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- We derive an expression for the magnetic polarizability of the nucleon, as related to sums of
products of its electromagnetic transition moments involving the electric and magnetic dipoles and
mean-square radi, as well as the electric quadrupole moment. Two sum rules emerge from the

calculation.

PACS number(s): 13.60.Fz

I. INTRODUCTION

Recently we have studied the third-order spin polariz-
abilities of the nucleon {1,2] (hereafter called papers I and
II, respectively), which are the coefficients of the spin-
dependent terms of the excited state part of the Compton
amplitude that are of third order in the frequency of the
incoming photon, expressing them in terms of the nucleon
transition moments up to quadrupole order. Looking at
the second-order terms of the amplitude [2] and following
the same methodology, we have found here an expression
for the magnetic polarizability 8 of the nucleon in terms
of its static properties and its transition moment matrix
elements up to electric quadrupole order. Also, two sum
rules emerge from the calculation when one makes use of
the low-energy theorems which are associated with the
second-order terms of the amplitude [1].

A formula for 8 has been found by Maksimenko and
Shul’ga (3] in terms of derivatives of the nucleon tran-
sition current matrix elements, by expanding the ampli-
tude in terms of these quantities. A simpler formula for 3
has been derived by L'Vov [4] using a dispersion method.
This simpler formula is the one that we use to make the
expansion of  in terms of the transition moments, using
the multipole expansion of the nucleon transition current
matrix elements derived before [1].

This work corrects and extends a previous ome [5]
which contains an incorrect expression for 3 that was
based on an erroneous definition for the nucleon mag-
netic moment transition matrix elements [4] and an in-
correct procedure when extracting the nucleon contribu-
tion to the amplitude, by using identities for the current
operator before expanding the amplitude in intermediate
states.

The experimental situation of the polarizabilities is
discussed in Ref. [4]. On the theoretical side a quark
model calculation may come to mind and for that pur-
pose expressions of the polarizabilities in terms of the
nucleon transition moments can be of help. A calcu-
lation of the multipole transition moments to low-lying
nucleon resonances could be attempted by using avail-
able experimental data allied with the determination of
the nucleon transition matrix elements in the context of
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the relativized quark model [6-8]. On the assumption of
low-lying resonances, we could then estimate the polar-
izabilities. In turn, the two sum rules could be used as a
test for the low-lying dominance hypothesis.

In Sec. II we discuss the amplitude. In Sec. III we
show that one of the sum rules appears from the analysis
of the forward scattering amplitude, a procedure that, as
we shall see, permits a derivation of the formula for 3 [4]
in a different way. After expressing these two results in
terms of the multipole transition moments in Sec. IV,
we go to the general, nonforward, situation and derive
the second sum rule already in terms of the transition
moments. This is done in Sec. V and in Sec. VI we
discuss the results.

II. SCATTERING AMPLITUDE

Using the same notation as before {1,2], we write the
reduced scattering amplitude of light by the nucleon, in
the transverse gauge g = ¢}, =0,e -k =¢'-k' =0, as

A= E'iTijEj =g" (B + Uij) el ) (2.1)
where ¥ and €' are the polarization vectors of the in-
coming and outgoing photons with momenta k* = (w, k)
and k'* = (w', k), respectively. Following Low [9] we
have separated out the contribution U;; of the one-
nucleon on-shell intermediate state. Uy; is called the un-
excited part of T;; and the rest, E;;, is the excited part.
Us; is given by

(P'|Ji|p + k) {p + k{J;|p)
E(p+k)-E-w

Uy = V?

X E_(pm+_k) + c.t.} , (2.2)

where c.t. stands for the crossed term (i « j, k
< —k', w ¢ —w'). V is the normalization volume and
p (p') designates the incoming (outgoing) nucleon mo-
mentum with energy F (E'). |p + k) is the ore-nucleon
on-shell intermediate state with energy E (p +k) and

63 ©1996 The American Physical Society



64 8. RAGUSA 33

mass m, and a summation over the intermediate spin
states is implied. An invariant normalization has been

used and the nucleon current matrix element is then given
by '

(pQIJplpl)

<.|m

u (pZ) F (qz) Yo + ;T’:'F2 (qz) Uuuqy] u (pl) )
(2.3)

with ¢ = ps — p1 and the normalization @u = 1, and
A is the anomalous magnetic moment of the nucleon in
units of ¢/2m. The calculation of " Uy; 7 is given in
Appendix A for future reference, to the order w? that we
are interested in. The Breit frame, where

p=-p= — E'=F, =uw, {2.4)

is the frame where the requirement of time-reversal in-
variance achieves'its simplest form as used by Pais [10]

to find the minimal basis B( ) in which E;; is to be ex-
panded. To order w? we have (1]

By = ZG’N (
N
= [a1(0) + a1,k - k' + a120?] &5 + iwas16ijmo™
+a3 (0) (—kik;- + k- k'Jij) + a4 {0)k}k;
+as(0) (kik; + kik;) .

