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We discuss some implications of anomaly cancellation in the standard modeKijvittie color group
extended to SUY.) and (ii) the leptonic sector extended to allow right-handed components for neutrinos.
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I. INTRODUCTION tors. Furthermore, in the standard modgelith no right-
handed neutringghe cancellation of the anomalies of type
While the standard modéll] is quite successful in ex- (i) implies the quantization of the fermion electric charges
plaining known data, there are many questions which i{13]; this also holds in an extension of the standard model
leaves unanswered. One of the most basic is why the gaugehere right-handed neutrinos are included but are assumed
group is Ggy=SU(3)XSU(2)XU(1)y. There have been to have zero hypercharg¢l3]. Note that the gauge-
several appealing ideas which might answer, or help to angravitational anomaly vanishes separately for quark and lep-
swer, this question, such as grand unification and the moren sectors.
ambitious efforts to derive the standard model from a funda- The issue of anomalies in ti.-extended standard model
mental theory of all known interactions, including gravity has recently been addressed explicitly by Chow and Yan
[2]. A somewhat complementary approach is to considef14]. These authors note that the anomaly cancellation con-
how the standard model gauge group might be viewed as orditions can be satisfied for arbitrafgdd) N., and the solu-
of a sequence of gauge groufwhich, in general, are still tion leads to unique, quantized, values of the electric charges
products of factor groupsin particular, it has proved quite of the up-type and down-type quarkg, andqy. The present
useful to consider the number of colors as a parameter, arguthor had carried out a similar analysis for a different type
study the N.—oo limit of the quantum chromodynamics of generalization of the standard model, namely, one in
(QCD) sector of the theory3—6], since this enables one to which the color group is extended to U} and the lep-
carry out analytic nonperturbative calculatiofamd, indeed, tonic sector is extended to include right-handed neutrino
to obtain a soluble model id=2 spacetime dimensiong7].  fields.
Many of these discussions naturally concentrated on using In this paper, we shall discuss the results of this analysis.
the 1N, expansion to elucidate the properties of hadronsThese results present an interesting contrast to those in the
When one includes electroweak interactions, however, one il -extended standard modékith no right-handed neutri-
led to address some additional questions. One of these cones. Both types of generalizations of the Sféxcluding or
cerns anomalies. including right-handed neutrinpsre of interest. The gener-
The freedom from anomalies is a necessary property of aalization without any right-handed neutrinos may provide a
acceptable quantum field theory. é=4 dimensions, there more economical way of getting small neutrino massass
are three types of possible anomalies in quantum field theadimension-five operatoffd 5]), while the generalization with
ries, including(i) triangle anomalies in gauged curref#s9] right-handed neutrinos is motivated in part by the fact that
which, if present, would spoil current conservation andthese make possible Dirac and right-handed Majorana mass
hence renormalizability; andi) the global SW2) anomaly terms for neutrinos at the renormalizable, dimension-four
resulting from the nontrivial homotopy group level, which naturally yield small observable neutrino
4 SU(2)]=2Z, [10] which, if present, would render the masses via the seesaw mechanis,17), given that the
path integral ill-defined. Furthermoréiji) if one includes natural scale for the mass coefficients of the right-handed
gravitational effects on a semiclassical, even if not fully Majorana neutrino bilinears is much larger than the elec-
guantum level, one is motivated to require the absence afoweak symmetry breakingEWSB) scale. In the usual ex-
mixed gauge-gravitational anomaligkl] resulting from tri-  tension of the standard model, the right-handed neutrino
angle diagrams involving two energy momentum tensoffields are electroweak singlets, a property which is crucial for
(graviton) vertices and a 1)y gauge vertex, since this the existence of the right-handed Majorana mass term. How-
anomaly, if present, would also spoil conservation of theever, when one considers tid.-extended standard model
hypercharge current as well as precluding the construction akith right-handed neutrino fields from the perspective of de-
a generally covariant theory. As is well known, in the stan-termining the constraints on the fermion hypercharyes
dard modelSM), all of these anomalies vani$h,12,9, and  which follow from the requirement of cancellation of anoma-
for anomalies of type§) and(ii), this vanishing occurs in a lies, the hypercharge of the right-handed neutrifibd® the
manner which intimately connects the quark and lepton sedaypercharges of the other fiejdsaturally becomes a vari-
able, not necessarily equal to zdi8]. If the hypercharge,
and hence electric charge, of the right-handed neutrinos is
*Electronic address: shrock@insti.physics.sunysb.edu nonzero, then the nature of the theory changes in a funda-
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mental way. Indeed, the term “neutrino” becomes a misno- u;

mer; we shall retain it here only to avoid proliferation of QiL:(dA) : (NC,2,YQL), (2.2
terms (it is no worse than the accepted term “heavy lep- L

ton”). Clearly, if Y, #0, then the right-handed Majorana

bilinear »jzxCvg is forbidden by gauge invariandevhere Ur:  (Ne1Yy), 2.3
i,j denote generation indices, ar@ denotes the Dirac

charge conjugation matrixGiven that Dirac mass terms for dir:  (Ne,1,Yq), (2.9

the neutrinos would be present in this type of theory, it
would be natural for all of the fermions of a given generation "
fco have comparable mass_[dsQ]. This c_Ias; of models is of _ ElL:( ') C(1,2Y,), (2.5
interest from an abstract field-theoretic viewpoint, because it &/, L

serves as a theoretical laboratory in which to investigate the
properties that follow from anomaly cancellation in a chiral

gauge theory constituting a generalization of the standard iRt (LY., 28
model with N, colors, constructed such that all left-handed
Weyl components have right-handed components of the er:  (1,1Ye), (2.7
same electric charge.

