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Phenomenology of the 1/mQ expansion in inclusiveB and D meson decays
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We apply a recent theoretical analysis of hadronic observables in inclusive semileptonic heavy hadron
decays to the phenomenology ofB andD mesons. Correlated bounds on the nonperturbative parametersL̄ and
l1 are derived by considering data fromB decays and, independently, data fromD decays. The two sets of
bounds are found to be consistent with each other. The data fromB decays then are used to extract a lower
limit on the CKM matrix elementuVcbu. We address the issue of the convergence of the perturbative expan-
sions used in the analysis, and compare our bounds onL̄ andl1 to lattice and QCD sum rule results. Finally,
we argue that a comparison of the analyses ofD andDs decays provides evidence for the applicability of
parton-hadron duality in the semileptonic decay of charmed hadrons.@S0556-2821~96!06311-4#
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I. INTRODUCTION

The heavy quark limit of QCD is of enormous practica
use, because with it one may describe a wide variety
heavy hadron decay rates and matrix elements in terms o
small number of parameters. These parameters reflect n
perturbative QCD effects and cannot be computed direc
Instead, they must either be modeled or, preferably, be
tracted from experimental data. One of the most importa
applications of the analysis of inclusive decays is the det
mination of the Cabibbo-Kobayashi-Maskawa~CKM! matrix
elementuVcbu from the processB→Xcl n, which is comple-
mentary to the extraction from the exclusive deca
B→D* l n. The computation involves an expansion in pow
ers of 1/mb , and toO(1/mb

2) there appear three nonpertur
bative parameters:L̄ ~or equivalently, the quark massmb),
l1 , andl2 . While l2 may be extracted directly from the
B-B* mass splitting,L̄ andl1 are not directly measurable
Two approaches currently popular in the literature are to e
ploy various QCD sum rules to estimate these paramet
and to use an analysis of inclusive semileptonicD decay to
fix one linear combination of them. However, each of the
methods has a severe disadvantage: The QCD sum rule
sults are not model-independent consequences of QCD,
the expansions inas(mc) and 1/mc may or may not work
well at the low scales relevant forD decay@1,2#.

In a recent analysis@3#, we calculated the leading pertur
bative and nonperturbative contributions to moments of t
hadronic energy and invariant mass spectra in semilepto
heavy hadron decays. These predictions are particularly
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teresting, because experimental information on invaria
masses of the hadrons produced in these decays may be
rived from the reported branching ratios to exclusive fina
states. Furthermore, they rest on the same theoretical basi
earlier analyses of other semileptonic quantities such as t
decay rate and the lepton energy spectrum@4#.

In Ref. @3# we performed some preliminary phenomenol
ogy based on this theoretical analysis, deriving correlate
bounds on the nonperturbative parametersL̄ andl1 . In this
paper we will develop this phenomenology further, incorpo
rating additional data and including in the discussion th
semileptonic decays of charmed mesons. Our main conc
sions are as follows.

~1! The perturbation series appearing in the analysis a
under better control than had previously been thought. Wh
the two-loop corrections relatingL̄ and l1 to the semilep-
tonic decay rate and to the first moment of the invariant ma
spectrum inB→Xcen̄ are large, these corrections partially
cancel in the relation between the semileptonic decay ra
and the first moment of the invariant mass spectrum. Th
corresponding perturbation series relating the two physic
quantities appears to be better behaved. Using the scale
ting technique of Brodsky, Lepage, and Mackenzie~BLM !
@5#, we find a BLM scalemBLM50.26mb for the relation
between the first moment and the semileptonic width. Th
extends our previous result@3# to the case of finite charm
quark mass.

~2! When combined with the measured semileptoni
width of theB, the moments of the invariant mass spectrum
and the measured branching fraction to excited states yie
the constraint

uVcbu.F0.04022.931024S l1

0.1 GeV2D G S tB
1.60 psD

21/2

.

~1.1!
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While this is consistent with previous determinations
uVcbu from inclusiveB decays@6#, this result differs from
previous extractions in that it does not depend on any
sumptions about the size ofL̄ or on QCD sum rule estimates
of the quark masses.

~3! The values ofL̄ andl1 extracted from the semilep-
tonic decay width and first moment forD andDs decays are
consistent with those obtained fromB decays. TheB results
are also consistent with recent lattice extractions of the mo
fied minimal subtraction scheme (MS) massm̄b(mb) @7,8#.
The combined results fromB andD decays are inconsisten
with the large negative value ofl1 extracted from certain
QCD sum rules@9#.

~4! The theoretical prediction for thedifferenceof the first
moments of the invariant mass spectrum inD andDs decays
is well behaved and provides a test of parton-hadron dual
The comparison with experimental data is quite success
providing additional evidence for the applicability of dualit
to the decays of charmed hadrons.