N
k,k') B

(2.5)

The expansion of the coefficients is in accordance with
the even-crossing-symmetry property of E;;, that is, in-
variance under the transformation 7 & j, k & -k, w &
~w' = —w. The coefficients a1, 1,1, @21, a4, and a5 are
the ones that obey low-energy theorems, with values in
the Breit frame given by Eqs. (I-2.5a)-(I-2.5¢), which we
repeat here for convenience:

62
a1(0) = - (2.6a)
ag, = 2;;:21 2, (2.6b)
a1,1 48—77;, (2.6¢c)
as(0) =0, (2.6d)
a5(0) = ’L(;—":flez, (2.6¢)

where g = 1+ X is the magnetic moment of the nucleon
in units of e/2m. Because of the transversality condition,
a4 and ag will not be present in the amplitude but, as
we shall see, their values will give one of the sum rules.
Also, as discussed before [1], one needs the value of a5 to

disentangle the known part of the coefficient a; 2 whose
unknown part oy represents a first contribution to the
electric polarizability of the nucleon [1]:

2 22_1
o, 2,

3 4m? 1)

o?
a1z =01+ —
m

Here, {r3) = 6F] with F} = [dF1(t)dt],_, and [11]

-y lnder I(, 01d, [0)* o1d o 28)

where the sum extends to all but the one-nucleon on-
ahall feboanmadiota gt awmd fon DA (2 tha alacdnie
Duﬁll Juucl.u.lcuxauc Dua.bc, OIJ_I.‘.I. \fD,UIWl[U/ 12 LLIG AL UL LU
dipole transition matrix element between the nucleon and
the excited state n, with mass M,, at rest. Our main
purpose here is to obtain an expression for az(0) which,
as we shall discuss in Sec. III, is what is usually called

the magnetic polarizability 8 of the nucleon:
ag(ﬂ) =p5.

According to Eq. (II-3.8) we can write the explicit
expression of the excited state part, in the Breit frame

(2.9)

where p’ = —p, as
N _ 2 {—p|Ji|n,p + k) (n, p + k|J;|p)
M,
Xﬂ-)- +ct.| + V{=plpi|p} , (2.10)

where the sum stands for all but the nucleon intermediate
state itself, E, 1s the energy of the intermediate n state,
and p;;, which is symmetric in 7 and j, is related to the
time-space current commutation relation as

[Jo (), Ji ()] 8 (zo — yo) = ia%j [6* (2 — y) puiz (2)] .
(2.11)

It is easy to see that the last term of Eq. (2.10) can
contain only even powers of w. In fact, being symmet-
ric in 4,7 its expansion in terms of the basis elements
ijv ddefined in (2. 5) can contain only the symmetric
ones, N = 1 and N =3-5, to order w?. Next we ex-
tract from E;; another piece that is even in w by mul-
tiplying the first term inside the sum of Eq. (2.10) by
E,.(p+k)— E and the second by E,(p — k') — E' to
obtain [1]

E;j = wlyy + Dy + V{-P|pi|P) »
where, in the Breit frame where E' = E,

(2.12)

2 {=plJi|n, p + k) (n, p + k|J;{p)
Ty=V Z[[En(p+k)—-E][E,,(p+k)—E—w]

M c.t] (2.13)

“Enp+K)
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and

. _v2 | {(=pidiln, p 4+ k) {n, p + k|J;|p)
8y =y | Rl p e

n

M,

oo t.
E. (p+k)+°

(2.14)

In the Breit frame I';; is then odd under crossing while
£;; isevenunder the less restricted transformation, ¢ ¢
J» k ¢ =k'. As a consequence of this last fact it follows
that the expansion of A;; in terms of the basis elements

Bg\') defined in Eq. (2.5) can contain only those for N=1
and N=3-5, Therefore A;; is even in w.

III. FORMULA FOR 8 AND A FIRST SUM RULE

Before we study Ej; in the general situation we con-
sider the forward scattering amplitude k' = k and show
how we can get a closed expression for 3 [4], by making
use of the second-order low-energy theorems. A first sum
rule is also obtained. In the forward direction, the ex-
cited state tensor amplitude (2.5) becomes, for i = j = 1,

E11 (k,k) = a1(0) + [a1,1 + a1,2 + a3(0)] ?