In most of our discussion, we shall not need to make anyyhere the indexi denotes generatiori,=1, . .. Nger=3,

explicit assumption concerning the still-unknown origin of with u,=u, u,=c, us=t, d;=d, d,=s, d;=b, etc. Thus,
electroweak symmetry breaking. At appropriate points, Weys ysual, all generations have the same gauge quantum num-
shall comment on how various formulas would apply in thepers. (In some formulas, we shall leavi, arbitrary for

Nc-extended minimal supersymmetric standard modepenerality) Because the S@) representations are the same

both cases, including right-handed components for all mattefy—1_ v/, Yo =Qut0d, Qu=0¢+1, q,=qe+1, and
fermiong. As regards anomalies in the context of the_, L . .
MSSM, recall that in addition to the usual Higés, one YfR—quR contlr\ue to holld, independent of the specific val-
must introduce anotheH,, with opposite hypercharge, both Ues of_ the fermion electric chargesh_ere we have used t_he
in order to be able to give the up-type quarks masses whil¥ectorial  nature ~of the electric charge coupling,
maintaining a holomorphic superpotential, and in order toft, =0r,=0ds for all fermionsf); and just as in the standard
avoid anomalies in gauged currents which would be causethodel itself, these relations imply

by the higgsind if it were not accompanied byHd,, . [The

addition of a singleH 4 to the (ever) number of matter ferm- Yu=Yq T1, Yq. =Yg -1 (2.9

ion SU?2) doublets would also cause a global QU

anomaly] All of this works in the same way regardless of the gnd

charges of the matter fermions, provided that the latter sat-

isfy the anomaly cancellation condition by themselves. Y, =Y, +1, Ye=Y,—1. (2.9
Moreover, as regards the neutralino sector, electric charge R t R

conservation by itself would allow mixing of neutrinos and
neutralinos(the neutral higgsinos and superpartners of th
gauge fieldsA® and B) if and only if q,=0. However, the
R parity commonly invoked in the MSSM to prevent disas- —0. one mav.a oriori. haveiz1 N. electroweak-
trously rapid proton decay also prevents mixing among the'? " . y:a prion, havej=2, ... Ns W
neutralinos and neutrinos even in the conventional caséInglet right-handed neutrinogir, where Ng need not be

whereq,=0, so there would be no change concerning thisequal t0 Ngep. However, iin the general solution to the

mixing even ifq,# 0. Finally, considering alternative ideas anomaly cancellation conditions foi:+3 (see beloy the

for electroweak symmetry breaking, one could envision emelectric charges of all of the fermions will differ from their

. ! . : . ) N.=3 values. In particular, sinag, will not, in general, be
bedding the(.SSM. theory n a larger one in which this sym- equal to zero, the numbeyg of electroweak-singlet right-
metry breaking is dynamical.

handed neutrinog;z must be equal to the numb#ly,, of
left-handed lepton doublets in order to construct renormaliz-
Il. ANOMALY CONSTRAINTS able, dimension-four neutrino mass terms, which in turn is
AND THEIR IMPLICATIONS necessary in this case to avoid massless, charged, unconfined
fermions in the theory. Given thadis=Nge,, the number
Ngen. €nters in a trivial way as a prefactor in all of the ex-
Consider, then, the generalization pression for the anomalies of typés and (iii), i.e., these
, cancel separately for each generation of fermions. Accord-
Gsm— Ggy=SU(N) X SU(2) X U(1)y (2.2) ingly, we shall often suppress the generational index in the
notation henceforth.
with the fermion fields consisting of the usud}.=3 gen- The hypercharge relation®.8) and (2.9 guarantee that,
erations, each containing the following representations ofndependent of the specific values of the fermion charges,
Gam: one can writeGgy-invariant Yukawa couplings

eBefore imposing the anomaly cancellation conditions, there
are thus only two independent electric charges among the
fermions; we may take these to ggandq.. ForN.=3 and

A. General
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— — 1 1
_ﬁvuk:%: [(Vi'Qidjr+ Yi LiLejr)Hq quzi(l—N—(quJr 1 (2.1
, Cc
+(YPQuujr+ Y LiL i) Hul + Hec. or equivalently, takingjy as the independent variable,
21
(219 Ge=— } (L+No(204+ 1)) (2.1
where in a context in which one uses a single standard-model
Higgs field, ¢, with 1,=1/2, Y,=1, then Hy=¢ and and thus
H,=i0,¢* as usual, and in the minimal supersymmetric 14
standard moddMSSM), Hy4 andH , correspond to the scalar A=z (1= Ne(29aT1)) (218
components of the two oppositely charged Higgs chiral su-
perfields.[In Eg. (2.10, no confusion should result between C. Global SU(2) anomaly
the symbolsLy, for the Lagrangian terms and,_for the The constraint from the global &) anomaly is well

lepton doubletd. The vacuum expectation valigz (VEV'S)  known[10]: the numbeiN4 of SU(2) doublets must be even:
of the Higgs fields then yield fermion mass terms. We denote

these VEV's as (¢)=2"Y% in the SM, with Ng=(1+N¢)Ngen is even. (2.19
v=2"Y4G Y2 and(H,4)=2"Y%, 4 in the MSSM, with

tand=v, /vy andv = /Uu2+vd2' In a scenario without Higgs, For 0ddNgen., _this implies thatN, is odd. For a nontrivial

in which the electroweak symmetry breaking is dynamical,color group, this mean;=2s+1, s=1. Note that one gets
the fermion mass terms are envisioned to arise from fourd qualitatively different result in the hypothetical case in
fermion operatorsthe origin of which is explained with fur- Which Nge,, is even; here, there is no restriction on whether
ther theoretical inpujs In all three cases, this can be done Nc is even or odd. From a theoretical point of view, one
just as in the respectivél,=3 model with conventional could perhaps regard it as satisfying that the physical value
fermion charge assignments. It is also straightforward to seBlgen=3 is 0dd and hence is such as to yield a constraint on
that in either a nonsupersymmetric model with the singleNc [20]. Of course, a world with eveM. would be very
Higgs ¢, or the MSSM, or a model with dynamical elec- different from our physical world, since baryons would be
troweak symmetry breaking, the breaking pattern bosons.

