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Color-octet quarkonia production. II
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We calculate the lowest order hadronic cross sections for producing colored heavy quark-antiquark pairs in
L5S50 andL5S51 configurations. SuchQQ̄[ 1S0

(8)] andQQ̄[ 3PJ
(8)] states hadronize intocQ quarkonia at

the same order in the NRQCD velocity expansion as previously consideredQQ̄[ 3S1
(8)] pairs. Their contribu-

tions to promptc and Y production at the Fermilab Tevatron bring the shapes of theoretical transverse
momentum distributions into line with recent CDF measurements. We find that the best fit values for the linear
combinations ofQQ̄[ 1S0

(8)] andQQ̄[ 3PJ
(8)] long distance matrix elements which can be extracted from the

data are generally consistent with NRQCD scaling rules.@S0556-2821~96!04109-4#

PACS number~s!: 14.40.Gx, 13.87.Fh
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I. INTRODUCTION

The study of quarkonia has yielded valuable insight in
the nature of the strong interaction ever since the discov
of the J/c resonance in 1974. During the past two decad
QQ̄ bound states have provided useful laboratories for pro
ing both perturbative and nonperturbative aspects of QC
Recently, investigations of charmonia and bottomonia s
tems have uncovered some striking surprises. Order-
magnitude disagreements have been found between old
dictions and new measurements ofc andY production at
several collider facilities. These large disparities have cal
into question the simplest model descriptions of quarkon
and stimulated the development of a new paradigm for tre
ing heavy quark-antiquark systems based upon QCD.
though much theoretical and experimental work remains
be done before a truly consistent picture of quarkonia is
tablished, ongoing studies of these heavy mesons are lea
to a better understanding of some basic aspects of str
interaction physics.

Quarkonia bound states are qualitatively different fro
most other hadrons since they are inherently nonrelativis
The physics of quarkonia consequently involves several
ergy scales which are separated by the small velocityv of
the heavy constituents insideQQ̄ bound states. The mos
important scales are set by the massMQ , momentumMQv,
and kinetic energyMQv

2 of the heavy quark and antiquark
In order to keep track of this scale hierarchy, an effecti
field theory called nonrelativistic quantum chromodynami
~NRQCD! has been established@1#. This effective theory for
QQ̄ bound states shares several similarities with the hea
quark effective theory~HQET!, which describes the low en-
ergy QCD structure of heavy-lightQq̄mesons. For example,
NRQCD is based upon a double power series expansion
the strong interaction fine structure constantas5g s

2/4p and
the velocity parameterv;1/lnMQ which is similar to the
HQET’s double expansion inas and 1/MQ . Both theories
also incorporate approximate spin symmetry relations wh
constrain various multiplet structures and transition rat
But most importantly, NRQCD systematizes one’s unde
standing of charmonia and bottomonia just as the HQE
methodically organizes the physics ofD andB mesons.
5321/96/53~11!/6203~15!/$10.00
to
ery
es,
b-
D.
ys-
of-
pre-

led
ia
at-
Al-
to
es-
ding
ong

m
tic.
en-

t

.
ve
cs

vy

in

ich
es.
r-
T

Quarkonia are described within the NRQCD framework
in terms of Fock state decompositions. The wave function o
an S-wave orthoquarkonium vector meson schematically
looks like

ucQ&5O~1!uQQ@ 3S1
~1!#&1O~v !uQQ@ 3PJ

~8!#g&

1O~v2!uQQ@ 1S0
~8!#g&1O~v2!uQQ@ 3S1

~1,8!#gg&

1O~v2!uQQ@ 3DJ
~1,8!#gg&1••• . ~1.1!

The spin, orbital, and total angular momentum quantum
numbers of theQQ̄ pairs in each Fock component are indi-
cated within the square brackets in spectroscopic notatio
while the pairs’ color assignments are specified by singlet o
octet superscripts. The order in the velocity expansion a
which each of these Fock states participates incQ annihila-
tion or creation processes is governed by simple NRQCD
counting rules@2#. For instance, suppose a heavy quark an
antiquark are produced almost on shell with nearly paralle
three-momenta in some high energy reaction. The low en
ergy hadronization of this pair into a physicalcQ bound state
takes place atO(v3) if it has the same angular momentum
and color quantum numbers as those displayed in the fir
Fock component of~1.1!. The long distance evolution of all
otherQQ̄ pairs generated at short distance scales intocQ
mesons occurs at higher orders in the velocity expansion.

If the relative importance of various quarkonia production
channels depended solely upon the order inv at which pairs
hadronize into physical bound states, those modes whic
proceed through the leading Fock components in quarkon
wave function decompositions would generally be dominan
This assumption coincides with the basic tenet of the so
called color-singlet model@3–7#. Quarkonium production is
presumed in this model to be mediated by parton reaction
that generate colorless heavy quark-antiquark pairs with th
same quantum numbers as the mesons into which they no
perturbatively evolve. Transverse momentum distribution
calculated within this picture badly underestimate experi
mental observations forp'*2MQ . The breakdown of the
color-singlet model stems from its neglect of all high energy
processes that createQQ̄ pairs with quantum numbers dif-
6203 © 1996 The American Physical Society
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6204 53PETER CHO AND ADAM K. LEIBOVICH
ferent from those of the final state meson. In particular,
overlooks short distance contributions to quarkonia cro
sections from intermediate color-octet states which can
orders of magnitude larger than those from color-sing
pairs. Even if the long distance hadronization of the former
suppressed by several powers ofv compared to the latter, the
color-octet components of quarkonia distributions can dom
nate overall.

In a previous paper@8#, we examined the contributions to
hadron collider quarkonia cross sections from proces
which create colored heavy quark-antiquark pairs inL50,
S51 configurations at short distance scales. Su
QQ̄[ 3S1

(8)] pairs may emit or absorb a soft chromoelectr
dipole gluon and evolve atO(v5) into xQJ mesons. These
P-wave quarkonia can later radiatively decay to low
S-wavecQ levels. Alternatively,QQ̄[ 3S1

(8)] pairs may un-
dergo double chromoelectric dipole transitions and direc
hadronize atO(v7) into cQ mesons. The first channel for
mally represents the dominant color-octet production mec
nism. But sincexQJ→cQ1g branching ratios in both the
charmonia and bottomonia sectors are numerically com
rable tov c

250.23 andvb
2.0.08 thesecond mode is phe-

nomenologically important as well. Consistency then r
quires thatO(v7) color-octet contributions tocQ production
from coloredL5S50 andL5S51 states also be consid
ered. Therefore, we calculate in this article thecQ cross
sections arising fromQQ@ 1S0

(8)# andQQ@ 3PJ
(8)# intermedi-

ate channels. As we shall see, inclusion of a fully consiste
set of color-octet quarkonia cross sections brings theoret
predictions into line with experimental observations o
promptc andY production at Fermilab.

Our paper is organized as follows. In Sec. II, we compu
the amplitudes forgg→QQ@ 1S0

(8)# and gg→QQ@ 3PJ
(8)#

scattering which mediatecQ production at small transverse
momenta. We then utilize these amplitudes in Sec. III
determine theQQ@ 1S0

(8)# andQQ@ 3PJ
(8)# contributions to

cQ differential cross sections in 2→2 collisions. In Sec. IV,

FIG. 1. Lowest order Feynman graph which mediat
q1q̄→Q1Q̄ scattering.
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we fit color-octet quarkonia distributions to recentc andY
measurements and determine improved numerical values
several NRQCD matrix elements. Finally, we summarize ou
findings in Sec. V and close with some thoughts on the im
plications of our results for quarkonia production in severa
different experimental settings.

