! and U(1)Y
gauge couplings, and the constants in Eqs.~5.4!, ~5.5!, and
~5.6! are, of course, different. It is easily seen that this is tr
for our generalization with right-handed neutrino fields an
variable lepton charges, just as it was true of the general
tion considered in Ref.@14# without anyn iR fields and with
fixed, conventional lepton charges. Hence also, the elec
magnetic couplinge5gg8/Ag21g82 satisfies the same scal
ing property

e2Nc5const ~5.7!

asNc→`.

VI. RELATIONS BETWEEN QUARK AND LEPTON
CHARGE CLASSES

It is of interest to work out the relationships between th
various cases describing the possible quark and lept
charges. We thus consider a value ofqd lying in a given
class,C1q–C5q , and determine to which class the corre
sponding lepton charges determined by Eq.~2.13! belong.
First, as one can see from Table I, the condition that t
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quark charges fall in classC1q implies that the lepton
charges fall in classC3l . We symbolize this as

qdPC1q⇒qePC3l . ~6.1!

The converse does not, in general, hold. The other implic
tions are listed below~and again, the converses do not, i
general, hold, except forC2q,sym):

qdPC2q,sym⇔qePC2l ,sym, ~6.2!

qdPC3q or C5q⇒qePC1l , ~6.3!

qdPC4q⇒qePC3l . ~6.4!

The condition thatqdPC2q can be met for certain values o
qe in each of the leptonic charge classes. The implicatio
following from a given leptonic charge class are

qePC1l ⇒qdPC2q , C3q , or C5q , ~6.5!

qePC2l ⇒qdPC2q , ~6.6!

qePC3l ⇒qdPC1q , C2q , or C4q , ~6.7!

qePC4l or C5l ⇒qdPC2q . ~6.8!

VII. A RELATION CONNECTING CERTAIN PAIRS
OF SOLUTIONS

Two respective solutionsS andS8 of ~2.13! with qd ~and
a resultantqe) and qd8 ~and a resultantqe8) have a certain
simple relation if the corresponding hypercharges satisfy

YQL
52YQL

8 ~7.1!

or equivalently, by Eq.~2.13!,

YLL52YLL8 . ~7.2!

In terms of the fermion charges, these equivalent conditio
read

qd1qd81150, ~7.3!

i.e.,

qe1qe81150. ~7.4!

To see the relation, we recall that the constraint~2.12! im-
plies that all of the hypercharges for the two cases can
expressed in terms of any one, sayYQL

and YQL
8 , respec-

tively; further, one can use condition~7.1! to express all
hypercharges in terms ofYQL

. Then the fields for the original

solutionS are

QL : ~Nc,2,YQL
!, ~7.5!

uR : ~Nc,1,11YQL
!, ~7.6!

dR : ~Nc,1,211YQL
!, ~7.7!
a-
n

f
ns

ns

be

LL : ~1,2,2NcYQL
!, ~7.8!

nR : ~1,1,12NcYQL
!, ~7.9!

eR : ~1,1,212NcYQL
!. ~7.10!

Now, expressing the field content of solutionS8 in terms of
the charge-conjugates fields,

~QR
c !8: ~Nc* ,2,YQL

!, ~7.11!

~uL
c !8: ~Nc* ,1,211YQL

!, ~7.12!

~dL
c !8: ~Nc* ,1,11YQL

!, ~7.13!

~LRc !8: ~1,2,2NcYQL
!, ~7.14!

~nL
c !8: ~1,1,212NcYQL

!, ~7.15!

