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Radiative decays of heavy and light mesons in a quark triangle approach
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The radiative meson decaysV→Pg andP→gg are analyzed using the quark triangle diagram. Experime
tal data yield well determined estimates of the universal quark-antiquark-meson couplingsgVq q̄8 andgPq q̄8 for
the light meson sector. Also predictions for the ratios of neutral to charged heavy meson decay cou
constants are given and await experimental confirmation.@S0556-2821~96!06411-9#

PACS number~s!: 13.25.2k, 12.40.Vv, 13.40.Hq, 14.40.2n
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I. INTRODUCTION

In earlier work@1# we used a supermultiplet theory unit
ing the vector and pseudoscalar mesons to attempt to ob
a universal three-point coupling constant. The relativis
multispinor fields of the supermultiplet theory describe
pointlike mesons with correct spin, parity, flavor, and col
degrees of freedom without necessarily invoking the noti
of constituent quarks. Despite the apparent contradict
with the modern understanding of the quark nature of m
sons it has been shown@2# that such a field is dynamically
equivalent to a system of two quarks moving at equal velo
ity and on shell. This relatively simple scheme does nonet
less compare favorably with experimental results for stro
vector and pseudoscalar interactions in the light and hea
meson sectors. When we included the radiative decays
incorporating vector meson dominance with the scheme
once again found reasonable agreement, but there were s
unexpected and significant deviations from the theory, p
ticularly in theK*→Kg decays.

The supermultiplet theory and exact SU~3! predict the
coupling ratio ugK* 0K0g /gK*1K1gu to equal 2. But experi-
mental measurement currently estimates the ratio
1.5160.13, a substantial difference. One possible reas
why the supermultiplet scheme did not comply with the e
perimental measure is that the exact form of the vector m
son dominance is not known in theq2→0 limit; it is only
accurately known forq25mV

2 from V→ l1l2 decays. Hence
there is some uncertainty in extrapolating vector mes
dominance to the off-shell case. However, the difference
theory and experiment is so large that it is unlikely this is th
only contributing factor. Thus we also implemented som
symmetry breaking in the supermultiplet scheme, but t
K* radiative decays seemed impervious to our attempts
matching theory with experiment as large discrepancies
mained.

To understand these deviations further, we sought
method which easily allowed for off-shell propagation of th
quarks so that we could evaluate the magnitude of this n
essary correction. A convenient and apparently succes
method for doing this was by use of a quark triangle di
gram, which so far has given accurate predictions f
p0→gg decay widths@3# and pion and kaon charge radi
@3,4#. A form which used chiral and isospin symmetry ha
also been successfully applied to theK* radiative decay
problem and some radiative decays in the light meson sec
@5#. The resulting loop integral accounted for the differen
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in quark masses and hence propagators in the loop, and
respondence between theory and experiment was achiev

Nonetheless, a crucial assumption of the quark triang
diagram is that the meson-quark-antiquark vertex has
form gPq q̄8g5 for the pseudoscalar meson andgVq q̄8g

m for
the vector meson. If we are to confidently use the qua
triangle method, we wish to test the appropriateness of t
assumption. We do this by extracting the couplings fro
experimental measurements and examine the extent to wh
they carry the spin and flavor symmetries. With this in mind
we first formulate the limit free form of the integral and
derive a limiting case which uses chiral symmetry. This e
ables us to compare our result with others. We also det
mine a heavy quark expansion. Following this, the scheme
applied toP→gg decays, which yields estimates ofgPq q̄8,
and then to V→Pg decays to obtain the product
gVq q̄8gPq q̄8 for different quark flavors.

The results indicate that the meson-quark-antiquark co
plings in theVVP sector determined from different channel
which involve common constituent quarks are remarkab
uniform, suggesting that the effective vertex in the qua
triangle diagram is valid. The data also demonstrate that
triangle method should be highly predictive due to the st
bility of the couplings. Finally we use the method in th
heavy meson sector, to predict coupling ratios of the for
gV0P0g /gV1P1g where the only free parameters required a
the constituent quark masses. Our result forD* decays falls
within other theoretical estimates, while that ofB* is sensi-
tive to b quark mass.

II. QUARK TRIANGLE

In the quark triangle formulation of Fig. 1, the decay from
vector meson to pseudoscalar meson and photon state is
diated by a quark loop with flavors of constituent massm
and m̄. ~The choice of constituent mass rather than curre
mass is supported@3,4#.! The quark triangle diagrams corre-
spond to the Feynman amplitude for the decay

FIG. 1. Quark triangle diagrams contributing toV→Pg.
6334 © 1996 The American Physical Society
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A~V→Pg!52NCgVq q̄8gPq q̄8eQkmenE d4p

~2p!4

3TrS gn

1

p”2m
g5

1

p”1M” *2k”2m̄
gm

3
1

p”2k”2m
D 1~m↔m̄,Q↔Q̄!, ~1!

wherekm(en) is the vector meson~photon! polarization vec-
tor, M* (M ) is the vector ~pseudoscalar! four-momenta,
gVq q̄8(gPq q̄8) is the vector-quark~pseudoscalar-quark! cou-
pling constant, andeQ is the electric charge of the quark o
massm in the loop.