+[~a3(0) + as(0) + 2a5(0)] k2. (3.1)
Therefore
(3?:2 =B (k, k)) = a3 + a2 + az(0), (3.2)

where the zero indicates k=0. From (2.12) and (2.4),
En (k, k) =wly (k, k) + An (k, k) + V(0|p11|0) .
(3.3)

The first-order term of I';;, which is the only one that
will contribute to the left-hand side of Eq. (3.2), is [1]
I‘s:) = alw&-j . (34)

Therefore (3.2) can be written
a8
o1 + ak? szl (k)| =a1 +ars+es(0). (3.5)
0

Using now the low-energy result (2.6¢c) and Eq. (2.7) with
(2.9) we get

B=p1+p (3.6)
where
by = ( 622 s (k, k)) (3.7)
and
By = _% ((’;) + %) . (3.8)

From Eqgs. (2.14) and (2.4) we can write

_ oy l(n li 0)1* M,
By =2V (6k2 Z —n B9 (3.9)
and introducing (r%) = (r¥) + 31/2m?
2 ((ri‘) A+ 1)
-z + ]
m 3

2m?
The formula for § agrees then with the one obtained by
L'Vov [4] using a dispersion method. Notice now that
from (3.1} we also have the relation

B2 = (3.10)

¢
(8k2 Eqq (k k))o =a11+aey2+ 04(0) + 2&5(0) :
(3.12)

From (3.3) and (3.4), and making use of the low-energy
results (2.6) and of (2.7) we then obtain

(a‘zzall(k k)) :: (@ + 2_:;2) '

With (2.14) this gives the sum rule

(3.12)

l(n, k|J¢|0 M,
(3k2 Z E,(k)—m E, (k))

Using now the decomposition of the transition current
in multipoles {1] we shall have both 8 in Eq. (3.9) and
the sum rule (3.13) expressed in terms of the nucleon
multipole transition moments. We shall do so in the next
section.

We mention now that, as we have three low-energy
theorems associated to second-order terms, given by
Egs. (2.6b)—(2.6d), we might expect another two sum
rules. However, as the study of the general situation will
show, there is only one more sum rule associated with
the second order low-energy theorems. .

Before closing this section we shall justify Eq. (2.9).
The electric and magnetic dipole polarizabilities & and
B are usually defined as the coefficients of the second-
order spin-independent terms of the scattering amplitude
after extracting the Born term contribution, through the

+5—1W§) . (3.13)

" relation

A=Aptawv'e-e'+8(k xe') (k x¢),

plus order w® Ap is the Born amplitude, which is to
be calculated with a point nucleon with charge e and
anomalous moment A. Its expression is given in Eq. (A4)
of Appendix A, in the Breit frame. On the other hand,
Eq. (A3) gives the expression of the amplitude calculated
from (2.1). One then sees that this amplitude is related
to the Born amplitude by the relation

(3.14)
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Az
A= AB + (al,Z - ._,+_32A) wie cg!
4m

+a3(0) (k' x &')-(k x€) . (3.15)
From here and Eq. (3.13) we conclude that
AT 122
aQ=4a12— ams 82 (3.16)
and
8 = as(0), (3.17)

which is Eq. (2.9). Also, by using (2.7), we see that o
in (3.16) is given by

o = (¥ -+ X, (3.18)
where o is given in (2.8) and
e ((rg) , A +1
a = (T + m—) ) (3.19)

which agrees with the result derived by L'Vov [4] using a
dispersion approach.

IV. MULTIPOLE EXPANSION OF g AND
OF THE FIRST SUM RULE

We shall now express 7 in Eq. (3.9) and the sum rule
(3.13) in terms of the multipole transition moments. For
that purpose we need the multipole expansion of the nu-
cleon transition current matrix elements. This was dis-
cussed in Ref. [1] and given for the excited state at
rest. When the nucleon is at rest, which is what we
need in Egs. (3.9) and (3.13), the result, to order w?, is
(€123 =+1)

V{n,k|J;|0) =i (En. (k) — m) {{n, 0d;|0)
~2k*(n,0|Qjal0) - %k“kb(n,(}[@jabm)

Fiejak® {(n, 0jm,|0)

—%kb(n,ow,,blo +O(w®). (4.1)

On the right-hand side, we first have the rest state tran-
sition matrix of the electric dipole. The second matrix
element contains those of the (traceless) quadrupole mo-
ment, and of the charge mean-square radius [1],

(2,0131al0) = (1, 01Q5a10) + 3510(n,01CI0},  (42)

where (n,0[C]0) = —{n,0|Q*;|0) is the charge mean-
square radius transition matrix element. The third is

" 1
(n, OIOjabl()) == (n, 0|0jab|0) + g[(’n,, 0|S_.,'10)6ab + C.p.] )
(43)

where (n,0|9;]0) = —(n,0]0;,%0) and where c.p.
stands for the cyclic permutation of the indices j,ea,b.