Since our conclusions onD decays disagree significantly
with those presented in Ref.@2#, it is worth commenting on
the discrepancy. The authors of Ref.@2# used the extraction
of mb from Ref. @10# along with the QCD sum rules extrac
tion of l1520.660.1 GeV2 @9# to conclude that
1.25,mc

pole,1.40. This results in a semileptonic deca
width for theD meson which is at least a factor of 2 smalle
than observed. However, it is difficult to relate this extractio
of the pole mass to physical quantities. The radiative corr
tions in the relation betweenmc

pole and the semileptonic
charm width are so large that the perturbation series appe
uncontrolled; whether or not this is the case for the relati
between the moments ofs(e1e2→b̄b) ~from whichmb

pole

and, hence,mc
pole are extracted! and the charm quark semi-

leptonic width requires a higher-order calculation. Given th
uncertainty, we prefer to treatl1 and L̄ as free parameters
to be fixed by relations between the decay widths, momen
andMS masses, in which case we find that all the data
charm and bottom are consistent with the smaller val
l1.20.1 GeV2. This is also consistent with the observa
tions of Ref.@11#, where it is argued that the correct QCD
sum rule should give a substantially smaller value ofl1 than
that found in Ref.@9#.

Finally, we note that we will consider values ofl1 which
violate the constraintl1<23l2'20.36 GeV2 which was
proposed in Ref.@12#. The proof of this bound is criticized in
Ref. @13#, where it is demonstrated that the inclusion of r
diative corrections precludes any rigorous constraint onl1 .
Hence we do not apply this proposed limit to our analysis

II. CONSTRAINTS FROM B DECAYS

A. Theoretical expressions

We begin by discussing the constraints which may
obtained from inclusive semileptonicB decays. The theoreti-
cal treatment of these decays involves a double expansio
powers ofas(mb) and 1/mb , employing an operator produc
expansion~OPE! and heavy quark symmetry. From Ref.@3#
we have the expressions for the first two moments of t
hadronic invariant mass spectrum for the proce
B→Xcl n:
of
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^sH2m̄D
2 &5mB

2F0.051as

p
10.23

L̄

mB
S 110.43

as

p D
10.26

L̄2

mB
2 11.01

l1

mB
2 20.31

l2

mB
2 G ,

^~sH
2 2m̄D

2 !2&5mB
4F0.0053as

p
10.067

L̄

mB

as

p

10.065
L̄2

mB
2 20.14

l1

mB
2 G , ~2.1!

whereml 50, and we have defined the spin-averagedD and
B meson masses

m̄D[
mD13mD*

4
5mc1L̄2

l1

2mD
1•••.1975 MeV,

m̄B[
mB13mB*

4
5mb1L̄2

l1

2mB
1•••.5313 MeV.

~2.2!

In deriving the expressions~2.1!, we have eliminated the
ratio of pole massesmc /mb by instead writing the heavy
quark expansion in terms ofm̄D/m̄B:

mc

mb
5
m̄D

m̄B
2

L̄

mB
S 12

m̄D

m̄B
D 2

L̄2

mB
2 S 12

m̄D

m̄B
D

1
l1

2mBmD
S 12

m̄D
2

m̄B
2 D

50.37220.628
L̄

mB
20.628

L̄2

mB
2 11.16

l1

mB
2 . ~2.3!

Performing a similar substitution in the expression for th
semileptonic decay rate, we find~for ml 50)

Gsl~B!5
GF
2 uVcbu2mB

5

192p3 0.369F121.54
as

p
21.65

L̄

mB

3S 120.87
as

p D 20.95
L̄2

mB
2 23.18

l1

mB
2 10.02

l2

mB
2 G .

~2.4!

The advantage of writingGsl(B) and the moments~2.1! in
this way is that there is now no hidden dependence on t
heavy quark masses; the coefficients arising at each order
the OPE are determined by measurable quantities.

The moments of the invariant mass spectrum depend on
on the nonperturbative parametersL̄, l1 , andl2 , and on the
strong coupling constantas(mb) at leading order. Since
l2(mb)50.12 GeV2 is known from the B-B* mass
splitting,1 andas(mb) is measured in other processes, thes
moments provide direct information on the unknown had

1In this paper, we will neglect the small running ofl2(m) be-
tweenmb andmc .
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ronic matrix elementsL̄ andl1 . This information may then
be inserted into the expression forGsl(B) to determine
uVcbu from the measured decay rate.

B. BLM scale setting for finite mc

We begin by addressing the question of whether the p
turbative corrections to the relation between the semilepto
decay width and the moments of the hadronic invariant ma
spectrum are in fact well behaved. Earlier analyses@1# have
indicated that the two-loop corrections toGsl(B) are uncom-
fortably large. In these analyses, one computes that par
the two-loop correction which is proportional to the first co

efficientb05112 2
3 nf in the QCDb function, and from this

derives a BLM scale@5# for the process. One finds the resu

G~B→Xcl n̄ !5
GF
2 uVcbu2mB

5

192p3 0.369F121.54
as~mb!

p

21.43S as~mb!

p D 2b021.65
L̄

mB
1•••G ,

~2.5!

which, sinceb0as(mb)/p;0.6, leads to a perturbation se
ries which is quite poorly behaved. Following the BLM pre
scription of absorbing this term into theO(as) correction by
a change of scale, one finds2 a low BLM scale
mBLM50.16mb'800 MeV.