II. cQ PRODUCTION IN 2˜1 COLLISIONS

Color-octet quarkonia production starts atO(a s
2) with the

scattering processesq1q→Q1Q and g1g→Q1Q. The
Feynman diagrams which mediate these reactions are illu
trated in Figs. 1 and 2. In the first quark scattering channe
the heavy quark-antiquark pair appearing in the final sta
must share the same quantum numbers as its intermed
virtual gluon progenitor. Angular momentum, parity, and
charge conjugation conservation restrict the spin, orbital, a
total angular momentum quantum numbers of theQQ pair to
L50 or 2, S51, andJ51. In the second gluon scattering
process, the allowed values forL,S, andJ are not so tightly
prescribed. In Ref.@8#, we examined the important special
case where gluon fusion producesQQ@ 3S1

(8)# pairs. We now
generalize our earlier analysis and consider theO(a s

2) for-
mation of other pairs with different sets of quantum num
bers.

To begin, we write down the on-shell scattering amplitud

es

FIG. 2. Lowest order Feynman graphs which mediat
g1g→Q1Q̄ scattering.
AXga~p1!gb~p2!→Qi S P2 1q;s1DQj S P22q;s2D C522gs
2«m~p1!«

n~p2!uS P2 1q;s1D H ~TaTb! j
i gm@p” 22p” 112q”12MQ#gn

~p22p112q!224MQ
2

1~TbTa! j
i gn@p” 12p” 212q”12MQ#gm

~p22p122q!224MQ
2 2

i

8MQ
2 f abc~Tc! j

i @g
mn

~p” 22p” 1!12~p1ngm2p2mgn!#J vS P22q;s2D , ~2.1!
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which corresponds to the sum of the three graphs displayed in Fig. 2. The reduced amplitude which describes the cre
aQQ pair in a particular angular momentum and color configuration is obtained from this expression by applying a se
projection operations:

A„ga~p1!gb~p2!→QQ@ 2S11LJ
~1,8c!#~P!…5 (

LZ ,SZ
(
s1 ,s2

(
i , j

E d3q

~2p!32q0
dS q02 qW 2

M DYLLZ
* ~ q̂!^ 1

2s1 ;
1
2s2uSSZ&^LLZ ;SSZuJJZ&

3^3i ;3̄j u1,8c&AXga~p1!gb~p2!→Qi S P2 1q;s1DQj S P22q;s2D C . ~2.2!
t
r

Several points about this projection formula should be note
Firstly, aQQ pair has negligible overlap with a nonrelativ-
istic quarkonium bound state unless the relative momentu
q between the heavy quark and antiquark is small compar
to their combined momentumP. We have therefore incorpo-
rated ad function into~2.2! which restricts the triple integral
over q to the two-dimensional surface defined byuqW u
5AMq0 whereq0.Mv2!M[2MQ . The squared invari-
ant mass of theQQ pair thus equalsP25M2 up to small
relativistic corrections. Inclusion of thed function also prop-
erly converts the mass dimension of the 2→2 scattering am-
plitude into that for a 2→1 reaction. Secondly, the angular
integration over the spherical harmonic projects out th
pair’s specified partial wave. The sums over the Clebsc
Gordan coefficients similarly project out the spin and tota
angular momentum of theQQ object. Finally, the sum over
the SU~3! coefficients,

^3i ;3̄j u1&5d i
j /ANc, ^3i ;3̄j u8c&5A2~Tc! i

j , ~2.3!

combines together the color quantum numbers of the qua
and antiquark into either a singlet or octet configuration.

Inserting the gluon scattering amplitude~2.1! into the pro-
jection formula in~2.2!, we can readily calculate the reduced
d.

m
ed

e
h-
l

rk

amplitude for two gluons to fuse into an arbitrary color-octe
combination. We list below the formation amplitudes fo
QQ@ 3S1

(8)#, QQ@ 1S0
(8)# andQQ@ 3PJ

(8)# pairs which all had-
ronize intocQ bound states atO(v7) in the velocity expan-
sion:

A„ga~p1!gb~p2!→QQ@ 3S1
~8!#c…

5
i

4~2p!3
A4pM

q0
gs
2f abc«

m~p1!«
n~p2!«

s~Sz!*

3
p1
21p2

2

p1
21p2

22M2 @~p22p1!sgmn12~p1ngms2p2mgns!#,

~2.4a!

A„ga~p1!gb~p2!→QQ@ 1S0
~8!#c…

52
i

2~2p!3
A4pM

q0
gs
2dabc

Mestmnp1
sp2

t«m~p1!«
n~p2!

p1
21p2

22M2 ,

~2.4b!
A„ga~p1!gb~p2!→QQ@ 3PJ
~8!#c…

5
1

2~2p!3
A4p

3
gs
2dabc (

LZ ,SZ
^1LZ ;1SZuJJZ&«a~LZ!* «b~SZ!*

M«m~p1!«
n~p2!

p1
21p2

22M2 H gamp1n~p22p1!b

1ganp2m~p12p2!b1~p2
22p1

22M2!gangbm1~p1
22p2

22M2!gamgbn

1
M2

M22p1
22p2

2 @gmnp1b~p12p2!a1gmnp2b~p22p1!a#

1
M21p1

21p2
2

M22p1
22p2

2 @gmbp1n~p22p1!a1gnbp2m~p12p2!a#J . ~2.4c!



o-
e

s
-
k

s

a-
-

s

c-

rix

r-

6206 53PETER CHO AND ADAM K. LEIBOVICH
As required by gauge invariance, these expressions van
when p 1

25p 2
250 and «m(p1)→p 1

m or «n(p2)→p 2
n . The

generalP-wave result listed in~2.4c! may be further reduced
by employing the Clebsch-Gordan identities@6#

(
LZ ,SZ

^1Lz ;1SZu00&«a~LZ!* «b~Sz!*

5A1

3S gab2
PaPb

M2 D ,
(
LZ ,SZ

^1LZ ;1SZu1JZ&«a~LZ!* «b~SZ!*

52
i

A2M
eabgdPg«d~JZ!* , ~2.5!

(
LZ ,SZ

^1LZ ;1SZu2JZ&«a~LZ!* «b~SZ!*5«ab~JZ!* .

We then find that gg→QQ@ 3P1
(8)# as well as gg

→QQ@ 3S1
(8)# scattering vanishes when both incident gluon

go on shell@8,9#.
The projection formula in~2.2! can obviously be general-

ized to other parton channels besidesgg→QQ@ 2S11LJ
(1,8)#.

We may insert any QCD amplitude which has a heavy qua
and antiquark appearing in the final state and project ou
reduced color-singlet or color-octet expression. Applyin
this general technique to theqq→QQ scattering process pic-
tured in Fig. 1, we find

A„q~p1!q~p2!→QQ@ 3S1
~8!#a…

5
1

4~2p!3
A4pM

q0
gs
2v~p2!gsTau~p1!«

s~Sz!* . ~2.6!

In Ref. @8#, we performed a less general projection operati
which did not explicitly involve a relative momentum inte
gration or a partial wave decomposition ofA(qq→QQ).
The corresponding reduced amplitude listed in Eq.~2.10! of
Ref. @8# thus differs from the result displayed above by a
overall multiplicative factor.