The Feynman loop integral involved in the amplitude~1!
may be solved with standard techniques. We maintain
notation of Bramon and Scadron~BS! @5# and call the inte-
gral J, a dimensionless quantity after multiplication bym.
Subsequently,

J5mE
0

1

duE
0

12u

dv

3
m1~m̄2m!u

m21~m̄22m2!u2M* 2uv2M2u~12u2v !
~2!

52
m2

M* 22M2E
0

1

du~d11/u!~ lnu j * u2 lnu j u!

5
m2

M* 22M2 @J1*2J11J2*2J2#, ~3!

where

d5
m2m̄

m
,

j5@m22~m22m̄21M2!u1M2u2#/m2,

J152E
0

1

dulnu j u/u,

J252dE
0

1

dulnu j u,

and j * (J1* ,J2* ) corresponds toj (J1 ,J2) with M↔M* , re-
spectively. NowM* (M ) refers to the vector~pseudoscalar!
meson mass.

A. Determination of J1

In attempting to find an expression forJ1 , we rewrite the
argument of the natural logarithm in a form similar to that o
the dilogarithm. To do this, we factorizej as

j511@d212d2~M /m!2#u1M2u2/m2

5~12v1u!~12v2u!,

where
f

the

f

v1,252„d212d2~M /m!27$@d212d2~M /m!2#2

2~2M /m!2%1/2…/2 ~4!

5$m22m̄21M26l1/2~m2,m̄2,M2!%/2m2 ~5!

and

l~m2,m̄2,M2!5@M22~m1m̄!2#@M22~m2m̄!2#. ~6!

We obtain a similar expression forv1,2* upon substitution of
M by M* . The factorization we have performed does no
necessarily lead to realvk* or vk and we must consider the
case for both real and complex arguments.

1. Realvk* or vk

We first consider the simplest case, that when eithervk* or
vk is real. For the moment we simply deal with realvk and
extend our findings to realvk* by substitution ofM by
M* . The factor vk is only real whenl(m2,m̄2,M2)>0
which from ~6! implies

M>m1m̄ or M<um2m̄u. ~7!

When we are assured of realvk the solution ofJ1 is related
to the standard dilogarithm function:

J152E
0

1

du(
k51

2
lnu12vkuu

u
[ (

k51

2

Li 2~vk,0!

55 (
k5 i

2

Li 2~vk! for vk<1,

(
k51

2

Li 2~vk!1 ip lnuvku for vk.1.

~8!

2. Complexvk* or vk

Thevk are complex ifl(m
2,m̄2,M2),0 and we need an

appropriate method for handling this situation. Fortunately
the dilogarithm of a complex argument does exist, and so w
may proceed.

We expressJ1 as

J152E
0

1

du(
k51

2
lnu12vkuu

u

52 (
k51

2 E
0

reifkln~12z!

z
dz

52 (
k51

2
1

2E0
r ln~122xcosfk1x2!

x
dx

1 i E
0

r

arctanF ysinfk

12ycosfk
Gdyy ,

J152E
0

r ln~122xcosf1x2!

x
dx[2Li2~r,f!, ~9!

where
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r5M /m, f5f152f2 , and cosf5
m22m̄21M2

2Mm
,

~10!

andJ1* corresponds toJ1 with M↔M* .

B. Determination of J2

J2 is a simpler integral to evaluate as it does not conta
the 1/u dependence. Recall

J252dE
0

1

duln@12~12m̄2/m21M2/m2!u1M2u2/m2#,

which, by standard techniques, reduces to

J25
m2m̄

mM2 F ~m̄22m21M2!ln
m̄

m
2l1/2~m2,m̄2,M2!

3arctanhS l1/2~m2,m̄2,M2!

m̄21m22M2 D G ,
in

and is valid for allm,m̄,M . We obtain a similar expression
J2* when we substituteM→M* .

It is also useful to expressJ2 in terms of realvk . Follow-
ing a similar method to that used for derivingJ1 , we find

J252d(
k51

2

~121/vk!lnu12vku for l~m2,m̄2,M2!>0.

~11!

III. COMPARISON WITH COVARIANT AMPLITUDE

Our final form for the loop integral is

J5
m2

M* 22M2 @J1*2J11J2*2J2#. ~12!

Here we have not considered the imaginary part inJ1 which
is irrelevant to the decay process:
J15H (
k51

2

Li 2~vk,0! if l~m2,m̄2,M2!>0 wherev1,25@m22m̄21M26l1/2~m2,m̄2,M2!#/2m2,

2Li2~r,f! if l~m2,m̄2,M2!,0 wherer5M /m, cosf5~m22m̄21M2!/2Mm

~13!
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J25
m2m̄

mM2 F ~m̄22m21M2!ln
m̄

m
2l1/2~m2,m̄2,M2!

