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Study of the pion distribution amplitude in polarized muon pair production
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We consider the production of muon pairs from the scattering of pions on longitudinally polarized pro
We calculate the cross section and the single spin asymmetry for this process, taking into account pion
state effects. We work in the kinematic region where the photon has a large longitudinal momentum fra
which allows us to treat the bound state problem perturbatively. Our predictions are directly proportional
pion distribution amplitude. A measurement of the polarized Drell-Yan cross section, thus, allows the
mination of the shape of the pion distribution amplitude.@S0556-2821~96!05209-5#
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I. INTRODUCTION

Spin effects are known to provide sensitive tests for t
underlying particle theories in many cases. One may rec
the spin asymmetries in pion-nucleon scattering which ca
not be described in the simplest pole approximation of t
Regge theory and require to take into account cuts. In
case of QCD the so-called European Muon Collaborati
~EMC! spin crisis was a signal of a breakdown of the naiv
parton model and of the importance of the incorporation
such a subtle field theory effect as the axial anomaly@1#.

A less popular, but also extremely interesting example
the problem of single transverse spin asymmetries in re
tions mediated by strong interactions. As these effects
quire a mass parameter and an imaginary part in the sca
ing amplitude, they are proportional tomqas in the ‘‘naive’’
perturbative approach. However, a careful application
QCD factorization at the twist-3 level removes both of the
small parameters@2#. The collective gluon field of the hadron
is shifting the current quark massmq to a mass parameter o
the order of the hadron mass and, simultaneously, provi
the imaginary part. Technically, the latter appears when
pole of the quark~or gluon@3#! propagator is integrated ove
the light-cone momentum fraction.

A similar imaginary part is present in the QCD highe
twist contributions to dilepton production in pion-nucleo
scattering, due to the integration over the light-cone mome
tum fraction of the quark in the pion. This effect leads, in th
case of unpolarized nucleon targets, to a significant contri
tion to the dilepton angular distribution@4#, which is sensi-
tive to differentAnsätze for the pion distribution function.

It is interesting to look for single spin asymmetries fo
which the imaginary part does not constitute a~large! cor-
rection, but the whole contribution. The natural candidate
the spin asymmetry in the production of dileptons from th
scattering of pions on alongitudinally polarizednucleon.
This spin asymmetry has been thoroughly studied in pert
bative QCD @5,6#. The analogous mesonic processes ha
been discussed in@7#. In the present work we study this
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single spin asymmetry, taking into account pion bound sta
effects. We consider the kinematical range of not too sm
transverse photon momentum and large longitudinal mome
tum fraction. This kinematical situation allows us to appl
the usual counting rule for the large momentum transfer b
havior of the pion wave function. It is then reasonable
assume that the lowest pion Fock state component is do
nant for the inclusive process considered here. This assum
tion is the basis of the calculation presented in the followin
section.

II. CALCULATION OF THE HADRONIC TENSOR

We will consider the inclusive production of muon pair
from the scattering of a pion on a polarized proton~the Drell-
Yan process!:

p2~Pp!1p~Pp ,sl !→g* ~Q,e!1X

→m1~q1!1m2~q2!1X, ~2.1!

wheresl denotes the degree of longitudinal polarization o
the proton, and all momenta refer to the overall c.m. syste
It is convenient to write the differential cross section fo
~2.1! in terms of a hadronic and a leptonic tensor:

ds5
1

2s S 1

Q2D 2 d3q1

~2p!32q1
0

d3q2

~2p!32q2
0 W

mn~sl !Lmn ,

~2.2!

wheres is the hadronic c.m. energy. The leptonic tensor h
the well-known form

Lmn54e2~q1
m q2

n 1q2
m q1

n 2gmnQ2/2!. ~2.3!

Note thatLmn is symmetric, since we only consider the ex
change of a virtual photon~not aZ boson! and since we sum
over the polarizations ofm6.