The squares of 2→1 amplitudes enter into the differentia
cross section for heavy pair production:

ds„a~p1!b~p2!→QQ@ 2S11LJ
~1,8!#~P!…

5
1

4p1•p2
(
–

uA~ab→QQ̄@ 2S11LJ
~1,8!# !u2

3dF1~p11p2 ;P!, ~2.7!

where the barred summation symbol indicates that initial~fi-
nal! spins and colors are averaged~summed! and dF1 de-
notes a one-body phase space factor. High and low ene
effects are intertwined in this expression. In order to dise
tangle it, we follow Ref.@1# and match the integrated cros
section onto the product of a short distance coefficient an
long distance NRQCD matrix element:
ish

s

rk
t a
g

on
-

n

l

rgy
n-
s
d a

s~ab→QQ̄@ 2S11LJ
~1,8!# !5

Cshort

MQ
d24 ^0uO 1,8

QQ~ 2S11LJ!u0&.

~2.8!

The general structure of the operator whose vacuum-t
vacuum matrix element appears on the right-hand sid
~RHS! of this matching condition looks like

O 1,8
QQ~ 2S11LJ!5x†KcS (

mJ

uQQ[ 2S11LJ
~1,8!] &

3^QQ[ 2S11LJ
~1,8!] u Dc†Kx, ~2.9!

wherec andx represent two-component Pauli spinor field
and the matrixK denotes a product of color, spin, and cova
riant derivative factors. The intermediate quark-antiquar
state sandwiched in the middle,

uQQ@ 2S11LJ
~1,8!#&5 (

LZ ,SZ
(
s1 ,s2

(
i , j

E d3q

~2p!32q0

3dS q02 q̄2

M DYLLZ
* ~ q̂!^ 1

2s1 ;
1
2s2uSSZ&

3^LLZ ;SSZuJJZ&^3i ;3̄j u1,8&uQi~q;s1!Qj~2q;s2!&,

~2.10!

is defined in the NRQCD effective theory in the same way a
in full QCD. As a result, any arbitrariness in the definitions
of the heavy pair production cross section and NRQCD m
trix element cancel out of their ratio. The short distance co
efficient appearing on the RHS of~2.8! is convention inde-
pendent.

All information related to the hard scattering proces
which creates theQQ pair is encoded withinCshort. This
same coefficient enters into the physical quarkonium produ
tion cross section:

s~ab→QQ@ 2S11LJ
~1,8!#→cQ1X!

5
Cshort

MQ
~d11!24 ^0uO 1,8

cQ~ 2S11LJ!u0&. ~2.11!

On the other hand, the accompanying long distance mat
element which specifies the probability that a
QQ@ 2S11LJ

(1,8)# pair hadronizes into acQ bound state is
completely different from its counterpart in~2.8!. The opera-
tor

O 1,8
cQ~ 2S11LJ!5x†KcS (

mJ
(
X

ucQ1X&^cQ1Xu Dc†Kx

~2.12!

has one unit greater mass dimension thanO 1,8
QQ( 2S11LJ) as

can be verified by comparing the dimensions of heavy inte
mediate pair and nonrelativistically normalizedcQ states.
The inverse powers ofMQ in cross section equations~2.8!
and~2.11! consequently differ by unity. The nonperturbative
matrix element̂ 0uO 1,8

cQ( 2S11LJ)u0& also cannot readily be
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53 6207COLOR-OCTET QUARKONIA PRODUCTION. II
calculated within NRQCD unlike its perturbative
^0uO 1,8

QQ( 2S11LJ)u0& counterpart. Simple multiplicity rela-
tions such as

^0uO 1,8
H ~ 3S1!u0&53^0uO 1,8

H ~ 1S0!u0&,
~2.13!

^0uO 1,8
H ~ 3PJ!u0&5~2J11!^0uO 1,8

H ~ 3P0!u0&

are obeyed exactly by the latter and approximately by t
former. But the color-factor relation

^0uO 8
H~ 2S11LJ!u0&5

Nc
221

2Nc
^0uO 1

H~ 2S11LJ!u0&,

~2.14!

which holds forH5QQ, certainly does not apply when
H5cQ . Numerical values for̂ 0uO 1,8

cQ( 2S11LJ)u0& matrix
elements must be extracted either from experimental data
lattice calculations.

In order to clarify the meaning of these NRQCD matchin
ideas, we explicitly evaluate the matching conditions spe
fied in Eqs.~2.8! and ~2.11! for one simple example. We
consider the gluon fusion formation of anhQ pseudoscalar
meson through an intermediateQQ@ 1S0

(1)# pair. A straight-
forward computation yields the color-singlet cross section

s~gg→QQ@ 1S0
~1!# !5

as
2

384p2

M

q0ŝ
dS 12

M2

ŝ D ~2.15!

and matrix element

^0uO 1
QQ~ 1S0!u0&5^0ux†cuQQ@ 1S0

~1!#&^QQ@ 1S0
~1!#uc†xu0&

5
Nc

128p5

M3

q0
. ~2.16!

We derived this last result within the NRQCD effectiv
theory by decomposing the Pauli fields

ca
i ~x!5(

s51

2 E d3p

~2p!3
bi~p;s!ja~p,s!e2 ip•x,

x ia5(
s51

2 E d3p

~2p!3
ci
†~p;s!ha~p,s!eip•x, ~2.17!

in terms of two-component spinors normalized according

(
s51

2

ja~p,s!jb
†~p,s!5(

s51

2

ha~p,s!hb
†~p,s!5dab

~2.18!

and single fermion creation and annihilation operators whi
satisfy the nonrelativistic anticommutation relations

$bi~p;s!,bj
†~p8;s8!%5$ci~p;s!,cj

†~p8;s8!%

5~2p!3d j
idss8d

~3!~p2p8!. ~2.19!

Taking the ratio of~2.15! and ~2.16!, we deduce the short
distance coefficient in matching condition~2.8!,
he

or

g
ci-

e

to

ch

C~gg→QQ@ 1S0
~1!# !short

MQ
d24 5

1

9

p3as
2

M2ŝ
dS 12

M2

ŝ D , ~2.20!

and the gluon fusion cross section in matching condition
~2.11!:

s~gg→QQ@ 1S0
~1!#→hQ!5

2

9

p3as
2

M3ŝ
dS 12

M2

ŝ D
3^0uO 1

hQ~ 1S0!u0&.
~2.21!

If we recall the relation between the NRQCD matrix elemen
and squaredhQ wave function at the origin@1#,

^0uO 1
hQ~ 1S0!u0&5

Nc

2p
R~0!2@11O~v4!#, ~2.22!

we see that our result is consistent with theO(a s
2) cross

section

s~gg→QQ@ 1S0
~1!#→hQ!5

1

3

p2as
2

M3ŝ
dS 12

M2

ŝ DR~0!2

~2.23!

previously reported in the literature@7#.
Working in a similar fashion, we can decompose any

color-singlet or color-octet cross section into products o
short and long distance factors. We tabulate in the Append
all O(a s

2) short distance squared amplitudes for 2→1 color-
octet reactions which yieldcQ bound states atO(v7) in the
NRQCD velocity expansion. The corresponding long dis
tance factors are simply given by appropriate NRQCD ma
trix elements for specific production channels. For example
the total squared amplitude forgg→QQ@ 1S0

(8)#→cQ scat-
tering equals the product of the process-independent hig
energy expression listed in Eq.~A2a! and the process-
specific low energy matrix element^0uO 8

cQ( 1S0)u0&:

(
–

uA~gg→QQ@ 1S0
~8!#→cQ!u2

5
5~4pas!

2

192M
^0uO 8

cQ~ 1S0!u0&. ~2.24!

Color-octet pair production in 2→1 collisions could rep-
resent an important source of quarkonia in fixed target ex
periments, and its impact needs to be studied. But befo
definite predictions can be made, numerical values for colo
octet matrix elements must be known. Therefore, we now
turn to consider quarkonia production at hadron collider
where we can use experimental data to determine these m
trix element values.