3arctanhS l1/2~m2,m̄2,M2!

m̄21m22M2 D G .
Thus, our Feynman amplitude for the decay is

A~V→Pg!5 iNCegVq q̄8gPq q̄8emnrskmenPrks

3@QJ/m1Q̄J̄/m̄#/4p2, ~14!

where J→ J̄ when m↔m̄ ~from the momentum crossed
Feynman diagram! and Q̄ is the charge of the quark with
massm̄. We compare this with the general covariant amp
tude for the processV→Pg,

A~V→Pg!5 igVPgeabmnP
akbkmen,

so that our quark triangle approach resolves thegVPg cova-
riant coupling constant as

gVPg5NCegVq q̄8gPq q̄8@QJ/m1Q̄J̄/m̄#/4p2. ~15!
li-

IV. P˜gg IN THE QUARK TRIANGLE SCHEME

We are interested in understanding the behavior and obta
ing actual values for the coupling constantsgPq q̄8 and
gVq q̄8 in the light quark sector so that we can use appropria
estimates for these couplings in the heavy quark sector.
this end we can use the well-documented decay data
V→Pg in the light vector meson sector, as well as the de
caysP→gg. These latter processes are particularly useful
they only involve the couplinggPq q̄8, and not the product
gVq q̄8gPq q̄8 as does the first case. Consequently, we mu
derive the amplitude for the decay of a pseudoscalar mes
into two photons. This we may do by following a similar
derivation as above, but it is much simpler to make the fo
lowing substitutions in theV→Pg amplitude~14!:

M*→M , M→0, gVq q̄8→gPq q̄8, and gPq q̄8→eQ,

and since all pseudoscalar mesons involved inP→gg de-
cays must be quark flavor singlets,m5m̄,Q5Q̄,J5 J̄. Sub-
sequently~15! is reduced to

gPgg52NCgPq q̄8e
2@Q2J/m#/4p2, ~16!

where
J55
m2

M2(
k51

2

Li 2~vk,0! if M>2m where v1,25M @M /m6~M2/m224!1/2#/2m,

2
m2

M2Li 2~r,f! if 0<M<2m where r5M /m, cosf5M /2m.
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V. CHIRAL LIMIT

The chiral symmetry limit is useful in the light meson
sector, and gives our work direct comparison with that
Bramon and Scadron@5#. The limit corresponds to a smal
pseudoscalar mass when compared to the vector mass,
is, M* 2@M2. Such a limit is entirely appropriate for the
study of the radiative decays ofK* mesons, and it is reas-
suring to know that ourJ reduces to theJM of @5# in the
chiral limit.

The chiral limit, corresponding toM→0 in J, enables us
to use the real form forJ1 in ~8! asM<um2m̄u,

vk~M→0!5H 0 for k51,

2~d212d! for k52,

from ~4! so that

J15 (
k51

2

Li 2~vk,0!

5Li2~0,0!1Li2~2d222d,0!

5Li2~2d222d,0!

and

J252d(
k51

2

~121/vk!lnu12vku

52d2d@111/~d212d!# lnu112d1d2u

52d2
2~d11!2

d12
lnu11du.

ThusJ in the chiral limit, which we denote asJCL, becomes

JCL5
m2

M* 2 H d1 (
k51

2

@Li2~vk* ,0!2d~121/vk* !lnu12vk* u#•••

2Li2~2d222d,0!1
2~11d!2

21d
lnu11duJ , ~17!

where we have assumedvk* is real. This form may be sim-
plified even further near the isospin symmetry limit whereb
m'm̄. In this instance we ignored terms of order 2 and
higher:

Li 2~2d222d,0!→Li2~22d,0!,

2~11d!2

21d
lnu11du→~d1 1

2 !lnu112du,

v1,2*→2„2d2~M* /m!27$@2d1~M* /m!2#2

2~2M* /m!2%1/2…/2

5
M* 2

2m2 2d6F SM* 2

2m2 2d D 22 M* 2

m2 G1/2. ~18!

Thus we findJCL incorporating isospin symmetry betwee
quark flavors reduces to
of
l
that

y

n

JCL5
m2

M* 2 H d1 (
k51

2

@Li2~vk* ,0!2d~121/vk* !lnu12vk* u#

2Li2~22d,0!1~d1 1
2 !lnu112duJ ,

with vk* defined in Eq.~18!. This form is very similar to the
JM of Bramon and Scadron@5#. There is a subtle difference
in their use of the dilogarithm function Li2(z) versus our
function Li2(z,0) which is similar to the dilogarithm, but
which only allows real solutions@the termip lnuvku in Eq. ~8!
ensures this#. In the chiral limit withM*.m1m̄ these two
functions are equivalent. In addition they have the term
(d21/2)lnu112du whereas we have (d11/2)lnu112du. We
believe that this difference is due to a typographical mistak
as the argument of the logarithmic function is linked to th
multiplier outside, so that there should be no difference b
tween them~the missing multiplication factor of 2 is easily
accounted for, but not the sign change!.