G5u— SU(NG) X U(1)em (2.11 D. Mixed gauge-gravitational anomalies

Finally, the anomalies of typgii) do not add any further
constraint; the mixed gauge-gravitational anomaly involving
SU(N,) and SU2) gauge vertices vanish identically since
Tr(T,)=0 whereT, is the generator of a nonabelian group,
B. Anomalies in gauged currents and the anomaly involving a @)y vertex is proportional to

We proceed to analyze the constraints from the canceIIaN
tion of the three types of anomalies. Among the triangle
anomalies of type(i), the SUN.)® and SUN.)?U(1)y
anomalies vanish automaticallas for N.=3) because of
the vectorial nature of the color and electromagnetic cou
plings. The condition for the vanishing of the
SU(2)?U(1)y anomaly is

can be arranged, just as for tNg=3 case with conventional
fermion charges.

o(2Yq, =Yy~ Ya ) +(2Y, —Y, — Y )=0, (2.20

ugr
where the expression vanishes because of the vectorial nature
of the electromagnetic coupling. Indeed, the two separate
terms in parentheses each vanish individually:
2Yq, = Yu,~ Ya,=0 and A =Y, ,~Ye =0, s0 that this
anomaly does not connect quark and lepton sectors, unlike

NcYq +Y., =0, (2.12 (2.12, (2.14 and the global S(2) anomaly. Hence, the only
constraint on the fermion charges is provided by the condi-
ie. tion that the anomalies of typ@) vanish.
Nc(29¢+1)+(29e+1)=0. (213 E. Discussion

Our results show that the SM has a consistent generaliza-
tion to the gauge grougsgy, in Eg. (2.1) with fermion
charges given by(2.2—(2.7). We find the one-parameter
family of solutions given in(2.13 to the condition of zero
_ o _ anomalies in gauged currents. Since the valuesoand
Expressing this in terms afq and g, yields the same con- ¢ for which (2.13 is satisfied are, in general, real, and are
dition as Eq.(2.13. Solving(2.13 for g4 yields not restricted to the rational numbers, it follows that in this
generalization of the standard model, the anomaly cancella-
tion conditions do not imply the quantization of electric
charge(and hence, hypercharg@Ve note that this is quali-
tatively different from the type of generalization studied in
and hence Ref. [14], in which one extend&gy— Ggy but keeps the

The U(1)3Y anomaly vanishes if and only if

Ne(2Y — Y5~ Ya ) +(2Y3 —Y5 —Y&)=0. (2.14

1 1
qd=—§ 1+ N—C(qu-i—l) (2.19
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TABLE |. Possibilities for quark charges.

Case Qd (Au~9a) Yo Yo
C1 >0 (+,+) >1 <—N

a c
c2, ~1<qy<0 (+.-) ~1<Yq <1 ~Ne<Y,, <N
C2q oym —12 (12~ 1/2) 0 0
C3, <-1 (—.—) <1 >N,
C4, 0 (1,0 1 —N¢
C5, —1 (0-1) —1 N,

fermion content precisely as in the standard model, with nand

electroweak-singlet right-handed neutrinos. In that case, one

must keepq,=0 in order to avoid a massless, charged, un- C3yq: qu<0 (=0qy<0), (3.5
confined fermion, and hence the lepton charges must be kept

at theirN.= 3 values while the quark charges are allowed toor equivalently,gq<<—1, which occurs if and only if
vary. Hence, the one-parameter family of solutiq@sl3

reduces to a unique solution N.—1
ge> > (3.6
i) ea
Ga= Ay 2 N¢ ' A symmetric special charge within ca€® is
and the anomaly cancellation conditidispecifically, of type C2qem’  Gu=—0¢= leg,=—q.=1%. 3.7)

(i)] do imply charge quantization, as was noted in R&4].

In passing, we observe that for our type of generalizationginaly, there are two special cases which are borderline be-

although the generic situation for the solutions of E3j13 tweenC1, andC2,, andC2, andC3,, respectively, and in
is that Yo and Y, are real numbers, it is true that this \ypich q, or qq is electrically neutral:

equation implies that if either is rational, so is the other.
N+
ll. CLASSIFICATION OF SOLUTIONS Céq: q9=0, quzl‘:’qe:—( 2 ) (3.9
FOR QUARK CHARGES

There is another important difference in the properties oiand

the two types ofN.-extended standard model in which one No—1

includes or excludes right-handed neutrinos. In the case C5,: 0,=0, qol:—l@qe=( c ) (3.9

where one excludes them, E(.21) shows that(given a 2

nontrivial color group gq is always negative, and, is al-

ways positive, and both decrease monotonically as function§hese cases are summarized in Table I.

of N, [from (q,,04) = (2/3,— 1/3) atN.=3 to (1/2,—1/2) in From Eq.(2.12, it is clear thatg, andqy are monotoni-

the limit asN.— . The situation is qualitatively differentin cally increasing(decreasing functions of N; if ge<—1/2

the N.-extended standard model with right-handed neutrinosfde> —1/2). In the borderline casg,= — 1/2, q, andqg are

here, there are a number of different caggenotedCn,)  independent ofN; (and equal to the respective values in

describing the up and down quark charges, of which thre€2q sym, SO that the anomalies of tyg® cancel separately

are generic and two are borderlin@Ve also list a certain in the quark and lepton sectors. Rég=3, the explicit con-

special subcase because of its symmgtRegardingg, as  ditions on g, for the five cases ardl) g.<-2; (2

the independent variable in the solution of EB.13, these —2<0e<1;(3) ge>1; (4) ge=—2; and(5) ge=1. As these

are results show, even foN.=3, in the standard model with
right-handed components for all fields, the cancellation of

Cly: q¢>0 (=0q,>0), (3.1  anomalies does not imply that any field, and in particular,

any leptonic field, must have zero electric charge.

i.e., Yo >1, which occurs if and only it <—N;, thatis,

IV. CLASSIFICATION OF SOLUTIONS

Qo< — N°2+1 , (3.2 FOR LEPTON CHARGES
The corresponding possible cases for leptori} électric
C2,: q,>0, qg<0, (3.3 charges are as follows, takimg as the independent variable
in Eq. (2.13:
or equivalently,— 1<q4<0, which occurs if and only if
Cl,: 0e>0 (=0q,>0), 4.9
N.+1 N.—1 3.4
B <0< 3 @4 it and only if
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TABLE Il. Possibilities for lepton charges.