III. cQ PRODUCTION IN 2˜2 COLLISIONS

In order to be experimentally detectable, quarkonia mus
be created at collider facilities with nonvanishing transvers
momenta so that they are not lost down the beam pipe
Hadrons resulting from 2→1 scattering processes typically
have smallp' comparable to the QCD scale. The pro-



6208 53PETER CHO AND ADAM K. LEIBOVICH
FIG. 3. Feynman diagrams which mediate
~a! qq→cQg, ~b! gq→cQq, and ~c! gg→cQg
scattering through intermediateQQ@ 3PJ

(8)# and
QQ@ 1S0

(8)# pairs.
ts

c-
duction of quarkonia with non-negligible transvers
momenta therefore mainly proceeds through 2→2
collisions. Such reactions start atO(a s

3) via the parton chan-
nels qq→QQ@ 2S11LJ

(1,8)#g, gq→QQ@ 2S11LJ
(1,8)#q andgg

→QQ@ 2S11LJ
(1,8)#g. In Ref. @8#, we calculated the differen-

tial production cross sections forL50, S51 color-octet
pairs. In this section, we generalize our previous results a
consider the formation of coloredL5S50 and L5S51
pairs.

The Feynman diagrams which mediate quarkonia prod
tion in these color-octet channels are illustrated in Fig.
The shaded circles appearing in the figure represent
gg→QQ@ 1S0

(8)# and gg→QQ@ 3PJ
(8)# amplitudes in Eqs.

~2.4b! and ~2.4c!. The qq→cQg and gq→cQq diagrams
pictured in Figs. 3~a! and 3~b! can readily be squared using
standard spinor summation techniques. On the other ha
conventional evaluation of the gluon channel graphs in F
3~c! represents a formidable computational task. It is the
fore advisable to find a more tractable method for calculati
the color-octet contributions togg→cQg scattering.

We adopt a simple helicity amplitude technique to su
and square the gluon graphs in Fig. 3~c!. We first choose the
following explicit representations for the gluon momenta an
polarization vectors shown in the figure:

p15
Aŝ
2

~1,0,0,1!, «1
15«2

252
1

A2
~0,1,i ,0!,

p25
Aŝ
2

~1,0,0,21!, «1
25«2

15
1

A2 ~0,1,2 i ,0!,

~3.1!
e

nd

uc-
3.
the

nd,
ig.
re-
ng

m

d

p45
ŝ2M2

2Aŝ ~1,0,sinu,2cosu!,

~«4
6!*5

1

A2
~0,61,i cosu,i sinu!.

We next boost the heavy pairs’s four-momentum from i
primed rest frame to the unprimed laboratory frame:

p385~M ,0,0,0!

→p35S ŝ1M2

2Aŝ
,0,2

ŝ2M2

2Aŝ
sinu,

ŝ2M2

2Aŝ
cosu D .

~3.2!

We also Lorentz transform the rest frame polarization ve
tors

~«38
~h50!!*5S 0

0
0
1
D

~«38
~h561!!*56A1

2S 0

1

7 i

0

D , ~3.3!

and polarization tensions
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~«38
~h50!!*5A2

3S 0 0 0 0

0 2 1
2 0 0

0 0 2 1
2 0

0 0 0 1

D ,
~«38

~h561!!*57
1

2 S 0 0 0 0

0 0 0 1

0 0 0 7 i

0 1 7 i 0

D ,
~«38

~h562!!*5
1

2 S 0 0 0 0

0 1 7 i 0

0 7 i 21 0

0 0 0 0

D ,
of J51 andJ52 QQ pairs. Given these explicit represen
tations, it is easy to work out all possible scalar contractio
and express the answers in terms of the Mandelstam inv
ants ŝ, t̂52( ŝ2M2)(12cosu)/2 and û52( ŝ2M2)
3(11cosu)/2. The gluon channel amplitudes are function
of these Lorentz invariant dot products.

Using the high energy physics packageFEYNCALC @14#,
we calculated each individual helicity amplitude fo
gg→QQ@ 1S0

(8)#g and gg→QQ@ 3PJ
(8)#g scattering.

Parity and crossing symmetry relations between differe
helicity amplitudes provided valuable checks on our Mat
ematica code. Since separate helicity amplitudes do
interfere, the total squared amplitude simply equals the s
of the squared helicity amplitudes. The final resul
for gg→QQ@ 2S11LJ

(8)#g channel are displayed in the
Appendix alongside those for thegg→QQ@ 2S11LJ

(8)#g and
gq→QQ@ 2S11LJ

(8)#q modes. For completeness, we includ
in this list theQQ@ 3S1

(8)# squared amplitudes which we cal
culated in Ref.@8#.

The products of short distance color-octet squared am
tudes and long distance NRQCD matrix elements enter i
the partonic cross section

ds

dt̂
~ab→QQ@ 2S11LJ

~8!#c→cQ!octet

5
1

16p ŝ2(
–

uA~ab→QQ@ 2S11LJ
~8!#c!shortu2

3^0uO 8
cQ~ 2S11LJ!u0&. ~3.4!

After folding in distribution functionsf a/A(xa) and f b/B(xb)
that specify the probabilities of finding partonsa andb in-
side hadronsA andB carrying momentum fractionsxa and
xb , we obtain the hadronic cross section

d3s

dy3dy4dp'

~AB→cQX!octet52p'(
abc

xaxbf a/A~xa! f b/B~xb!
-
ns
ari-

s

r

nt
h-
not
um
ts

e
-

pli-
nto

3
ds

dt̂
~ab→QQ@ 2S11LJ

~8!#c→cQ!octet, ~3.5!

which is a function of thecQ and recoiling jet rapiditiesy3
and y4 and their common transverse momentump' . With
this hadronic distribution in hand, we can determine colo
octet contributions tocQ production in any hadronic process
We apply it to the study of charmonia and bottomonia
Fermilab in the following section.

IV. c AND Y PRODUCTION AT THE FERMILAB
TEVATRON

During the past few years, striking disparities have aris
between old predictions and new measurements ofJ/c, c8,
andY production at the Tevatron. The Collider Detector a
Fermilab~CDF! Collaboration has detected these heavy m
sons at rates which exceed theoretical expectations ba
upon the color-singlet model by orders of magnitude@10–
12#. In Ref. @8#, we examined the impact ofcc@ 3S1

(8)# and
bb@ 3S1

(8)# intermediate states uponc and Y production.
Since numerical values for most NRQCD color-octet matr
element were unknown, we simply fitted the magnitudes
ds/dp'(pp→cQ1X)octet cross sections to the CDF data
We found that including theQQ@ 3S1

(8)# channel significantly
diminished discrepancies between the shapes of the predic
and measured transverse momentum distributions. We n
update our earlier analysis and incorporate cross section c
tributions from QQ@ 1S0

(8)# and QQ@ 3PJ
(8)# pairs. As we

shall see, the fully consistentO(v7) set of color-octet differ-
ential cross sections yields substantially improved fits to t
data.

We first plot in Fig. 4 the ratio

R~p'!5

(
J50

2
ds

dp'

~pp→QQ@ 3PJ
~8!#1X→cQ1X!

ds

dp'

~pp→QQ@ 1S0
~8!#1X→cQ1X!

