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Upper limit of the muon-neutrino mass and charged-pion mass from momentum analysis
of a surface muon beam
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We have determined the momentumpm1 of muons from the decayp1→m1nm at rest, by analyzing a
surface muon beam in a magnetic spectrometer equipped with a silicon microstrip detector. The result
pm15(29.792 0060.000 11) MeV/c leads to a squared muon-neutrino mass ofmnm

2 5(20.01660.023)
MeV2, which corresponds to a ‘‘laboratory’’ upper limit of 0.17 MeV~C.L.50.9! for the muon-neutrino mass.
The cosmological upper limit of the neutrino mass~65 eV!, the muon mass, and the new value ofpm1 yield the
pion massmp15(139.570 2260.000 14) MeV. Alternatively, if one does not use the cosmological upper limit
of mnm

, then a combined fit including the newpm1 value, and themm1 andmp2 values from other experiments
and theCPT theorem (mp15mp2) leads tomp65(139.570 3760.000 21) MeV. As a side result, the mean
kinetic energy of the pions stopped in the production target, made of isotropic graphite, immediately before
their decay is found to beTp15(0.42560.016) eV. This is consistent with the hypothesis that the pions are
trapped in the potential well of a spherical harmonic oscillator,V(r )5V01

1
2ksr

2, with
ks5(1.14460.088)31017 eV/cm2.

PACS number~s!: 14.60.Pq, 14.40.Aq, 14.60.Ef
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I. INTRODUCTION

The question whether neutrinos have nonzero rest mas
represents one of the most important problems of parti
physics, and also of cosmology. In the present experime
the main quantity to be determined is the massmnm

of the
muon neutrino. This mass is derived from three quantitie
namely, the momentumpm1 of the muon originating from
the decay

p1→m1nm ~1!

at rest (pm1'29.79 MeV/c ; measured in this experiment!,
and the masses of the negative pionmp2 and the muon
mm1 ~measured in other experiments!. The CPT theorem,
implying that mp15mp2 , and four-momentum conserva
tion in the decay~1! lead to the following equation for the
squared muon-neutrino mass:

mnm

25mp2
21mm1

222mp2~mm1
21pm1

2!1/2. ~2!
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The experimental uncertainty of the resulting squared ne
trino mass is

D~mnm

2!5@~h1Dmp2!21~h2Dmm1!21~h3Dpm1!2#1/2,
~3!

whereh1 , h2 , h3 in Eq. ~3! are partial derivatives of Eq.
~2!:

h1[]~mnm

2!/]mp252~mp22Em1!559.6 MeV,

h2[]~mnm

2!/]mm152mm1@12~mp2 /Em1!#

5257.3 MeV,

h3[]~mnm

2!/]pm1522mp2pm1 /Em1

5275.8 MeV. ~4!

Here, Em15(mm1
21pm1

2)1/25109.78 MeV is the total
muon energy.

In the earlier measurements ofpm1 at the Paul Scherrer
Institute @1, 2#, the muon momentum was determined t
618 ppm by use of ap1 beam. In those experiments
stopped pion decays were made to occur in a small scintil
tor, placed in the homogeneous magnetic field of the mu
spectrometer. In the present experiment, which was brie
described in Ref.@3#, we used the same spectrometer magn
for the momentum analysis of a surface muon beam, i.e.
beam of muons from the decay~1! of p1 mesons which are
produced~by protons! in a pion production target and which
come to rest near or at the surface of the same target, so
the decay muons can exit from it. The main advantage
using a surface muon beam is that the pion stopping dens
~number of stoppedp1 per g and sec! is 4 orders of magni-

ity,
6065 © 1996 The American Physical Society



he
n
xit
v-

-

the
the
to
m

ic
tor
-
es
net

a
er

us,

in
of
m
e
-

he

of

ite
am
-
s a
60
e
the
bly

e
m.

in

by

ed
r-
n-

6066 53K. ASSAMAGAN et al.
tude higher than in the older method@1,2#. Thus the momen-
tum resolution of the muon spectrometer can be improv
significantly by reducing the openings of the collimator
without causing the event rate to be too low. This resulted
a reduction of thepm1 uncertainty to64 ppm.

In the following, the particlenm is assumed to be in a
mass eigenstate. If this should turn out to be wrong, t
results would be approximately valid for that neutrino ma
eigenstate which occurs most frequently in decay~1!.

