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Relativistic description of exclusive heavy-to-light semileptonic decaysB˜p„r…en
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The method of calculating electroweak decay matrix elements between heavy-heavy and heavy-light mes
states is developed in the framework of a relativistic quark model based on the quasipotential approach
quantum field theory. This method is applied to the study of exclusive semileptonicB→p(r) decays. It is
shown that the large value of the finalp(r) meson recoil momentum allows for the expansion in inverse
powers of theb-quark mass of the decay form factors atq250, whereq is a momentum carried by the lepton
pair. This 1/mb expansion considerably simplifies the analysis of these decays and is carried out up to th
second order. Theq2 dependence of the form factors is investigated. It is found that theq2 behavior of the axial
form factorA1 is different from the other form factors. It is argued that the ratiosG(B→ren)/G(B→pen)
and GL /GT are sensitive probes of theA1 q

2 dependence, and, thus, their experimental measurement may
discriminate between different approaches. We findG(B→pen)5(3.060.6)3uVubu231012s21 and
G(B→ren)5(5.461.2)3uVubu231012s21. The relation between semileptonic and rare radiativeB decays is
discussed.

PACS number~s!: 13.20.He, 12.39.Ki
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I. INTRODUCTION

The investigation of semileptonic decays ofB mesons
into light mesons is important for the determination of th
Cabibbo-Kobayashi-Maskawa matrix elementVub , which is
the most poorly studied. At present the value ofVub is
mainly determined from the end point of the lepton spectru
in semileptonicB decays@1#. Unfortunately, the theoretical
interpretation of the end point region of the lepton spectru
in inclusiveB→Xul n̄ decays is very complicated and suf
fers from large uncertainties@2#. The other way to determine
Vub is to consider exclusive semileptonic decay
B→p(r)en. These are the heavy-to-light transitions with
wide kinematic range. In contrast with the heavy-to-hea
transitions, here we cannot expand matrix elements in
inverse powers of the final quark mass. It is also necessar
mention that the final meson has a large recoil moment
almost in the whole kinematical range. Thus the motion
final p(r) meson should be treated relativistically. If w
consider the point of maximum recoil of the final meson, w
find thatp(r) bears the large relativistic recoil momentum
uDmaxu of ordermb/2 and the energy of the same order. Thu
at this kinematical point it is possible to expand the matr
element of the weak current both in inverse powers
b-quark mass of the initialB meson and in inverse powers o
the recoil momentumuDmaxu of the finalp(r) meson. As a
result the expansion in powers 1/mb arises for the
B→p(r) semileptonic form factors atq250, whereq is a
momentum carried by the lepton pair. The aim of this pap
is to realize such expansion in the framework of relativist
quark model. We show that this expansion considerably s
plifies the analysis of exclusiveB→p(r)en semileptonic
decays.

Our relativistic quark model is based on the quasipotent
approach in quantum field theory with the specific choice
theqq̄ potential. It provides a consistent scheme for calcu
tion of all relativistic corrections at a given order ofv2/c2
53821/96/53~11!/6302~14!/$10.00
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and allows for the heavy quark 1/mQ expansion. This model
has been applied for the calculations of meson mass spe
@3#, radiative decay widths@4#, pseudoscalar decay constant
@5#, heavy-to-heavy semileptonic@6#, and nonleptonic@7# de-
cay rates. The heavy quark 1/mQ expansion in our model for
the heavy-to-heavy semileptonic transitions has been dev
oped in@8# up to 1/mQ

2 order. The results are in agreemen
with the model independent predictions of the heavy qua
effective theory~HQET! @9#. The 1/mb expansion of rare
radiative decay form factors ofB mesons has been carried
out in @10# along the same lines as in the present paper. W
have briefly presented the results forB→pen andB→ren
decays in Ref.@11#, where the expansion up to the first orde
in 1/mb has been carried out. In the present paper we exte
the analysis up to the second order and give a detailed d
cussion of the expansion method and results.

The paper is organized as follows. The relativistic qua
model is described in Sec. II. In Sec. III we give the detaile
description of the method of calculating decay matrix el
ments between heavy-heavy and heavy-light meson sta
based on the quasipotential approach. We show that
heavy-to-heavy decay matrix elements can be expanded
inverse powers of the heavy quark masses at zero recoi
the final meson. On the other hand, the heavy-to-light dec
matrix elements can be expanded in inverse powers of
initial heavy quark mass at the maximum recoil of the fina
light meson. These expansions permit the calculation of d
cay matrix elements with the account of relativistic effect
In Sec. IV the method is applied to the calculation of th
semileptonicB→p(r)en decay form factors. Our numerical
results for the form factors and decay rates are presented
Sec. V. Therein we discuss theq2 dependence of the form
factors and the relations between semileptonicB→ren and
rare radiativeB→r(K* )g decays. Section VI contains our
conclusions. The formulas for the form factors at the point
maximum recoil of the final light meson are given in th
Appendix.
6302 © 1996 The American Physical Society
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II. RELATIVISTIC QUARK MODEL

In the quasipotential approach@12# meson with the mass
M and relative momentum of quarksp is described by a
single-time quasipotential wave functionCM(p), projected
onto positive-energy states. This wave function satisfies
quasipotential equation

@M2~p21ma
2!1/22~p21mb

2!1/2#CM~p!

5E d3q

~2p!3
V~p,q;M !CM~q!. ~1!

The quasipotential equation~1! can be transformed into a
local Schro¨dinger-like equation@13#

S b2~M !

2mR
2

p2

2mR
DCM~p!5E d3q

~2p!3
V~p,q;M !CM~q!, ~2!

where the relativistic reduced mass is

mR5
M42~ma

22mb
2!2

4M3 ; ~3!

and the square of the relative momentum on the mass she

b2~M !5
@M22~ma1mb!

