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Motivated by a recent rather surprising conclusion based on the 1992 PDG data on the pion, kaon, and
lepton decays that if three generations of neutrinos are assumed to be massive and mixed, the heaviest neutrino
v3 could have a mass in the range 155 MeWi;<225 MeV, we have analyzed the latest 1995 data on the
leptonic decays of the piony and 7 with the assumption that three generations of neutrinos are massive and
mixed. It is shown that when the radiative corrections are included and the constraint from partial decay widths
is imposed, the 1995 data are consistent with three massless neutrinos with no mixing. Various limits on the
neutrino mass and mixing angle implied by the 1995 data are presented together with a critique of the previous
analysis[S0556-282(196)06111-5

PACS numbes): 14.60.Pq, 13.35:r

I. INTRODUCTION In the meantime, much attention has been focused on en-
tirely different approaches in which neutrino mass and asso-
In a series of seminal papefd] in the early 1980s, ciated mixing can be probed indirectly by searching for neu-
Shrock proposed a wide range of experimental methods tsino oscillation phenomena. Recent activities in this
obtain possible limits on the neutrino mass and associategipproach include the experimental search for reactor and ac-
mixing, all based on a precision analysis of weak interactiorcelerator neutrino oscillations and the study of solar and at-
data on the decays of the pion, kaon, and charged leptonsospheric neutrinos. Although very intriguing indications of
n andr. In these papers, a comprehensive analysis of decayassive neutrinos with mixing have recently been hinted at
rates and branching ratios of the lepton and meson decays solar and atmospheric neutrino experiments and in the
was carried out using a theoretical framework with threeLSND experiment, a definitive answer from these experi-
massive neutrinos and associated mixifiis interesting to  ments is yet to come.
note that as early as in 1961 Bahcall and Cy&isproposed Recently, Peres, Pleitez, and Zukanovich Fund¢R&2)
a similar method based on pion and muon decays, even bg?] carried out a comprehensive analysis of the existing data
fore the discovery ob,.) At that time, however, available on meson and lepton weak decays assuming that three gen-
data were not accurate enough to provide any significant reerations of neutrinos are massive and mixed. Their analysis
sults on the limits on the neutrino mass and mixing angle, irwas based on the 1992 Particle Data Gr¢BPG) data[8]
the sense that the limits on the mixing angles were restrictedombined with the lategin 1993 data onr decayq9]. The
mostly for large values of the neutrino masses. In the lateresults are quite surprising in that the 1992 data on the decay
works[3,4] the limits were further improved. branching ratios were consistent with a finite massifer
The best known and often quoted limits on the neutrinoi.e., 155 MeV=m,;=< 225 MeV. This mass range is signifi-
mass still come from the analysis of spectral shapes in theantly larger than the most recent upper limj{<24 MeV

Kurie plots or other decay kinemati¢s]: that was obtained from a kinematical analysis of thgecay
into five or six pions and . with no mixing. Moreover, PPZ
m;=m(vy)<5eV [4], found that the mixing angl@ which represents mixing be-
tweenv, andv; is also finite(11°—-12°) whereas the mixing
m,=m(v,)<270 keV [4], (1)  angley betweenv, and v; was bounded from above, thus
allowing a zero mixing angle.
mz=m(v3) <24 MeV [6]. Motivated by these rather surprising results, we have car-

ried out a similar analysis of the decay rates and branching
The results from these analyses are always presented withtios of the leptonic decays of the piom, and = with the
the assumption of neutrinos with no mixing. A full analysis assumption of massive neutrinos with mixing. First we have
of the spectral shapes with three massive neutrinos with mixtepeated the PPZ analysis with the same set of (882
ing is very much involved and so far no such analysis withPDG data and with the assumptions used by PPZ, confirm-
satisfactory accuracy has been carried out. ing their results. However, we have also found that their
results are significantly modified when the constraint coming
from the partial decay rates, which PPZ did not use, is im-

"Electronic address: bottino@to.infn.it posed. The constraint imposed by the decay rate is not an
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0556-2821/96/53.1)/6361(13)/$10.00 53 6361 © 1996 The American Physical Society



6362 A. BOTTINO, N. FORNENGO, C. W. KIM, AND G. MIGNOLA 53

tions, which PPZ also ignored, are quite important becausstraint from the partial decay rates is imposed. New results
the accuracy of the data more than warrants the inclusion dfased on the 1995 data are presented in Sec. V, and a sum-
the radiative corrections in a precision analysis such as thignary and conclusions are given in Sec. VI.

A similar analysis using the latest 1995 data shows that the

1995 data are consistent with the picture of three massless!!- FORMULAS WITH THREE GENERATION MIXING

neutrinos with no mixing. We have been able to set various  The mixing matrixV in the lepton sector which relates the

limits on the neutrino masses and mixing angles. (weak interaction eigenfields, («=e,u,7) to the mass
The plan of our paper is as follows. In Sec. II, we list the eigenfieldsy; (i=1,2,3) is given by

formulas relevant to our analysi§Some details are put in the N

Appendix) All the data used in our analysis are collected in

Sec. lIl, including the data of 1992 for comparison. In Sec. Va:izl Vaivi. @
IV, we present details on our reexamination and critique of

the PPZ analysis. In particular, we discuss here what would We parametrize the mixing matri¥ using the Maiani
happen to the PPZ conclusions based on the 1992 PDG dat&presentatiofl10] of the mixing matrixU in the quark sec-
when the radiative corrections are included and the contor, with the CP-violating phase set to zero: i.e.,