In Ref. @3# we discussed a similar situation in the analys
of the decayb→ul n. There we considered two perturbatio
series, neither of which is particularly well behaved:

G~B→Xul n!5
GF
2 uVubu2mB

5

192p3 F122.41
as~mb!

p

22.98b0S as~mb!

p D 225
L̄

mB
1•••G ,

^sH&5mB
2F0.20as~mb!

p
10.35b0S as~mb!

p D 2
1

7

10

L̄

mB
1•••G . ~2.6!

The BLM scale forG(B→Xul n) is m BLM50.08mb , while
for ^sH& it is m BLM50.03mb . However, both of the expres-
sions ~2.6! depend on the nonperturbative parameterL̄,
which is defined only up to certain arbitrary convention
@14#. If the poor convergence of the perturbation series c
be absorbed intoL̄, then the large higher-order terms will b
of no consequence, since ultimatelyL̄ is eliminated from
relations between physical observables.

In Ref. @3# we investigated whether this might be so b
eliminating L̄ from Eqs.~2.6!, solving forG(B→Xul n) in
terms of^sH&. Doing so, we found

2This scale arises from takingmc /mb50.37 @see Eq.~2.3!#, and
differs slightly from the result of Ref.@1#, wheremc /mb was taken
to be 0.3.
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G~B→Xul n!5
GF
2 uVubu2mB

5

192p3 F120.98
as~mb!

p

20.48b0S as~mb!

p D 227.14
^sH&
mB
2 1•••G , ~2.7!

leading to a much higher BLM scalemBLM50.38mb . The
apparent convergence of the perturbation series improv
considerably under such a reorganization.

For finite charm quark mass we may perform a simila
analysis. We use standard techniques@15# to extract a two-
loop term of the formb0(as /p)

2 which contributes to the
first moment^sH2m̄D

2 &. The calculation is straightforward
but tedious, with the final integrals performed numerically
We find

^sH2D
2 &5mB

2F0.051as~mb!

p
10.096S as~mb!

p D 2b0

10.23
L̄

mB
1•••G , ~2.8!

which again leads to a perturbation series which appears
be badly behaved, with a very low BLM scale
mBLM50.02mb . However, if instead we use the expressio
~2.8! to eliminateL̄ from the semileptonic width~2.5!, we
obtain

G~B→Xcl n̄ !5
GF
2 uVcbu2mB

5

192p3 0.369F121.17
as~mb!

p

20.74S as~mb!

p D 2b0

27.17
^sH2m̄D

2 &

mB
2 1•••G . ~2.9!

The two-loop correction in Eq.~2.9! has been reduced by a
factor of almost 2 compared with that in Eq.~2.5!. The one-
loop correction is reduced as well, and so the change in t
BLM scale is less dramatic; the new BLM scale is
mBLM50.28mb . This reorganization of the perturbation se
ries gives us hope that the expansionas(mb)/p is now under
control, although, of course, the fullO(as

2) correction re-
mains an important source of uncertainty.

For the second moment of the invariant mass spectru
there is, as in the massless case, no such cancellation.
find, for as(mb)50.22,

^~sH2m̄D
2 !2&5mB

4F0.0053as~mb!

p
10.0078S as~mb!

p D 2b0

10.067
L̄

mB

as~mb!

p
1•••G

.mB
4F3.73102413.431024

10.067
L̄

mB

as~mb!

p
1•••G . ~2.10!
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Since theO(L̄) term comes with an explicit factor ofas ,
substituting a physical quantity forL̄ will not introduce a
term ofO(as

2b0) to cancel the large two-loop correction in
Eq. ~2.10!. Therefore, we expect that constraints from th
second moment will be more sensitive to higher-order co
rections than those from the first moment and hence l
reliable. Fortunately, the most useful constraints in theL̄-
l1 plane will come from the first moment ofsH2m̄D

2 .

C. Bounds onL̄ and l1

Using the theoretical expressions~2.1! and experimental
data, we now derive constraints on the nonperturbative
rametersL̄ and l1 . These quantities are dependent on t
scheme by which perturbation theory is defined; the boun
which we will derive are forL̄ andl1 at one loop in QCD in
theMS scheme, with the renormalization scalem5mb . We
make no claim that this is the ‘‘natural’’ definition of thes
quantities, and in any case the scheme dependence drop
of relations between physical observables. However,
though they are unphysical, it is convenient to retain the
parameters in intermediate stages of calculations, and in
der to compare the values ofL̄ andl1 obtained from differ-
ent observables we must specify some convention for th
definition.