2#@M22~ma2mb!
2#

4M2 ; ~4!

ma,b are the quark masses. While constructing the kernel
this equation V(p,q;M ), the quasipotential of quark-
antiquark interaction, we have assumed that effective int
action is the sum of the one-gluon exchange term with t
mixture of long-range vector and scalar linear confining p
tentials. We have also assumed that at large distances
vector long-range potential contains the Pauli interactio
The quasipotential is defined by@3#

V~p,q,M !5ūa~p!ūb~2p!V ~p,q,M !ua~q!ub~2q!

5ūa~p!ūb~2p!H 43aSDmn~k!ga
mgb

n

1Vconf
V ~k!Ga

mGb;m1Vconf
S ~k!J ua~q!ub~2q!,

~5!

whereaS is the QCD coupling constant,Dmn is the gluon
propagator;gm andu(p) are the Dirac matrices and spinors
k5p2q; the effective long-range vector vertex is

Gm~k!5gm1
ik

2m
smnk

n; ~6!

k is the Pauli interaction constant. Vector and scalar confi
ing potentials in the nonrelativistic limit reduce to

Vconf
V ~r !5~12«!~Ar1B!, Vconf

S ~r !5«~Ar1B!, ~7!

reproducingVnonrel
conf (r )5Vconf

S 1Vconf
V 5Ar1B, where« is the

mixing coefficient. The explicit expression for the quasip
tential with the account of the relativistic corrections of ord
v2/c2 can be found in Ref.@3#. All the parameters of our
the
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model: quark masses, parameters of linear confining pote
tial A and B, mixing coefficient«, and Pauli interaction
constantk were fixed from the analysis of meson masses@3#
and radiative decays@4#. The quark massesmb54.88 GeV,
mc51.55 GeV,ms50.50 GeV,mu,d50.33 GeV, and the
parameters of linear potential:A50.18 GeV2; B520.30
GeV have standard values for quark models. The value of t
mixing coefficient of vector and scalar confining potential
«520.9 has been primarily chosen from the consideratio
of meson radiative decays, which are very sensitive to th
Lorentz structure of the confining potential: the resultin
leading relativistic corrections coming from vector and scala
potentials have opposite signs for the radiativeM1 decays
@4#. The universal Pauli interaction constantk521 has been
fixed from the analysis of the fine splitting of heavy quarko
nia 3PJ states@3#.

Recently we have considered the expansion of the mat
elements of weak heavy quark currents between pseudos
lar and vector meson states up to the second order in inve
powers of the heavy quark masses@8#. It has been found that
the general structure of leading, subleading, and second
der 1/mQ corrections in our relativistic model is in accord
with the predictions of HQET. The heavy quark symmetr
and QCD impose rigid constraints on the parameters of t
long-range potential of our model. The analysis of the firs
order corrections@8# allowed to fix the value of Pauli inter-
action constantk521, which coincides with the result, ob-
tained from the mass spectra@3#. The mixing parameter of
vector and scalar confining potentials has been found fro
the comparison of the second order corrections to b
«521. This value is very close to the previous one
«520.9 determined from radiative decays of mesons@4#.
Therefore, we have got QCD and heavy quark symmet
motivation for the choice of the main parameters of ou
model. The found values of« and k imply that confining
quark-antiquark potential has predominantly Lorentz-vecto
structure, while the scalar potential is anticonfining and help
to reproduce the initial nonrelativistic potential.

III. MATRIX ELEMENTS OF ELECTROWEAK CURRENT
BETWEEN HEAVY-HEAVY AND HEAVY-LIGHT

MESON STATES

The matrix element of the local currentJ between bound
states in the quasipotential method has the form@14#

^M 8uJm~0!uM &5E d3pd3q

~2p!6
C̄M8~p!Gm~p,q!CM~q!, ~8!

where M (M 8) is initial ~final! meson, Gm(p,q) is the
two-particle vertex function, andCM ,M8 are the meson
wave functions projected onto the positive energy states
quarks.

This relation is valid for the general structure of the cur
rentJ5Q̄8GQ, whereG can be an arbitrary combination of
Dirac matrices. The contributions toG come from Figs. 1
and 2. Thus the vertex functions look like

G~1!~p,q!5ūQ8~p1!GuQ~q1!~2p!3d~p22q2!, ~9!

and



6304 53R. N. FAUSTOV, V. O. GALKIN, AND A. YU. MISHUROV
G~2!~p,q!5ūQ8~p1!ūq~p2!HG LQ
~2 !~k1!

«Q~k1!1«Q~p1!
g1
0
V ~p22q2!1V ~p22q2!

LQ8
~2 !

~k18!

«Q8~k18!1«Q8~q1!
g1
0GJ uQ~q1!uq~q2!,

~10!
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where k15p12D, k185q11D, D5pM2pM8, «(p)
5(m21p2)1/2,

L~2 !~p!5
«~p!2@mg01g0~gp!#

2«~p!

and

p1,25«1,2~p!
pM8
M 8

6(
i51

3

n~ i !~pM8!p
i ,

q1,25«1,2~q!
pM
M

6(
i51

3

n~ i !~pM !qi ;

here

n~ i !m~p!5Lpi
m 5H piM ,d i j1

pipj

M ~E1M ! J ,
Note that the contributionG (2) is the consequence of the
projection onto the positive-energy states. The form of t
relativistic corrections resulting from the vertex functio
G (2) is explicitly dependent on the Lorentz structure ofqq̄
interaction.

The general structure of the current matrix element~8! is
rather complicated, because it is necessary to integrate b
with respect tod3p andd3q. The d function in the expres-
sion ~9! for the vertex functionG (1) permits to perform one
of these integrations. As a result the contribution ofG (1) to
the current matrix element has usual structure and can
calculated without any expansion, if the wave functions
initial and final meson are known. The situation with th
contributionG (2) is different. Here instead ofd function we
have a complicated structure, containing the potential ofqq̄
interaction in meson. Thus in general case we cannot get
of one of the integrations in the contribution ofG (2) to the
matrix element~8!. Therefore, it is necessary to use som
additional considerations. The main idea is to expand
vertex functionG (2), given by~10!, in such a way that it will
be possible to use the quasipotential equation~1! in order to
perform one of the integrations in the current matrix eleme
~8!. The realization of such expansion differs for the cases
heavy-to-heavy and heavy-to-light transitions.