CyCp S¢Cp Sg
V=| —S4C,—C4S,Sp CyC,—S4S,Sp S,Cs | . ®)
S¢S, —CyC,Sp —C4S,—S4C,Sp C,Cp
|
where s,=sinf, c,=cos, sg=sinB, ... . In Eq.(3), the and the entire phase space, and it depends on the neutrino
angle 6 refers to mixing betweew; andv,, B8 to v; and massesm, (i=1,2,3), as well as on the pion and lepton
vz, andy to v, and vz, respectively. massesR ., is a factor that represents the radiative correc-

In our analysis, we will discuss the limits on neutrino tions to the process. We stress here tRat depends on the
masses and mixing angles which can be inferred from purelpion mass as well as on the lepton mass. The complete ex-
leptonic decays of pion and leptona @nd 7). That is, the  pressions forPi"' and R, are given in the Appendix. We

decay rates to be used are wish to emphasize here that the value of
_ _ f=(130.7£0.1+0.36) MeV quoted in the PDG data set is
I(m—evey), T(m—pv,), obtained from the decayy— v, + uv,y under the hypoth-

esis that the neutrinos are massless with no mixing. For mas-
sive and mixed neutrinos, the above value represents the
quantity [ 22|V ;|2P*/P§#]¥2 rather thanf,, where

Pg* is the matrix-element—phase-space function for mass-

These are the best known experimental quantities whicl'ﬁss neutrinos. For this reason, in the fo!lowing, we will con-
do not involve hadrons in the final states, hence introducingider, as was done by PPZ, only the ratio of the two leptonic
no further unnecessary complications in the calculation ofl€cay widths of the pion, in order to cancel out the depen-
decay widths. We will not consider thi decays, even dence on the unknown quantity,. o
though some experimental determinations of its decay widths The decay width for a lepton decaying into three leptons
into leptons are almost as good as those of the pion. It given by
properties are quite similar to those of the pion and its data
do not provide any additiondbr critical) information. G2me 3

Here, we briefly summarize the formulas to be ug@e- R I’ 121y 12pl
tails are given in the AppendixFor the pion, the decay rate P =lvim) 1927T3R|'i42:1 Vil VPP, )
into two leptons in a general case of three massive neutrinos
with mixing is given by

[(u—€ver,),

[(r—6ver,), T(r—uw,,).

wherem;, is the mass of the decaying particle. Agaf},' is
sziUﬁdme > >l the matrix-element—phase-space function which depends on
F(m—ly)= TRWI Z«l IVi|*P, 4 the masses of all the particles involved in the decay process.
The leading radiative corrections are denoted7yy; they
whereG is the Fermi constarfsee comment belowm_ is ~ depend only on the mass of the decaying lepton. Also, the
the pion massf , is the pion decay constant, akl,q is the  expressions foP!j'I andR,. are collected in the Appendix.
ud component of the mixing matrix in the quark sector. The  Again, it is crucial to emphasize, as noted by PPZ, that the
matrix-element—phase-space functiéﬁ' denotes the quan- experimental value oG, quoted in the PDG data set be-
tity of our interest which contains part of the matrix elementcomes the Fermi consta@ only for the massless neutrinos,
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as implied by the standard model. Since new physics beyond the standard model is what we wish to investigate, the coupling
constantG,, that one measures in the muon decay should be interpreted as

3

21y |2
pie i,i2=1 IV,.il % Vil 2PLE

2

2_
G,.=

2

— 2.2 2 2r -2 2 2 2
=| 5s|{CHC5(SeC,+ C48,85) °PiT + Chl Ch(CyC,+545,55)“+S5(S4C, + C4S,55)*1PY7
00

2/:2.22 2 2 e 2.2 2 e
+[cp(cyCssy) +S5(S4C,+C4S,Sp) “IPI3 +S5C5(CoCy+S4S,Sp) “Ph

+[C5(S5C552) +S5(CyC, +545,55) 2 PS5 + s5C5s2P4SH— G2 asmy,m,, mg—0, (6)

where P is the matrix-element—phase-space function forrather poor, i.e., of the same order of the experimental error

massless neutrinos. Therefore, in the general case of massigg myy. It is encouraging, however, that the latest measure-

neutrinos with mixing, the weak coupling const&htwhich ~ ments on theW mass are at the level of 29d2]. Some

enters in the calculation of all the weak processes such agdditional input parameters, which enter in the radiative cor-

e.g., Eqs(4) and(5), is not directly measured from the muon rectionsAr, are the mass of the top quamk and the Higgs

decay. The quoted numbeG,=(1.166 3%-0.00002) boson mass. For the top quark mass, we use the recent Col-

X 10 ° GeV 2 is valid only for massless neutrinos. lider Detector at FermilatCDF) Collaboration measurement
Obviously, a way to obtain the correct value Gf for m;=(176=+18) GeV, [13] both for the 1992 and 1995 data

massive and mixed neutrinos is to use E). That is, from  sets. The Higgs boson mass is varied in the intei®@lGeV,

the known value ofG, and the calculated phase-space fac-1 TeV).

tors in the above equatio can be derived for each value  In the case of the 1992 data set, we use the 1992 PDG

of the neutrino mass and mixing angle. The accuracy of thaalues form; andm,y,. The result ighere and hereafter, the

calculated value o6 is the same as that @, . This is the  errors are propagated quadratically

right procedure to be adopted in the calculation of weak pro-

cesses if the hypothesis of massive neutrinos is assumed.