~eL
c !8: ~1,1,12NcYQL

!, ~7.16!

where our notational convention iscR
c[@(cL)

c#R ,
cL
c[@(cR)

c#L . Evidently, there is a one-to-one correspon
dence between fields~7.5!–~7.10! of solution S and fields
~7.11!–~7.16! of solution S8 according to whichL↔R,
Nc→Nc* @i.e., fundamental representation is replaced by co
jugate fundamental representation of the SU(Nc) color
group#, and (uL

c)8→dR , (dL
c)8→uR , (nL

c)8→eR and
(eL

c)8→nR , etc. @Here we use the fact that the representa
tions of SU~2! are ~pseudo!real.# In particular, the leptonic
fieldsLL , nR , andeR for solutionS transform according to
precisely the same representations of SU(Nc)3SU(2)
3U(1)Y as the lepton fields (LRc )8, (eLc)8, and (nL

c)8 of so-
lution S8, respectively. We note that the special cases d
scribing the quark charges~and their corresponding lepton
charges! in C4q and C5q satisfy condition~7.1! @and the
equivalent equation ~7.2! for the leptons#, so that
(C4q ,C5q) form such a pair (S,S8) of solutions. Similarly,
the lepton charges~and their corresponding quark charges! in
C4l and C5l satisfy condition~7.2! @and the equivalent
equation~7.1! for the quarks#, so that (C4l ,C5l ) form an-
other such pair (S,S8). There is a~continuous! infinity of
other pairs of solutions forming such pairs with hypercharg
which are equal and opposite. Finally, the symmetric ca
C2q,sym5C2l ,symwith YQL

505YLL also satisfies condition

~7.1! and thus forms a pair with itself (S,S85S).

VIII. SOME PROPERTIES OF VARIOUS CASES

We next comment on some properties of various class
of solutions of Eq.~2.13!. In this discussion, we consider
both fixed, finiteNc and the limit Nc→`. The hadronic
spectrum of the theory would contain various meson an
glueball states, the latter being, in general, mixed withq̄q
mesons of the same quantum numbers to form physical m
eigenstates. Independent of the specific values of fermi
charges, theq̄q meson charges would always be 0 or61
~the latter becausequ5qd11). Other aspects of the spec-
trum would depend on the nature of electroweak symmet
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breaking, such as superpartners in the MSSM; we shall
discuss these here. There are some interesting general re
which one can derive concerning baryons, and we procee
these.

A. Baryons

We consider baryons composed ofr up-type andNc2r
down-type quarks@21# and denote their electric charge a
q@B(r ,Nc2r )#. ~For considerations of electric charge, on
can suppress the flavor dependence of the quark constitue
thus, for example, by down-type quarks, we included, s,
andb.) The electric charge of the baryon~s! B(r ,Nc2r ) is

q@B~r ,Nc2r !#5r1Ncqd5r2 1
2 ~Nc12qe11!. ~8.1!

In the special case where all of the up-type quarks and do
type areu andd, respectively, two baryons which are relate
by a strong-isospin rotationu↔d are B(r ,Nc2r ) and
B(Nc2r ,r ). The charge difference between these is

q@B~r ,Nc2r !#2q@B~Nc2r ,r !#52r2Nc . ~8.2!

Now we assume thatmu ,md!LQCD @where LQCD is the
scale characterizing the SU(Nc) color interactions#, as in the
physical world. A strong-isospin mirror pair which const
tutes a kind of generalization of the proton and neutron is
~light u, d quark, spin 1/2! pair

P5BSNc11

2
,
Nc21

2 D ~8.3!

and

N5BSNc21

2
,
Nc11

2 D . ~8.4!

For Nc53, P5p, N5n. From Eq.~8.1!, it follows that

qP52qe ~8.5!

and

qN52qn ~8.6!