The first term on the right of Eq. (4.3) is the matrix ele-
ment of the (traceless) octopole moment and the second
is the matrix element of the electric dipole mean-square
radius [see below Eq. (4.4)]. Next, we have in (4.1) the
matrix element of the magnetic dipole moment, and the
last term contains the matrix element of the magnetic
quadrupole and of the magnetic dipole mean-square ra-
dius:

{n,0)Lxp]0) = {(n, O’Hrblﬂ) + €5 ™ (N, 0)1,,|0) . {4.4)

A little explanation is probably in order [1]. In Eq. (4.2),
the matrix elements on the right-hand side contain, re-
spectively, the rest-state matrix elements of the usual
traceless electric quadrupole operator and of the charge
mean-square operator ¢ = [ Jor2dV, plus contributions
of the moving electric dipole represented by a k* deriva-
tive of {n,k|d;|0) at k = 0. Likewise, the two matrix
elements on the right of Eq. (4.3) correspond to the
usual traceless electric octopole moment operator and
to the electric dipole mean-square radius operator, s; =
J Jor®z;dV, plus contributions of the moving dipole and
quadrupole. The magnetic moment transition matrix el-
ement in (4.1) contains the rest-state matrix element of
the magnetic dipole operator, ; = £ [ (r x J),dV, plus
a contribution of the moving dipole moment [1], which
we repeat here;

(.00} = {m, O}0) — 7 (M — m)

e d
X €5 b(@(ﬂ,kldblﬂ)) s

]

(4.5)

where again the zere stands for k=0. The last term of
(4.5) was missing in the definition used in Ref. [5]. Fi-
nally, on the right of Eq. (4.4), the first matrix element
refers to the usual traceless magnetic quadrupole opera-
tor and the second to the magnetic dipole mean-square
radius ¢, = [ (r x J),, r2dV, plus contributions of the
moving magnetic dipole moment. All these generalized
multipole transition moments can be expressed in terms
of the transition current matrix element [1], as we can
see from (4.1):

Vin,005;/0) = i(M, —m){n,0ld;l0),  (4.6)

4 (aik < (‘n,k[J]O})O — (n,0ml0),  (47)

and

v | (ggatiissio) + G

= (M, = m) (n,0/Q,al0), (4.58)

where (j,a) stands for the previous term with jand a
interchanged. By subtracting and adding the trace, we
obtain the matrix element of the quadrupole moment and
mean-square radius. Next we have
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52 {n,0]J;|0) and hence the electric multipoles can also be calculated
-V [(W(n’ k!Jj|0)) — 8ap MJ from the charge density matrix element:
0 n \Han

V (ko)) =<ilaoldo),  (412)
+c.p.} = (M, —m) (n,0]0;.|0) (4.9)

3 _
g 14 (m(n, 1<|‘;r0|o>)0 = ~(n,00Q:l0),  (413)

. Bt : {n,0|J;]0}
b 7 3 7
1% [e,. (8k°kb {n, k|J; IO)) + €rq W, (L, - m)

= (n,0|L,4|0). (4.10)

& -
4 (akiakjakm (n’lioio))o = (n,0|0:;m|0). (4.14)

We go back now to Eq. (4.1). We could substitute this
equation directly in Egs. (3.9) and (3.13) to reach our
) aim but it is a somewhat simpler procedure to substitute
[En(k) — m] (n,k|Jo|0) = = {n,k|J;|0),  (411) Eq. (4.1) and its companion

|

From the equation of continuity we have

V(O ) = =4 (E, (¢ = m) |(Oldkin, 0) + 34201, 0) = kK (00, )|

—itie *k® [(ijsln, 0y + -;—kb(0|st|n, 0)] . (4.15)

directly in Eq. (2.14) for k'=k and afterwards use Eqgs. (3.7) and (3.12). Also, this procedure is more akin to the one
that we shall have to use in the nonforward situation in Sec. V. With the indication

(n,01X|0) = (X),.x > (4.16)

where N stands for the implicit nucleon rest state, and paying attention that there are no cross products between
matrix elements of multipoles with opposite parities, we obtain, to order w?,

By k) = Y g

H%k“kbz (My —m) [(di)ny (Osas) . + (Ojes) yy, (didun + (5,5))]

F3HR S (8 = ) [(@i), (@) + 6]

b

) = m] [(di) yn (i) oy + (G4 5)]