A. Chiral limit of P˜gg

There is a well-known chiral limit of theP→gg case,
namely, p0→gg @6,3#, when gp0gg5e2NCgp0Q2/4p2m.
This implies thatJ51/2 for the pion. We can establish this
from our full formulas. The chiral limit implies that
Mp0→0 so that the appropriate form ofJ is

J52m2Li 2~r,f!/M2,

and we defineM /m5e with e→0 asM→0. We subse-
quently findr5e, cosf5e/2, and, therefore,

J5
2

e2 F2
1

2E0
e ln~12ex1x2!

x
dxG

'2
1

e2E0
e

dx@2e1~12e2/2!x1e~e213!x/31•••#

5
1

2
2e2/121e4/91••• .

ThereforeJ reproduces thep0→gg result in the chiral limit.

VI. HEAVY QUARK EXPANSION

Since we are particularly interested in the heavy meso
decaysD*→Dg andB*→Bg, we feel it is of interest to
examine the heavy quark expansion of our loop integralJ.
To derive this we consider an expansion in terms of the lig
to heavy quark mass ratio in each of the loop integrals. W
make the arbitrary choice ofm5mq and m̄5mQ , where
mq is the light quark mass andmQ the heavy quark mass.
These lead to the definitions

m

m̄
5e, ~19!

M5m̄1L, ~20!

M*5m̄1L* , ~21!
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wheree→0 in the heavy quark limit, andL,L* is the com-
bined binding energy and light quark mass.

A. Heavy quark expansion ofJ

When dealing withJ, Eqs.~20! and ~21! lead to

M /m5r11/e,

M* /m5r *11/e,

wherer5L/m andr *5L* /m which are independent of the
heavy quark mass. We expressJ of Eq. ~3! using these rela-
tions to find

J'E
0

1

duE
0

12u

dv

3
u/e

u/e222~r *2r !uv/e2~2r11/e!u~12u!/e
,

ignoring the constant term ine. This reduces to

JHQL52
e~r * lnu2r * eu2r lnu2r eu!
~r *2r !@112e~r *1r !#

as the highest order terms in the expansion. Note that th
term is of the forme lne and we can thus expect slow con-
vergence of the heavy quark expansion.

B. Heavy quark expansion ofJ̄

We maintain our definition ofe and r ; however, sinceJ̄
corresponds toJ with m↔m̄, we shall need the relations

M /m̄511L/m̄511r e,

M* /m̄511L* /m̄511r * e,

from which
J̄'E
0

1

duE
0

12u

dv
11~e21!u

12u22~r *2r !euv2~112r e!u~12u!
,

ignoring thee2 contribution. Thus our heavy quark expansion ofJ̄ reduces to

J̄HQL5Li2~112r * e,0!2Li2~112r e,0!1
2e~12e!

112e~r *1r !
~r * lnu2r * eu2r lnu2r eu!.

To simplify this form further, we consider an expansion of the dilogarithm. Since

Li2~112r * e,0!2Li2~112r e,0!52E
112r e

112r* e
du

lnu12uu
u

'2E
2r e

2r* e
dzlnz~12z1z22z31••• !

522e@r * lnu2r * eu2r lnu2r eu2~r *2r !1O~e!#,
th

at
we then arrive at our final form

J̄HQL512
e

r *2r
~r * lnu2r * eu2r lnu2r eu!.

Once again observe thee lne dependence, indicative of slow
convergence.

It appears that both expansionsJHQL and J̄HQL will only
converge slowly to their true counterpartsJ and J̄. Thus,
unfortunately, they are not so useful approximations for
ther thec or b quark cases.

There are other possible expansions we could consid
namely, that of theP→gg andV→Pg loop integrals where
there is only one quark flavor in the loop~such as
hc→gg, hb→gg, J/c→hcg, or Y→hbg) and consider
some expansion as the quark mass becomes large. Unfo
nately, such an expansion fails to be a good approximati
simply due to the assumption one has to make about
pseudoscalar and/or vector mass. For example, in
ei-

er,

rtu-
on,
the
the

P→gg case one would assume the pseudoscalar massM
would consist of the sum of the quark masses along wi
some binding energy so thatM52m1D. Then the loop in-
tegral could be expressed as

J5 J̄5E
0

1

duE
0

12u dv
12r2uv

,

where r5M /m521D/m, and one would attempt to do
some sort of expansion nearr52. Unfortunately such an
expansion is impractical as the integral contains a pole
r52,u51/2.