However, as far as the present analysis is concerned, this

procedure has the disadvantage of introducing the phase- G=(1.162-0.029 10 ° GeV 2. 8

space factor of the muon decay in the calculation of all the

other decay widths, making them equivalent to the

ratios T'(r—ev_ v )/l ev,vy) and I'(r—uv.v,)! -Ie F oS
(1=ev.we)/T(u—ev,ve) (r=pv.v,) the uncertainties in the determination®f we use the latest

I'(u—ev,ve). Since, as we will show in the following, the _ co
use of the ratios alone can give overestimated allowed redat@ available: m;=(91.1884-0.0022) GeV [14] and
my= (80.410+0.180) GeV[12]. This gives

gions for the neutrino parameters due to fortuitous cancella?' W=
tions in the numerator and the denominator, we choose not to
adopt this procedure.

An alternative way to obtais comes from the standard
model of electroweak interactions, whe®, the fine-
structure constank, the W boson massny,, and theZ bo-
son massn; in the on-shell scheme of renormalization are
related ag11]

For the 1995 data, in order to reduce as much as possible

G=(1.174-0.022 X 10" ® GeV 2. 9

The values ofG which we will use in the evaluation of
the leptonic decay widths are those given in the two previous
equations. The errors dh (of the order of percehire much
worse than the errors ofs, which are of the order of
G= ma @) 10‘5._ Nevertheless, as will be_ seen in the followin_g, it is still

\/mezxv(l_mxzxv/m%)(l_N). possible to use the calculation of the decay widths as an

important constraint on the neutrino paramet@nainly on

The above equation relates the low-energy effective couth® neutrino massgs _ _
pling constanG of the weak interactions to the fine-structure _ Measured experimentally are the branching ratios of the
constant and the weak bosons masses. Radiative effects, d3g0ve decay processes. The branching ratios are simply re-
to loop contributions of the fermions and the Higgs boson/at€d to the previously defined quantities as
are taken into account isr. The actual form of the radiative
correctionAr is given in Ref[11]. Hence, our approach is to
use Eq.(7) in order to calculate the value and the allowed I 75
1o range forG, usinga, my, andm; as input parameters. B(m—lp)= M: . T (m—1v), (10)
Obviously we expect the accuracy of the value®fto be r;
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R L' —lyy,) — factorsR'’s are included in the quantitid?s; they are can-
B(I'—=lwn)= T, =n (1" =lvwy), celed out inR”%, but not inR% and RS, .
11

I1l. NUMERICAL INPUTS
wherel" . and T, are the total widths of the pion and the i i
decaying lepton, respectively, and and ;. are the corre- We have listed, in Table I, all the late€t995 dat ex-
sponding lifetimes. In order to directly extract information Perimental inputs that will be used in our analyisig]. In
about the neutrino mass and mixing, instead of the leptoR'der to compare our new analysis with the previous one by
decay widths themselves, we use the following quantitie’PZ based on the 1992 PDG data, we have also listed the

which are simply proportional to the decay widths, with 1992 PDG datg8] in Table I. As can be seen in Table I, the

common constants such @andm;, removed: entries with asterisks signify those with noticeable changes
from the 1992 data to the 1995 data. In particular, they in-
L 3 clude all the data o decays andr—ev,. For the sake
I"=a,B(l'=1mm)=R; 2, |v|,i|2|vlj|2p:j", of comparison, in Table | the value of bot, andG are
i

=1 included. (We note that, strictly speakingn, quoted in
(120 Taple I is for massless.. However, in this case, the use of
m, in Table | does not introduce any significant modifica-
tion.) .
We should notice that the errors on this are quite large
——. (13)  (of the order of a few percentlue to the uncertainties in the
Gmy, 7y Fermi constanG, as discussed in the previous section. Nev-
ertheless, the inclusion of thE constraint turns out to be
From the experimental values of the branching ratBR’s)  effective in limiting the allowed intervals for the neutrino
and the physical quantities defined in Eg3), we will first  parameters, in particular the masses, as will be shown in the
calculate the # allowed experimental ranges for tH&€s.  following sections. _
These ranges will then be compared with the calculated val- | jsted below are thealculatedvalues ofI’s and R’s
ues of thel”s by varying the neutrino masses and mixing using the latest mass values for the decaying particles and
angles. This would limit the neutrino masses and mixingcharged leptons under the assumption that neutrinos are

where

1922

o=

angles. massless with no mixing. In the caseld$, the first numbers
__We will follow the same procedure for some ratios of the o the right-hand side are the values without the radiative
I's and the BR’s. Our choice of the ratios is corrections and the second numbers represent the radiative
corrections. All the values are in agreement with the 1995
B(r—eve) Ruye2ilVeil?P™ data in Table | within Ir, implying that the 1995 data are

me

(14 consistent with the lepton sector with massless neutrinos
with no mixing.
Calculated values for massless neutrinos with no mixing

T B(rouv,)  RenSilVul P

5 , N
M E'l_ m, 7, B(|1H|1V|1V|i) (1995 data set
=T 5 ) p— _
2z T\ mym; fB(15—1am,my) T#°=0.999 813¢0.995 797-0.995 611,