Case Je (d,.9e) Ye, Ya,
C1, >0 (+,+) >1 <—1/N,
c2, —1<qe<0 (+,-) -1<Y, <1 —1N<Yq <IN,
C2, oym 12 (1/2~1/2) 0 0
C3, <-1 (-.-) <-1 >1/N,
c4, 0 1,0 1 — 1N,
C5, -1 (0~1) -1 N,
1 1 trino mass terms resulting from E.10. By the usual ar-
Qu<— 2 1+ N, (4.2 gument, since the right-handed electron Majorana mass
¢ terms are electroweak singlets, the mass coefficients
c2,: q,>0, q.<0, 4.3 are naturally much larger than the electroweak scale. Diago-
nalizing the combined Dirac-Majorana neutrino mass matrix
if and only if would yield two sets of mass eigenvalues and corresponding
1 1 1 1 (generically Majoranamass eigenstates, the observed, light
_ E( 1+ N_) << — 5( 1— N_) , (4.4) electron-type Ieptons having massesn%/mR< mp and the
c c heavy ones having massesmg (Wheremp denotes a ge-
) neric Dirac mass, and we suppress generational indices
€30 4=0 (=0e<0), (4.5 Although the generic situation in our generalization of the
if and only if standard model is that the electric charges of all the funda-
mental fermions are nonzero, there are evidently four special
1 1 cases in which one type of fermion has zero charge, viz.,
43|17, 48 ca, (q4=0), C5, (q,=0), C4, (qe=0), and C5,

The symmetric subcase? s, is identical toC2, 5, in EQ.

(g,=0). In each of the two leptonic cases containing a neu-
tral lepton, one may define a new model in which one ex-

(3.7). The two special cases which are borderline betweerludes the right-handed Weyl component for all generational

Cl,andC2,, and betweerc2 , andC3, are, respectively,

1
qe:O: q,= 1<:qd: - E

1
1+ —

C4,: N
C

(4.7

and

1 1
c5,: q,=0, qe:—lﬁqd=—§<l—N—c). (4.9
These are summarized in Table II.
Several comments are in order. First, note thatand
g, are monotonically increasin¢gdecreasing functions of
N if gq<—1/2 (gq>—1/2). The special casgy;= —1/2 has

copies of this lepton, vizg;g for caseC4,, andy;i for case
C5,, wherei=1, ... Nge,. Performing the excision of the
vir in caseC5, and puttingN.= 3 just yields the standard
model. Performing the analogous excision of ¢hefields in
caseC4, yields a model in which the electron-type leptons
are naturally light, for the same reason that the neutrinos are
naturally light in the standard model, namely that there

are no four-dimension Yukawa terms contributing to the
masses of electron-type leptons; afij higher-dimension
operatorgwhich one would take account of when one views
the model as a low-energy effective field theogjve natu-
rally small masses. Indeed, the argument for the lightness of
the neutral lepton in these reduced modélg,, with no

er fields, andC5, with no vy fields, could be regarded as

been discussed above. Second, observe that, even if we ifjore economical than the seesaw mechanism, since the same

clude right-handed neutrinos, so tltgt need not be zero in

general, there is, for a giveM,, a solution of(2.13 where it
is zero, namely cas€5, .

result is achieved with a smaller field contéalbeit by mak-
ing reference to higher-dimension, nonrenormalizable opera-
tors). In passing, we note that in cas€d, and C5, where

Of the various cases of lepton charges, two would yield e conditions that there be no SU@R1)y or U(1)$

world similar to our own, in the sense that there would beanomalies and no mixed gauge-gravitational or globa2SU
neutral leptons with masses which are naturally much lesgnomalies, by themselves, would allow one to define reduced

than the electroweak symmetry breaking seal@he closest

would be cas€5,, where the neutrino has zero charge. As

will be discussed further below, case4,, with g.=0

would also be reminiscent of our world. The Iightrjess pf theproduce SUK,)? and SUN
masses of the observed electron-type leptons in this ca

models without;r andu;g components, respective{gnalo-
gously to the removal o0&z and v in the leptonic cases
C4,andC5)), this is, of course, forbidden because it would
2)?U(1)y anomalies, as well as
ndering the color group chiral and thereby contradicting

would follow from a seesaw mechanism completely analoy,e gpserved absence of parity and charge conjugation vio-
gous to that for the neutrinos in the physical world; in this|5ti0n in strong interactions.

case, sinceYe =0, there would be gauge-invariant right-

handed Majorana mass terms of the

An important observation concerns a connection between

formthe values of the lepton charges and the perturbative nature

> Ngen. mR,ijeiTRCejRnL H.c. in addition to the usual Dirac neu- of the electroweak sector. In the standard model, the ob-

ij=1
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served electroweak decays and reactions are perturbativelinite is that one choose finite values of fermion charges to
calculable. However, in the generalizéd-extended stan- solve Eq.2.13. Itis also of interest to consider this from the
dard model that we consider here, this is no longer guaransiewpoint of the largeN, limit. From Egs.(2.17) and(2.18
teed to be the case, even if the @Jand U(1), gauge itis clear that ifYQL is nonzero, them, andq, will diverge,
couplingsg andg’, and hence also the electromagnetic coudjke (—1/2)YoN¢, asN.—=. A necessary condition for
pling, e=gg'/ V92_+9,2:g sinéy, are small. Because the he |epton charges to remain finite in this limit is that
left-handed fermions have fixed, finite values of weak

T3=*1/2, the SW2) gauge interactions are still perturba- lim gq=— %, (5.1)
tive, as in the usual standard model. However, for a given Ng— o

value of N;, the solution to the anomaly conditidi2.12)

allows arbitrarily large values of the magnitudes of fermioni.€., limy__...Yq =0. However, this is not a sufficient condi-
hypercharges and equivalently, electric charges, as is cleabn; for example, if, as a function dfl., g4 behaves as

from the explicit solutiong2.15—(2.18. If |qq/>1 (which,

for a fixed value ofN., implies|qge/>1), then even though —1+aN;

the gauge coupling’ is small, the hypercharge interactions Qa— 2

would involve strong coupling, sincky’Y;|/>1 for each

matter fermionf; similarly, even thouglg and hencee are  for largeN. (wherea+0), then, from Eq(2.17),
also small, the electromagnetic interactions would also in-

volve strong coupling, sincgg|>1 for each matter ferm- ge=— 3(1+aN;™*) (5.3
ion f. Thus, nothing in the generdl -extended standard S ) )

model(with right-handed components for all fermiorguar- ~ Which is finite asNc— o if and only if «=1. In contrast, as
antees that hypercharge and electromagnetic interactions dieclear from(2.15, for any fixed(finite) value ofge, qq has
perturbative, as observed in nature. This perturbativity i finite limit, namelyqq=—1/2, asNo—c.