VII. RESULTS

A. K*˜Kg and the coupling ratio

The observedK* branching fraction of

GK* 0→K0g/GK*1→K1g52.3160.29,
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and corresponding coupling constant ratio of

ugK* 0K0g /gK*1K1gu51.51460.125 ~22!

is far from its SU~3! predicted value of 2, but is simply
understood in the quark loop formalism as shown by Bram
and Scadron@5#. We quickly reiterate this point. Using Eq
~15! and assuminggVus5gVds andgPus5gPds, then

gK* 0K0g

gK*1K1g
52

Jd,s@K*
0,K0#/md1Js,d@K*

0,K0#/ms

2Ju,s@K*
1,K1#/mu2Js,u@K*

1,K1#/ms

521.47, ~23!

where we have used a more complete notationJq, q̄8@V,P# to
denoteJ for quarksq,q̄8, vector mesonV, and pseudoscalar
mesonP of massesm, m̄, M* , andM , respectively. We
used quark massesmu5md5340 MeV andms5510 MeV.
The experimental uncertainty in the coupling ratio perm
the s quark mass range 475,ms,545 MeV, when
mu5340 MeV, and a fixeds quark mass ofms5510 MeV
permits au quark range of 225,mu,385 MeV. Since an
s quark mass ofms5mf/2 gives such a good compariso
between the quark triangle diagram and the experimen
measurement, we will choose such a mass throughout
work, along withmu5md5340 MeV. The result of Eq.~23!
compares well with that of@5#, indicating that their chiral
limit formulas are appropriate. In fact we can observe t
variation from the chiral limit toM5MK using ourJ; as Fig.
2 shows there is very little change in the result.

We can also dramatically show how thes quark mass
breaks the SU~3! symmetry. Figure 3 displays the behavio
of gK* 0K0g /gK*1K1g from ms5mu5md5340 MeV @the
SU~3! limit # toms5550 MeV, clearly indicating that it is the
violation of constituent quark masses from SU~3! symmetry
that is responsible for the large deviation inK* mesons from
the expected symmetry. TheK* radiative decays are particu
larly sensitive to SU~3! violations as they involve the con-
stituent masses of strange and nonstrange quarks in the
of the corresponding triangle diagram. Subsequently,
heavier meson cases are best computed by the triangle
gram which can allow for different constituent masses in t
loop, rather than an SU~4! or SU~5! symmetry.

FIG. 2. Appropriateness of chiral limit, shown in the lack o
sensitivity ofgK* 0K0g /gK*1K1g to K meson mass.
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B. Measurements ofgPqq̄8

We may obtain estimates for thegPq q̄8 coupling constants
using experimental measurements of theP→gg decay
widths. In particular the widths forp0→gg, h→gg, and
h8→gg processes are well known and we should be able
determinegPu ū andgPs s̄ to reasonable accuracy~we make
the isosymmetric approximationgPu ū5gPd d̄ ,mu5md).

Beginning with thep0 meson which is the antisymmetric
mixture (uū2dd̄)/A2, we find

gp0gg5
6e2

4p2 H S 23D 2gp0uū

Ju@p0#

mu
1S 2

1

3D 2gp0dd̄

Jd@p0#

md
J

5
e2

6p2 H 4gPu ūA2
2
gPd d̄

A2 J Ju@p0#/mu

5
e2

2A2p2
gPu ūJu@p0#/mu . ~24!

In a similar fashion, we use the standard octet-singlet pse
doscalar mixing angleuP to ascribe theh-h8 mixing by

h5
1

A6
@~cosuP2A2sinuP!~uū1dd̄!

2A2~sinuP1A2cosuP!ss̄#,

h85
1

A6
@~sinuP1A2cosuP!~uū1dd̄!

1A2~cosuP2A2sinuP!ss̄#.

Following a methodology such as Eq.~24! we obtain rela-
tions between the covariant amplitudes and meson-qu
couplings which are given in Table I. We have use
mu5340 MeV, ms5510 MeV, and two different mixing
anglesuP5210.5° ~in accordance with the quadratic Gell
Mann–Okubo relation! and uP5220° ~which is partly fa-
vored by pseudoscalar decay processes! along with the cova-
riant couplings from the measured decay rates@7#:

GP→gg5mP
3gPgg

2 /64p,

f FIG. 3. Breaking of SU~3! by s quark mass. The experimenta
measurement is included.
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TABLE I. Radiative decays of ground state mesons and relations between covariant couplingsgPgg ,
gVPg , or gPVg and meson-quark-antiquark couplingsgVq q̄8,gPq q̄8.