/ RT®=1.233x10 4,
RyrSi ViV 2P M
R S L Jb i

- ot (15) _e e
1l I'*=1.00<0.996=0.996, R!;=0.9995,
RiZi Vil Vi, 2P i

_ , ["#=0.972<0.996=0.968, R=1.028.
In the case of lepton decays, we will perform our analysis m
using the two ratioR?g andR7, . The use of ratios alone is (The uncertainties in the above numbers due to the experi-
indeed simpler because uncertainties in some constant quafrental errors of the quantities which enter in their calcula-
tities are canceled out, but some changes in the numeratgpns are always less than 0.01%.)

and the denominator coming from phase-space and mixing The conclusion based on the above numbers that the ex-
angles may partially be compensated. Therefore one mugferimental datd1995 are consistent with the assumption of
check that the calculated single partial decay widths do Nofyassless neutrinos with no mixing is in sharp contrast to the
we will add as an additional constraint also the three leptonigy order to further examine 1992 data set, we have repeated
decay widths. Summarizing, we will use the following quan-tne calculations using the 1992 PDG data both with and

tities as constraint™®, ', I'*, R7%, R, andR7 . without the inclusion of the radiative correctiofRC's). We
When we evaluate th&’s and theR’s from the experi- list, in the following, the results of thealculated values

mental values, we propagate the errors quadratically. In thbased on the 1992 PDG data in Table | with the assumption
calculations, we use the central values of masses of the pathat neutrinos are massless with no mixing.

ticles involved. All the calculations are carried out at the Calculated values for massless neutrinos with no mixing
1o level. Also, it is to be noted that the radiative correction (1992 PDG data skt
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TABLE |. List of 1992 and 1995 data sets. The entries with asterisks denote data which have been
improved by a significant amount.

1992 data 1995 data
meg (0.51099906: 0.00000015) MeV Same as 1992
m, (105.658389-0.000034) MeV Same as 1992
* m, (1784.1+3.6) MeV (1776.960.31) MeV
m,, (139.567%0.0007) MeV (139.569950.00035) MeV
T (2.19703-0.00004)< 10 ® s Same as 1992
* T, (305+6)x 10 s (291.6£1.5)x10 s
* m, (91.173£0.020)x 10° MeV (91.1884+0.0022)x 10° MeV
* My (80.22+0.26)%x 10° MeV (80.410+0.180)x 10° MeV
G, (1.16639-0.00002)< 10" 1 MeV 2 Same as 1992
* G (1.162+0.029)x 10" 1 MeV 2 (1.174+0.022)x 10" * MeV 2
* B(7m—evy) (1.218+0.014)x 10°4 (1.2300.004)x 10~ 4
B(m—puv,) 0.9998782- 0.0000014 0.99987760.0000004
B(u—evey,) 1 Same as 1992
* B(r—evev,) 0.1793+ 0.0026 0.17720.0009
* B(1—uv,v,) 0.1758+0.0027 0.17330.0009
* ree 1.003£0.050 0.98%0.037
* re 0.944+0.053 0.9790.037
* G 0.925+0.052 0.954-0.036
* RT® (1.218+0.013)x 10~ * (1.230+0.004)x 10~ *
* REe 1.063+0.028 1.00380.0073
* Rji 1.020+0.022 1.02650.0074
'“e=0.999 813 0.995 797 0.995 611, and R;ﬁ. They did not take into account radiative correc-
tions for these processes under the assumption that the radia-
I'™=1.00x 0.996=0.996, tive corrections of order of several percents are of no impor-
tance(note that the radiative corrections do not cancel each
'"™*=0.973x 0.996=0.969, other in the ratiosR7° and R%). The PPZ analysis was
performed in the case of one massive neutring) (@nd two
R;Z: 1.233x 104 (RZZ: 1.283x 10" * without RC’S), almost degenerate very lightm{~m,<<m3) ones. Their

main result is thaw; could have a mass in the interval

R“€=0.9995 (R“S=0.9998 without RC’,
155 MeV<m;=800 MeV. (16)

R7,=1.028 (R7,=1.028 without RC's. That is, all the 1992 PDG data could be fitted witg in the
%bove range. They then improved the upper limit in 8d)
SDy taking into account the constraint coming from thAe
invisible width. The resulting allowed interval was

(Again, the uncertainties in the above numbers are also le
than 0.01%.)

Note that the calculated values of the following quantities
do not lie in their corresponding experimentab-lranges: 155 MeV<m,= 225 MeV. (17)
R7 andRY’. This implies that the 1992 PDG data are in-
deed incompatible, at least withing]l with the assumption Given the values ofin; inside this range, the PPZ analysis
that neutrinos are massless with no mixing. If the radiativealso showed that one of the mixing anglesmely,3) was
corrections are not included™ is not compatible, also. constrained to a finite range which did not incluge=0.

They obtained, fom;=165 GeV,

IV. REEXAMINATION OF PREVIOUS ANALYSIS
11.54°< 8=<12.82°. (18)

In this section we will first reexamine in detail the result
of the PPZ analysis and then present the results of our new Although the above mass and mixing angle intervals are
analysis. As mentioned already, the PPZ analysis was bas@llowed by the ratioRR, one must make sure that the same
on the 1992 PDG data, improved by the lat@stthat time  allowed ranges do not violate the experimental partial decay
determination of ther mass. In order to cancel out the de- widths. This turns out to be the case for the mass range
pendence of the decay widths on some paraméteespion  mz=215 MeV, as will be shown in Sec. IV A.
mass, the quark mixing angle,q, the pion decay constant, In the following we will examine what would happen to
the Fermi constant, and the muon nmas3, PPZ consid- the above PPZ conclusions () radiative corrections are

ered only the ratios of the partial decay widtl;,, RX’,  taken into account(2) the constraint fromI’s (decay
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178 963 If we combine the two results, we find the following al-
R lowed range foms:
35 215 _
92 r 178 MeV=m;=<215 MeV. (19
178 215 _
— R~+T