,

~4.1!

where we temporarily set̂O 8
cQ( 3P0)&5MQ

2 (O 8
cQ( 1S0)& for

comparison purposes.1 The solid curve’s nearly constant
valueR(p').3 for p'*5 GeV indicates that the shapes o
the cc@ 1S0

(8)# and cc@ 3PJ
(8)# differential cross sections are

practically identical in the charmonia sector. As a result, a
fits for the NRQCD matrix elements in these color-octe
channels become degenerate when performed over the tr
verse momentum range 5 GeV<p'<20 GeV whereJ/c and
c8 differential cross sections have been measured. We c
sequently can only extract the linear combinatio
^O 8

c( 3P0)&/Mc
21^O 8

c( 1S0)&/3 along with ^O 8
c( 3S1)& from

the CDF data. In the bottomonia sector, the shapes of

1The differential cross sections which enter into results display
in Fig. 4 and all subsequent figures were calculated using t
MRSD0 parton distribution functions evaluated at the renormaliz
tion scalem5Ap'

21M2.
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bb@ 1S0
(8)# and bb@ 3PJ

(8)# distributions are not exactly the
same throughout the 0<p'<15 GeV interval whereY data
exist. As indicated by the dot-dashed curve in Fig. 4,R(p')
varies around 5 over this transverse momentum range.
the differences in shape between thebb@ 3PJ

(8)# and
bb@ 1S0

(8)# contributions to the totalY differential cross
section are not sufficiently great so that a full three
parameter color-octet matrix element fit can be reliab
performed. So we will simply determine estimates for th
linear combination ^O 8

Y( 3P0)&/Mb
21^O 8

Y( 1S0)&/5 along
with ^O 8

Y( 3S1)&.
Our new fits to prompt charmonia production at the Tev

tron within the pseduorapidity intervaluhu<0.6 are illustrated
in Figs. 5 and 6. All contributions fromB meson decay have
been removed from the data sets displayed in these figu
and radiativexcJ decay feeddown to theJ/c differential
cross section has been separated out as well. The das
curves depict the direct color-singlet production predictio
based upon the charm quark mass valueMc51.48 GeV and
the Buchmu¨ller-Tye charmonium wave functions at the ori
gin tabulated in Ref.@13#. The dot-dashed and dotted curve
illustrate the best fits for thecc@ 3S1

(8)# and combined
cc@ 3PJ

(8)# plus cc@ 1S0
(8)# channels. The solid curves show

the sums of the color-singlet and color-octet components a
represent the total predicted differential cross sections.

Following the interpolation procedure described in Re
@8#, we have calculated leading logarithmic corrections in
the cc@ 3S1

(8)# differential cross sections so that they ap
proach Altarelli-Parisi improved gluon fragmentation distr
butions for p'@Mc . In the large transverse momentum
limit, gluon fragmentation represents the dominant source
prompt charmonia@15–21#. This asymptotic behavior can be
seen in the dot-dashedcc@ 3S1

(8)# curves of Figs. 5 and 6. But
throughout the 0<p'<20 GeV region, they are not over-
whelmingly larger than the combinedcc@3PJ

(8)# and
cc@ 1S0

(8)# components whose contributions to prompt cha

FIG. 4. RatioR(p') of the totalQQ@ 3PJ
(8)# andQQ@ 1S0

(8)#
contributions to thecQ transverse momentum differential cross se
tion in the limit where the long distance NRQCD matrix elemen
^O 8

cQ( 3P0)& equalsMQ
2 ^O 8

cQ( 1S0)&. The solid and dotted curves
illustrateR(p') for the charmonia and bottomonia sectors, respe
tively.
Yet
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of

r-

monia production are sizable. Inclusion of the latter colo
octet channels into the total differential cross sections yie
theoreticalc8 andJ/c distributions which fit the data quite
well. Their respectivex2/NDF50.5 andx2/NDF50.9 figures
of merit are nice and small.

In Fig. 7, we plot the transverse momentum distributio
of J/c mesons which result from radiativexcJ decay. The
dashed curve in the figure shows the color-singletxcJ differ-
ential cross section multiplied byB(xcJ→J/c1g) and
summed overJ50, 1, and 2. The dot-dashed curve illustrat

c-
t

c-

FIG. 5. Theoretical transverse momentum differential cross s
tion for promptc8 production at the Tevatron in the pseudorapidi
interval uhu<0.6 compared against preliminary CDF data. Th
dashed curve depicts the direct color-singlet contribution toc8 pro-
duction. The dot-dashed curve illustrates thecc@ 3S1

(8)# cross sec-
tion, and the dotted curve denotes the combinedcc@ 3PJ

(8)# and
cc@ 1S0

(8)# distributions. The solid curve equals the sum of the colo
singlet and color-octet contributions and represents the total th
retical prediction for thec8 differential cross section. All curves are
multiplied by the muon branching fractionB(c8→m1m2).

FIG. 6. Theoretical transverse momentum differential cross s
tions for promptJ/c production at the Tevatron in the pseudora
pidity interval uhu<0.6 compared against preliminary CDF dat
The curves in this figure are labeled in the same way as thos
Fig. 5. All curves are multiplied by the muon branching fractio
B(J/c→m1m2).
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the cc@ 3S1
(8)# channel contribution. The solid curve corre

sponds to their sum and represents the totalO(v5) cross
section prediction. As indicated by its poorx2/NDF52.3
value, this solid line does not fit the data well. We belie
that a better match could be achieved if subleading col
octet contributions were included. The first subdominant c
rections enter atO(v9) in the NRQCD velocity expansion
from the long distance evolution ofQQ@ 3PJ

(8)#,
QQ@ 3DJ

(8)#, andQQ@ 1P1
(8)# pairs into xQJ bound states.

Since short distance production cross sections for the la
two pairs have not yet been calculated, we cannot leg
mately include into Fig. 7 subleading contributions from th
first pair which we have computed.

We turn now to the bottomonium sector and considerY
production at the Tevatron within the rapidity interva
uyu<0.4. Our new fits to CDFY(1S) andY(2S) data are
displayed in Figs. 8 and 9. No separation between prom
and delayedY sources has been experimentally performe
The dashed curves in the figures therefore include both di
Y production and radiative feeddown fromxbJ states. These
color-singlet distributions are based upon the bottom qu
mass valueMb54.88 GeV and the Buchmu¨ller-Tye botto-
monia wave functions at the origin tabulated in Ref.@13#.
The dot-dashed and dotted curves illustrate thebb@ 3S1

(8)#

and combinedbb@ 3PJ
(8)# plus bb@ 1S0

(8)# fits. The solid
curves equal the sums of the color-singlet and color-oc
contributions and represent the totalY differential cross sec-
tions. As we previously discussed in Ref.@8#, the color-
singlet and color-octet distributions are corrupted at ve
small transverse momenta by collinear divergences wh
should be factored into incident parton distribution function
Soft gluon effects also need to be resummed before the c
section turnover which is evident in Fig. 8 can be prope
described. Since we have not incorporated these effects,
cross section predictions are not trustworthy at lowp' . We

FIG. 7. Theoretical transverse momentum differential cross s
tion for J/c production at the Tevatron in the pseudorapidity inte
val uhu<0.6 resulting from radiativexcJ decay compared agains
preliminary CDF data. The dashed curve depicts the color-sing

contribution, the dot-dashed curve illustrates thec c̄@ 3S1
(8)# cross

section, and the solid curve represents their sum. All curves
multiplied by the muon branching fractionB(J/c→m1m2!.
-
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therefore exclude points in Figs. 8 and 9 withp'<3.5 GeV
from our fits. We then findx2/NDF50.3 andx2/NDF50.9
for the remaining points in these figures.