In Ref. @3#, we used the known branching ratio ofB me-
sons to excited charmed mesons to estimate experime
lower bounds on̂ (sH2m̄D

2 )n&. This estimate was based o
the OPAL measurement@16# of (3467)% for the fraction of
semileptonic decays to the statesD1 and D2* . However,
while the sum of the two branching fractions is consiste
with the recent CLEO 90% C.L. upper limit@17# of 30%,
there appears to be a discrepancy with the branching fr
tions to the individualD1 andD2* final states. In Ref.@3# we
took the average invariant mass of the producedD1(2420)
andD2* (2460) states to be 2450 GeV. Here we will assum
that only the lower massD1 is produced, giving a more
conservative lower limit on̂(sH2m̄D

2 )n&. We will also take
the 1s OPAL lower limit on the fraction of semileptonic
decays, 27%, so as to be consistent with the CLEO res
Doing so, and using the results of Ref.@3# for the contribu-
tion to the moments from theD andD* , we find the experi-
mental lower limits

^sH2m̄D
2 &min50.49 GeV2, ^~sH2m̄D

2 !2&min51.1 GeV4.
~2.11!

Note that in obtaining these limits we have assumed that
other excited states are produced. It is more realistic to
sume that there will also be production of thep-wave dou-
bletD0* andD1 , which will raise the average invariant mas
of the final hadronic state. However, since there is no expe
mental information on these states, we are conservative
do not include them in our estimates of^(sH2D

2 )n& min .
Another observable which depends onL̄ and l1 is the

ratio of partial widths,

Rt5
G~B→Xctn̄ !

G~B→Xcen̄ !
. ~2.12!
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The theoretical expression forRt also depends on the ratio of
masses,mt /mb , both at the tree level and in the nonpertur
bative @18,19# and perturbative@20,21# corrections. As be-
fore,mt /mb may be reexpanded in terms of the observab
mt /mB , yielding the result

Rt50.224F110.24
as

p
20.29

L̄

mB
S 121.33

as

p D 20.68
L̄2

mB
2

23.85
l1

mB
2 27.54

l2

mB
2 G . ~2.13!

At present, there are only data on the averageb hadron semi-
tauonic branching fraction, obtained at the CERNe1e2 col-
lider LEP, where the identity of the bottom hadron is no
determined. The experimental result is

B~b→Xctn̄ !52.7560.48%. ~2.14!

This differs fromB(B→Xctn̄) by contamination from the
Bs andLb . However, this difference is small compared wit
the experimental uncertainty. The ratio of the theoretical e
pressions forRt in theB andLb sectors is

Rt
B

Rt
Lb

.11OS LQCD
2

mB
2 D . ~2.15!

Since only about 10% ofb hadrons at LEP areLb’s, the
effect onRt should be much less than 1%. Hence we use t
measurement~2.14!, along with B(B→Xcen)510.760.5,
@22# to obtain

Rt50.2660.05. ~2.16!

The comparison of the theoretical predictions~2.1! and
~2.13! with experiment leads to limits onL̄ and l1 . The
experimental central value forRt yields a curve which is
entirely inconsistent with the other data, giving a negativ
value for L̄. Therefore in Fig. 1 we show the curve corre
sponding to the 1s lower limit on Rt , along with the con-

FIG. 1. The limits onL̄ and l1 from data on semileptonicB
decays. The solid curves are lower limits onL̄ from the first two
moments of the hadronic invariant mass spectrum, while the das
curve is a 1s upper limit from the ratioRt . The solid curve on the
left corresponds to the bound from̂sH2m̄D

2 &, the one on the right
to the bound from̂ (sH2m̄D

2 )2&.
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straints from the moments of the invariant mass spectru
where we have takenas(mb)50.22.

Since the experimental error onRt is relatively large, the
2s constraint is uninteresting, allowing all values ofL̄ and
l1 in the displayed region of Fig. 1. Therefore, at present w
can only conclude thatRt favors a negative value ofl1 .
However, if the experimental uncertainty inRt is reduced in
the future, it may become an important quantity for co
strainingL̄ andl1 . For now, the most interesting constraint
in the L̄-l1 plane come from̂sH2m̄D

2 &.
We note that a very similar discussion of the limits o

L̄ andl1 which may be obtained fromRt has been given by
Ligeti and Nir @23#. Our analysis is organized somewhat di
ferently from theirs in its treatment of experimental mass
and errors, leading to results of a superficially different form
but the physics and the uncertainties are largely the sam

D. Constraints on zVcbz

Leaving aside the weak constraints fromRt , we now take
the information onL̄ andl1 obtained from the analysis of
the moments ofsH and apply it to the extraction ofuVcbu
from the semileptonic width. We use the theoretical expre
sion ~2.4!, the experimental semileptonic branching ratio
10.7%,@22# the central valuetB51.60 ps for theB lifetime,
m,

e

n-
s

n

f-
es
,

e.

s-
of

and the strong coupling constantas(mb)50.22. The experi-
mental lower limit on^sH2m̄D

2 & gives a restriction on the
one-loop value ofL̄:

L̄.F0.4021.15
as~mb!

p
20.07S l1

0.1 GeV2D G GeV

.F0.3220.07S l1

0.1 GeV2D G GeV. ~2.17!

Including theO(as
2b0) term and assuming that this domi-

nates the two-loop result, we obtain for the two-loop value
L̄ the constraint,

L̄~2 loop!.F0.4021.15
as~mb!