The inclusion of radiative corrections changes the picture
dramatically. As can be seen in Fig.(32R0O, the region
allowed by R'’s is considerably enlarged. Also tHe con-
straint is modified in an important way; i.e., the entire region
140 m, of lower masses is now allowed, including;=0. When we
R combine the two constraintkI") the PDG 92 data set is
210 consistent with the following finiténot including zerp mass

92RC T
range forms:
140 210

o
+
—

140 MeV=m3=<210 MeV, (20

signaling new physics beyond the standard model. It is,
therefore, extremely interesting to repeat the analysis with
0 140 m, the 1995 data. It is to be noted that the agreement of the
R above result with PPZ'BEq. (17)] is purely accidental.
149 As can be seen in 95RC in Fig. R's alone allow two
different (disconnected regions, one of which includes
M R+ ms;=0. The inclusion ofl”s restricts these intervals to the
mg (MeV) region of lower masses. The allowed regions resulting from
the combinedboth R’'s andI™s) analyses based on the 1995

FIG. 1. Allowed (tthLSOlld Iineé andﬁ)rbidden(so”d |ine$ data with radiative corrections afmr my= m2< m3)

intervals ofmg by R’s, I''s, andR’s and I'’'s combined, respec-
tively, for 1992 and 1995 data setsn{=m,<m; is assumed m;<70 MeV and 140 Me¥smz;=<149 MeV. (21
Mixing angles are varied over the interval £@2). The label 92
refers to the result of 1992 PDG data, without radiative corrections The above result is rather insensitive to the choice of
in the calculation; 92RC and 95RC denote the results of 1992 PDGn, and m,. For example, for m;=<20 keV and
and 1995 data sets with radiative corrections, respectively. Then2s1 MeV, the above result remains unchanged. Only if
mass scale is in arbitrary units. m, is of the order of a few MeV is the entire region between

) o . m3=0 andm;=149 MeV allowed. We note that the accu-
widths) is imposed, and3) 1995 data are used together with ¢y, of the current data or even the 1992 PDG data warrants
the I' constraint and the radiative corrections. Specifically the inclusion of radiative corrections for any precision analy-
is important to include radiative corrections and that the US&ithout the constraint fronl’s can give rise to overesti-
of ratiosR’s alone without checking the partial decay widths ,5ted allowed regions.
(i.e.,I'"s) could lead to overestimates of the allowed interval
of the neutrino parameters.

il

95RC

B. Allowed range for mixing angles

A. Allowed range for mass So far we have reexamined and di_scussed P_P_Z’s use of
, the 1992 PDG data. We have also carried out a similar analy-
In Fig. 1 we have plotted the ranges for the values Ofgjs ysing the 1995 data with the conclusion that there is an
mg which are forbidderidenoted by solid lingsby the ratios  5jjowed window forms includingms=0, as well as an iso-
R’s, by thel”s, and by the combination of the two. The |ated range ofn, (for my=m,<m). In this subsection we
heavy solid line represents the allowed region. In this plot, itcarry out a similar analysis for mixing angles. PPZ conclude,
is assumed as in the case of the PPZ that the other maggsed on the ratios alone from 1992 PDG data, that the angle
parameters are very smaling=m,<m;) and the mixing g has a finite allowed range 11.54B=<12.82°, whereas
angles are varied over the maximum interval#fZ). The the angley is restricted toy=4.05°, including zero. This
figure refers to three cases: 199_2 PDG data, without RC'sz|owed region is shown in thg-y plane as an area filled
denoted by 92, 1992 PDG data with RC's, denoted by 92RCyith circles in Fig. 2a). In addition, the constraint imposed
and 1995 data with RC's, denoted by 95RC, respectivelyp, theT's alone is indicated by the dotted regidit.is to be
For each case we present the three results, one with ﬂ}f‘ointed out that in Fig. 2 the mass parameters are
R’s, one with thel”s, and one withR’'s andI"s combined. m;=m,=~0 andmg= 200 MeV.) The region allowed by the
For 92, there is an allowed region fan; which does not  two constraints combined is denoted by the dark area.
include m;=0 whenR's alone are used. This is the PPZ  Now, the inclusion of radiative corrections to the PPZ
result. Most values ofns inside this allowed region, how- analysis leads to changes in the allowed regions of K. 2
ever, violate the limits on thE’s, as can be seen in Fig. 1. It The region allowed byR’s alone is enlarged and moved
has to be emphasized that the rangerfarallowed by the towards the origin, but still it does not include the origin that
I’s alone does not includem;=0, also. corresponds to the case of neutrinos without mixing. This is
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20 s the region, i.e., no allowed region. This is self-evident be-
! (a) ] cause the massi;=200 MeV is not allowed by the 1995

] data, as can be seen in Eg1). Thus, even in the case of the
1995 data, neglecting thié constraint could lead to errone-
ous conclusions.

v (deg)

V. ANALYSIS AND RESULTS

In this section we present the results of a more detailed
analysis of the limits that can be set on the neutrino masses
and mixing angles by using the 1995 data and with the in-
clusion of radiative corrections. It is to be pointed out here
that a complete, combined analysis of the masses (.,
and m3) and mixing angles €, B8, and y) is very much
involved and is beyond the scope of this paper. Even a pre-
1 sentation of the results of such an analysis would be prob-
- lematic. Therefore, we have simplified the analysis by fixing
some parameters and varying others. In order to see various
correlations among the masses and the mixing angles, we
present several allowed regions in two-dimensional plots for
several combinations of mass and mixing angle.