NRQCD power counting rules provide useful consistenc
checks on all our fits. We list in Tables I and II the numerica
values for color-octet matrix elements which we extracte
from the data along with their scaling dependence upon th

ec-
r-
t
let

are

FIG. 8. Theoretical transverse momentum differential cross se
tion for Y(1S) production at the Tevatron in the rapidity interval
uyu<0.4 compared against preliminary CDF data. The dashed cur
depicts the color-singlet contribution which includes directY(1S)
production as well as radiative feeddown fromxbJ(1P) and
xbJ(2P) states. The dot-dashed curve illustrates thebb@ 3S1

(8)#
cross section, and the dotted curve denotes the combin
bb@ 3PJ

(8)# andbb@ 1S0
(8)# distributions. The solid curve equals the

sum of the color-singlet and color-octet contributions and represen
the total theoretical prediction for theY(1S) differential cross sec-
tion. All curves are multiplied by the muon branching fraction
B„Y~1S!→m1m2

….

FIG. 9. Theoretical transverse momentum differential cross se
tion for Y(2S) production at the Tevatron in the rapidity interval
uyu<0.4 compared against preliminary CDF data. The curves in th
figure are labeled the same as those in Fig. 8. The dashed col
singlet cross section includesY(2S) production and radiative feed-
down fromxbJ(2P). All curves are multiplied by the muon branch-
ing fractionB„Y~2S!→m1m2

….
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TABLE I. Color-octet matrix elements.

Color-octet
matrix element

Numerical
value ~GeV3!

NRQCD
scaling order

^0uO 8
J/c(3S1)u0& ~6.662.1!31023 M c

3v c
7

^0uO 8
xc1( 3S1)u0& ~9.861.3!31023 M c

3v c
5

^0uO 8
c8~3S1)u0& ~4.661.0!31023 M c

3v c
7

^0uO 8
Y(1S)( 3S1)u0& ~5.961.9!31023 M b

3v b
7

^0uO 8
xb1(1P)( 3S1)u0& ~4.261.3!31021 M b

3v b
5

^0uO 8
Y(2S)(3S1)u0& ~4.160.9!31023 M b

3v b
7

^0uO 8
xb1(2P)(3S1)u0& ~3.261.9!31021 M b

3v b
5

s
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D
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heavy quark massMQ and velocityvQ . The values for all
the charmonia matrix elements were derived directly fro
the CDF J/c and c8 data. On the other hand, insufficien
experimental information exists to independently extra

^0uO 8
Y(nS)( 3S1)u0& and ^0uO 8

xb1(nP)( 3(S1)u0& in the botto-
monia sector. We therefore determined the latter from theY
data after having scaled up the former from the correspo
ing c color-octet matrix elements using NRQCD powe
counting rules. The remaining^0uO 8

Y(nS)( 3P0)u0&/Mb
2

1^0uO 8
Y(nS)( 1S0)u0&/5 linear combinations were obtaine

directly for the bottomonia cross section data.
The error bars listed in Tables I and II are statistical a

do not reflect systematic uncertainties in heavy qua
masses, color-singlet radial wave functions, parton distrib
tion functions, and next-to-leading order corrections. T
magnitudes of all these different sources of uncertainty c
be estimated. For example, the different charm and bott
quark mass values which enter into the power law, logari
mic, Coulomb plus linear, and QCD motivated Buchmu¨ller-
Tye potentials tabulated in Ref.@13# span the ranges 1.48
GeV<mc<1.84 GeV and 4.88 GeV<mb<5.18 GeV. These
intervals may be regarded as setting reasonable bounds
the heavy quark mass parameters. The spread in values
radial wave functions at the origin calculated in these fo
different potential models similarly provides an approxima
indication of color-singlet matrix element uncertainties. Sy
m
t
ct

nd-
r

d

nd
rk
u-
he
an
om
th-

for
for
ur
te
s-

tematic errors which arise from parton distribution function
and higher order QCD corrections can also be assessed
performing several fits with different choices of distribution
functions and renormalization scale. We have not attempt
to carry out a detailed analysis of the combined impact of a
these systematic uncertainties. Our color-octet matrix e
ment values therefore represent reasonable estimates ra
than precise predictions.

Comparing the numbers in Table I with their predecesso
in Table II of Ref. @8#, we see that theQQ@ 3S1

(8)# matrix
element values have all diminished. This is not surprisin
for some color-octet contributions to quarkonia productio
are not taken into account by theQQ@ 3PJ

(8)# and
QQ@ 1S0

(8)# channels. We also observe that the NRQC
counting rules are more faithfully followed by some
matrix elements than others. For instance, the mag
tudes of ^O 8

J/c( 3S1)&, ^O 8
c8( 3S1)&, and ^O 8

c8( 3P0)&/Mc
2

1^O 8
c8( 1S0)&/3 are all mutually consistent with their com-

mon scaling rule. On the other hand,^O 8
xc1( 3S1)& is some-

what low, while ^O 8
J/c( 3P0)&/Mc

21^O 8
J/c( 1S0)&/3 is some-

what high. Sincev c
2.0.23 is not very small, none of the

charmonia NRQCD order-of-magnitude estimates should
overly interpreted. We view the general consistency of th
fitted matrix elements with the power counting rules as a
encouraging indication that the color-octet quarkonia pr
duction picture is sound.
TABLE II. Color-octet matrix element linear combinations.

Color-octet matrix element
linear combination

Numerical
value ~GeV3!

NRQCD
scaling order

^0uO 8
J/c~ 3P0!u0&

Mc
2 1

^0uO 8
J/c~ 1S0!u0&

3
~2.260.5!31022 M c

3v c
7

^0uO 8
c8~ 3P0!u0&

Mc
2 1

^0uO 8
c8~ 1S0!u0&

3
~5.961.9!31023 M c

3v c
7

^0uO 8
Y~1S!~ 3P0!u0&

Mb
2 1

^0uO 8
Y~1S!~ 1S0!u0&

5
~7.9610.0!31023 M b

3v b
7

^0uO 8
Y~2S!~ 3P0!u0&

Mb
2 1

^0uO 8
Y~2S!~ 1S0!u0&

5
~9.167.2!31023 M b

3v b
7
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V. CONCLUSION

In this article, we have calculated the cross sections
producing coloredL5S50 and L5S51 heavy quark-
antiquark pairs in hadronic collisions. Intermediat
QQ@ 1S0

(8)# andQQ@ 3PJ
(8)# states evolve intocQ mesons at

the same order in the NRQCD velocity expansion
QQ@ 3S1

(8)# pairs. Consistency therefore requires that cont
butions to quarkonia production from all three color-oct
channels be considered together. We have found that the
O(v7) set of color-octet distributions yields good fits to
promptc andY data collected at the Tevatron. Numerica
values for the long distance matrix elements which can
extracted from these data are generally consistent w
NRQCD power scaling rules.

Many of the results in this paper can be applied to a ran
of other interesting problems in quarkonium phenomeno
ogy. In particular, the NRQCD matrix elements which w
have extracted from CDF data are universal and hold
color-octet charmonia and bottomonia production at oth
experimental facilities besides the Tevatron. They can
used, for example, to refine the analysis of theJ/c differen-
tial cross section measured at the CERN Spp̄S collider which
was performed in Ref.@21#. It would be interesting to see
whether disparities between gluon fragmentation predictio
and UA1 data are diminished by includingQQ̄[ 1S0

(8)] and
QQ̄[ 3P J

(8)] channels@22#. The NRQCD matrix elements can
also be applied to the study of quarkonia production at lept
colliders. Gluon fragmentation has been shown to repres
the largest source of promptc andY vector mesons at the
CERN e1e2 collider ~LEP! @23,24#. Its incorporation into
Z→J/c, Z→c8, andZ→Y branching fractions reduces siz
able differences between predictions based upon col
singlet heavy quark fragmentation and recent LEP measu
ments. Color-octet contributions have similarly been foun
to play an important role in charmonia production at CLE
@25,26#. Finally, the color-octet mechanism may eliminat
disagreements between theory and experiment in fixed tar
settings.