II. APPARATUS AND EXPERIMENTAL METHOD

A. General description

The measurements ofpm1 were performed at the accel
erator laboratory of the Paul Scherrer Institute. We used
secondary beam linepE1, shown schematically in Fig. 1.
Protons with a kinetic energy of 590 MeV producep1 me-
sons in the production targetE, a rotating-wheel device
made of isotropic graphite. A small fraction of the produce
pions are stopped in that same graphite target and de
nearly at rest. The range in graphite@density 1.75 g/~cm! 3# of
the muons from the decay~1! at rest ~momentum 29.79

FIG. 1. Experimental setup.~1! Central trajectory of 590 MeV
proton beam;~2! graphite target;~3! central trajectory of muon
beam;~4! half-quadrupole magnets;~5! dipole magnets;~6! quad-
rupole magnets;~7! collimator defining the beam momentum accep
tance; ~8! concrete shielding of proton channel;~9! crossed-field
particle separator;~10! lead collimator;~11! remotely movable col-
limator system~normally open!; ~12! magnetic spectrometer;~13!
pole of spectrometer;~14! muon detectors~silicon microstrip and
single surface-barrier detectors!; A,B,C: copper collimators.
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MeV/c; kinetic energy 4.12 MeV! is 0.9 mm. Thus, if the
decay occurs close to the surface of the target, and if t
flight direction of the decay muons is such that the muo
path length in graphite is less than 0.9 mm, the muons e
from the target. The momentum spectrum of the muons lea
ing the target extends from zero to the ‘‘free’’pm1 value of
29.79 MeV/c. A part of these ‘‘surface muons’’ are trans
ported in vacuum by the beam linepE1, composed of dipole
and quadrupole magnets and a velocity separator, to
magnetic muon spectrometer. The magnets and
momentum-defining collimator of the channel were set
select positively charged particles in a 1% wide momentu
band, ranging from 29.6 to 29.9 MeV/c. The separator, con-
taining a horizontal electric field and a vertical magnet
field, was set such that the muons passed the lead collima
~item 10 of Fig. 1!, whereas most of the positron contamina
tion missed the collimator opening. The muon beam pass
through a hole in the yoke of the muon spectrometer mag
and is focused onto the very narrow entry collimatorA
~width of opening 0.12 mm!. Muons which pass the collima-
torsA, B, andC are identified by a telescope composed of
silicon microstrip detector and a single silicon surface-barri
detector.

The magnetic field of the spectrometer is homogeneo
so that ‘‘horizontal’’ focusing occurs. The muon momentum
spectrum mentioned above leads to a spatial distribution
the microstrip detector with a sharp cutoff near the center
the detector, corresponding to the maximal muon momentu
pm1. This momentum is derived from the position and shap
of the cutoff in the event distribution of the microstrip detec
tor.

B. The production target

The stopped pion decays to be studied occurred in t
graphite target~item 2 of Fig. 1!. The target is a wheel which
rotates with one revolution per sec, so that the temperature
the graphite~type EK90 from Ringsdorff-Werke, Bonn, Ger-
many; density5 1.75 g/cm3) is not increased too much by
the proton beam. During the data taking runs, the graph
temperature was 990–1270 K, depending on the proton be
current ~200–550mA!. The target has the shape of a trun
cated cone. The lower of the two insets in Fig. 1 represent
horizontal cut at beam height through the target, which is
mm long in the proton beam direction, and 6 mm wide. Th
target was grounded; the electrical resistance between
graphite surface and the steel support of the target assem
was measured to be 1V.

The horizontal and vertical proton beam profiles at th
production target both had a standard deviation of 0.9 m
The spatial distribution ofp1 stops in the graphite target
was calculated by a Monte Carlo program, as described
Refs.@4, 5#; see also Sec. IV A below.

C. The muon beam line

Typical muon beam envelopes, which were calculated
the computer programTRANSPORT@6#, are shown in Fig. 2.
For this calculation, a narrow source of muons was assum
in order to clearly exhibit the focusing conditions. The coo
dinates is measured along the central trajectory of the cha
nel. The production target is ats50. At s'14 m the beam

-
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53 6067UPPER LIMIT OF THE MUON-NEUTRINO MASS AND . . .
leaves the concrete shielding and enters thepE1 area; cf.
Fig. 1. The entry collimator of the muon spectrometer is
s522.2 m, and the muon detectors are at s523.3 m. The
dashed trajectory in Fig. 2 is the dispersion trajectory, i.e.
trajectory which starts at the same place and with the sa
direction as the central trajectory, but has a momentum
1.01p0 ~where p0 is the momentum of the central trajec
tory!. Betweens54 m ands518 m , the dispersion trajec-
tory has a negativex coordinate.