First, we present the absolute upper limits on the three
neutrino masses),, m,, andms, independent of the values
of mixing anglesy, B, andy. We have obtained these limits
[ () ] by varying the mixing angles over the entire interval between
15 B 0 and 7/2 and by taking into account the entire constraint

[ - ] which we have discussed in the previous sectiB’s (and
| I"'s) and the radiative correction@t should be stated that we
are not carrying out a statistical analysis of all the relevant
data) Instead of three-dimensional plots, we present, in Fig.
3, the allowed regiorfdotted areain the m;-m, plane and
i . the allowed region in then,-m3 plot in Fig. 4. From these
ol plots, we can set the followingbsoluteupper limits on the

0 5 10 15 =0 neutrino massesbased onl’ and R constraint, at the &
g (deg) level):

7 (deg)

7 (deg)
o
I
|

FIG. 2. Allowed(dotted regions in theB-vy plane for 1992 and m.=< 100 keV
1995 data sets witlm;=m,=0 and m;=200 MeV: (a) allowed . ’
region byR’s alone(circles, I''s alone(dots, andR+I" combined

(dark area of 1992 PDG data(b) allowed region byR’s alone m,=<7.5 MeV, (24)
(circles and byI"s alone(dotg of 1992 PDG data with radiative
corrections(the darker area is the region allowed both by the ms=<149 MeV,

and theR’s), and(c) allowed region byR’s alone(circles of 1995

data with radiative corrections. o )
where the limits orm; and m, are mainly due to thé&R’s,

shown by circles in Fig. @). Also shown in Fig. 2) is the vyhgreas the limit oomgz comes fror_n thel". constraint_. The
allowed region based diis alone, with radiative corrections limit on m has already been mentioned in the previous sec-
included(dots. The darker area is the region allowed by thetion. Although the limit onm, is rather poor, the limit on
R's and s combined. Therefore. the common allowed re-M2 IS larger by a factor of less than 30 than the latest limit

gion is from the kinematical analysis of the—>,u+v_’u decay. Simi-
larly, the limit onmgs is larger only by a factor of 6. It is quite
4°<B=<10°, (22 interesting that the accuracy of the present data on the decay
rates and branching ratios is already sufficiently good
v=<7.2°. (23 enough to set limits om, andm; which agree, within one

order of magnitude, with the results from a more involved
When we use the 1995 datwith radiative corrections  kinematical determination. The important difference between
the situation again changes dramatically. Figuf® 8hows the upper limits given in Eq24) and those in Eq(1) is that
the allowed region in thgs-y plane which is obtained by the former is valid independently of mixing angles whereas
using the ratiosR alone (circles. The allowed region is the latter is valid only for the case of no mixing. Further-
shown to move farther away from the origin. The addition ofmore, the improvement in the data from 1992 is obvious
the constraint coming from thE’s completely washes out from the conclusion that the upper limit an; is set to 149
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1
N S| AN

100

FIG. 3. Allowed (dotted region in them;-
m, plane for 1995 data with radiative corrections.
Both R’'s andI"'s constraints are imposed. Mix-
ing angles are varied over the interval £{2).

m, (MeV)

1074 10~3 10=% 101 100
m; (MeV)

MeV and the limits are consistent with massless neutrino%mg|e aregsay siﬁ@le“‘). The allowed region shown in
with no mixing, implying the internal consistency of the Fig. 5 is insensitive to values of, andms, as long as they

datl?léxt we discuss some correlations among the masses aaremlszo keV andm,=50 MeV. The so-called small- and
: 9 %drge—angle solutions of the solar neutrino deficit based on

the mixing angles. The first example to be presented is thﬁ1 . . . ;
S ) . . Mikheyev-Smirnov-WolfensteifMSW) effect, which
allowed region in than,-sir?é plot shown in Fig. 5. In this €
W glon | 2'SIm6 p wn in g I requires m5—m?=6x10"%eV?, sirf(2)=7x10"° and

plot, we have semn; to be 24 MeV andv; is assumed to be ="~ R ’
decoupled, due to its heavy mass, fromand v, so that Mo~ M =8X10"° eV?, sirf(26)=0.6, respectively, are well
B=v=0. Also, for definiteness, we have takem=5 ev,  Within the allowed region in this plot.

but the conclusion remains unchanged as longnass less In the next example, we assume thatis too light to

than ~20 keV. The solid and dashed lines delimit allowed couple withv, and 3. That is, onlyv, and v; are mixed

regions based on the use bfs and the constraint from With angley. We have also seh;<m,=270 keV. Figure 6
R’s, respectively. The allowed area is denoted by dots. Figshows the allowed region in thes-sin’y plane. Here, the
ure 5 shows that the low-angle regime is constrained mainlgmall- and large-angle regions are constrained R,

by R4S whereangi is more effective in limiting the large- whereas the intermediate region @sin-103-10 2) is con-

10!