--§;kﬂkb 3 {60 ) (Dridure = (Ll (o] + ()}

+ kakb Z: {ega Qm Nﬂ (mf‘)nN (m")Nn (Qi“)nN]}

teia"ein kS ("?r)wn;;”aln;\; + {r,3) , (4.17)

where (%, 7) stands for the previous term with ¢ and ;  duce now quantities which will be present in the right of
interchanged, = Next we notice that, on reducing Eq. {4.17) together with others that will appear when we
(Ogab) according to (4 3), the octopole can give no  shall study the amplitude in the nonforward direction.
contrlbutlon since (d;)py, (Ojas),y = 0. In fact, as  First we define

d; has spin parity J? = 1~ and O;,; is a 37 object, the

st:fnte. 7 in _the ﬁrit matrix element can be nonzero only Z By, [(0]di|n, 0){n, 0[d;]0} + (5,7)] = budi;,

ifitisa % or % state and in the second it can only be

a § or I state. Also, on reducing (Qia) y,, according

to (4.2), the crossed quadrupole-charge mean-square ra- : v=1,2, (4.18)
dius term can give no contribution, (Qia)y,, (Cl.n =0,
since Qy, is a 27 object and C is a 0% object. We intro-  where
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L N (4.18a)

Fip = =
in ZM,,%, Mn’

The case v = 1 will be present here and v = 2 will appear
in Sec. V. Then we define, for future reference in Sec. V,

4:Z mM

Old In: )(n70|d:i|0) - (7':.?)]

= —ihe;jmam . (4.19)

Next, in the order that will appear in (4.17),

35 3 (Mo = m) (0, 0, 01550
+{0}S;|n, 0){n, 0|d;|0}] = cd;; . (4.20)

A contribution ¢'¢;jmo™ is excluded by the fact that
under time reversal (T') o™ changes sign but the left-
hand side of (4.20) does not, since {0ld;|n,0) goes into
(n,0]d;|0) and similarly for §;. Next we define

21—4 ZFun (Mn - m) [(OIQia|n7 0)(”! O!Q.‘a‘blo)

+<0leb|ns 0) (n: OIQialo)]

2
=d, (ﬁijﬁab + dipbj50 — 55-.'353'5) , (4.21)

which is symmetric and traceless in ¢ and a, as
is Qiq, where

My

Fln = 15 FZn = = (4.21&)
m

A term &;j€pmo ™, properly symmetrized and made
traceless, is excluded by T invariance. Then we define

36 ZF"“

s —m) [{0|Cn, O =e,  (4.22)

and

-g- Z[(Oldilna 0){n, 0|Ij|0)

n

—{0|1;|n,0){0[d;|0})] = fé&;;. (4.23)

Here a f €;jm0™ contribution is excluded by T invari-
ance, since under time reversal {m,0|I;|0) goes into
—{0|I;|n,0) with a minus sign not present for d;. Fi-
nally, we define

Ay (k, k)

(olmilns 0)(naﬂlm'|0) + (Z’J) = :
Z Fyn M, - ﬂ’i = g‘ua‘ij . (4‘24)

The quantities involving

(di)Nn (H‘r‘b)nN + (H""b)N'n. (di)'n,N

and
(Qib) Nn (M) — (Mr)m (Qib)nN

in (4.17) will be both equal to zero because the corre-
sponding sums do not change sign under time reversal
but both would have to have a term of the form &;.0p

on their right-hand side, by parity invariance. We then

obtain, to order w?,

=3 (Mo — m) [(d)yn (d) e + ()]
w? (by — 2¢ + 6ds + 2f + 1) 6i;
+kik; (—dc + 2d; + 2e; — 2f — 1) . (4.25)
Taking i = j = 1 and substituting in Eq. (3.7) we get
Bi=b —2c+6d, +2f+g1. © {4.28)
This gives the desired expressidn for the nonstatic piece
of B in terms of the nucleon multipole transition ma-

trix elements, Tt includes those up to electric quadrupole
order. Explicitly we have, from (4.18)—(4.24),

a=3 373 (7 0lds10)®
_% Z (M,, — m) Re [{0]dz|n, 0){n, 0}5.|0)]
i Z o =) 10l Qasln, O
—‘E(M - m) Im [{0}d.|n, 0){n, O|I;|0}]

"r'ZZ |(n’0|mzl0)| (4.27)

where Re and Im stand for real and imaginary part of,
respectively. Likewise, the sum rule (3.12) can now be
expressed in terms of the multipole moments as

e (e v
E. (T - w) = bl — 6e + Sdl =+ 261 B (4.28)

A second sum rule will be derived in the next section.