natural(provided that they andg’ are small only if one has Howgve'r, .'[hl'S is sul! not sufficient for electroweak eﬁgcts
a criterion for restricting the fermion charges to values whicht© remain finite in the limitN.—e. It will be recalled that in
are not>1 in magnitude. Of course, this is automatic in anthe largeN limit, one holds

approach using grand unification; here we inquire what con- 2N — t 54
ditions make it natural without invoking grand unification. 9sNe=const, G4
There are on_Iy two cases where one can _naturally guarant%ﬁ|eregs denotes the SUY,)
that the fermion charges are noatl in magnitudgand these
both yield worlds reminiscent of our owymamelyC4, and
C5,, whereq.,=0 or q,=0, and the electron-type leptons
and neutrinos, respectively, are naturally very light compare
to the electroweak scale. In these cases, as &qg®. and g°N.=const (5.5
(4.8 show, the quark charges cannot be large in magnitude.
Of course, any set of charges in whith,] (and hence and
|q,|) are bounded above by a number of order unity implies

by (2.13 that|qg4| and|q,| are also bounded above in mag-
nitude by O(1), but onewould lack a specific reason for
choosing such a value @f, or q,. We thus are led to con-
clude that, in the context of the genehyl-extended standard

(5.2

gauge coupling3—6]. As has
been noted in Ref14], to avoid a breakdown of largid;
relations such as that for the’— yy amplitude while retain-
cipg nonzero electroweak interactionsdg—, one sets

(9")?N.=const (5.6)

in this limit, whereg andg’ denote the S(2) and U(1),
gauge couplings, and the constants in Egs4), (5.5), and
(5.6) are, of course, different. It is easily seen that this is true

model, the clondltlon thh_a:] there b?] Iﬂeﬁ"@”ﬁwoﬂ' olr for our generalization with right-handed neutrino fields and
neutrino-type leptons which are much lighter than the elec-, ;oo lepton charges, just as it was true of the generaliza-

troweak scale provides a natural way to get fermion chargeﬁOn considered in Ref.14] without any ;5 fields and with

which are noe-1 in magnitude ar_ld _hence t_o get p_erturbatlveﬁxed’ conventional lepton charges. Hence also, the electro-
hypercharge and electromagnetic interactions, given that threnagnetic couplingazgg’/\/W satisfies the same scal-
electroweak gauge couplings are small. Note that this is tru%g property
both in casesC4, andC5, themselves and in the reduced

models in which one excludes the right-handed components e2N,= const (5.7)
of the respective neutral leptons;z in C4, and vig in

C5,, since in either case, albeit for different reas¢sse- asN —o.

saw mechanism or higher-dimension opergtomne has

naturally light neutral leptons. VI. RELATIONS BETWEEN QUARK AND LEPTON
CHARGE CLASSES
V. CONDITIONS FOR FINITENESS OF ELECTROWEAK

EEFECTS AS N s o It is of interest to work out the relationships between the
Cc

various cases describing the possible quark and leptons
We have already noted that the anomaly conditions can beharges. We thus consider a value ggf lying in a given
solved for fermion hypercharges and equivalently electricclass,C1,—C5,, and determine to which class the corre-
charges of arbitrarily large magnitude. Obviously, one con-sponding lepton charges determined by E213 belong.
dition for hypercharge and electromagnetic interactions to b&irst, as one can see from Table I, the condition that the



53 IMPLICATIONS OF ANOMALY CONSTRAINTS IN THEN,-. .. 6471

quark charges fall in clas€1, implies that the lepton L (12— NcYQL), (7.9
charges fall in clas€3,. We symbolize this as
Que Cle=qecC3, . 6.1) et (LLINeYo, ), (7.9
The converse does not, in general, hold. The other implica- er: (L,1,=1-NcYq ). (7.10
tions are listed belowand again, the converses do not, in _ . o
general, hold, except fa€24 o) Now, expressing the field content of solutih in terms of
’ the charge-conjugates fields,
dge C24 syn0e€ C2/ sym, (6.2
d aq,sym= e /,sym (Q%': (N '2’YQL)’ (7.1
gge C34 or C5,=q.eCl,, (6.3
(up)': (N*,l,—1+YQL), (7.12
gge C44,=0.€C3,. (6.9
d)’: (N¥,1,1+Yg ), 7.1
The condition thatjye C2, can be met for certain values of (dv) (Ne o) (713
ge in each of the leptonic charge classes. The implications cy /. _
following from a given leptonic charge class are (Lr)"t (1,2=NeYq), (7.14
geeCl,=qqeC2,, C3,, or C5¢, (6.5 (vD)': (1,1,-1-NcYgq), (7.15
dee C2,=04eC2q, (6.6) (e))": (L,1,1-NcYq), (7.16
Qe C3,=0qqeCly, C24, or C4y, (6.7 where our notational convention isyS=[(y)r.

i =[(¥r)°]L. Evidently, there is a one-to-one correspon-

Qec C4, or C5,=qqe C2q. 6.8 gdence between field&7.5)—(7.10 of solution S and fields
(7.1)—(7.16 of solution S’ according to whichL—R,

VII. A RELATION CONNECTING CERTAIN PAIRS N.— Ng [i.e., fundamental representation is replaced by con-
OF SOLUTIONS jugate fundamental representation of the B)( color

Cyr Cyr Cyr
Two respective solutionS andS’ of (2.13 with g4 (and gr(C)u,p], and ()" —dg, (d)'—Ur, (»)'—er and
a resultantge) and g} (and a resultany’) have a certain (e)'—vR, etc.[Here we use the fact that the representa-

simple relation if the corresponding hypercharges satisfy ;E:glr('jss Zf St{Z) :;?j gpsﬁjﬂdgleui:gr:ns Itarzrr?scflélrar;’ ;Zce;c:redpi:](;n;g
Lo R R