100

FIG. 4. Allowed (dotted region in them,-
m;3 plane for 1995 data with radiative corrections.
Both R's andI’s constraints are imposed. Mix-
ing angles are varied over the interval £{2).

m, (MeV)

107%

103 ? J..u_l pred ,..JO ? A 220900 5 B B T
107 10 10 10 10 10 10

mg (MeV)
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103 T S — —r
10°% =
% FIG. 5. Allowed (dotted region in them,-
= sirfe plane for 1995 data with radiative correc-
~ 3 tions and m;=5eV, mz=24MeV, and
é‘l B=vy=0. The regions below the solid and the
g dashed lines are allowed Hys alone andR'’s
TNl 1 alone, respectively.
ENENTENN R
1071
strained byRZfL. The neutrino oscillation solution of the In the previous figures, Figs. 5—7, the limits were ob-

atmospheric neutrino anomaly as observed by Kamiokand&ined in the special cases in which two of the three
and others, which favors m§—m§~=10‘2 eV? and mixing angles were kept fixed at zero; i.e., only one pair of
sir’(26)=1, is well within the allowed region in Fig. 6. The neutrinos is mixed. To show how sensitive these limits are to
size and the shape of the allowed region are insensitive to thihe fixed angles and correlations among the limits, we
assumed values oh; andm, as long asn;<20keV and present in Figs. 8—10 the cross sectigmgth one angle
m,<1 MeV. fixed) of the three-angle parameter space for fixed values of
Although the case of &;-v3 mixing is unnatural in the the masses, i.e., $msir?8 in Fig. 8, sirfy-sirfd in Fig. 9,
framework of the natural hierarchy of neutrino masses, weand sirf3-sir’6 in Fig. 10, respectively. In each figure, the
present it in Fig. 7. In this figure the allowed region in the yalues of the masses are fixed a@s,<m,=270keV
my-sir’3 plane is shown. Here, as in the previous case Weng m,=24 MeV. It is interesting to note that for the
have setn; <m,=270 keV. In this case, the most restricted gpove set of the masses, the most severely constrained

limit is always imposed byR77 . Again, the allowed region angle isg, whereas the least constrainednis The limits
does not change significantly as long mg<20 keV and 4e-
m,=1 MeV.

FIG. 6. Allowed (dotted region in thems-
sirfy plane for 1995 data with radiative correc-
tions and m;=5eV, m,=270keV, and
6=pB=0. The regions below the solid and the
dashed lines are allowed Hys alone andR'’s
alone, respectively.

my (MeV)

1043 R R ETIE EI 1'\'|;|'|'“i IS W ST R

10~86 107> 1074 1073 1072 101
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103 ¢ ! LA RaL e S s

FIG. 7. Allowed (dotted region in thems-
sir’B plane for 1995 data with radiative correc-
tions, and m;=5eV, m,=270keV, and
6=~y=0. The regions below the solid and the
dashed lines are allowed Hys alone andR’s
alone, respectively.

my (MeV)

10*3 R T "|'|'|u|||' n'|'|i|'|'“1"'|'i'n'."h;""n‘ el

10~ 1075 10~4 1073 1072 -1
.2
sin“ g
sSif9<3.6x 10 3, sirfg=<1,
SiPB=4.6x10"7, (25) SifB=<2.6x10 4, (26)
sify=<1.

Sify=7.0x10" 3,

VI. SUMMARY AND CONCLUSIONS
As we decrease the values of the masses used, the allowed

region in each figure increases, eventually covering the entire We have analyzed and compared the 1992 and 1995 data
space. Hence, no meaningful limit can be obtained, as exen thes, wu, and 7 decays in the framework of three gen-
pected. In order to demonstrate this sensitivity, we haveerations of massive neutrinos with associated mixing. First
shown in Figs. 8—10 the extended allowed regithsunded  we have confirmed the surprising result of PPZ based on the
by the dashed lingdor the following values of the masses: 1992 PDG data that when only the rati&8s, are used with-
m;<m,=10 keV andmz=1 MeV. In this case, the limits out radiative corrections, the 1992 data are inconsistent with
on the mixing angles substantially increase to the picture of massless neutrinos with no mixing, signaling

[ A T T T T R TTT T 37T T T T T T 1]
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I

!

1

| FIG. 8. Allowed regions in the sfy-sirg

: plane for 1995 data with radiative corrections.
R | The dotted area inside the solid line is for
el I 3 my<m,=270 keV andm;=24 MeV. The area
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on the left of the dashed Iline is for
m;<m,=10 keV andmz=1 MeV. Note the en-

1 largement of the allowed region as masses de-
-4 crease.
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T T LSRR T T T =T TTTTIT T T T T T T T T T 7]

10~%

R - FIG. 9. Allowed regions in the sfp-sir?6

i ] plane for 1995 data with radiative corrections.
Notation and interpretation are the same as in
Fig. 8.

sin”y

10— - N 1 W11 R I M NI 1 11 ~ L4 1 (WBNRTE Y III|I|| L1 L1l
108 106 1074 10~?

.2
sin®0

new physics beyond the standard model. More specificallyradiative corrections. The 1995 data are shown to be consis-
PPZ have shown that whem; and m, are assumed to be tent with the picture of massless neutrinos with no mixing.

much less thamm;, ms is found to be within the interval Limits on the masses derived from the analysis are
155 MeV=mz;=<225 MeV and thev;-v; mixing angleg in
the interval 11.54%8=<12.84°. This isolated allowed re- m; =100 keV,
gion survives even if we introduce tHéconstraint.