p
21.88b0S as~mb!

p D 2
20.07S l1

0.1 GeV2D G GeV

.F0.2520.07S l1

0.1 GeV2D G GeV. ~2.18!

Incorporating the latter bound into our expression for th
semileptonic width and solving foruVcbu, we find
uVcbu.F0.03810.023
as~mb!

p
10.018b0S as~mb!

p D 222.931024S l1

0.1 GeV2D G S tB
1.60 psD

21/2

.F0.03810.001610.000622.931024S l1

0.1 GeV2D G S tB
1.60 psD

21/2

.F0.04022.931024S l1

0.1 GeV2D G S tB
1.60 psD

21/2

. ~2.19!
In the second line above we display the tree-level, one-lo
and ~partial! two-loop contributions to the bound. As we
showed earlier@see Eq.~2.9!#, the perturbation series appear
to be well behaved. We also note that this lower limit o
uVcbu is relatively insensitive to the experimental error o
^sH2m̄D

2 &. If the semileptonic production ofD1 and D2*
mesons is reduced to its 2s OPAL lower limit of 20%, then
the bound onL̄ is weakened by 100 MeV. However, we
still obtain uVcbu.@0.03822.831024(l1/0.1 GeV

2)]( tB/
1.60 ps)21/2.

E. Constraints on m̄b„mb…

Our bounds onL̄ andl1 may be translated into bounds o
theMS quark massm̄b(mb). However, these results should
be treated with some caution because the two-loop corr
tions betweenm̄b(mb) and the first two moments of
sH2m̄D

2 are quite large, indicating a poorly behaved pertu
bation series.

We define the dimensionless parameter
op,

s
n
n

n

ec-

r-

xB5
mB2m̄b~mb!

mB

5
L̄

mB
1
4

3

as~mb!

p
11.56b0S as~mb!

p D 21•••,

~2.20!

where we keep only the largeO(as
2b0) contribution to the

two-loop term. We then find

^sH2m̄D
2 &

mB
2 50.23xBS 120.52

as~mb!

p
11.13xBD

20.26
as~mb!

p
20.26b0S as~mb!

p D 2
11.13

l1

mB
2 10.03

l2

mB
2 1••• ~2.21!

for the first moment and
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^~sH2m̄D!2&
mB
4 5xBS 20.11

as~mb!

p
10.065xBD

10.0053
as~mb!

p
10.0078b0S as~mb!

p D 2
20.14

l1

mB
2 1••• ~2.22!

for the second. TheO(as
2b0) corrections are clearly substan

tial. The corresponding BLM scales in Eqs.~2.21! and~2.22!
aremBLM50.14mb and 0.05mb , respectively, corresponding
to O(as

2b0) terms which are roughly 60% and 80% of th
one-loop term. Therefore there are likely to be much larg
uncalculated radiative corrections in the relations betwe
the first moment andm̄b(mb) than between the first momen
and the semileptonicB width.

With these caveats in mind, we combine these results w
the experimental limits~2.11! to yield the constraints on
m̄b(mb) and l1 shown in Fig. 2. To illustrate some of the
remaining dependence on the renormalization scalem, the
constraints are plotted for bothm5mb and m5mb/2. We
also display, with the quoted uncertainties, the results of t
recent lattice extractions ofm̄b(mb):

m̄b~mb!54.1760.06 GeV@7# ~2.23!

and

m̄b~mb!54.060.1 GeV@8#. ~2.24!

We see that our bounds are consistent with these lattice
sults.

However, it is much more difficult to compare these limi
to the extraction of theb quark pole mass from high mo-
ments ofs(e1e2→b̄b) @10#:

FIG. 2. The two-loop constraints onm̄b(mb) andl1 from the
first two moments ofsH2m̄D

2 , evaluated atm5mb ~solid lines! and
m5mb/2 ~dashed lines!. The hatched region is excluded. Note tha
the constraints become more stringent asm is lowered. The two
solid bands are the lattice results from Refs.@7,8# with the quoted
uncertainties. The two-loop calculation includes only terms of ord
as
2b0 .
-

e
er
en
t

ith

wo

re-

ts

mb54.82760.007 GeV. ~2.25!

This is simply because the ambiguity in the renormalization
scale introduces a large uncertainty, of order
b0(as /p)

2mb;200 MeV, in the relation of the ‘‘one-loop’’
pole massmb

pole to m̄b(mb). For example, if we useas(mb)
in the one-loop relation,

mb
pole[m̄b~mb!S 11

4

3

as

p D , ~2.26!

then Eq.~2.25! yields the valuem̄b(mb)54.42 GeV, some-
what higher than the lattice results and barely consistent wit
our analysis of the moments. Furthermore, such a value ce
tainly would be inconsistent with the combination of the mo-
ments analysis and the QCD sum rules extraction o
l1520.6 GeV2. On the other hand, in Ref.@10# it was
argued that the natural scale for matching onto nonrelativis
tic theory ism;0.63mb . Taking this lower scale, we find
m̄b(mb)54.34 GeV, still somewhat higher than the lattice
calculations and still inconsistent with a large negativel1 .
Of course, using an even lower scale in the one loop relatio
betweenmb

pole andm̄b(mb) would lower the extracted value
of m̄b(mb) even further. While this scale ambiguity is for-
mally of higher order inas than our calculation, we see that
numerically it is quite significant. Without a higher-loop cal-
culation ofmb

pole from QCD sum rules, it is impossible to
determine whether or not this extraction ofmb

pole is consistent
with the other constraints.