We look forward to confronting the color-octet produc
tion picture with a variety of experimental tests in the ne
future.2 It will be interesting to see how well this simple idea
can resolve several problems which currently exist
quarkonium physics.
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APPENDIX: COLOR-OCTET SQUARED AMPLITUDES

We list below short distance squared amplitudes for 2→1
and 2→2 scattering processes which mediate color-octe
quarkonia production. These expressions are averaged o
initial spins and colors of the two incident partons. The he
licity levels of outgoingJ51 andJ52 pairs are labeled by
the subscripth. The total squared amplitudes for creating
specific quarkonia states are obtained by multiplying thes
process-independent short distance expressions with app
priate long distance NRQCD matrix elements.

qq̄→QQ̄[ 2s11L J
(8)] channel:

(
h50

–
uA~q q̄→QQ@ 3S1

~8!# !u250, ~A1a!

(
uhu51

–
uA~q q̄→QQ@ 3S1

~8!# !u25
~4pas!

2

27M
. ~A1b!

gg→QQ̄[ 2S11L J
(8)] channel:

(
–

uA~gg→QQ@ 1S0
~8!# !u25

5~4pas!
2

192M
, ~A2a!

(
–

uA~gg→QQ@ 3P0
~8!# !u25

5~4pas!
2

16M3 , ~A2b!

(
h50

–
uA~gg→QQ@ 3P1

~8!# !u250, ~A2c!

(
uhu51

–
uA~gg→QQ@ 3P1

~8!# !u250, ~A2d!

(
h50

–
uA~gg→QQ@ 3P2

~8!# !u250, ~A2e!

(
uhu51

–
uA~gg→QQ@ 3P2

~8!# !u250, ~A2f!

(
uhu52

–
uA~gg→QQ@ 3P2

~8!# !u25
~4pas!

2

12M3 . ~A2g!

n
ing
al

nt



6214 53PETER CHO AND ADAM K. LEIBOVICH
qq̄→QQ̄[ 2s11L J
(8)]g channel:

(
–

uA~q q̄→QQ@ 1S0
~8!#g!u25

5~4pas!
3

27M

t̂21û2

ŝ~ ŝ2M2!2
,

~A3a!

(
h50

–
uA~q q̄→QQ@ 3S1

~8!#g!u25
8~4pas!

3

81M3

M2ŝ

~ ŝ2M2!4

3@4~ t̂21û2!2 t̂ û#,
~A3b!

(
uhu51

–
uA~q q̄→QQ@ 3S1

~8!#g!u2

5
2~4pas!

3

81M3

ŝ21M4

~ ŝ2M2!4
t̂21û2

t̂ û
@4~ t̂21û2!2 t̂ û#,

~A3c!

(
–

uA~q q̄→QQ@ 3P0
~8!#g!u2

5
20~4pas!

3

81M3

~ ŝ23M2!2~ t̂21û2!

ŝ~ ŝ2M2!4
,

~A3d!

(
h50

–
uA~q q̄→QQ@ 3P1

~8!#g!u25
40~4pas!

3

81M3

ŝ~ t̂21û2!

~ ŝ2M2!4
,

~A3e!

(
uhu51

–
uA~q q̄→QQ@ 3P1

~8!#g!u25
160~4pas!

3

81M3

M2t̂ û

~ ŝ2M2!4
,

~A3f!

(
h50

–
uA~q q̄→QQ@ 3P2

~8!#g!u25
8~4pas!

3

81M3

ŝ~ t̂21û2!

~ ŝ2M2!4
,

~A3g!

(
uhu51

–
uA~q q̄→QQ@ 3P2

~8!#g!u25
32~4pas!

3

27M3

M2t̂ û

~ ŝ2M2!4
,

~A4h!

(
uhu52

–
uA~q q̄→QQ@ 3P2

~8!#g!u25
16~4pas!

3

27M3

M4~ t̂21û2!

ŝ~ ŝ2M2!4
.

~A3i!

gq→QQ@ 2s11LJ
(8)#q channel:

(
–

uA~gq→QQ@ 1S0
~8!#q!252

5~4pas!
3

72M

ŝ21û2

t̂~ t̂2M2!2
,

~A4a!
(
h50

–
uA~gq→QQ@ 3S1

~8!#q!u2

52
~4pas!

3

54M3

M2t̂@4~ ŝ21û2!2 ŝû#

@~ ŝ2M2!~ t̂2M2!#2
, ~A4b!

(
uhu51

–
uA~gq→QQ@ 3S1

~8!#q!u2

52
~4pas!

3

108M3

~ ŝ21û212M2t̂ !~ ŝ2M2!222M2ŝt̂ û

ŝû@~ ŝ2M2!~ t̂2M2!#2

3@4~ ŝ21û2!2 ŝû#, ~A4c!

(
–

uA~gq→QQ@ 3P0
~8!#q!u2

52
5~4pas!

3

54M3

~ t̂23M2!2~ ŝ21û2!

t̂~ t̂2M2!4
, ~A4d!

(
h50

–
uA~gq→QQ@ 3P1

~8!#q!u2

52
5~4pas!

3

27M3

t̂@ ŝ2~ ŝ2M2!21û2~ ŝ1M2!2#

~ t̂2M2!4~ ŝ2M2!2
, ~A4e!

(
uhu51

–
uA~gq→QQ@ 3P1

~8!#q!u2

52
20~4pas!

3

27M3

M2ŝû~ t̂21 t̂ û1û2!

~ t̂2M2!4~ ŝ2M2!2
, ~A4f!

(
h50

–
uA~gq→QQ@ 3P2

~8!#q!u2

52
~4pas!

3

27M3

t̂

~ t̂2M !4

3F ŝ21û2112M2ŝû2
ŝ21M2ŝ1M4

~ ŝ2M2!4 G , ~A4g!

(
uhu51

–
uA~gq→QQ@ 3P2

~8!#q!u2

52
4~4pas!

3

9M3

M2ŝû

~ t̂2M2!4

3
~ ŝ2M2!2~ ŝ21M4!2~ ŝ1M2!2t̂ û

~ ŝ2M2!4
, ~A4h!
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(
uhu52

–
uA~gq→QQ@ 3P2

~8!#q!u2

52
2~4pas!

3

9M3

M4

t̂~ t̂2M !2)4

3F ŝ21û212ŝ2t̂ û
~ ŝ2M2!~2t̂1û!2û2

~ ŝ2M2!4 G . ~A4i!

gg→QQ@ 2s11LJ
(8)#g channel:3

(
–

uA~gg→QQ@ 1S0
~8!#g!u2

5
5~4pas!

3

16M
@ ŝ2~ ŝ2M2!21 ŝt̂ û~M222ŝ!1~ t̂ û!2#

3
~ ŝ22M2ŝ1M4!22 t̂ û~2t̂213tû12û2!

ŝt̂ û@~ ŝ2M2!~ t̂2M2!~ û2M2!#2
, ~A5a!
(
h50

–
uA~gg→QQ@ 3S1

~8!#g!u2

52
~4pas!

3

144M3

2M2ŝ

~ ŝ2M2!2
~ t̂21û2! t̂ û

3
27~ ŝt̂1 t̂ û1ûŝ!219M4

@~ ŝ2M2!~ t̂2M2!~ û2M2!#2
, ~A5b!