FIG. 1. Lowest order vertex function.
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A. Heavy-to-heavy decay matrix elements

At first we consider the heavy-to-heavy meson decay
such as semileptonicB→Den decays, and radiative transi-
tions in quarkonia andB*→Bg, D*→Dg. Here we have
two natural expansion parameters, which are the heavy qu
masses in initial and final meson. The most convenient poi
for the expansion of vertex functionG (2) in inverse powers
of the heavy quark masses for semileptonic decays is t
point of zero recoil of final meson, whereD50. For radiative
decays the momentum transfer is fixed
uDu5 (MM

2 2MM8
2 )/2MM . The difference of initial and fi-

nal meson masses is proportional to the fine or hyperfin
splitting and thusuDu/M5O(1/M2), so zero recoil is a good
approximation.

It is easy to see thatG (2) contributes to the current matrix
element at first order of 1/mQ expansion for transitons be-
tween mesons consisting from heavy and light quarks (B,
D mesons! @8# and at second order ofv/c expansion for
mesons consisting from two heavy quarks of the same fl
vour ~quarkoniaY, J/c) @4#. We limit our analysis to the
consideration of the terms up to the second order in 1/mQ or
v/c expansions. We substitute the Dirac matricesG and
spinorsu in the vertex functionG (2) and consider the cases
of Lorentz-scalar and Lorentz-vector~with Pauli term!
qq̄-interaction potential. Then we expandG (2) to the desired
order and see that it is possible to integrate either with r
spect tod3p or d3q in the current matrix element~8! using
quasipotential equation~1!. Performing these integrations
and taking the sum of the contributions ofG (1) andG (2) we
get the expression for the current matrix element, which co
tains the ordinary mean values between meson wave fun
tions. Thus this matrix element can be easily calculated n
merically if the meson wave functions are known. The
described method has been applied to the calculations
heavy-to-heavy semileptonic decays in@6,8# and radiative
decays in@4#.

B. Heavy-to-light decay matrix elements

Now we consider the heavy-to-light meson decays, su
as semileptonicB→p(r)en and rare radiativeB→K* g de-
cays. In these decays the final meson contains only lig
quarks (u, d, s); thus, in contrast to the heavy-to-heavy
transitions, we cannot expand matrix elements in invers

FIG. 2. Vertex function with the account of the quark interac
tion. Dashed line corresponds to the effective potential~5!. Bold
line denotes the negative-energy part of the quark propagator.
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powers of the final quark mass. The expansion ofG (2) only
in inverse powers of the initial heavy quark mass atD50
does not allow to use the quasipotential equation for p
forming one of the integrations in corresponding current m
trix element~8!. However, as was already mentioned in th
Introduction, the final light meson has the large recoil m
mentum almost in the whole kinematical range. At the po
of maximum recoil of final light meson1 the large value of
recoil momentumDmax;mQ/2 allows for the expansion of
decay matrix element in 1/mQ . The contributions to this ex-
pansion come both from the inverse powers of heavymQ
from initial meson and from inverse powers of the reco
momentumuDmaxu of the final light meson. The large value
of recoil momentumuDmaxu permits to neglectp2 in compari-
son withDmax

2 in the light quark energy«q,Q8(p1D) in final
meson in the expression for the matrix element originati
from G (2). Such approximation corresponds to omittin
terms of the third order in 1/mQ expansion and is compatible
er-
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e
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g

with our analysis, which is carried out up to the second
der. It is easy to see that we can now perform one of
integrations in the current matrix element~8! using the qua-
sipotential equation as in the case of heavy final meson. A
result we again get the expression for the current matrix
ement, which contains only the ordinary mean values
tween meson wave functions, but in this case at the poin
maximum recoil of final light meson. This method has be
applied to calculation of rare radiative decays ofB mesons in
Ref. @10# and in the next section we use it for considerati
of B→p(r)en semileptonic decays.

IV. B˜p„r…en DECAY FORM FACTORS

A. Decay form factors at q250

The form factors of the semileptonic decaysB→pen and
B→ren are defined in the standard way as
^p~pp!uq̄gmbuB~pB!&5 f1~q2!~pB1pp!m1 f2~q2!~pB2pp!m , ~11!

^r~pr ,e!uq̄gm~12g5!buB~pB!&52~MB1M r!A1~q
2!em*1

A2~q
2!

MB1M r
~e* pB!~pB1pr!m1

A3~q
2!

MB1M r
~e* pB!~pB2pr!m

1
2V~q2!

MB1M r
i emntse*

npB
t pr

s , ~12!
ix
of

x

on
e

whereq5pB2pp(r) ande is a polarization vector ofr me-
son. In the limit of vanishing lepton mass, the form facto
f2 andA3 do not contribute to the decay rates and thus w
not be considered.

It is convenient to consider the decayB→p(r)en in the
B meson rest frame. Then the wave function of the fin
p(r) meson moving with the recoil momentumD is con-
nected with the wave function at rest by the transformat
@14#

Cp~r!D~p!5Dq
1/2~RLD

W !Dq
1/2~RLD

W !Cp~r!0~p!, ~13!

whereD1/2(R) is the well-known rotation matrix andRW is
the Wigner rotation.

The meson wave functions in the rest frame have b
calculated by numerical solution of the quasipotential eq
tion ~2! @15#. However, it is more convenient to use analy
cal expressions for meson wave functions. The examina
of numerical results for the ground state wave functions
mesons containing at least one light quark has shown
they can be well approximated by the Gaussian function

CM~p![CM0~p!5S 4p

bM
2 D 3/4expS 2

p2

2bM
2 D , ~14!

with the deviation less than 5%.