~and furthermoreqP5qN11). Some further general result
on baryon charges are the following. First, if and only ifqd
and qu have the same sign, as they do for casesC1q and
C3q , then all baryons also have the same sign of elec
charge. Second, as is clear from Eqs.~8.5! and ~8.6!, the
proton and neutronP andN have the same sign of electri
charge if and only ifqe andqn have the same sign, which
holds in cases C1l and C3l . Thus also, sgn
(qP)52sgn(qN)⇔sgn(qe)52sgn(qn)⇔qePC2l . The
special caseC5l , with qn50 yields proton and neutron
charges the same as in our world, while in the special c
C4l , with qe50, one would haveqP50 andqN521. In
caseC2q,sym, qP52qN51/2. In the casesC1l andC3l in
which P andN have the same sign of electric charge, t
resultant Coulomb repulsion would increase the energy~i.e.,
decrease the binding energy! of a nucleus, as compared t
the cases where these nucleons have opposite signs of
tric charge or one is neutral. Consequently, in these cases
not
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Coulomb interaction could destabilize certain nuclei whic
are stable in the physical world.

B. Atoms

As a consequence of the charge relation, Eq.~8.5!, for all
cases of fermion charges@satisfying~2.13!# except the case
C4l (qe50), there will exist a Coulomb bound state of the
protonP and electron, which is theNc-extended generaliza-
tion of the hydrogen atom. Furthermore, for all cases
fermion charges @satisfying Eq. ~2.13!# except C5l
(qn50), there will exist a second neutral Coulomb boun
state, which has no analogue in the usualNc53 standard
model, namely, (Nn r51), wheren r51 denotes the lightest
neutrino mass eigenstate. Since the standard model c
serves baryon number perturbatively@22#, it follows that, if
qeÞ0, so that the generalized H atom, (Pe), exists, this
bound state is stable. Even for cases other thanC5l , where
the (Nn r51) atom exists, it would decay weakly, as a con
sequence of the decayN→P1e1 n̄e ~this really means the
decaysN→P1e1 n̄ r , involving all mass eigenstatesn r in
the weak eigenstatene5( r51

3 U1rn r which are kinematically
allowed to occur in the final state!. For nonzeroqe andqn ,
no leptons would be generically expected to be very lig
compared with other fermions. However, depending on th
fermion mass spectrum, there could exist other stable Co
lomb bound states. For example, assuming the usu
electron-type lepton mass spectrum, ifm(n r52)
,2me1m(n r51), then the state (Nn r52) could also be
stable. Henceforth, among the possible (Nn r) states, we
shall only consider (Nn r51) and shall suppress ther51
subscript in the notation.

In the following discussion of the H and (Nn) atoms, we
shall implicitly assume, respectively, thatqeÞ0 andqnÞ0,
so that these atoms exist. The condition that the H atom is
nonrelativistic bound state is

~Pe! nonrel.⇔uqeua!1. ~8.7!

Given thatqn5qe11, this is effectively the same condition
for the (Nn) bound state:

~Nn! nonrel.uqnua!1. ~8.8!

Note that if this condition is not met, i.e., ifuqeua*1, then
the electromagnetic interaction betweenP ande would in-
volve strong coupling. Assuming that these states are nonr
ativistic, the binding energy of the ground state of the H
atom is given, to lowest order, by

E~Pe!52
~qea!2mred.

2
, ~8.9!

where a5e2/(4p) and the reduced mass is
mred.5mPme /(mP1me). The Bohr radius for this ground
state of the H atom would be

a05
1

qe
2amred.

. ~8.10!

Formulas~8.9! and ~8.10! apply to the (Nn) bound state
with the obvious replacementsP→N ande→n.
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For a fixed value ofqe and henceqn , such that the re-
spective bound state (Pe) or (Nn) exists, assuming that the
lepton masses are fixed, the magnitudes of the respec
binding energies decrease asNc increases. To see this, note
first that sincemP ,mN;Nc in this limit @6#, the respective
reduced massmred.→me ormn and hence is finite. Then from
Eq. ~5.7!, it follows that

E~Pe! ,E~Nn!;Nc
22 ~8.11!

asNc gets large.
If both qe and qn are nonzero, then atoms with nucle

having atomic numberA>2 would exihibit a qualitatively
new feature not present in our world: the leptons bound
the nucleus would be of two different types. A generic ato
would be of the form

~nucl~NPP,NNN !;NPe,NNn!. ~8.12!