The hadronic tensorWmn may be written as
6180 © 1996 The American Physical Society
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Wmn~sl !5(
X

~2p!4d4~Q1PX2Pp2Pp!^g~Q,em!,X~PX!uT up2~Pp!,p~Pp ,sl !&

3^g~Q,en!,X~PX!uT up2~Pp!,p~Pp ,sl !&* . ~2.4!

Only the symmetric part ofWmn is relevant after contraction withLmn of Eq. ~2.3!. ThereforeWmn in the following is
implicitly assumed to be symmetrized.

The angular distribution ofm1 in ~2.1! may be parametrized as

ds

dQ2dQT
2dxLd cosudf

}11l cos2u1m sin2u cosf1
n

2
sin2u cos2f1m̄ sin2u sinf1

n̄

2
sin2u sin2f. ~2.5!
el

ds

-
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Here,u andf are angles defined in the muon pair rest fram
and l,m,n,m̄, and n̄ are angle independent coefficients
They depend onQ2 @the virtuality of the photon,QT

2 ~the
squared transverse momentum of the photon in the hadro
c.m. system~c.m.s.!#, and xL52QL /As ~the longitudinal
momentum fraction of the photon!. We takexL.0 for a
photon moving forward with respect to the pion in the ha
ronic c.m. system. The normalization of the cross section c
be determined from

Q2ds

dQ2dQT
2dxL

5
e2

96~2p!4
~31l!N

AsAQ21QT
21xL

2s/4
. ~2.6!

The normalizationN and the angular coefficients are re
lated to the helicity amplitudes of the hadronic tensor:

N5WT1WL5em~11!Wmnen* ~11!1em~0!Wmnen~0!,

l5N21~WT2WL!5N21$em~11!Wmnen* ~11!

2em~0!Wmnen~0!%,

m5N21WLT5~A2N!21$em~0!Wmnen~11!

1em~0!Wmnen* ~11!%,

n5N21WTT5N21$em~11!Wmnen* ~21!

1em* ~11!Wmnen~21!%,

m̄5N21W̄LT5 i ~A2N!21$em~0!Wmnen~11!

2em~0!Wmnen* ~11!%,

n̄5N21W̄TT5 iN21$em~11!Wmnen* ~21!

2em* ~11!Wmnen~21!%, ~2.7!

where the polarization vectorsem(61)5(0,7ex1 iey) and
em(0)5(0,ez) are determined by specifying the coordina
axesei( i5x,y,z) in the muon rest frame.

The coefficientsm̄ andn̄ are nonzero only in the polarized
Drell-Yan process and are induced by absorptive parts in
scattering amplitudeT . In the parton model, the leading
contributions tom̄ andn̄ come from the interference of Born
diagrams with the absorptive parts of one-loop diagrams@6#.
The relation of the single spin asymmetry
e,
.

nic
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-

te
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A[
ds~sl 511!2ds~sl 521!

ds~sl 511!1ds~sl 521!
~2.8!

to the angular coefficients is simply given by

A5
m̄~sl 511! sin2u sinf1 1

2 n̄~sl 511! sin2u sin2f

11l cos2u1m sin2u cosf1 1
2 n sin2u cos2f

.

~2.9!
For the unpolarized Drell-Yan process the parton mod

predictions@8# fail to describe the data onl,m, andn @9#. In
contrast, taking into account pion bound state effects yiel
reasonable fits to the data@4#. An interesting feature of this
bound state model is a nonvanishing absorptive part inlead-
ing order which is proportional to the pion distribution am
plitude w. This property directly leads to nonvanishingm̄
andn̄ which are strongly sensitive tow. In the following we
will shortly describe the salient features of the bound sta
model for the pion. Further details may be found, e.g.,
@10,4#.