1In the case of rare radiative decays the recoil momentum of fi
light meson is fixed at the maximum valueDmax.
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The parameters are

bB50.41GeV, bp~r!50.31GeV.

Now we apply the method for calculation of decay matr
elements, described in the previous section. At the point
maximal recoil of final light meson

uDmaxu5
MB

22Mp~r!
2

2MB
, ~15!

we expand the vertex functionG (2) for the Lorentz-scalar
and Lorentz-vector~with Pauli term! qq̄ interactions up to
the second order in 1/mb . Then we substitute the verte
functionsG (1) andG (2) in the matrix element~8! and take
into account the Lorentz transformation of the final mes
wave function~13!. Performing one of the integrations in th
current matrix element~8! ~using thed-function inG (1) and
the quasipotential equation in the contribution ofG (2)) we
get for the form factors ofB→pen andB→ren decays the
following expressions atq250 point:

f1~0!5 f1
~1!~0!1« f1

S~2!~0!1~12«! f1
V~2!~0!, ~16!

A1~0!5A1
~1!~0!1«A1

S~2!~0!1~12«!A1
V~2!~0!, ~17!

A2~0!5A2
~1!~0!1«A2

S~2!~0!1~12«!A2
V~2!~0!, ~18!

V~0!5V~1!~0!1«VS~2!~0!1~12«!VV~2!~0!, ~19!
nal
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where f1
(1) , f1

S,V(2) , A1,2
(1) , A1,2

S,V(2) , V(1), and VS,V(2) are
given in Appendix, the superscripts ‘‘~1!’’ and ‘‘ ~2!’’ corre-
spond to Figs. 1 and 2, andS andV to the scalar and vector
potentials of theqq̄ interaction.

B. 1/mb expansion for decay form factors

Let us proceed further and for the sake of consisten
carry out the complete expansion of form factors~16!–~19!
in inverse powers ofb-quark mass. For this expansion w
will use some model independent results obtained in HQ
@9#.

In HQET the mass ofB meson has the following expan
sion in 1/mb @9#:

MB5mb1L̄1
DmB

2

2mb
1OS 1

mb
2D , ~20!

where parameterL̄ is the difference between the meson an
quark masses in the limit of infinitely heavy quark mass.
our modelL̄ is equal to the mean value of light quark energ
inside the heavy mesonL̄5^«q&B'0.54 GeV @8#. DmB

2

arises from the first-order power corrections to the HQE
Lagrangian and has the form@9#

DmB
252l123l2 . ~21!

The parameterl1 results from the mass shift due to the k
netic operator, whilel2 parameterizes the chromomagnet
interaction@9#. The value of spin-symmetry breaking param
eterl2 is related to the vector-pseudoscalar mass splittin

l2'
1

4
~MB*

2
2MB

2 !50.1260.01 GeV2.

The parameterl1 is not directly connected with observabl
quantities. Theoretical predictions for it vary in a wide rang
l1520.3060.30 GeV2 @9,16#.

The Gaussian parameterbB in the wave function~14! has
the following expansion@8# in our model:

bB5b2
Db2

mb
1OS 1

mb
2D , b'0.42 GeV, ~22!

whereDb2'0.045 GeV2 @8#.
Substituting~20! in ~15! and~70! we get the 1/mb expan-

sion of the recoil momentum and the energy of final vect
meson:

uDmaxu5
mb

2 F11
1

mb
L̄1

1

mb
2 S DmB

2

2
2Mp~r!

2 D G1OS 1

mb
2D ,

Ep~r!5
mb

2 F11
1

mb
L̄1

1

mb
2 S DmB

2

2
1Mp~r!

2 D G1OS 1

mb
2D .

~23!

Now we use the Gaussian approximation for the wa
functions ~14!. Then shifting the integration variablep in
~58!–~69! by 2 @«q/(Ep(r)1Mp(r))# Dmax, we can factor
sy

e
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-

d
In
y

T

i-
ic
-
g:

e
e:

or

ve

out theDmaxdependence of the meson wave function overla
in form factorsf1 , A1,2, V. The result can be written in the
form

f1~0!5F 1~Dmax
2 !exp~2zDmax

2 !, ~24!

A1,2~0!5A1,2~Dmax
2 !exp~2zDmax

2 !, ~25!

V~0!5V ~Dmax
2 !exp~2zDmax

2 !, ~26!

whereuDmaxu is given by~15! and

zDmax
2 5

2L̃2Dmax
2

~bB
21bp~r!

2 !~Ep~r!1Mp~r!!
2

5
L̃2

bB
2 hSMB2Mp~r!

MB1Mp~r!
D 2; ~27!

hereh5 2bB
2/(bB

21bp(r)
2 ) andL̃ is equal to the mean value

of light quark energy betweenB andp(r) meson states:

L̃5^«q&'0.53 GeV. ~28!

Expanding~27! in powers of 1/mb we get

zDmax
2 5

L̃2

b2 hS 124
Mp~r!

mb
D 1OS 1

mb
2D . ~29!

We see that the first term in this expansion for the decay in
r meson is large. Really, 4M r /mb'0.63. The value of this
correction is also increased by the exponentiating in~24!–
~26!. Therefore, we conclude that the first order correction i
1/mb expansion for the form factors ofB→p(r)en decay,
arising from the meson wave function overlap, is large2

Thus, taking into account that our method of calculating de
cay matrix elements does not require the expansion of t
meson wave function overlap, we use unexpanded expr
sion ~27! in the exponential of the form factors~24!–~26!.