Yo = —Y{g (7.0 precisely the same representations of B SU(2)
- - X U(1)y as the lepton fields4g)’, (ef)’, and (f)’ of so-
or equivalently, by Eq(2.13, lution S’, respectively. We note that the special cases de-
scribing the quark chargesnd their corresponding lepton
YcL:_Y'LL- (7.2 charges in C4, and C5, satisfy condition(7.1) [and the
equivalent equation(7.2) for the leptong so that
In terms of the fermion charges, these equivalent condition§C4q.C54) form such a pair §,S") of solutions. Similarly,
read the lepton charge@nd their corresponding quark chargis
C4, and C5, satisfy condition(7.2) [and the equivalent
ggtqg+1=0, (7.3  equation(7.1) for the quark$ so that C4,,C5,) form an-
other such pair $,S’). There is a(continuou$ infinity of
ie., other pairs of solutions forming such pairs with hypercharges
which are equal and opposite. Finally, the symmetric case
Qe+ Qe+ 1=0. (7.4 C24 sym=C2, gymWith Yo =0=Y,, also satisfies condition

To see the relation, we recall that the constraihii?2 im- (7.1) and thus forms a pair with itsel§ S’ =$).

plies that all of the hypercharges for the two cases can be

expressed in terms of any one, s#y and Y’QL, respec- VIll. SOME PROPERTIES OF VARIOUS CASES

tively; further, one can use conditiofy.1) to express all We next comment on some properties of various classes
hypercharges in terms dfq, . Then the fields for the original of solutions of Eq.(2.13. In this discussion, we consider
solution'S are both fixed, finite N, and the limitN,—c. The hadronic
spectrum of the theory would contain various meson and
Qi (Ne,2Yq), (7.5  glueball states, the latter being, in general, mixed wgth
mesons of the same quantum numbers to form physical mass
Ug: (Nc,l,1+YQL), (7.6) eigenstates. Independent of the specific values of fermion

charges, thegq meson charges would always be 0 bil
(the latter becausg,=qy+1). Other aspects of the spec-

dr: (Nc’l'_1+YQL)' (7D trum would depend on the nature of electroweak symmetry
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breaking, such as superpartners in the MSSM; we shall nafoulomb interaction could destabilize certain nuclei which
discuss these here. There are some interesting general residtg stable in the physical world.
which one can derive concerning baryons, and we proceed to

these. B. Atoms

As a consequence of the charge relation, @Bcp), for all
cases of fermion chargégsatisfying(2.13] except the case
We consider baryons composed rolip-type andN.—r C4, (g.=0), there will exist a Coulomb bound state of the
down-type quarkg21] and denote their electric charge as protonP and electron, which is thd.-extended generaliza-
q[B(r,N.—r)]. (For considerations of electric charge, onetion of the hydrogen atom. Furthermore, for all cases of
can suppress the flavor dependence of the quark constituenfermion charges [satisfying Eqg. (2.13] except C5,
thus, for example, by down-type quarks, we inclutles, (q,=0), there will exist a second neutral Coulomb bound
andb.) The electric charge of the bary@h B(r,N.—r) is state, which has no analogue in the ushak 3 standard
model, namely, /v,-,), wherev,_,; denotes the lightest
alB(r,Nc—r)]=r+Ngg=r— 3(Nc+20ge+1). (8.1) neutrino mass eigenstate. Since the standard model con-
serves baryon number perturbativéB2], it follows that, if
In the special case where all of the up-type quarks and doque¢ 0, so that the generalized H atonPd), exists, this
type areu andd, respectively, two baryons which are related pound state is stable. Even for cases other tB&n, where
by a strong-isospin rotationu—d are B(r,Nc—r) and  the (\y,_,) atom exists, it would decay weakly, as a con-
B(N¢—r,r). The charge difference between these is sequence of the decay— P+ e+ v, (this really means the
_ decaysN—P+e+ v, , involving all mass eigenstatesg in
ALB(r.Ne=r)]=a[B(Ne=r.r)]=2r=Ne. (82 0 yeak eigenstate,=33_,U, v, which are kinematically
Now we assume thatn,,my<Aqcp [Where Agep is the allowed to occur in the final stgteFor nonzeray, andq,,,

scale characterizing the SN) color interaction as in the N0 leptons would be generically expected to be very light
physical world. A strong-isospin mirror pair which consti- compared with other fermions. However, depending on the

tutes a kind of generalization of the proton and neutron is th&€mion mass spectrum, there could exist other stable Cou-

A. Baryons

(light u, d quark, spin 1/2 pair lomb bound states. For example, assuming the usual
electron-type lepton mass spectrum, ifm(v,_5,)
Ne+1 N.—1 <2me+m(v,—4), then the state Xv,_,) could also be
= 5 o ) (8.3 stable. Henceforth, among the possibl&1{) states, we

shall only consider {/v,—;) and shall suppress the=1
and subscript in the notation.

In the following discussion of the H and\p) atoms, we
shall implicitly assume, respectively, thgi#0 andq,# 0,
so that these atoms exist. The condition that the H atom is a
nonrelativistic bound state is

No—1 Ng+1
2 2 |

N=B( (8.9

For N.=3, P=p, N=n. From Eq.(8.1), it follows that

(Pe) nonrele|gel a<1. (8.7
0r=—0e (8.9 . .. . -
Given thatq,=(q.+ 1, this is effectively the same condition
and for the (NWv) bound state:
ayv=-4a, (8.6) (Nv) nonrellg,|a<1. (8.9

(and furthermoregp=q,+1). Some further general results Note that if this condition is not met, i.e., jiflo|@=1, then

on baryon charges are the following. First, if and onlglif  the electromagnetic interaction betweBrand e would in-

and g, have the same sign, as they do for ca€dg, and  volve strong coupling. Assuming that these states are nonrel-
C3,, then all baryons also have the same sign of electriativistic, the binding energy of the ground state of the H
charge. Second, as is clear from E¢R.5 and (8.6), the  atom is given, to lowest order, by
proton and neutrof® and N have the same sign of electric

charge if and only ifg. andq, have the same sign, which £ _ (o)’ Myeq
holds in casesCl, and C3,. Thus also, sgn (Pe)™ 2 '
(ap) = —sgn@n) < sgn@e) = —sgn@,) =g C2,.  The

special caseC5,, with q,=0 yields proton and neutron where «=e€?/(4m) and the reduced mass is
charges the same as in our world, while in the special cas#eg=mpM./(Mp+me). The Bohr radius for this ground
C4,, with g.=0, one would havej,=0 andgy,=—1. In  state of the H atom would be

caseC2g sym: dp= —qu=1/2. In the case€1, andC3, in

which P and /V have the same sign of electric charge, the an— 1 (8.10
resultant Coulomb repulsion would increase the engigy, O gZamyey '
decrease the binding enelgyf a nucleus, as compared to

the cases where these nucleons have opposite signs of eldsmrmulas(8.9) and (8.10 apply to the (Vv) bound state
tric charge or one is neutral. Consequently, in these cases theéth the obvious replacemena— A ande— v.