Whereas the characteristic size of atoms and molecules in
physical world is set by the Bohr radius, these atoms wou
have charged lepton clouds characterized by different siz
reflecting their different masses and charges. These high
A nuclei and atoms would undergo weak decays viae2 or
e1 emission ore2 capture, as in the physical world, and, in
addition,n or n̄ emission orn capture.

C. Possible lepton-lepton Coulomb bound state

There could also occur a stable purely leptonic Coulomb
bound state, (en r51). A necessary condition for this would
be thatqe and qn are opposite in sign, i.e., that the lepto
charges fall in caseC2l . However, unlike the (Pe) and
(Nn r51) atoms, this leptonic state~and other possible ones
e.g., for r52) would, in general, have a nonzero charg
namely,q@(en)#5YLL. In the physical world, one knows of
many such Coulombic bound states with net charge, such
the negative hydrogen ion (pee)5H2.

D. Lepton masses for the caseqn52qe51/2

Clearly, q@(en r)#50 only for the symmetric subcase
C2l ,sym5C2q,sym in Eq. ~3.7!, whereqn52qe51/2 so that
YLL50. In this case, the lepton mass spectrum exhibits so
unusual features, which depend, moreover, on wheth
Ngen. is even or odd. We note first that, in addition to th
lepton Yukawa interactions in~2.10!, there would two more
such terms, so that the total leptonic Yukawa part of th
Lagrangian would be

2LYuk,C2l ,sym5 (
i , j51

Ngen.

@~Yi j
~e!L̄ibLejR1Yi j

~n2!eabLiLTaCn jL
c !Hd

b

1~Yi j
~n!L̄ibLn jR1Yi j

~e2!eabLiLTaCejLc !Hu
b#

1H.c., ~8.13!

wherei , j are generation indices anda,b are SU~2! indices,
and the notation applies to either the standard model or
MSSM, as discussed before, following Eq.~2.10!. The
VEV’s of the Higgs fields would give rise to the mass term
tive
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2LYuk,mass5 (
i , j51

Ngen.

@Mi j
~e!ēiLejR1Mi j

~n2!n̄ jRn iL1Mi j
~n!n̄ iLn jR

2Mi j
~e2!ējReiL #1H.c., ~8.14!

where

M ~e!5221/2Y~e!vd , M ~n2!5221/2Y~n2!vd , ~8.15!

M ~n!5221/2Y~n!vu , M ~e2!5221/2Y~e2!vu , ~8.16!

and we have usedn iL
T Cn jL

c 5 n̄ jRn iL and eiL
T CejL

c 5ējReiL .
~In a theory without Higgs fields, these mass terms wou
arise, as discussed before, from certain multifermion ope
tors.! Furthermore, there would be the electroweak-singl
bare leptonic mass terms

2Lbare5 (
i , j51

Ngen.

@Mi j
~L !eabLiLTaCLjL

b 1Mi j
~R!eiR

T Cn
jR

#1H.c.

~8.17!

~Note that M1,i j is automatically antisymmetric;
M1,i j52M1,j i and thatn iR

T CejR5ejR
T Cn iR .) The mass co-

efficients multiplying these electroweak-singlet terms wou
be naturally much larger than the electroweak symmet
breaking scalev. Without having to analyze the full set of
mass terms in Eqs.~8.14! and ~8.17! in detail, one can thus
immediately conclude that the SU~2!-singlet lepton fields
will pick up masses which are naturally much larger than th
EWSB scale. Indeed,~whetherNgen. is even or odd! one can
always rewrite the SU~2!-singlet leptons as four-componen
Dirac fields; explicitly, these are

c i5S n iR

eiL
c D , i51, . . . ,Ngen. ~8.18!

with chargeqc51/2 @here the spinor refers to Dirac, not
SU~2!, space, and we use a representation in whichg5 is
diagonal#. These form bare mass terms( i51

Ngen.mDi c̄ ic i with
massesmD,i naturally@v.