III. D MESON DECAYS

In Ref. @2# it was argued that the semileptonic decays o
charmed mesons are not well described in the heavy qua
expansion, since the value ofmc which is required to fit the
observed semileptonicD decay rate lies significantly above
1.4 GeV. This is the upper limit suggested by combining the
value of ofmb extracted from theY spectrum@10# and the
large negative value ofl1 found from certain QCD sum
rules @9#. However, we believe that this argument should be
reconsidered in light of the uncertainty inherent in relating
the pole mass derived in Ref.@10# with physical quantities.
Indeed, we will find that the values ofl1 andL̄ implied by
the semileptonic decay rate and the first moments of theD
andDs invariant mass spectra are in reasonable agreeme
with the limits from the corresponding observables in the
bottom sector.

The theoretical analysis in theD sector proceeds as be-
fore. Sincems is of orderLQCD, for consistency we keep
only terms of orderms

2/mc
2 in the theoretical expressions for

^sH
n & andG(D→Xsen̄). As we are neglecting terms of order

asl1 andasl2 , we also omit terms of orderasms
2 but keep

logarithmically enhanced terms of orderasms
2ln(ms

2/mc
2).

Thus we find, for the Cabibbo allowed semileptonic width,

t

er



the

-

-
e
ct
rk
s

at

in-

e

by
e

-
y

h
er-
3

n-

u-

6322 53ADAM F. FALK, MICHAEL LUKE, AND MARTIN J. SAVAGE
G~D→Xsen̄ !5
GF
2mc

5uVcsu2

192p3 F11S 256 2
2

3
p2Das

p

28
ms
2

mD
2 S 122

as

p
ln
ms
2

mc
2D 1

l129l2

2mD
2 G

5
GF
2mc

5uVcsu2

192p3 F11S 256 2
2

3
p2Das

p

28
m̄s
2~mc!

mD
2 1

l129l2

2mD
2 G ~3.1!

and, for the first moment,

^sH&D5ms
2S 122

as

p
ln
ms
2

mc
2D 1mD

2 F 91450as

p
1

7L̄

10mD

3S 12
227

630

as

p D 1
3

10mD
2 ~L̄21l12l2!G

5m̄s
2~mc!1mD

2 F 91450as

p
1

7L̄

10mD
S 12

227

630

as

p D
1

3

10mD
2 ~L̄21l12l2!G . ~3.2!

Note that the large infrared logarithms of the pole massms

may be absorbed naturally into theMS mass renormalized at
mc , m̄s(mc). As one would expect, the individual terms in
the perturbative expansion, which arises from an opera
product expansion performed at the scalem5mc , remain
insensitive to physics belowmc .

In addition to the usual nonperturbative parameters,
theoretical expressions for the decay rate and moments
depend on the strange quark massm̄s(mc). We use the range

100 MeV,m̄s~1 GeV!,300 MeV, ~3.3!

given by the Particle Data Group@25# ~which changes only
slightly when evolved fromm51 GeV tom5mc). Finally,
note that we have not reexpanded themc

5 term appearing in
the semileptonic width~3.1! in terms of the meson mass
m̄D . This is because here we have no analogue of the exp
sion ~2.3!, since the strange quark is not heavy. As a resu
the parameterL̄ does not appear explicitly in Eq.~3.1!. In-
stead, we will solve Eq.~3.1! directly for mc , linearize in
l1 , and then use the heavy quark expansion~2.2! to relate
mc to L̄ andl1 .

The inclusive semielectronicD branching fraction re-
cently has been measured to be@24#

B~D0→Xe1n!5@6.6460.18~stat!60.29~syst!#%.
~3.4!

The same CLEO analysis indicates that the Cabibbo-allow
inclusive rate is saturated, within errors, by the exclusi
modesD0→(K2,K*2)e1n, with stringent upper limits re-
ported on the channelsD0→„K1

2(1270),K*2(1430)…e1n.
The data on these decays yield for the first moment of t
D→Xsl

1n invariant mass spectrum the value
tor

the
also

an-
lt,

ed
ve

he

^sH&D5~0.4960.03! GeV2, ~3.5!

where we have added errors in quadrature and neglected
widths of the excitedK mesons.