The bound state problem may be treated perturbatively
the momentum fraction of the quark from the pion is larg
which is the case for largexL . The dominant contribution to
the Drell-Yan process comes from the annihilation of a qua
with an antiquark@11#. In the region of largexL , the dia-
grams of Fig. 1~a!, 1~b! then give the leading contributions.
We will explain the formalism for the annihilation of au
quark from the proton with theū quark from the pion; the
other possible annihilation process of ad̄ quark from the
proton with thed quark from the pion is treated in complete
analogy and its contribution will later be added incoherentl

In diagram 1~a! we see that theū quark propagator is far
off shell, pū

252QT
2/(12xū), if the light-cone momentum

fraction of the quark from the pionxū'xL is close to 1@10#.
Thus, the pion can be resolved by a single hard gluon e
change@12#. The second diagram, Fig. 1~b!, is required by
gauge invariance.

The hadronic tensorWmn is obtained by a convolution of
the partonic tensorwmn with the corresponding parton distri-
bution functions for the polarized proton.1 The partonic ten-
sorwmn is computed from the productMmM* n. Mm is the
amplitude for the reaction

1Here we take into account the correct partonic flux factor whic
amounts to multiplying withs/ ŝ, ŝ5(Pp1pu)

2.
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FIG. 1. Leading contributions
to the amplitude for the Drell-Yan
process at largexL .
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u↑1p2→g* ~Q,em!1X, ~2.10!

where the arrow indicates the polarization of the parton. T
amplitudeMm is obtained by convoluting the partonic am
plitudeTm(u↑1ūd→g*1d) with the pion distribution am-
plitudew(z,Q̃2) @12#:

Mm5
fp

4Nc
E
0

1

dzw~z,Q̃2!Tm, E
0

1

dzw~z,Q̃2!51, ~2.11!

whereQ̃2;QT
2/(12xū) is the cutoff for the integration over

soft momenta in the definition ofw, f p'133 MeV is the
pion decay constant, andNc53 is the number of colors. A
detailed discussion of the scale setting problem for exclus
processes is given in@13#. Using the commensurate scal
relations in the calculation of~2.11! would allow one to
eliminate ambiguities caused by the factorization and ren
his
-

ive
e

or-

malization. However, this does not change the qualitativ
features of our predictions and thus it will not be discussed i
this paper.

The imaginary part in this model arises because the inte
nal quark line of Fig. 1~b! can go on shell. After integrating
the hard scattering amplitudeTm according to Eq.~2.11!, we
are left with a regular amplitudeMm which has an imaginary
part proportional to the pion distribution amplitude at the
point where the quark propagator gets singular.

We are now ready to present our analytic results. W
relegate the full result for the hadronic tensor to the Appen
dix, and confine ourselves here to a discussion of the angul
coefficientsm̄ and n̄. To present our results for the angular
distribution we choose the Gottfried-Jackson frame wher
theez axis is taken to be the pion direction in the muon res
frame and theex axis lies in thep2P plane such that the
proton momentum has a negativex component. From Eqs.
~2.7!, ~A1!, and~A2! we get the angular coefficients
m̄5
22sl r x̃ Fpw~ x̃!

~12 x̃ !2$@F1ReI ~ x̃ !#21p2w~ x̃ !2%1r2x̃ 2F2~41r2!

4
9 Dqu

v~xp!1 4
9 Dqu

s~xp!1 1
9 Dqd

s~xp!
4
9 qu

v~xp!1 4
9 qu

s~xp!1 1
9 qd

s~xp!
,

n̄52rm̄. ~2.12!
d
-

s

t

Here,r5QT /Q and x̃ is a function ofxL ,Q
2/s, andr:

x̃[
xū

11r2
5
1

2

xL1AxL214Q2s21~11r2!

11r2
. ~2.13!

Furthermore,

F5E
0

1

dz
w~z,Q̃2!

z
,

I ~ x̃ !5E
0

1

dz
w~z,Q̃2!

z~z1 x̃211 i e!
~2.14!

denote integrals over the pion distribution amplitude. Final
qi
j (xp) and Dqi

j (xp) are the unpolarized and polarized va
lence and sea quark distribution functions evaluated at
point xp'Q2/(sx̃ ). The results forl, m, andn within the
pion bound state model are given elsewhere@4#.
ly,
-
the

III. NUMERICAL RESULTS

The numerical results for the angular coefficient functions
m̄ and n̄, Eq. ~2.12!, depend onx̃, r, the pion distribution
amplitude, and on the ratio of the polarized and unpolarize
quark distribution functions of the proton. Whereas the un
polarized quark distributions are known quite well, the po-
larized ones still contain large uncertainties. For our result
we choose the parametrizations given in@14# at
Q254 GeV2.