(8.9
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For a fixed value ofy, and hencey,, such that the re- Ngen.
spective bound statePg) or (Nv) exists, assuming that the  — Lyykmass 2 [M{T€ ejr+M {2 wjrui + M v vig
lepton masses are fixed, the magnitudes of the respective hi=1
?mdmg energies decrease'lxl§ increases. To see this, pote _ Mi(jeZ)e_jReiL]+ H.c.. (8.14
irst that sincemp,my~N; in this limit [6], the respective
reduced mass,.q— M, Or m, and hence is finite. Then from \where
Eq. (5.7), it follows that

ME=2"V2®y  MOP=2"1y02y (8.15

E pe)»Evy~ N3 2 8.1
(e =Ny e (811 M =2"12y(y, M2 =2~ 12y(e2), (8,16
asN, gets large.

If both g, and q, are nonzero, then atoms with nuclei
having atomic numbeA=2 would exihibit a qualitatively
new feature not present in our world: the leptons bound t
the nucleus would be of two different types. A generic ato
would be of the form

and we have used; Cvf =vjgv;. and e Cef =ejre;. -

(In a theory without Higgs fields, these mass terms would
arise, as discussed before, from certain multifermion opera-
cfors.) Furthermore, there would be the electroweak-singlet
Mhare leptonic mass terms

Ngen.

(nuck NP, NAN ) Npe, N ). (8.12 ~ Loare= szl [MiPeanli7CL) + M{PelRCr ]+ H.c.

Whereas the characteristic size of atoms and molecules in the .17
physical world is set by the Bohr radius, these atoms wouldNote that My;; is_ automatically antisymmetric;
have c_hargeq Iepton clouds characterized by different Size®, ;= —M,; and thatViTRCejRZGjTRCViR .) The mass co-
reflecting their different masses and charges. These highegficients multiplying these electroweak-singlet terms would
A nuclei and atoms would undergo weak decayse/iaor  pe naturally much larger than the electroweak symmetry
e emission or™ capture, as in the physical world, and, in preaking scaler. Without having to analyze the full set of

addition, » or v emission orv capture. mass terms in Eq¢8.14) and (8.17) in detail, one can thus
immediately conclude that the $2J-singlet lepton fields
C. Possible lepton-lepton Coulomb bound state will pick up masses which are naturally much larger than the

There could also occur a stable purely leptonic CoulombicEWSB scale. IndeedwhetherNy, is even or odjlone can

bound state,€v,_;). A necessary condition for this would al_vvays. rew.rlte thle.SUZ)—smglet leptons as four-component
SR . Dirac fields; explicitly, these are
be thatg. and g, are opposite in sign, i.e., that the lepton

charges fall in cas€2,. However, unlike the Pe) and Vin
(Nv,-1) atoms, this leptonic stat@nd other possible ones, bi= ( o ) i=1,... Ngen (8.18
e.g., forr=2) would, in general, have a nonzero charge, iL

namely,q[(ev)]:YﬁL. In the physical world, one knows of with chargeq,=1/2 [here the spinor refers to Dirac, not
many SUC.h Coulombic pound states with net Charge, such @J(Z)’ space, and we use a representation in Wh)yghs
the negative hydrogen iorpeg=H". diagona]. These form bare mass terms. " mp; ;4; with
massesnp ; naturally>uv.
In the hypothetical situation in whicN, is even, one
Clearly, g[(ev,;)]=0 only for the symmetric subcase could form (Nge,/2) Dirac SU2) doublets in a similar man-
C2, sym=C2q symin Eq. (3.7), whereq,= —g.=1/2 so that  ner, combiningl;; and L5g into the first doublet, sayfs,
Y, =0. In this case, the lepton mass spectrum exhibits somand L35, into the second one, and so forth for the others. Here
unusual features, which depend, moreover, on whethei¥e use the fact that the representations ofZBare (pseu-
Ngen. is €ven or odd. We note first that, in addition to thedojreal. Again, these S@) doublets would form
lepton Yukawa interactions i(2.10), there would two more €lectroweak-singlet Dirac bare mass terms with masses
such terms, so that the total leptonic Yukawa part of thevhich are naturally much larger than the EWSB scale. Note

D. Lepton masses for the casg,=—q.=1/2

Lagrangian would be that the only gauge interaction of these Dirac doublets,
namely that involving the S(2) gauge fields, is vectorial.
Naen. — This rewriting of the doublets as Dirac fields coupling in a

— 2 T b . . . .
_EYUKCZ/VSym_iZl [(YiT Liper T Y[ P eanli*CViHG  vectorial manner is similar to the method that we used earlier
! in lattice gauge theory studi¢23]. The matter fermions in

+ (Yi(j”)ﬁ_it)LVjR+Yi(jez>6ab£iTLaCech)HB] the effecti\_/e field theory at and below t.he electroweak scale
then consist only of the quarks. In this hypothetical case,
+H.c, (8.13  since Nge, is even, there aréye,N. doublets of quarks,