V. MULTIPOLE EXPANSION OF THE
AMPLITUDE IN THE GENERAL SITUATION

In this section we shall study the second-order terms
of E;; in the general, nonforward, situation. From
Eq. (2.12) we see that one of them comes from the first-
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order term of I';; and the others come from the last two
terms which, as discussed before, are even in w. We shall
start by expressing the last one in terms of the current
matrix elements by making use of Eq. (2.11). We first
take this equation between {—p| and |p), multiply by
i |

exp(iQ - r), take y = 0, and integrate over r. Then we
introduce a complete set of intermediate states on the
left-hand side and make an integration by parts on its
right-hand side. Separating out the one-nucleon on-shell
intermediate state we obtain, in the Breit frame,

VQ!(=ploylp) = V> 55 [(-PI%Ip + Q)P + Q1Jolp) = (~PIJo| — P~ Q)(~p ~ QIIP)]

M,

_VszZn:En P+ Q)E. 0+ Q) — B

X [(—plJil B + Q) b + QUJ;10) + (~PlJ; I, —p — Q){n, ~p — QLEIpY], (5.1)
. | ‘
where we have used the equation of continuity to write  Therefore, Eq. (5.1) gives us
the excited state part in a convenient way. To obtain
{—plpi;|p) to order p?, that is, to order w? by Eq. (2.4), V{(=plp:;|p) = wij + &5 (5.3)
we have to calculate the right-hand side of (5.1) to order bere. to order w?
@p?. To this order the unexcited term is equal to where, to order w*,
2 2 2
e? . g2 242 —1 . ..:.__.6__5.. € 4F _2&-—_1 28..
“;;Q‘ + o (4F1r + W) P i m + m 1t am2z ) ¥ 8
Eu(p—1
LR . Qp
m3 p Qp M (5‘2) and
|
(5.5)

vy M (-pliln,p)(n, plJj|P) + (—P|Jj|n, —P)(n, —p|Jilp)
ei-J - V ; En(p) 3

which is to be calculated to order p?, where p is given
by (2.4). Equation (5.3) is now to be substituted in
Eq. (2.12). To order w? we shall have

EF =wlP + AD +ef) +4. (5.6)
We shall need now the multipole expansion of the cur-
rent matrix elements present in Eqs. (2.14) and (5.5). As
{n,p + k|J;|p) in Eq. (2.14) depends on two variables
we shall first reduce one of the states to rest by means of
a Lorentz transformation, dealing thereafter with a sin-
gle variable. In Ref. {1] we brought the excited state to
rest but here we want it to be so for the nucleon state, to
maintain close contact with the nucleon rest-state results
derived in the previous section. We could bring the nu-
cleon state to rest directly but to avoid a rotation matrix
for the excited state we shall do so in two steps: First we
bring the excited state to rest as before [1], by means of
a Lorentz transformation L, with velocity

pt+k
Vet - 5.7
ER(P‘f‘k) ( )

and obtain, to the order w? that we are interested in,

(n,0 + KJ3[p) = (m,00; + V;(3V -3 + Jo)|a) Dy (5.8)

where

q=p-mV + O (v?) (5.9)

E.(p)-E

is the transformed of p by L and D is the rotation
matrix corresponding to the rotation of the nucleon mo-
mentum p,

_1_;2(Vxp) 3
Dp=1-: im +O(w).

Now we perform a second Lorentz transformation with
velocity

(5.10)

' q

(q)

to bring the nucleon state |q) to rest. This gives for

the two matrix elements on the right of Eq. {5.8), to

order w?,

(5.11)

(n,01J51q) = (n, K|J; + V/(3V'- T + Jo)|0)  (5.12)
and

(n,0|Jolq) = {n, K|Jo + V'-J|0}, (5.13)

where K = —M,, V' is the new momentum of the excited

state, to order w?. On account of (5.11) and with the

help of (5.7) and (5.9), it can be written
M,

K=k+(1—;)p, (5.143)

plus terms of order w?, or by (2.4}
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(5.14b)

K=l(1—-ﬂ£)k'+ (1+M—)k.
2 m 2

Now we substitute (5.12) and (5.13) in (5.8) and notice
that on account of (5.9) and (5.11), to order w?,

VieP_

=~ (5.15)

After using the relation
- o (n, K|J.|0)
(n, K| Jp|0) = —K E, (K)—m’

which follows from the equation of continuity, we get

{n,p +k|J;lp) = (n,K|J;|0) ( _(_‘:%p))

(5.16)

+({n,0]7%|0) (M”

kapj
T m(M,-m) /"