In Fig. 2 we present our results for several distribution
amplitudesw that are quite different in shape. Figure 2~a!
shows our choices forw: The solid line represents the two-
humped function@15# which gave a good fit to the data on
l,m, andn @4#. The effective evolution parameter is set to
Q̃2;4 GeV2. Since the predictions are also very sensitive
to the behavior of the distribution amplitude in the end poin
region, we choose two different parametrizations@16# for the
convex distribution amplitudew(z)5za(12z)a/B(a11,
a11). The dashed line in Fig. 2~a! represents the asymptoti-
cal amplitude, i.e.,a51, and the dotted line shows a narrow
distribution amplitude witha510.

In Fig. 2~b! the moment*sin2usinfds(sl 511)}Nm̄ is
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FIG. 2. In ~a! we show different pion distribution amplitudesw(z). Solid line, two-humped function with an effective evolution
parameter ofQ̃2;4 GeV2; dashed line,w(z)5za(12z)a/B(a11,a11) with a51; dotted line, same witha510. In ~b! the moment
*sin2usinfds(sl 51) is plotted versusxL for the valuess5202 GeV2, Q53 GeV, andQT50.9 GeV. In~c! and~d! the angular coefficient
m̄(sl 51) is plotted versusxL for the two different valuesQT /Q50.3 andQT /Q50.06, respectively, and for the same values fors and
Q as in ~b!. In ~b!–~d! we use the same choices forw(z) as in ~a!.
n
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plotted in arbitrary units versusxL for the values
s5202 GeV2, Q53 GeV, andQT50.9 GeV. It can be seen
that different shapes of the distribution amplitude could
distinguished by a measurement of this quantity, which
proportional to the pion distribution amplitude evaluated
x̃'xL @cf. the numerator of~2.12!#. It is also demonstrated
that narrow distribution amplitudes give a moment whi
vanishes in the largexL region.

In Figs. 2~c! and 2~d! the angular coefficient
m̄(sl 511) is plotted versusxL for two different choices of
QT and the same values fors andQ as in Fig. 2~b!. In Fig.
2~c!, QT was set again to 0.9 GeV, which gives the moder
valuer50.3. It is demonstrated that the two-humped for
for w induces a minimum atxL;0.6 which, however, van-
ishes for the smaller valuer50.06 used in Fig. 2~d!. For
very narrow distribution amplitudesm̄ is strongly sup-
pressed. Sincen̄52rm̄ @cf. Eq. ~2.12!# in the bound state
model, we do not show separate plots for this quantity.

Note that the effects of a variation of the pion distributio
amplitude in the spin-dependent and spin-averaged cross
tions, i.e., in the numerator and denominator of~2.12!, par-
tially compensate each other. As a consequence, the re
for the two-humped distribution amplitude appears in b
tween the results for the two convex distributions. The sp
dependent part of the cross section is a more sensitive ‘‘p
tonometer’’ than the dimensionless coefficientsm̄,n̄.
Although the former quantity suffers from larger uncertai
ties due to higher order corrections, one may expect on
be
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n
sec-
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small uncertainty for the determination of the shape of pio
distribution amplitude, if thexL dependence of the correc-
tions is weak.