which is even whether or ndil. is even or odd, so this
wherei,j are generation indices aradb are SU2) indices, effective field theory is free of any global $2) anomaly.
and the notation applies to either the standard model or thgRecall that for the present cas€2 sym=C2, gym, the
MSSM, as discussed before, following EQ.10. The anomalies of typdi) cancel individually for the quark and
VEV’s of the Higgs fields would give rise to the mass termslepton sectorg.
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For the case whereNg, is odd, one can form safe, it has a fixed rank of 6, and hence cannot be used for
(Ngen—1)/2 Dirac SU2) doublets which naturally gain large generalN.. The natural choice of GUT gauge group is thus
masses, as above. To see what happens to the one remainB@(4k+2) with k=2. Now, as in the original discussion
leptonic chiral SW2) doublet, it is sufficient to deal with a [31], one must satisfy an inequality on ranks: for our case, in
simpleNgen=1 example. Using the fact that the masses mul-order for SUN.) XSU(2)XU(1)y to be embedded in a
tiplying the electroweak-singlet bare mass terms areGUT groupG, it is necessary that
naturally much larger than the electroweak scale, while
the masses resulting from the Yukawa couplings e, rank G)=N,+1. (9.9
and diagonalizing the mass matrix, one finds two large ei- .
genvalues Mg, and two very small eigenvalues, USing the standard result
+mym,/Mg whereMy, m;, andm, denote the coefficients _
of exCvr, v vg, and e e, respectively. The two large ran{ Sazm]=n, .2
eigenvqlues correspond, up to very small admixtures, to th@etting h=4k+2, and substituting9.1), we obtain the in-
SU(2)-singlet states already discussed above. The massgguality
gained by the components in the remaining(3ttoublet
are naturally much less than the electroweak scale, because 2k=N,. 9.3
of a kind of seesaw mechanism. The effective field theory
(EFT) at and below the electroweak scale would consist of df N, is odd, and hence, b§2.19, N is odd, this becomes
remainder ofNg ger=(NgenNe+1) SU2) doublets. Since
Ngen @and henceéN; are oddNg grris even, so again there is 2k=N,+1 for N; odd. (9.4
no global SWY2) anomaly in this sector. The sector contain-
ing high-mass leptons was rewritten in vectorial form, andWe are thus led to consider the special orthogonal group
hence is obviously free of any anomalies. G=SO(N.+4) (corresponding to the algebidy ., in
the Cartan notatignwith rank N.+ 2. SinceN;+2 is odd,
G=SO(2N.+4) has a complex spinor representation of di-
mension 2<*1 Now we would like to fit all of the fermions

Finally, we address the issue of grand unification of theof each generation in a Weyl field transforming according to
N¢-extended standard model with right-handed neutrinosthe spinor representation of this group. Note that in order for
Although in the standard modélith no right-handed neu- this to be possible, it is necessary that
trinosg) and itsN, extension, one already gets charge quanti-
zation without grand unification, the latter does provide an E Y,=0

T

IX. QUESTION OF GRAND UNIFICATION

appealingly simple(if not unique [24—-26) way to obtain 9.5

gauge coupling unification. Here we shall prove a strong

negative result. Our proof will essentially consist of a count-for each generation, siné¢ is now a generator of a simple
ing argument and will not make use of the specific fermion(non-Abelian group, and hence its trace must be zero. This
charge assignments obtained as solutions to(E43. Our  requirement is met automatically as a consequence of the
proof will apply both for the case of odNge, and for the  vectorial nature of the electromagnetic coupling; the left-
hypothetical case of evelge,. Again, we shall not need to hand side of Eq(9.5 is, indeed, identical to that of Eq.
make any explicit assumption concerning the nature of elec2.20 discussed before. Now there are

troweak symmetry breaking. Clearly, however, if one dis-

cusses grand unification at all, it is natural to assume that Ni=4(Nc+1)Ngen, (9.6
physics remains perturbative from the electroweak scale up

to the scale of the grand unified theai@UT) (so that the ~Weyl matter fermion fields in the theof$2]. Requiring that
unification of gauge couplings is not an accigeanid hence these fit precisely ifNye, copies of the spinor representation
work within the framework of a supersymmetric theory. Thisthen yields the condition

is also motivated by the fact that supersymmetry can protect Not1

the Higgs sector against large radiative corrections and, if the 27T =4(Nc+1). 9.7

u problem can be solved, can thereby account for the gauge , . o ,
hierarchy in a GUT[27]. We follow the standard rules of But this has a solution only foN.=3. This is a very inter-
grand unification: first, in order have light fermions, one €Sting result, and perhaps gives us a deeper understanding of
must use a group with complex representations. Second, Ny Nc=3 in our world. _ ,

order to have natural cancellation of anomalies in gauged Ve would reach the same conclusion evemMig, were
currents, one restricts the choices of a group to those whicfVen- In this casg2.19 allows N, to be either even or odd.
are “safe” (i.e., have identically zero triangle anomaly for !f Nc is odd, the same reasoning as before applies directly. If
all fermion representation$28]. Note that at the GUT level, Nc is even, ther{9.3) can be satisfied as an equality, so that
there are no mixed gauge-gravitational anomalies, sincée group would be SO(Z.+2) (with minimal rank
those necessarily involve a(l) gauge group, and also no Nc+1) corresponding t®y 4, rather than SO(R.+4).
global anomaly involving the GUT group itself, since Now sinceN. is even, the dimension of the spinor represen-
m[SUN)]=D for N=3, m,[SON)]=D for N=6, and tation of SO(N.+2) is 2Nc™1, Hence, we are led to the
74(Eg)= [29,10,3Q [of course, restriction(2.19 still same condition(9.7) as before, and the same conclusion
holds]. Now althoughEg has complex representations and is follows.
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X. CONCLUDING REMARKS resentation can only be carried out foN.=3. The world

which we analyze here is, of course, a generalization of our
cancellation of anomalies for th&l.-extended standard phy5|ca_l one, but we bel!evg that, as with the origind1/ .
L . expansion in QCD, by thinking about the standard model in
model with right-handed components for all fermions. We . :
) ; a more general context, one may gain a deeper understanding
have shown that anomaly cancellation does not imply the ..
o . : of its features.
guantization of the fermion charges and have discussed sonie
interesting properties of various classes of solutions for these
charges. In particular, we have related the condition that
there be neutral leptons with masses much less than the elec-
troweak scale to the feature that the fermion charges are not The author acknowledges with pleasure the stimulating
>1 in magnitude and hence that the electroweak interactionismfluence of Ref.[14] and a conversation with Professor
are perturbative. Finally, we have proved that the unificationfung-Mow Yan in prodding him to write up these results.
of the SUN.)XSU(2)xU(1)y theory in SO(A.+4)  The current research was supported in part by the NSF Grant
(with the usual assignment of the fermions to the spinor repNo. PHY-93-09888.

In summary, we have explored the implications of the
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