Again, the 1992 PDG data set with radiative corrections m,=<7.5 MeV, (27)
reproduces the results that agree qualitatively with those of
PPZ. The allowed range a@h; is 140 MeV=m;=<210 MeV m;=<149 MeV.

and the allowed mixing angles are £B=<10° and
y=7.2°. This clearly shows that the 1992 PDG data set sug- These bounds on the masses are such that the imposed
gests massive and mixed neutrino. constraint R’s andIs) are fulfilled in their 1o intervals.

In order to see if this rather surprising result still remains  Although the above limits are less stringent than those in
valid or not with the improved data of 1995, we have carriedgq. (1) from kinematical determinations, it is important to
out a comprehensive analysis of the 1995 data by using bothote that the limits given in Eq27) are completely indepen-
the ratios,R’s, and decay widthd”s, and by including the dent of mixing angles. Therefore, if neutrinos are massive

FTrrroT T T LB R L] UL L

F-————"="—"—="="=—"~="="="~" "~ ="~ —"—"—"—"—"—"—"——~——-——— - FIG. 10. Allowed regions in
1074 |- 3 the sirfB-sir’d plane for 1995

2 3 data with radiative corrections.
Notation and interpretation are the
3 E same as in Fig. 8.
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9
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and mixed, their masses can be heavier than the limits given m,
in Eq. (1). Of course, such heavy neutrinos, if stable, are not Or=—", (A3)
allowed by the well-known cosmological limits
>:m(v;)<20-30eV [with h=(Hys Mpc)/ 100 km=0.5, m
whereH is the Hubble constaptlf unstable, the decay of s.=— (i=1,2,3, (A4)
neutrinos must be such that it should not disturb the standard Mz
nucleosynthesis scenario and should not violate the observed d is the standard ki tical functi
limits on cosmic electromagnetic wave backgrounds. andA Is the standard kinematical function,

It is not possible to obtain absolute limits on the mixing 21 y20 2
angles, because they strongly depend on the input values of MY Z) =Xy 2 2(xy Ty 2 X2). (AS)
the masses. Examples of limits on the angles for definite e quantityR _, in Eq. (A1) describes théeadingradia-
values of the masses have been derived and reported in thge corrections to the pion decay procéésle] given by
previous section.

To conclude, it is gratifying that the accuracy of the cur- al3 [m
rent data is already good enough to set limits mop and Ra= [1— _{Eln(m_p)
mz which agree, within the order of magnitude, with the m m

2a mz
1+ —In| —
m m,

1+ 265
+;(Ifrr)

results from a more involved kinematical determination, al- 2 2 m?
though the limits on the mixing angles are still rather poor. +C+ c2—2|n(—§ +Cy3—+---|¢, (AB)
Further improvements of the data enmy,, andm; in the m, \m m,
future may significantly improve the limits.
where
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APPENDIX: FORMULAS FOR PION AND LEPTON

DECAYS ) )
The first set of square brackets in E46) represents the

_ Inthis appendix we present, for completeness, the expreglectromagnetic - short-distance correction. Its value is
sions for the pion and lepton decays for the general case @&flightly modified when higher-order effects and QCD correc-
three massive neutrinos with mixing. Radiative correctiongions are taken into account, id.6],
to these processes are included with a brief comment.

2(1 mz
1+—In|—
v m

p

~1.0232. (A9)

1. Pion decay

The partial decay rate of the pion into two leptons is given

by The second and the third sets of brackets denote the QED

corrections to the decay of a pointlike piph6,17]. Follow-

szzuzdms 3 ing a general practice, we neglect the terms with @hks,

— 2 TR V2P, (A1) whose numerical values have large uncertairftl€} There-
=1

[(m—ly)= 8
m fore, we use the simplified expression

where the phase-space—matrix-element faétpt is given a 3a [m
by R,,|=1.023%1+—F(5,7) 1——|n(—””.
T 27 \m_
P™=60(m,—m—m,) (A10)
><[5|2 Ty _(5|2 — 82 )2\Yy1 5|2 62) Note thatR ,, depends both on the pion and the lepton mass.
m | w (Krs ' i
(A2) 2. Lepton decay
In the aboveG is the Fermi constanf, . is the pion decay The partial decay rate of a lepton into three leptons is

constantU is the mixing matrix in the quark sector, given by
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szlsr 3 In the above
’ - _ 11
F(I —>|V|V|/)— WR“HE;]_ |V|’i|2|v|j|2Pij y .
(A11) Syi=—, (A16)
ml!
where
' Xmax o= ﬂ i=1,2 Al7
P:j'=0(m|/—m|—mi—mj)2f (x>— 46> ) "2 Mdx " my, (i=123, (AL7)
Xmin
(A12)
Xmin= 25” ’, (A18)
and
— _ . )2
M:Allz[X(1+5|2/_X)A+(2_X)(X_2§ﬁ,)8], Xmax_1+6ﬁ’ (5||r+5j|r) . (Alg)
(A13)
1 ) The quantityR,, describes thdeading radiative correc-
A= m[(1+ 5|2'_X) —2(1+ 6|2,—x) tions to the lepton decay procdds] which are given by
X (82, +8%)+(8%,— 62)7, (A14) @25 3m,
Ry = 1+E Z—’]T 1+§E\2/—V s (A20)

1
B= m[(1+5|2r—x)2+(1+ 6,2,—x)(5ﬁ,+512|,)

W wherem,, is theW boson mass. Note th@&,, depends only

on the mass of the decaying lepton, but not on the mass of
—-2(8 - 5]-2,,)2]. (A15)  decay products.
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