In contrast with the meson wave function overlap the fac
tors F 1(Dmax

2 ), A1,2(Dmax
2 ), andV (Dmax

2 ), which originate
from the vertex functionsG (1),(2) and Lorentz transformation
~13! of the final meson wave function, have a well define
1/mb expansion. The first and second order corrections a
small. Substituting the Gaussian wave functions~13! in the
expressions for the form factor~16!–~19! and ~A1!–~A12!,
with the value of Pauli interaction constantk521, and us-
ing ~24!–~26! and the expansions~20!–~23!, we get up to the
second order in 1/mb expansion:

~a! B→pen decay

2The same situation occurs for the rare radiativeB decays@10#.
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F 1~Dmax
2 !5F 1

~1!~Dmax
2 !1«F 1

S~2!~Dmax
2 !1~12«!F 1

V~2!~Dmax
2 !; ~30!

F 1
~1!~Dmax

2 !5NH 11
1

mb
X11

1

mb
2 FY122^p2&2

3

4
L̃2h21L̃h~2mq1Mp!1

2

3 K p2

«̄q1mq
L S 2L̃h2mq22Mp2

1

2
L̄D G J ;

~31!

F 1
S~2!~Dmax

2 !5N
1

mb
2 H 22mq~Mp22^«̄q&!2

1

3 K p2

«̄q1mq
L @Mp~12R!12mq~122R!22L̄R#1

2

3
^p2&~122R!

1
1

2
L̃hS 2^«̄q&~122R!2Mp~12R!12L̄R2

1

3 K p2«̄q
L D J ; ~32!

F 1
V~2!~Dmax

2 !5NH 2
1

mb
@2RZ11~112R!Z2#1

1

mb
2 F2

2

3
mqRZ314^p2&S 12

3

4
RD 2K p2

«̄q1mq
L X2MpS 12

1

3
RD

14mqS 12
5

4
RD 1

5

3
L̄RbC1XS 2Mp1h

bp
2

b2

Db2

b D ~112R!22mq~122R!CZ2G J ; ~33!

~b! B→ren decay

A1~Dmax
2 !5A1

~1!~Dmax
2 !1«A1

S~2!~Dmax
2 !1~12«!A1

V~2!~Dmax
2 !; ~34!

A1
~1!~Dmax

2 !5NH 11
1

mb
X21

1

mb
2 S Y21M r~M r2mq!1L̄~M r1mq!2

1

2
L̃h~5mq13M r!

1
1

3 K p2

«̄q1mq
L ~2L̃h2mq23M r!D J ; ~35!

A1
S~2!~Dmax

2 !5NH 2

mb
~M r22^«̄q&!1

1

mb
2 F22~M r1L̄13mq!~M r22^«̄q&!2

2

3 K p2

«̄q1mq
L @M rR1mq~113R!1L̄~11R!#

1
2

3
^p2&~113R!2L̃hSM r~21R!2^«̄q&~713R!1L̄~31R!1

1

3 K p2«̄q
L ~11R!D G J ; ~36!

A1
V~2!~Dmax

2 !5NH 1

mb
~4RZ112RZ2!1

1

mb
2 F43 ~mq23M r!RZ3210̂ p2&S 12

2

3
RD 1K p2

«̄q1mq
L X2M rS 21

13

3
RD

18mqS 12
4

3
RD C12S 2mq~12R!22M rR1h

br
2

b2

Db2

b
RD Z212L̃hF K 1

«̄q1mq
L L̃hXM rS 12

5

3
RD

2L̄1mqS 12
10

3
RD C12~3L̄2M r2^«̄q&!2L̃hS 12

10

3
RD 2

10

3 K p2
«̄q

L G G J ; ~37!

A2~Dmax
2 !5A2

~1!~Dmax
2 !1«A2

S~2!~Dmax
2 !1~12«!A2

V~2!~Dmax
2 !; ~38!

A2
~1!~Dmax

2 !5NH 11
1

mb
X21

1

mb
2 S Y22M r~3M r2mq!1L̄~M r2mq!2

1

2
L̃h~M r27mq!

22L̃2h21
1

3 K p2

«̄q1mq
L ~2L̃h2mq15M r!D J ; ~39!

A2
S~2!~Dmax

2 !5A1
S~2!~Dmax!1NH 1

mb
24M r~M r22^«̄q&!J ; ~40!
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A2
V~2!~Dmax

2 !5NH 1

mb
~4RZ112RZ2!1

1

mb
2bF43 ~M r2mq!RZ322^p2&S 12

10

3
RD 1K p2

«̄q1mq
L S 23M r~1211R!

1
2

3
L̄12mq~11R!D 12Smq~113R!23M rR1h

br
2

b2

Db2

b
RD Z212L̃hF2K 1

«̄q1mq
L L̃hXM rS 11

5

3
RD

1L̄1mqS 31
10

3
RD C13L̄2M r2^«̄q&1L̃hS 31

10

3
RD 2

1

3 K p2«̄q
L G G J ; ~41!

V ~Dmax
2 !5V ~1!~Dmax

2 !1«V S~2!~Dmax
2 !1~12«!V V~2!~Dmax

2 !; ~42!

V ~1!~Dmax
2 !5NH 11

1

mb
X11

1

mb
2 S Y21M r~M r2mq!1

1

2
mq
21L̄~2mq2M r!1

7

2
L̃hM r24

1

3
^p2&

2
1

3 K p2

«̄q1mq
L ~M r2mq!D J ; ~43!

V S~2!~Dmax
2 !5NH 2

2

mb
~M r22^«̄q&!1

1

mb
2 F22~M r2L̄2mq!~M r22^«̄q&!1

2

3 K p2

«̄q1mq
L @M r~12R!1mq~223R!