The result of this analysis is the set of constraints dis
played in Fig. 3, in which we also show the limits obtained
earlier fromB decays. Both theoretical and experimental un
certainties are included in the displayed bands. In fact, th
dominant uncertainties are theoretical, and have two distin
sources. First, there is the uncertainty in the strange qua
mass~3.3!. Second, there is the effect of uncomputed term
in the mass expansion of order 1/mc

3 , which will be more
substantial than in bottom decays. The theoretical analysis
order 1/mc

3 is quite complex and involves a number of new
nonperturbative parameters, and so we do not attempt to
clude these terms systematically.3 Instead, we obtain a mini-
mal estimate of the size of the uncertainty arising from thes
effects by extracting the bounds fromG(D→Xsl

1n) in two
ways: on the one hand, by solving directly for the width in
terms of the charm quark pole mass and, on the other,
proceeding through the intermediate step of calculating th
‘‘decay mass’’mc

G @3#. These two procedures, which are for-
mally the same only up to order 1/mc

2 , yield bounds onL̄
which differ by approximately 70 MeV. It would be hard to
argue convincingly that 1/mc

3 effects were intrinsically
smaller than this. For the analysis of^sH&D , we employ the
simpler procedure of including a termn(0.5 GeV/mD)

3 in
the theoretical expression~3.2! and varyingn between21
and 1.

Note that the constraints from the charm sector are com
patible with those derived from bottom decays, although the
do not appear to agree with the lattice extractions ofmb
shown in Fig. 2. However, Fig. 3 must be interpreted wit
caution, because of the possible presence of large high
loop effects. As discussed in Sec. II C, each curve in Fig.
may be interpreted as giving a constraint onL̄ derived from
a particular process. A reliable comparison between the co

3In Ref. @2# the 1/mc
3 corrections to the semileptonic decay rate

were estimated using the factorization hypothesis and other arg
ments, and found to be small.

FIG. 3. The restrictions onL̄ andl1 from the semileptonicD
decay rate~darker shaded region! and from^sH& in D decay~lighter
shaded region!. We also show the lower bounds onL̄ from the
moments of theB decay spectrum~crosshatched black lines!.
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straints derived from two different physical quantities re
quires that when one is expressed in terms of the other,
perturbative expansion inas be well behaved. For example
we demonstrated earlier that although there are large tw
loop corrections to the theoretical expressions forGsl and
^sH& for B or D decays alone, these corrections partial
cancel out whenL̄ is eliminated and one of these physica
quantities is expressed in terms of the other. Unfortunate
this requirement may no longer be satisfied when expr
sions from the bottom and charm sectors are compared w
each other. For example, writinĝsH2m̄D

2 & for B decays in
terms of^sH& for D decays, we find

^sH2m̄D
2 &5mB

2F0.028as~mc!

p
10.029b0S as~mc!

p D 2
10.12

^sH&2m̄s
2~mc!

mD
2 G , ~3.6!

resulting in a pertubative expansion which does not appea
converge well. Thus while the rough consistency of the co
straints fromB andD decays is encouraging, it may not b
particularly significant. Still, it is amusing to note that if we
were to take the combined constraints as legitimate, then
would conclude thatl1 is small and negative, of order
20.1 GeV2. Hence it would make a negligible contribution
to most observables, includinguVcbu.

We do not compare the results from the charm sector w
m̄c(mc), which may be extracted from the lattice measur
ment ofm̄b(mb) using the heavy quark mass relations. Th
is because the radiative corrections between these quant
are so large that perturbation theory appears uncontrol
making it difficult to conclude whether or not the regions
the L̄-l1 plane indicated by the different observables a
consistent with each other.

A better test of duality in charm decays comes from com
paringD andDs decays. There is only an upper bound o
the semileptonic branching ratio of theDs , @25#

Br~Ds→Xe1n!,20%, ~3.7!

which is not strong enough to provide an interesting co
straint from the semileptonic decay rate. The observed exc
sive semileptonic modes areDs→(h,h8,f)l 1n, for which
CLEO has recently reported relative branching ratios@26#.
Adding the reported systematic and statistical errors
quadrature, we estimate a value for the first moment of
invariant mass spectrum:

^sH&Ds
5~0.6860.03! GeV2. ~3.8!

We have assumed that decays toh, h8, andf saturate the
inclusive semileptonic rate, an approximation for which w
do not assign an error. We merely note that since semil
tonicD0 decays are known to be saturated by relatively fe
exclusive modes, the error due to this approximation forDs
might well be small. In light of this uncertainty, the uppe
limit on ^sH&Ds

is less firm than the lower limit.