(5.17)

_ kjpa — KgP§
2mM,

Likewise

{(~p|J%|n, p + k)

:[1

+{0]7%|n, 0) (”“”" +

_ %.a_ﬂ_xrﬁ] {0} J;|n, K')
im

kipa —kopi | kopi
2m2 2mM, m(M,—m) |’
(5.18)
where
M,y
K =k+ (1 + —--) P, (5.19a)
m
or, by (2.4),
1 M, 1 M,
f=Z 2K+ [1- )k, 5.1
K 2(1+m)k+2( m) (5.19b)

Notice that when k < —k’ we have K& —K’, and, as
P+ k= 1(k'+k), V- —V. For the matrix elements
that appear in (5.5} we shall have

{—p|Jiln, p) = (0|Ji|n, Ko) + (0|J%|n, 0)
PapPi (M, + 3m)

X5 M=)’ (5.20)
where
Kp = (1 + yﬁ) P, (5.21)
m
and
(n, PIJ;Ip} = (m, KolJ;10) + (n,017°10) S, (5.22)

where

(5.23)

Ko:(l_ﬁ_’fz)p
m

We use now these results together with (3.4), (4.1), and

(4.15) to calculate (5.6). The calculation is rather long
but straightforward, along the same line of thought that
we used in the previous section. We quote here only the
final results, giving the details in Appendix B. Calculat-
ing the right-hand side of (5.6) in terms of the quantities
defined in Egs. (4.18)—(4.24) and comparing with (2.5) we
reobtain the zeroth-order low-energy result (2.6a) and get
the following five relations from the second-order terms.

ais :—.:.2 (@4- %’_"é—i) by~ by — de+ 7d,
+5dz +e1 —ex + f + % (91 — g2) + A, {5.24)
a2 = a1 + — (<T1) 2“2“1) . (5.25)
m\ 3 4m?
and, as a3(0) = 3,
8= -’f(l;—g‘)emﬁzc_dl-sfzz—el
+e2t+ f+ 5 (91 + g2) ~ (5.26)
Then
a,(0) =',‘,,(M_4;;EE +by—2c+d; —5dz + e
+ez — f + % (g2— @) —h (5.27)
and
as(0) = pll=pe (5.28)

4m3

Equations (5.25) and (5.28) agree with the results (2.6e)
and (2.7) obtained [1] by the gauge method. Equation
(5.26) is an expression for 8 in term of the static proper-
ties of the nucleon and its multipole transition moments
up to electric quadrupole order. Finally Egs. (5.24) and
{5.28) will give us two sum rules when we make use of
the low-energy results (2.6c) and (2.6d). Adding (5.24)
and (5.26) and using (2.6¢c) the expression for 3 can be

rewritten as
_ e? (rfg) A4a+1
p= Tm ( 3 + 2m? +o

~2¢+6d1+2f + g, (5.29)

This agrees with (3.6), as given by (3.10) and (4.26). On
the other hand, by adding (5.24) and (5.27) we obtain,
after using (2.6¢c) and (2.6d),

e ()  u
2( o) mhmsersthim, G
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which agrees with (4.28). We then recover the expres-
sion for # and the sum rule obtained from the forward-
direction analysis. The additional sum rule is, from
(5.27) and (2.6d),

(1 —p)e?

4m3 =b2_'2c+ d]_

— Bdg + e1 + e,

-f+ % (g2 —g1)—h (5.31)

V1. DISCUSSION

By a direct analysis of the excited state part of the
nucleon Compton scattering amplitude to the second or-
der in the frequency of the incoming photon we have
founded an expression for the magnetic polarizability 8
of the nucleon, related to sums of products of its transi-
tion moments up to quadrupole order. For that purpose
we have used the multipole expansion of the transition

" current matrix elements between the nucleon and its ex-
citations derived before [1], in the formula for 3 derived
by L’Vov [4]. This formula, which was obtained using a

dispersion method, is here reobtained by a method that
immediately leads to a first sum rule, when one makes

use of the low-energy theorems which are of second order
in the frequency of the incoming photon. As the for-
mula for 8, this sum rule is also related to the nucleon
transition current and, therefore, by using the fnultipole
expansion it could also be put in terms of the nuclecn
transition multipoles. All this analysis has been made in
the forward-scattering situation. Next we moved to the
general, nonforward, case and obtain a second sum rule.
The closed expression for the magnetic polarizability can
be of help for a quark model calculation. This could be
achieved by using the nucleon transition amplitudes de-
rived in the context of the relativized quark model [6-8],
on the assumption of dominance of the low-lying reso-
nances. In turn, the two sum rules could he used to test
this assumption. A further test could be provided by the
other three sum rules previously obtained [1].