2L̄R#1
2

3
^p2&~223R!1L̃hS 2M r~112R!16^«̄q&R12L̄~12R!2

2

3 K p2«̄q
L ~22R!D G J ; ~44!

V V~2!~Dmax
2 !5NH 1

mb
~8RZ122~12R!Z2!1

1

mb
2 F2

8

3
~M r2mq!RZ3120̂ p2&2K p2

«̄q1mq
L X2M rS 113 24RD

1
22

3
L̄14mq~512R!C12XL̄1SM rR1h

br
2

b2

Db2

b D ~12R!1mq~11R!CZ2

1L̃2h2X172K 1

«̄q1mq
L S 163 M r1

19

3
L̄117mqD CG J , ~45!
whereN5(2bBbp(r) /@bB
21bp(r)

2 #)3/25(@bp(r) /bB#h)3/2 is
due to the normalization of Gaussian wave functions in~14!;
«̄q5Ap21mq

21L̃2h2, i.e., the energies of light quarks in
final light meson acquire additional contribution from the
recoil momentum. The averaginĝ•••& is taken over the
Gaussian wave functions ofB andp(r) mesons, so it can be
carried out analytically. For example,

^«̄q&5N21E d3p

~2p!3
C̄p~r!~p!«̄q~p!CB~p!

5
1

Ap

m̄q
2

bp~r!Ah
ezK1~z!, ~46!

where m̄q
25mq

21L̃2h2 and K1(z) is the modified Bessel
function; z5m̄q

2/(2hbp(r)
2 ). Analogous expressions can be

obtained for the other matrix elements in~30!–~45!.
We have introduced the notation

X15
2

3 K p2

«̄q1mq
L 2

1

2
L̃h,
X65
1

3 K p2

«̄q1mq
L 1

1

2
L̃h6~M r2mq!,

Y652
11

24
^p2&1

1

2
~Mp~r!

2 2mq
2!

6
1

2
L̃h2S 14 L̃1

bp~r!
2

b2

Db2

b D ,

Z15
1

3 K p2

~ «̄q1mq!
2 L ~L̄1Mp~r!13mq!2K p2

«̄q1mq
L ,

Z25L̃hS 13 K p2

«̄q~ «̄q1mq!
L

1K 1

«̄q1mq
L ~L̄1Mp~r!13mq!23D ,
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TABLE I. SemileptonicB→p andB→r decay form factors.

Ref. f1
B→p(0) A1

B→r(0) A2
B→r(0) VB→r(0)

Our results 0.2060.02 0.2660.03 0.3160.03 0.2960.03
@17# a 0.33 0.28 0.28 0.33
@18# a 0.09 0.05 0.02 0.27
@19# b 0.2660.02 0.560.1 0.460.2 0.660.2
@20# b 0.2360.02 0.3860.04 0.4560.05 0.4560.05
@21# b 0.2460.04 0.2860.06
@22# c 0.3560.08 0.2460.12 0.2760.80 0.5360.31
@23# c 0.3060.1460.05 0.2260.05 0.4960.2160.05 0.3760.11

aQuark models.
bQCD sum rules.
cLattice.
t

Z35K p2

~ «̄q1mq!
2 L ~L̄1Mp~r!13mq!

and

R5
mb

2@«b~Dmax!1mb#
5

1

A512
.

V. RESULTS AND DISCUSSION

Using the parameters of Gaussian wave functions~14!
and the value of the mixing coefficient of vector and scal
confining potentials«521 @8# in the expressions~24!,
~30!–~33! for theB→p transition form factorf1(0) and the
Eqs.~25!, ~26!, ~34!–~45! for theB→r transition form fac-
torsA1(0), A2(0), andV(0) we get

f1
B→p~0!50.2060.02, VB→r~0!50.2960.03,

A1
B→r~0!50.2660.03, A2

B→r~0!50.3160.03. ~47!

The presented theoretical uncertainty is estimated within o
model. It results mostly from the approximation of the wav
functions by Gaussians~14!. The contribution of higher or-
der terms in 1/mb is almost negligible. In Ref.@11# we have
presented the results forB→p(r)en decay form factors up
to the first order in 1/mb expansion. The values of form
factors found in@11# are close to~47!, this indicates that the
second order correctons in 1/mQ are small~less than 5% of
form factor values!. Certainly additional theoretical uncer
tainties due to our model approach exist.

We compare our results~47! for the form factors of
B→p(r)en decays with the predictions of quark mode
@17,18#, QCD sum rules@19–21# and lattice calculations
@22,23# in Table I. There is an agreement between our val
of f1

B→p(0) and QCD sum rule and lattice predictions. Ou
B→ren form factors agree with lattice and QCD sum rul
ones@21#, while they are approximately 1.5 times less tha
QCD sum rule results of Refs.@19,20#.

To calculate theB→p(r) semileptonic decay rates it is
necessary to determine theq2 dependence of the form fac-
tors. Analyzing theDmax

2 dependence of the expression
ar

ur
e

-

ls

ue
r
e
n

s

~A1!–~A12!, ~24!–~27! for the form factorsf1 , A1 , A2 , and
V, we find that theq2 dependence of these form factors near
q250 is given by

f1~q2!5
MB1Mp

2AMBMp

j̃~w!F 1~Dmax
2 !, ~48!

A1~q
2!5

2AMBM r

MB1M r

1

2
~11w!j̃~w!A1~Dmax

2 !, ~49!

A2~q
2!5

MB1M r

2AMBM r

j̃~w!A2~Dmax
2 !, ~50!

V~q2!5
MB1M r

2AMBM r

j̃~w!V ~Dmax
2 !, ~51!

where w5 (MB
21Mp(r)

2 2q2)/2MBMp(r); F 1(Dmax
2 ) and

A1,2(Dmax
2 ), V (Dmax

2 ) are defined by~24!–~26!, ~30!–~45!.
We have introduced the function

j̃~w!5S 2

w11D 1/2expS 2h
L̃2

bB
2

w21

w11D , ~52!

which in the limit of infinitely heavy quarks in the initial and
final mesons coincides with the Isgur-Wise function of our
model@8#. In this limit Eqs.~48!–~51! reproduce the leading
order prediction of HQET@9#.

It is important to note that the form factorA1 in ~49! has
a differentq2 dependence than the other form factors~48!,
~50!, ~51!. In the quark models it is usually assumed the pole
@17# or exponential@18# q2 behavior for all form factors.
However, the recent QCD sum rule analysis indicates tha
the form factorA1 hasq

2 dependence different from other
form factors@19–21#. In @20# it even decreases with the in-
creasingq2 as

A1~q
2!.S 12

q2

Mb
2DA1~0!.