In the hypothetical situation in whichNgen. is even, one
could form (Ngen./2) Dirac SU~2! doublets in a similar man-
ner, combiningL1L andL2Rc into the first doublet, say,L3L
andL4Rc into the second one, and so forth for the others. He
we use the fact that the representations of SU~2! are ~pseu-
do!real. Again, these SU~2! doublets would form
electroweak-singlet Dirac bare mass terms with mass
which are naturally much larger than the EWSB scale. No
that the only gauge interaction of these Dirac doublet
namely that involving the SU~2! gauge fields, is vectorial.
This rewriting of the doublets as Dirac fields coupling in
vectorial manner is similar to the method that we used earl
in lattice gauge theory studies@23#. The matter fermions in
the effective field theory at and below the electroweak sca
then consist only of the quarks. In this hypothetical cas
sinceNgen. is even, there areNgen.Nc doublets of quarks,
which is even whether or notNc is even or odd, so this
effective field theory is free of any global SU~2! anomaly.
@Recall that for the present case,C2q,sym5C2l ,sym, the
anomalies of type~i! cancel individually for the quark and
lepton sectors.#
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For the case whereNgen. is odd, one can form
(Ngen.21)/2 Dirac SU~2! doublets which naturally gain large
masses, as above. To see what happens to the one rema
leptonic chiral SU~2! doublet, it is sufficient to deal with a
simpleNgen.51 example. Using the fact that the masses m
tiplying the electroweak-singlet bare mass terms a
naturally much larger than the electroweak scale, wh
the masses resulting from the Yukawa couplings are&v,
and diagonalizing the mass matrix, one finds two large
genvalues 6MR , and two very small eigenvalues
6m1m2 /MR whereMR , m1 , andm2 denote the coefficients
of eR

TCnR , n̄LnR , and ēLeR , respectively. The two large
eigenvalues correspond, up to very small admixtures, to
SU~2!-singlet states already discussed above. The ma
gained by the components in the remaining SU~2!-doublet
are naturally much less than the electroweak scale, beca
of a kind of seesaw mechanism. The effective field theo
~EFT! at and below the electroweak scale would consist o
remainder ofNd,EFT5(Ngen.Nc11) SU~2! doublets. Since
Ngen. and henceNc are odd,Nd,EFT is even, so again there is
no global SU~2! anomaly in this sector. The sector contai
ing high-mass leptons was rewritten in vectorial form, a
hence is obviously free of any anomalies.

IX. QUESTION OF GRAND UNIFICATION

Finally, we address the issue of grand unification of t
Nc-extended standard model with right-handed neutrin
Although in the standard model~with no right-handed neu-
trinos! and itsNc extension, one already gets charge quan
zation without grand unification, the latter does provide
appealingly simple~if not unique @24–26#! way to obtain
gauge coupling unification. Here we shall prove a stro
negative result. Our proof will essentially consist of a coun
ing argument and will not make use of the specific fermi
charge assignments obtained as solutions to Eq.~2.13!. Our
proof will apply both for the case of oddNgen. and for the
hypothetical case of evenNgen.. Again, we shall not need to
make any explicit assumption concerning the nature of el
troweak symmetry breaking. Clearly, however, if one d
cusses grand unification at all, it is natural to assume t
physics remains perturbative from the electroweak scale
to the scale of the grand unified theory~GUT! ~so that the
unification of gauge couplings is not an accident! and hence
work within the framework of a supersymmetric theory. Th
is also motivated by the fact that supersymmetry can prot
the Higgs sector against large radiative corrections and, if
m problem can be solved, can thereby account for the ga
hierarchy in a GUT@27#. We follow the standard rules o
grand unification: first, in order have light fermions, on
must use a group with complex representations. Second
order to have natural cancellation of anomalies in gaug
currents, one restricts the choices of a group to those wh
are ‘‘safe’’ ~i.e., have identically zero triangle anomaly fo
all fermion representations! @28#. Note that at the GUT level,
there are no mixed gauge-gravitational anomalies, si
those necessarily involve a U~1! gauge group, and also no
global anomaly involving the GUT group itself, sinc
p4@SU(N)#5B for N>3, p4@SO(N)#5B for N>6, and
p4(E6)5B @29,10,30# @of course, restriction~2.19! still
holds#. Now althoughE6 has complex representations and
ining
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safe, it has a fixed rank of 6, and hence cannot be used
generalNc . The natural choice of GUT gauge group is thu
SO(4k12) with k>2. Now, as in the original discussion
@31#, one must satisfy an inequality on ranks: for our case,
order for SU(Nc)3SU(2)3U(1)Y to be embedded in a
GUT groupG, it is necessary that