(
uhu51

–
uA~gg→QQ@ 3S1

~8!#g!u2

52
~4pas!

3

144M3

ŝ2

~ ŝ2M2!2 F ~ ŝ2M2!41 t̂41û4

12M4S t̂ ûŝ D 2G 27~ ŝt̂1 t̂ û1ûŝ!219M4

@~ ŝ2M2!~ t̂2M2!~ û2M2!#2
, ~A5c!
(
–

uA~gg→QQ@3P0
~8!#g!u25

5~4pas!
3

12M3 $ŝ2ẑ4~ ŝ22 ẑ2!41M2ŝẑ2~ ŝ22 ẑ2!2~3ŝ222ẑ2!~2ŝ426ŝ2ẑ213ẑ4! ~A5d!

1M4@9ŝ12284ŝ10ẑ21265ŝ8ẑ42382ŝ6ẑ61276ŝ4ẑ8288ŝ2ẑ1019ẑ12#

2M6ŝ@54ŝ102357ŝ8ẑ21844ŝ6ẑ42898ŝ4ẑ61439ŝ2ẑ8281ẑ10#

1M8@153ŝ102798ŝ8ẑ211415ŝ6ẑ421041ŝ4ẑ61301ŝ2ẑ8218ẑ10#

2M10ŝ@270ŝ821089ŝ6ẑ211365ŝ4ẑ42616ŝ2ẑ6187ẑ8#1M12@324ŝ82951ŝ6ẑ2

1769ŝ4ẑ42189ŝ2ẑ619ẑ8]29M14ŝ~6ŝ22 ẑ2!~5ŝ429ŝ2ẑ213ẑ4!

13M16ŝ2~51ŝ4259ŝ2ẑ2112ẑ4!

227M18ŝ3~2ŝ22 ẑ2!19M20ŝ4}/ @ ŝẑ2~ ŝ2M2!4~ ŝM21 ẑ2!4#.

(
h50

–
uA~gg→QQ@ 3P1

~8!#g!u25
5~4pas!

3

6M3 ŝẑ2@~ ŝ22 ẑ2!222M2ŝẑ22M4~ ŝ212ẑ2!1M8#

3@~ ŝ22 ẑ2!22M2ŝ~2ŝ22 ẑ2!1M4ŝ2#/@~ ŝ2M2!4~ ŝM21 ẑ2!4#, ~A5e!

3Thegg→QQ@ 3PJ
(8)#g squared amplitudes are expressed in terms of the variablesŝ and ẑ[At̂ û.
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(
uhu51

–
uA~gg→QQ@ 3P1

~8!#g!u25
5~4pas!

3

6M3 M2$2~ ŝ22 ẑ2!2~ ŝ624ŝ4ẑ21 ŝ2ẑ42 ẑ6!

2M2ŝ~2ŝ22 ẑ2!~5ŝ6217ŝ4ẑ219ŝ2ẑ42 ẑ6!1M4~21ŝ8249ŝ6ẑ2121ŝ4ẑ424ŝ2ẑ61 ẑ8!

2M6ŝ~24ŝ6230ŝ4ẑ216ŝ2ẑ42 ẑ6!1M8ŝ2~16ŝ429ŝ2ẑ212ẑ4!2M10ŝ3~6ŝ22 ẑ2!

1M12ŝ4%/@~ ŝ2M2!4~ ŝM21 ẑ2!4#, ~A5f!

(
h50

–
uA~gg→QQ@ 3P2

~8!#g!u25
~4pas!

3

6M3 ŝẑ2$ŝ2~ ŝ22 ẑ2!42M2ŝẑ2~ ŝ22 ẑ2!2~11ŝ212ẑ2!

1M4@ ŝ8212ŝ6ẑ2141ŝ4ẑ4220ŝ2ẑ61 ẑ8#2M6ŝ@4ŝ6226ŝ4ẑ22 ŝ2ẑ425ẑ6#

1M8@29ŝ62114ŝ4ẑ21108ŝ2ẑ4210ẑ6#2M10ŝ@65ŝ42104ŝ2ẑ2233ẑ4#

1M12@54ŝ4220ŝ2ẑ217ẑ4#2M14ŝ~23ŝ215ẑ2!17M16ŝ2%/@~ ŝ2M2!6~ ŝM21 ẑ2!4#,
~A5g!

(
uhu51

–
uA~gg→QQ@ 3P2

~8!#g!u25
~4pas!

3

2M3 M2$2ŝ2~ ŝ22 ẑ2!2~ ŝ624ŝ4ẑ21 ŝ2ẑ42 ẑ6!

2M2ŝ@10ŝ10237ŝ8ẑ2119ŝ6ẑ4111ŝ4ẑ62 ŝ2ẑ824ẑ10#

1M4@25ŝ10261ŝ8ẑ2127ŝ6ẑ4234ŝ4ẑ6123ŝ2ẑ822ẑ10#

2M6ŝ@42ŝ8277ŝ6ẑ2141ŝ4ẑ4222ŝ2ẑ6117ẑ8#

1M8@53ŝ8288ŝ6ẑ2169ŝ4ẑ4268ŝ2ẑ613ẑ8#

2M10ŝ@54ŝ6285ŝ4ẑ2160ŝ2ẑ429ẑ6#1M12ŝ2@43ŝ4247ŝ2ẑ2120ẑ4#

2M14ŝ3~22ŝ229ẑ2!15M16ŝ4}/ @~ ŝ2M2!6~ ŝM21 ẑ2!4#, ~A5h!

(
uhu52

–
uA~gg→QQ@ 3P2

~8!#g!u25
~4pas!

3

2M3 M4$2ŝ2@ ŝ1228ŝ10ẑ2122ŝ8ẑ4224ŝ6ẑ6110ŝ4ẑ823ŝ2ẑ101 ẑ12# ~A5i!

2Mŝ2@16ŝ122102ŝ10ẑ21210ŝ8ẑ42153ŝ6ẑ6136ŝ4ẑ826ŝ2ẑ1014ẑ12#

1M4@60ŝ122306ŝ10ẑ21482ŝ8ẑ42271ŝ6ẑ6177ŝ4ẑ8218ŝ2ẑ1012ẑ12#

2M6ŝ@140ŝ102573ŝ8ẑ21710ŝ6ẑ42344ŝ4ẑ6191ŝ2ẑ8218ẑ10#

1M8@226ŝ102741ŝ8ẑ21737ŝ6ẑ42310ŝ4ẑ6177ŝ2ẑ824ẑ10#

2M10ŝ@264ŝ82686ŝ6ẑ21541ŝ4ẑ42177ŝ2ẑ6125ẑ8#

1M12@226ŝ82452ŝ6ẑ21261ŝ4ẑ4255ŝ2ẑ612ẑ8#

2M14ŝ@140ŝ62201ŝ4ẑ2171ŝ2ẑ426ẑ6#1M16ŝ2@60ŝ4253ŝ2ẑ218ẑ4#

22M18ŝ3@8s223ẑ2#12M20ŝ4%/@ ŝẑ2~ ŝ2M2!6~ ŝM21 ẑ2!4#.
@1# G. T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D51,
1125 ~1995!.

@2# G. P. Lepage, L. Magnea, C. Nakhleh, U. Magnea, and
Hornbostel, Phys. Rev. D46, 4052~1992!.

@3# C. H. Chang, Nucl. Phys.B172, 425 ~1980!.
K.

@4# E. L. Berger and D. Jones, Phys. Rev. D23, 1521~1981!.
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