2MBM r

~MB1M r!2
~11w!A1~0!.

~53!

Such behavior corresponds to replacingj̃(w) in ~49! by
j̃(wmax).
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We have calculated the decay rates ofB→p(r)en using
our form factor values atq250 and theq2 dependence
~48!–~52! in the whole kinematical region~model A!. We
have also used the pole dependence for form fact
f1(q

2), A2(q
2), V(q2), and

A1~q
2!5

2MBM r

~MB1M r!2
~11w!

A1~0!

~12q2/mP
2 !

~modelB!,

which corresponds to replacing the functionj̃(w) ~52! by the
pole form factor. The results are presented in Table II
comparison with the quark model@17,18#, QCD sum rule
@19,20#, and lattice~for B→pen) @22# predictions. Lattice
accuracy, at present, is not enough to estimateB→ren rates
@24#. We see that our results for the above mentioned mod
A and B of form factorq2 dependence coincide within er
rors. The ratio of the ratesG(B→ren)/G(B→pen) is con-
siderably reduced in our model compared to the Bau
Stech-Wirbel ~BSW! @17# and Isgur-Scora-Grinstein-Wise
~ISGW! @18# models with the simple pole or exponentia
q2 behavior of all form factors. Meanwhile our prediction fo
this ratio is in agreement with QCD sum rule results@19,20#.
The absolute values of the ratesG(B→pen) and
G(B→ren) in our model are close to those from QCD sum
rules @20#. The predictions for the rates with longitudinally
and transversely polarizedr meson differ considerably in
these approaches. This is mainly due to differentq2 behavior
of A1 @see~49!, ~53! or pole dominance model@17# #. Thus
the measurement of the ratiosG(B→ren)/G(B→pen) and
GL /GT should provide the test ofq2 dependence ofA1 and
may discriminate between these approaches.

Recently CLEO presented@25# the first experimental
measurement ofB semileptonic decays top andr:

B~B0→p2l1n!5~1.3460.3560.28!31024,

B~B0→r2l1n!5~2.2860.3660.5920.46
10.00!31024,

G~B0→r2l1n!

G~B0→p2l1n!
51.7020.50

10.8060.5820.34
10.00.

TABLE II. Semileptonic decay rates G(B→pen),
G(B→ren) (3uVubu231012 s21), the ratio of the rates for longi-
tudinally (L) and transversely (T) polarizedr meson, and the ratio
of r andp rates.

Ref. G(B→pen) G(B→ren) GL /GT GB→r/GB→p

Our results
Model A 3.060.6 5.461.2 0.560.3 1.860.6
Model B 2.960.6 5.061.2 0.560.3 1.760.6
@17# a 7.4 26 1.34 3.5
@18# a 2.1 8.3 0.75 4.0
@19# b 5.161.1 1264 0.0660.02 2.460.9
@20# b 3.660.6 5.161.0 0.1360.08 1.460.2
@22# c 864

aQuark models.
bQCD sum rules.
cLattice.
ors

in

els
-

er-

l
r

The present experimental accuracy is not enough to ma
definite conclusions. However, we see from the Table II th
the experimental ratio of ther andp rates favors the models
with a specificq2 behavior ofA1 form factor. For the CKM
matrix elementVub we find, in our model,

uVubu5~5.261.360.5!31023 ~B→p ln!,

uVubu5~5.221.9
11.260.6!31023 ~B→r ln!,

where the first error is experimental and the second one
theoretical. The experimental errors are rather large
present, but we find the agreement betweenVub values ex-
tracted fromB→pen andB→ren decays. There is also no
contradiction with the value obtained from the analysis o
inclusive decay rates.

The differential decay spectra (1/G)(dG/dx) for
B→p(r) semileptonic transitions, wherex5 El /MB and
El is the lepton energy, are presented in Fig. 3~see also the
second paper of Ref.@6#!.

We can use our results forV andA1 to test the HQET
relation @26# between the form factors of the semileptonic
and rare radiative decays ofB mesons. Isgur and Wise@26#
have shown that in the limit of infinitely heavyb-quark mass
an exact relation connects the form factorsV andA1 with the
rare radiative decayB→rg form factorF1 defined by

^r~pr ,e!uūismnq
nPRbuB~pB!&

5 i emntse*
npB

t pr
sF1~q

2!1@em* ~MB
22M r

2!

2~e* q!~pB1pr!m#G2~q
2!. ~54!

This relation is valid forq2 values sufficiently close to
qmax
2 5(MB2M r)

2 and reads

F1~q
2!5

q21MB
22M r

2

2MB

V~q2!

MB1M r
1
MB1M r

2MB
A1~q

2!.

~55!

FIG. 3. The differential decay spectra~model A!
(1/G)(dG/dx) for B→p(r) semileptonic transitions, where
x5El /MB andEl is lepton energy. Absolute ratesdG/dx can be
obtained usingG@B→p(r)en# from Table II.
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It has been argued in@27,28,20# that in these processes th
soft contributions dominate over the hard perturbative on
and thus the Isgur-Wise relations~55! could be extended to
the whole range ofq2. In @10# we developed 1/mb expansion
for the rare radiative decay form factorF1(0) using the same
ideas as in the present discussion of semileptonic decay
was shown that Isgur-Wise relation~55! is satisfied in our
model at leading order of 1/mb expansion. The found value
of the form factor of rare radiative decayB→rg up to the
second order in 1/mb expansion is@10#

F1
B→r~0!50.2660.03. ~56!

Using ~55! and the values of form factors~47! we find

F1
B→r~0!50.2760.03, ~57!

which is in accord with~56!. Thus we conclude that 1/mb

and 1/mb
2 corrections do not break the Isgur-Wise relatio

~55! in our model.