The theoretical prediction for̂sH&Ds
is given by the ex-

pression~3.2! for ^sH&D , with the replacements ofmD by
-
the
,
o-

ly
l
ly,
es-
ith

r to
n-
e

we

ith
e-
is
ities
led,
in
re

-
n

n-
lu-

in
the

e
ep-
w

r

mDs
and L̄ and l i by their strange counterpartsL̄s and

l is . They are related toL̄ andl i by

L̄s2L̄5
m̄B~m̄Bs

2m̄B!2m̄D~m̄Ds
2m̄D!

m̄B2m̄D

'95 MeV,

l1s2l15
2m̄Bm̄D

m̄B2m̄D
@~m̄Bs

2m̄B!2~m̄Ds
2m̄D!#

'20.02 GeV2,

l2s2l25
1
4 @~mD

s*
2

2mDs

2 !2~mD*
2

2mD
2 !#

'20.01 GeV2, ~3.9!

up to corrections to the mass expansions of relative ord
1/mb,c

3 .
The theoretical expression forD^sH&5^sH&Ds

2^sH&D is
particularly well behaved, since it vanishes up to SU~3!-
violating effects. Expanding in powers of 1/mD , we find

D^sH&5mD~L̄s2L̄!F 7101
137

900

as~mc!

p G1
13

10
L̄~L̄s2L̄!

1~L̄s2L̄!21
3

10
~l1s2l1!2

3

10
~l2s2l2!.

~3.10!

The large radiative corrections to^sH& almost precisely can-
cel in the difference.

The leading corrections to this result likely come from th
SU~3!-violating Cabibbo-allowed annihilation channel in
Ds decays. Although this channel typically has smallsH , it
contributes tô sH&Ds

primarily through its effect on the total
semileptonic rate. For small lepton mass, helicity conserv
tion suppresses the purely leptonic decayDs→l n in favor
of processes in which at least one gluon is emitted. Usi
vacuum saturation to guess the relevant hadronic matrix
ements, one obtains a naive estimate of 4pas(mc) f D

2 /mD
2 for

the fractional correction to theDs semileptonic decay width.
4

With f D'200 MeV andas(mc)'0.32, this corresponds to
an increase of order 5% in the semileptonic width of th
Ds or a decrease of̂sH& by roughly the same percentage
Since the error in this estimate due to the use of vacuu
saturation is unknown, we will take the effects of weak an
nihilation into account by decreasing the predicting fo
^sH&Ds

by 5%, and assigning an additional error of65%, or

100% of the naive estimate of the 1/mD
3 correction, to the

prediction of the differences in the moments.
With the known values~3.9! of L̄s2L̄ andl is2l i , the

expression ~3.10! reduces to D^sH&5@0.13610.121~L̄/1
GeV!#GeV2. For an analysis entirely within the charm sys

4The authors of Ref.@2# have calculated a related quantity of the
same order, namely, the contribution of ‘‘penguin-type’’ annihila
tion processes to the semileptonic decay of theD. They obtain the
naive estimate above, multipled by a coefficien
8
9 @ ln(mc /m)11/3#' 1

3 for m'500 MeV.
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tem, it is appropriate to estimateL̄ from the overlap of the
shaded bands in Fig. 3, from which we obtain 0.25 GeV,L̄
,0.45 GeV. Including the estimated contribution and unce
tainty from the annihilation channel inDs decay, this range
leads toD^sH&5(0.1460.04)GeV2, which we may combine
with the measured value of^sH&D to obtain the theoretical
prediction

^sH&Ds
5~0.6460.04!GeV2. ~3.11!

This value agrees quite well with the experimental res
(0.6860.03)GeV2.

Indeed, we view the successful prediction of^sH&Ds
as

evidence for the applicability of parton-hadron duality to in
clusive semileptonic charm decays. The prediction of th
moment is on a firmer theoretical footing than other quan
ties in the charm system, since the large radiative and po
corrections up toO(1/mc

2) cancel out of the difference of the
moments. This feature distinguishes this test of duality fro
those in which a comparison is made to the bottom syste
while its relative insensitivity to the value ofL̄ makes it
more stringent than the comparison of the first moment to
totalD decay width. At the same time, duality is satisfied
a nontrivial way, as the exclusive final states inD andDs
decays are entirely different. We are encouraged by this s
cess of the theoretical analysis.

IV. SUMMARY

In this paper we have explored the constraints on the n
perturbative parametersL̄ andl1 which are obtained from
semileptonicB andD decays. We have found that indepen
dent analyses of the bottom and charm systems yield lim
which are consistent with one another. Taken together, th
imply values of the orderL̄;450 MeV ~at one loop! and
r-

ult

-
is
ti-
wer

m
m,

the
in

uc-

on-

-
its
ey

l1;20.1 GeV2. Whether or not one chooses to trust the
numerical results of the charm analysis, we see no eviden
that parton-hadron duality fails in these decays. On the co
trary, our discussion of the difference of the first moments i
D andDs decays leads us to quite the opposite conclusio
In at least one nontrivial case, duality works well for charm

A primary motivation for investigating inclusive decays is
to extract the CKM matrix elementuVcbu with high precision.
Our analysis yields the lower limit uVcbu.@0.040
22.931024(l1/0.1GeV

2)]( tB/1.60 ps)
21/2 using the cur-

rent measurement of the branching fraction to excitedD me-
son states inB decays. This is consistent with the value o
uVcbu obtained from exclusiveB decays@6#. We have bol-
stered our theoretical analysis with a partial treatment
two-loop corrections to this bound, performing a BLM scale
setting analysis which indicates that the relevant perturbati
series is reasonably well behaved.
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