Process Relation between covariant couplings and mesonquark couplings

p0→gg gp0gg5
e2

2A2p2
gPu ūJu@p0#/mu

h→gg ghgg5
e2

6A6p2 $5(cosuP2A2sinuP)gPuūJu@h#/mu

2A2(sinuP1A2cosuP)gPs s̄Js@h#/ms%

h8→gg gh8gg5
e2

6A6p2 $5(sinuP1A2cosuP)gPuūJu@h8#/mu

1A2(cosuP2A2sinuP)gPs s̄Js@h8#/ms%

hc→gg ghc→gg5
2e2

3p2 gPc c̄Jc@hc#/mc

r0→p0g gr0→p0g5
e

4p2 gVu ūgPu ūJu,u@r0,p0#/mu

r1→p1g gr1→p1g5
e

4p2 gVu d̄gPu d̄Ju,d@r1,p1#/mu

r0→hg gr0→hg5
A3e
4p2 (cosuP2A2sinuP)gVuūgPuūJu,u@r0,h#/mu

v→p0g gv→p0g5
A3e
4p2 (sinuV1A2cosuV)gVuūgPuūJu,u@v,p0#/mu

v→hg gv→hg5
e

12p2 $(sinuV1A2cosuV)(cosuP2A2sinuP)gVuūgPuūJu,u@v,h#/mu

12(cosuV2A2sinuV)(sinuP1A2cosuP)gVs s̄gPs s̄Js,s@v,h#/ms%

h8→r0g gh8→r0g5
A3e
4p2 (sinuP1A2cosuP)gVuūgPuūJu,u@h8,r0#/mu

h8→vg gh8→vg5
e

12p2 $(sinuV1A2cosuV)(sinuP1A2cosuP)gVuūgPuūJu,u@h8,v#/mu

22(cosuV2A2sinuV)(cosuP2A2sinuP)gVs s̄gPs s̄Js,s@h8,v#/ms%

f→p0g gf→p0g5
A3e
4p2 (cosuV2A2sinuV)gVuūgPuūJu,u@f,p0#/mu

f→hg gf→hg5
e

12p2 $(cosuV2A2sinuV)(cosuP2A2sinuP)gVuūgPuūJu,u@f,h#/mu

22(sinuV1A2cosuV)(sinuP1A2cosuP)gVs s̄gPs s̄Js,s@f,h#/ms%

K* 0→K0g gK* 0→K0g5
e

4p2 gVd s̄gPd s̄(Jd,s@K*
0,K0#/md1Js,d@K*

0,K0#/ms)

K*1→K1g gK*1→K1g5
e

4p2 gVu s̄gPu s̄(2Ju,s@K*
1,K1#/mu2Js,u@K*

1,K1#/ms)

J/c→hcg gJ/c→hcg
5

e

p2 gVc c̄gPc c̄Jc,c@J/c,hc#/mc
-

to obtain several estimates of the pseudoscalar-quark c
plings as given in Table II. We used theh→gg and
h8→gg to determine simultaneously the values.

From the results, it appearsgPu ū differs as determined
from p0, h, andh8 processes. Considering that theh meson
is about 4 times as massive as the pion, it may be appropr
to allow for such a mass dependence in the coupling co
stant. Suppose we label the first coupling constant fro
p0→gg asgPu ū(mp0

2 ), while the second fromh→gg and
h8→gg as a coupling constant somewhere betweenmh and
mh8. Numerically we took the appropriate mass as the eq
weight average (mh

21mh8
2 )/2. By linearly interpolating be-

tween these two couplings, we estimated a value
ou-

iate
n-
m

ual

of

gPu ū(mh
2)54.6160.19 for uP5210.5° and gPu ū(mh

2)
54.3960.17 foruP5220°.

The Goldberger-Treiman~GT! relation at the quark level,
gives us a good check of our results. For the pion, the rela
tion reads

fpgPu ū~mp0
2

!/A25mu .

Using our coupling value in Table II along withmu5340
MeV we predictfp593.563.46 MeV which compares well
with the experimental resultf p592.460.26 MeV @7#.
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TABLE II. Determination of meson-quark-antiquark couplings.

Experimental result Meson-quark-antiquark couplinga

(31024 MeV21) @7# uP5210.5° uP5220°

ugp0ggu50.251660.0091 gPu ū55.1460.19

ughggu50.23960.011
ugh8ggu50.31260.016J HgPu ū54.0360.14,

gPs s̄56.4260.67 HgPu ū53.5660.12,
gPs s̄58.1960.65

ughcggu50.0729760.01366 gPc c̄52.0360.38
ugr0→p0gu52.9660.38 gVu ūgPu ū514.8261.90
ugr1→p1gu52.2460.13 gVu ūgPu ū511.3260.64
ugr0→hgu55.6760.53 gVu ūgPu ū510.9661.02 gVu ūgPu ū59.5660.89
ugv→p0gu57.0460.21 gVu ūgPu ū512.5360.38

ugv→hgu51.8360.23
ugf→hgu52.11760.052J HgVu ūgPu ū512.361.5,

gVs s̄gPs s̄57.0860.17 HgVu ūgPu ū510.761.3,
gVs s̄gPs s̄58.6660.21

ugf→p0gu50.41760.021 gVu ūgPu ū525.161.3b

ugK* 0→K0gu53.8460.17 gVd s̄gPd s̄58.4360.37
ugK*1→K1gu52.53460.115 gVu s̄gPu s̄58.2160.37
ugJ/c→hcg

u51.6760.26 gVc c̄gPc c̄51.8760.30

amu5md5340 MeV,ms5510 MeV,mc51550 MeV,uV5219.4°.
bgVu ūgPu ū511.960.6 for uV5224°.
d

ve

f
s

he

so

his

ou-
y

Also included in Table II is the estimate ofgPc c̄ using a
charm quark mass ofmc51550 MeV along with the experi-
mentally determined width@7# of Ghc→gg57.062.6 keV.