VI. CONCLUSIONS

We have presented in detail the method of the calculat
of electroweak decay matrix elements for transitions betwe
different meson states, based on the quasipotential appro
in quantum field theory. It has been shown that the hea
to-heavy decay matrix element can be expanded in inve
powers of the initial and final heavy quark masses at t
point of zero recoil of the final meson. On the other hand, t
heavy-to-light decay matrix element can be expanded in
verse powers of the initial heavy quark mass and large rec
momentum of final light meson at the point of maximum
recoil of final meson. As a result the expansion of the heav
to-light decay matrix element in inverse powers of initia
heavy quark mass arises. This method permits the calcula
e
es,

s. It

n

ion
en
ach
vy-
rse
he
he
in-
oil

y-
l
tion

of various radiative and weak decays of heavy mesons w
the complete account of relativistic effects.

This method has been applied to the investigation of th
semileptonic decays ofB mesons into light mesons. The re-
coil momentum of finalp(r) meson is large compared to the
p(r) mass almost in the whole kinematical range. This re
quires the completely relativistic treatment of these decay
On the other hand, the presence of large recoil momentu
which for q250 is of ordermb/2, allows for the 1/mb ex-
pansion of weak decay matrix element at this point. Th
contributions to this expansion come both from the heav
b-quark mass and large recoil momentum of the light fina
meson.

We have performed the 1/mb expansion of the semilep-
tonic decay form factors atq250 up to the second order.
Theq2 dependence of the form factors nearq250 has been
determined. It has been found that the axial form factorA1
has aq2 behavior different from other form factors@see
~48!–~51!#. This is in agreement with recent QCD sum rule
results @19–21#. The ratiosG(B→ren)/G(B→pen) and
GL /GT are very sensitive to theq2 dependence ofA1 , and
thus their experimental measurement may discriminate b
tween different approaches.

We have considered the relation between semileptonic d
cay form factors and the rare radiative decay form facto
@26#, obtained in the limit of the infinitely heavyb quark. It
has been found that in our model 1/mb corrections do not
violate this relation.
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APPENDIX: HEAVY-TO-LIGHT SEMILEPTONIC DECAY FORM FACTORS AT q250

~a! B→pen decay form factor

f1
~1!~0!5AEp

MB
E d3p

~2p!3
C̄pS p1

2«q
Ep1Mp

DmaxDA«q~p1Dmax!1mq

2«q~p1Dmax!
A«b~p!1mb

2mb

3H 11
MB2Ep

«q~p1Dmax!1mq
1

~pDmax!

Dmax
2 F«q~p1Dmax!2mq

2mb
1~MB2Ep!S 1

«q~p1Dmax!1mq
1

1

2mb
D G

1~px
21py

2!F Ep2Mp

2mb~«q~p1Dmax!1mq!
S 1

«q~p!1mq
2

1

«q~p1Dmax!1mq
D

1
MB2Ep

Ep1Mp
S 1

«q~p1Dmax!1mq
2

1

2mb
D S 1

«q~p!1mq
2

1

«q~p1Dmax!1mq
D G J CB~p!, ~A1!
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f1
S~2!~0!5AEp

MB
E d3p

~2p!3
C̄pS p1

2«q
Ep1Mp

DmaxDA«q~p1Dmax!1mq

2«q~p1Dmax!
H S «q~Dmax!2mq

«q~Dmax!1mq
2

MB2Ep

«q~Dmax!1mq
D

3
1

«q~Dmax!
FMp22«qS p1

2«q
Ep1Mp

DmaxD G1
~pDmax!

2Dmax
2 F X «q~Dmax!2mq

«q~Dmax!~«q~Dmax!1mq!

2~MB2Ep!S 1

«q~Dmax!@«q~Dmax!1mq#
1

1

mb@«b~Dmax!1mb#
D C XMB1Mp2«b~p!2«q~p!

22«qS p1
2«q

Ep1Mp
DmaxD C2 «q~Dmax!2mq

2mb@«b~Dmax!1mb#
@MB2«b~p!2«q~p!#

1
MB2Ep

2mb«q~Dmax!

«q~Dmax!2mq

«q~D max!1mq
XMp22«qS p1

2«q
Ep1Mp

DmaxD CG
1

px
21py

2

2@«q~p!1mq#
F X Ep2Mp

«q~Dmax!@«q~p1Dmax!1mq#
2

2
MB2Ep

Ep1Mp
S 1

«q~Dmax!@«q~Dmax!1mq#
2
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mb@«b~Dmax!1mb#
D C XMB1Mp2«b~p!2«q~p!

22«qS p1
2«q

Ep1Mp
DmaxD C1 ~Ep2Mp!@MB2«b~p!2«q~p!#

mb@«b~Dmax!1mb#@«q~Dmax!1mq#
2

MB2Ep

~Ep1Mp!mb«q~Dmax!

3
«q~Dmax!2mq

«q~Dmax!1mq
XMp22«qS p1

2«q
Ep1Mp

DmaxD CG J CB~p!, ~A2!

f1
V~2!~0!5AEp

MB
E d3p

~2p!3
C̄pS p1

2«q
Ep1Mp

DmaxDA«q~p1Dmax!1mq

2«q~p1Dmax!
H 2

px
21py

2

@«q~p!1mq#
S 1

«q~p!1mq
2

1

«q~Dmax!1mq
D

3F Ep2Mp

«q~p1Dmax!1mq
S 1

«b~Dmax!1mb
1

1

«q~Dmax!1mq
D2

MB2Ep

Ep1Mp
S 1

«q~Dmax!1mq
2

1

«b~Dmax!1mb
D G

3FMB1Mp2«b~p!2«q~p!22«qS p1
2«q
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where the superscripts ‘‘~1!’’ and ‘‘ ~2!’’ correspond to Figs. 1 and 2,S and V to the scalar and vector potentials ofqq̄
interaction:
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and thez axis is chosen in the direction ofDmax.
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