J

o-(e X&)+

1 . 2
- R
Ap=ce ( €€ + dw oy

+4L3{k.kfs -& +coslk’ - ek - & (A% +23) — 1%k Ke - &+ (A% + 2)) wle -s’}) :
Y1)

Comparing (A3) and (Ad4) we find Eq. (3.15).

2 2

|

TFhe whole procedure developed here for the nucleon is
quite general and can be applied to hadrons of arbitrary
spin.

APPENDIX A

The calculation of £"*U;;¢? is made somewhat easier by
employing the equivalent expression

{p2|Julp1) = %ﬁ(pz) [(Fl + AF2) v

AR (r +p1)u} a) (A1)

for the nucleon current matrix element. A straightfor-
ward calculation gives, in the Breit frame, to second or-
der, and with h =k x ¢,

U e = ;e -eo-h’—k-€'o-h—puo-(h' x h)]
z ;"29[1:’ ek - (22 +X?)
~ple-e'k K], (A2)

where cos§ = k-kK'w™?. Adding the excited part ¢/ E;;e”
with the low-energy results (2.6a)-(2.6¢), we get, for the
scattering amplitude,

, . g2 L 2u—1
A= e"U:_.,-s’ - —e- ¢ +iw o e’ - (' x €)
+ZE—§k Ke- & +ap0e-e +az(0)h'-h. (A3)
m

The Born term is given by (o = v#a,,)
A m
- P b gt
Ap =e'2(-p) [é Zm@E] (p+ k) + m?
X [g-i— %z’g &] u (p) + c.t..

A rather long but direct calculation gives, to second or-
der, :

k' -eo-h'-k-e'o-h- po - (h' x h)]

(Ad)

APPENDIX B

Using (5.20) and (5.22) in (5.1) and recalling that pij, and therefore e,J), is symmetric we can write

: t , gy — —K'\J
eg) = _V? Z T M, [(0|J1|H:K0) {n, Ko|J; [0} + (0|J3|n: Ko) (n, —Kj|Ji|0} + c.t.]

(p)
__V2 Z M

E, (p) _— E

s {0 s+ T (] |-

PaPj | PaPj (Mn+3m) 1
ome T 2m2 (M, — m) +c.t.}. (B1)
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Using (4.1) and (4.15) in (B1) and using (5.17) and (5.18) in (2.14) we obtain, to order w?,

(2) , (2) _ k-k' m K? 4+ K* - K2 - K§? o
A ey = En: [— A (1 - 2M,,) + o, [(di) v (@) v + (s )]
K¢KE + K K

_l _ ayb g-*0
o e 2

: 1]
_EZ{(KaKb_K KO';K K )Ega_r

+Z

) [(di)Nn (O—jab)nN + ( _ja,b) Nn (di)nN] + c.t.}

[(di)Nn (Lrb)nN — (Lrb)Nn (di)nN] 4+ C.t.}

) (K°K® — K KL) [(Qia) y, (Qs6) oy + (@) . (Qia) ]

+§ Z{ KraKb _ K{)“Kg) b [(Qia)Nn (me)n — (mr.)Nn (Qia)nN] +c.t.}

+€ia rsjb 8 Z (KlaKb _ Kéqu) (mT)Nn (ms)nN + (’I", 3)

+iy (M, -
-2 M

m) {%Mk) (@0 (65Dt + (6 )]+ [( @)1 () + 029

{[(d Jan (@) + (%) (di)nn] [kiff;in']";:f’j +

n—m

o- (k' x k)
amM,

kapj +Pakj
3m (M, — m) +c.t. 3. (B2)

From (5.14b), (5.19b), (5.21), and (5.23) we get the relations

K?+K* K K!=2 K, (B3a)
KeK® _% (K¢K§ + KP K = [k{,kb + koki + % (koky — k;k;,)] , ('B3b)
and
K°K* — KSKY =2 (1 + ﬂ"'—) K.k + = (1 - %) Kok (B3c)
Taking these relations in (B2) we get
AD e = [bl — by — de+ 7dy -+ 5da + € -—-ez+f+%(gl —92)+h] k- k's;
+ [b2_2c+d1 ~ bdy +e1 + ez —f—%(gl —gz)—h} kik;
+ [—bz —2+dy+5dz+e—ex— f— % (fi+ f2) + h] (kiki — k- K'6;5) . (B4)

Substituting this result in (5.6) together with (3.4) and (5.4), and comparing with {2.5) we reobtain the zeroth-order

low-energy result (2.6a) and obtain Eqgs. (5.24)—(5.28).
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