C. Measurements ofgVqq̄8

There exist many useful decay channelsV→Pg and cor-
responding data from which we can determine the prod
gVq q̄8gPq q̄8. To this end we proceed in two steps. First, w
interpret individual meson-meson-photon couplings in term
of meson-quark-antiquark couplings, deriving relations b
tween them as shown in Table I. Assuming isospin symm
try there are only two unknown products of couplings in
volved in the light meson sector; one isgVu ūgPu ū for
nonstrange quarks while the other isgVs s̄gPs s̄ for strange
quarks.

Following this we extract individual meson-meson
photon couplings from the most recently measured dec
widths GV→Pg5(mV

22mP
2 )3gVPg

2 /12pmV
3 by simply remov-

ing the kinematic factors. The results are listed in the fi
column of Table II. As one can see, they scatter over a re
tively wide range.

We are able to determinegVu ūgPu ū solely from any one
of the processesr0→p0g, r1→p1g, r0→hg, v→p0g,
and v→hg. In addition, the decaysv→hg and f→hg
can be used to simultaneously solve forgVu ūgPu ū and
gVs s̄gPs s̄ . Our numerical results are shown in the seco
column of Table II where we use the same quark masses
previously along with standard mixing angles.

The values of the productgVu ūgPu ū turn out to lie in a
quite small range, except for that from thef→p0g. How-
ever, it would fall into this range had we chosen a mixin
angle of aboutuV5224°, a change of 4.6°. Such a hig
sensitivity off→p0g to change in mixing angle suggests
is reasonable to exclude this channel from our analysis. R
calling the couplings of a pseudoscalar meson with qua
antiquark pairs discussed previously, we now obtaingVu ū .

As the light vector meson masses vary by less th
30%, we shall not attempt to distinguish between the sligh
uct
e
s
e-
e-
-

-
ay

rst
la-

nd
as

g
h
it
e-
rk-

an
tly

different couplings and thus on average we fin
gVu ū52.4060.08 ~weighted average! for uP5210.5° and
gVu ū52.3560.08 ~weighted average! for uP5220°. It dif-
fers fromgPu ū , revealing a substantial violation of the spin
symmetry in the triangle scheme.

We repeat this procedure in the analysis ofgVs s̄ , but with
fewer channels to determine a result. Consequently we ha
gVs s̄51.10 for uP5210.5° and gVs s̄51.06 for uP
5220°, indicating a large SU(3)V symmetry breaking once
again. Estimates forgVc c̄ using theJ/c→hcg channel yield
gVc c̄50.9260.23. Note thatgVc c̄ andgPc c̄ are not substan-
tially different, perhaps indicative of a limitgVq q̄5gPq q̄ as
mq gets large.

For completeness, we wish to obtain a measure ofgVu s̄
using the productgVu s̄gPu s̄ . However, we have no means o
getting gPd s̄ for the kaon in the triangle scheme. This i
because, unlikep0, theK0→gg decay is not mediated by
pure electromagnetic interactions. However assuming t
Goldberger-Treiman relation at the quark level,

f KgPd s̄~mK
2 !5~mu1ms!/2,

we find gPd s̄53.7760.03 where we have used
f K5113.061.0 MeV @7#. Subsequently,gVd s̄52.2160.10
~averaged over the charged and neutral processes!.

We ought to point out that the triangle scheme has al
been applied to radiative decays ofh8 into r0 or v, but
failed to yield coupling constants near the above range. T
suggests to us that we should treath8 in a different way
which would most likely incorporate the U~1! anomaly.

VIII. PREDICTIONS

A. f˜h8g coupling constant and branching fraction

We can use our best fit estimates of the meson-quark c
pling constants to predict the decay width for the deca
f→h8g,
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gf→h8g5
e

12p2 $~cosuV2A2sinuV!~sinuP1A2cosuP!

3gVu ūgPu ūJu,u@f,h8#/mu

12~sinuV1A2cosuV!~cosuP

2A2sinuP!gVs s̄gPs s̄Js,s@f,h8#/ms%,

and usingmu5340 MeV,ms5510 MeV, and mixing angles
uP5210.5°,uV5219.4° along with our couplings from
Table II, we compute the coupling to begf→h8g
525.6931024. This gives a branching ratio of

B~f→h8g!54.1631024,

which is slightly above the experimental upper limit o
B(f→h8g),4.131024 at 90% confidence level@7#. How-
ever, we note that a change to ans quark mass ofms5500
MeV produces a branching fraction ofB(f→h8g)
53.2431024, so that the result displays very sensitive d
pendence on the choice ofs quark mass and probably vecto
mixing angle. Also we remain cautious of predictions involv
ing the h8 meson due to its association with the U~1!
anomaly.