rank~G!>Nc11. ~9.1!

Using the standard result

rank@SO~2n!#5n, ~9.2!

setting 2n54k12, and substituting~9.1!, we obtain the in-
equality

2k>Nc . ~9.3!

If Ngen. is odd, and hence, by~2.19!, Nc is odd, this becomes

2k>Nc11 for Nc odd. ~9.4!

We are thus led to consider the special orthogonal gro
G5SO(2Nc14) ~corresponding to the algebraDNc12 , in

the Cartan notation! with rank Nc12. SinceNc12 is odd,
G5SO(2Nc14) has a complex spinor representation of d
mension 2Nc11. Now we would like to fit all of the fermions
of each generation in a Weyl field transforming according
the spinor representation of this group. Note that in order f
this to be possible, it is necessary that

(
f
Yf50 ~9.5!

for each generation, sinceY is now a generator of a simple
~non-Abelian! group, and hence its trace must be zero. Th
requirement is met automatically as a consequence of
vectorial nature of the electromagnetic coupling; the lef
hand side of Eq.~9.5! is, indeed, identical to that of Eq.
~2.20! discussed before. Now there are

Nf54~Nc11!Ngen. ~9.6!

Weyl matter fermion fields in the theory@32#. Requiring that
these fit precisely inNgen.copies of the spinor representation
then yields the condition

2Nc1154~Nc11!. ~9.7!

But this has a solution only forNc53. This is a very inter-
esting result, and perhaps gives us a deeper understandin
why Nc53 in our world.

We would reach the same conclusion even ifNgen. were
even. In this case,~2.19! allowsNc to be either even or odd.
If Nc is odd, the same reasoning as before applies directly
Nc is even, then~9.3! can be satisfied as an equality, so tha
the group would be SO(2Nc12) ~with minimal rank
Nc11) corresponding toDNc11 , rather than SO(2Nc14).

Now sinceNc is even, the dimension of the spinor represen
tation of SO(2Nc12) is 2Nc11. Hence, we are led to the
same condition,~9.7! as before, and the same conclusio
follows.
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In summary, we have explored the implications of th
cancellation of anomalies for theNc-extended standard
model with right-handed components for all fermions. W
have shown that anomaly cancellation does not imply t
quantization of the fermion charges and have discussed so
interesting properties of various classes of solutions for the
charges. In particular, we have related the condition th
there be neutral leptons with masses much less than the e
troweak scale to the feature that the fermion charges are
@1 in magnitude and hence that the electroweak interactio
are perturbative. Finally, we have proved that the unificati
of the SU(Nc)3SU(2)3U(1)Y theory in SO(2Nc14)
~with the usual assignment of the fermions to the spinor re
e
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me
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lec-
not
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p-

resentation! can only be carried out forNc53. The world
which we analyze here is, of course, a generalization of o
physical one, but we believe that, as with the original 1/Nc
expansion in QCD, by thinking about the standard model i
a more general context, one may gain a deeper understand
of its features.
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