Although the naive parton model is at variance with th
unpolarized angular distribution@9#, we would like to present
for completeness and comparison also the predictions of th
model form̄ andn̄. We took the analytic results from@6# and
again used the parton distribution functions of@14#. In the
range 0.5,xL,1 the parton model yields coefficients
m̄(sl 511) and n̄(sl 511) which are positive and to a
very good approximation independent ofxL . For the same
values used in Figs. 2~b! and 2~c!, i.e.,
s5202 GeV2, Q53 GeV, andr50.3, we get a value of
m̄(sl 511);0.12as;0.036. This means that bound state
effects are roughly of the same magnitude but opposite
sign compared to the parton model at moderate values
r. For the smaller value r50.06 we find
m̄(sl 511);0.034as;0.01, again independent ofxL and
positive. At such a small value ofr the bound state model
predicts thatm̄ andn̄ are concentrated at largexL for not too
narrow distribution amplitudes. In the kinematical range con
sidered, the relation betweenn̄ and m̄ calculated within the
parton model takes a similar form as in the bound sta
model, namely,n̄;3rm̄.

In conclusion we have shown that experiments on dimuo
production from the scattering of pions on polarized targe
allow one to distinguish between different underlying pro
duction mechanisms. Furthermore, such experiments a
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test the consistency of the pion bound state model pred
tions for the unpolarized and polarized Drell-Yan proce
and thus also the assumptions of the perturbative lead
order and lowest Fock state dominance. The~polarized!
Drell-Yan process provides information about the shape a
the endpoint behavior of the pion distribution amplitud
which is not provided by other exclusive or inclusive pro
cesses. A typical example is the measured pion transit
form factor at CELLO and CLEO: The perturbative analys
of this process@17# ~and of other exclusive processes! allows
one to extract the value of an integral over the distributio
amplitude. This provides a very important constraint on t
pion distribution amplitude; as demonstrated in the pres
work, it could be supplemented by an analysis of the angu
distribution in the Drell-Yan process.
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APPENDIX: RESULT FOR THE HADRONIC TENSOR

Using the kinematic decomposition of the~symmetric part
of the! hadronic tensor,

Wmn52g̃mnW11
P̃p

mP̃p
n

Q2 W21
P̃p

mP̃p
n

Q2 W3

1
~ P̃p

mP̃p
n1 P̃p

mP̃p
n !

Q2 W4

1
~eabg

m P̃p
n 1eabg

n P̃p
m!Pp

aPp
bQg

Q4 sl W5

1
~eabg

m P̃p
n1eabg

n P̃p
m!Pp

aPp
bQg

Q4 sl W6 , ~A1!
ic-
ss
ing

nd
e
-
ion
is

n
he
ent
lar

.
B.

ra-

al
d
up-
tal
S.

where g̃mn5gmn2QmQn/Q2 and P̃i
m5g̃n

mPi
n , we obtain

from the bound state model the following predictions for the
structure functions:

W15
n

4
„$@12 x̃~11r2!#F1~12 x̃!ReI ~ x̃!%2

1p2w~ x̃!2…f ~xp!

W252nx̃ 2f ~xp!„@F1~12 x̃ !ReI ~ x̃ !#

3$@12 x̃ ~11r2!2#F

1~12 x̃ !ReI ~ x̃!%1p2w~ x̃!2…

W35
nxp

2x̃

12 x̃
@12 x̃~11r2!#2F@F1ReI ~ x̃ !# f ~xp!

W452
nxpx̃

2

12 x̃
r2@12 x̃ ~11r2!#F@F1~12 x̃ !

3ReI ~ x̃!# f ~xp!

W552
nxpx̃

3

12 x̃
~11r2!@12 x̃~11r2!#pw~ x̃ !FD f ~xp!

W65
nxp

2x̃ 2

~12 x̃ !2
@12 x̃~11r2!#2pw~ x̃ !FD f ~xp!. ~A2!

Here,

n5
32p3e2as

2CF
2 f p

2

Nc
2QT

4 with CF5
Nc
221

2Nc
~A3!

is a normalization factor, and

f ~xp!5 4
9 qu

v~xp!1 4
9 qu

s~xp!1 1
9 qd

s~xp!,

D f ~xp!5 4
9 Dqu

v~xp!1 4
9 Dqu

s~xp!1 1
9 Dqd

s~xp! ~A4!

are given by the unpolarized and polarized valence and se
quark distribution functions. The variablex̃ andxp as well as
the integralsF and ReI containing the pion distribution am-
plitude are defined below Eq.~2.12!.
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