B. D*˜Dg and B*˜Bg coupling ratios

Since ourJ is approximation free~i.e., no chiral limit
assumptions!, we can safely use it in theD* andB* meson
cases. We do assumegVuQ̄5gVdQ̄ and gPuQ̄5gPdQ̄ where
Q is either thec or b quark ~much like we did in the
K*→Kg case! to obtain

gD* 0D0g

gD*1D1g
5

2~Ju,c@D*
0,D0#/mu1Jc,u@D*

0,D0#/mc!

2Jd,c@D*
1,D1#/md12Jc,d@D*

1,D1#/mc
~25!

and

gB* 0B0g

gB*1B1g
5

Jd,b@B*
0,B0#/md1Jb,d@B*

0,B0#/mb

Ju,b@B*
1,B1#/mu22Jb,u@B*

1,B1#/mb
.

~26!

Relations~25! and ~26! allow us to examine the coupling
constant ratios as a function of thec and b quark mass,
respectively. The results appear in Figs. 4 and 5. In order
give actual values we use ac quark mass of 1550 MeV

FIG. 4. Variation of coupling ratio withc quark mass.
f

e-
r
-

to

~approximately half theJ/c mass!, yielding gD* 0D0g /
gD*1D1g56.47 and ab quark mass of 4730 MeV~approxi-
mately half the Y mass! which gives gB* 0B0g /
gB*1B1g50.018. We can compare our results with those of
other workers. These are presented in Table III. We hope
that our study ofgVq q̄8,gPq q̄8 measurements would enable us
to make some reasonable guesses ofgVu c̄gPu c̄ and

TABLE III. Summary of theoretical estimates.

Reference ugD* 0D0g /gD*1D1gu ugB* 0B0g /gB*1B1gu

@7# - -
This paper 6.47 0.018
@10# 3.0560.63 0.4960.38
@11# 2.9860.62 -
@12# 6.3262.97 0.6460.51
@13# a 11.062.3 -
@13# b 12.962.7 -
@14# 3.2860.83 -
@15# 5.461.1 -
@16# - 0.5860.44
@17# c 6.9561.44 -
@18# 6.6161.37 0.6260.48
@19# 5.5463.00 0.5960.48
@1# 60 0.8d

@20# 3.5060.73 -
@21# - 0.67860.523
@22# 3.8460.80 -
@23# e 1.6660.34 -
@24# f 3.9360.84 -
@24# g 4.4960.96 -
@24# h 3.9260.84 -
@25# 2.0060.41 -
@26# 3.7860.78 -

aGaussian wave function withmu5300 MeV,mc 5 1500 MeV.
bBS wave function withmu5350.MeV,mc 5 1500 MeV.
cmu5md5300 MeV,ms5500 MeV.
dThe original paper contained an error for this calculation. This is
the corrected value.
eZero anomalous magnetic moment of the charm quark.
fSU~4! symmetry.
gBroken SU~4! by M1 transition.
hBroken SU~4! by 1/MV

2 .

FIG. 5. Variation of coupling ratio withb quark mass.
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gVu b̄gPu b̄ , but the data do not allow this. Thus we cann
make predictions about actual decay widths.

IX. CONCLUSIONS

We have successfully evaluatedV→Pg andP→gg pro-
cesses in a quark triangle diagram scheme which is valid
arbitrary vector or pseudoscalar masses. By comparison w
available experimental data, we found that this sche
works well for all radiative processes involving the light me
sons~no charm or bottom quarks!, except forf→p0g ~due
to the sensitivity of this channel to the mixing angle! and
h8→r0(v)g.

The scheme produces well-determined estimates of
meson-quark-antiquark couplings for the light mesons. T
large difference betweengVq q̄8 and gPq q̄8 indicates a sub-
stantial violation of spin symmetry in the quark triangle fo
malism. We also observed a relatively weak SU~3! chiral
symmetry breaking due to the finite masses of the Goldsto
type pseudoscalar mesons, along with a more appa
SU(3)V symmetry breakdown arising from the difference i
light constituent quark masses. We note that these coup
ot

for
ith
me
-

the
he

r-

ne-
rent
n
ling

constants are relatively insensitive to the pseudoscalar mix
ing angle.

A number of predictions have been made based on th
scheme. First we note that our theoretical result for the
f→h8g decay width is around the present experimental up
per limit and awaits comparison with further measurement
Second our prediction forgD* 0D0g /gD*6D6g56.47 with
mc'mJ/c/2 is within range of other theoretical estimates,
while gB* 0B0g /gB*6B6g50.018 formb'mY/2 is small com-
pared with the few results in the literature. We expect tha
future measurements of these radiative decays will distin
guish between these predictions.
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