The main features of the tune shown in Fig. 2 are~a! a
double waist at the momentum-defining collimator, locat
at the center of the dipole magnet ASY (s58.2 m!; ~b! at the
separator (s515.4 m! there is a narrow waist in the
magnetic-field direction of the separator (y), while in the
electric-field direction (x) the beam has a small divergence
~c! the quadrupole doublet~QSB1,QSB2! is polarized so that
the unwanted particles (e1) move away from the central
trajectory after QSB2, and thus are suppressed efficiently
the lead collimator ats518.4 m; ~d! a narrow horizontal
waist at the entry collimator of the muon spectromet
~s522.2 m!; and ~e! at this entry collimator, the dispersion
trajectory coincides with the central trajectory both in pos
tion and in direction.

D. The muon spectrometer

The spectrometer is shown in Fig. 1 and also, in grea
detail, in Fig. 3. The magnet was originally a standard bea
line element of ASL-type, with a pole area of 603 100 cm2

and a pole gap of 9 cm. The shimming of this magnet and
computer-controlled turn-on procedure are the same as in
previouspm1 measurements@2,8#. During data taking, the
magnetic field was set to values around 0.276 T. In the f
lowing, we describe the changes made for the surface-m
beam experiment.

As shown in Fig. 3, the muon beam entered the spectro
eter through a hole cut through the iron yoke of the magn
The angle between the axis of the hole and the normal to
outer surface of the yoke (27 °) was chosen such that mu
entering the hole on the axis have the appropriate flight
rection at the entry collimatorA ~item 4 of Fig. 3!. The
collimatorsA, B, C are made of copper and have rectangul

FIG. 2. Muon beam calculated by the computer progra
TRANSPORT @6#. The solid curves represent the horizontal (x) and
vertical (y) envelopes. The dashed curve is the dispersion traject
(p51.01p0).
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openings. The widths of the collimator openings were 0.1
mm ~collimatorA), 10.0 mm~B!, and 14.0 mm~C!. All three
collimator openings had a height of 10.0 mm. The collimato
thickness at the edge of the opening was 0.3 mm forA and
B, and 1.0 mm forC.

The region of collimator C is shown on a larger scale i
Fig. 4~a!. The 4.1 MeV muons lose about 0.9 MeV in pass
ing through the 0.28 mm thick silicon microstrip detector@7#
~cf. Sec. II E below! and are then stopped in the 1 mm thick
depletion layer of the single silicon surface-barrier detecto
The corresponding large signals from this latter detector~3.2
MeV! were used as an event trigger for the data taking ele
tronics.

The collimatorsA, B, C and the silicon detectors were
mounted on a support~item 7 of Fig. 3! made of titanium,
selected from among the materials fulfilling the magneti
and mechanical requirements because of its small therm
expansion coefficient. The most important distances to b
measured were those between the edges of collimatorA and
the individual microstrips~about 72 cm!. They were deter-
mined to 61 ppm in a temperature-controlled measurin
room equipped with a precision carriage, a microscope and
laser interferometer. The temperature of the titanium suppo
was kept between 293.1 K and 293.5 K both during the bea
runs and the distance measurements, and was continuou
recorded by four probes distributed over the support.

Before and after the beam runs, the magnetic field in th
region of the muon trajectories was mapped with nuclea
magnetic-resonance~NMR! probes. During these measure-
ments and also during the data taking, the field was stabiliz
by feedback from a fixed NMR probe~item 9 of Fig. 3!. The
slight drifts of the field distribution were monitored continu-
ously by a second fixed NMR probe~item 10 of Fig. 3!.

E. The silicon microstrip detector

The silicon microstrip detector is schematically shown i
Fig. 4~b!. A 280 mm thick silicon crystal is used as base

m

ory

FIG. 3. The muon spectrometer:~1! magnet yoke;~2! magnet
coils; ~3! central muon trajectory;~4!–~6! copper collimators
A,B,C; ~7! titanium support;~8a! and~8b! cooling water pipes;~9!
and ~10! NMR probes;~11! lead shielding;~12! vacuum chamber;
~13! port for vacuum pump.
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6068 53K. ASSAMAGAN et al.
material. On the upstream face, 384 vertical strips of
mm width and 19.2 mm length are implanted (p1-doped
silicon with boron!. The pitch of those strips, and therefor
the effective strip width, is 50mm. The implanted strips are
capacitively coupled to 25mm wide aluminium strips, which
yielded the muon momentum spectra to be presented in S
III below. The downstream face is divided into 384 horizon
tal strips (n1-type silicon with phosphorus!, which were
used to determine the vertical muon distribution. The volta
applied between the downstream and upstream strips
around 60 V. At this voltage, then-doped silicon substrate is
fully depleted. The microstrip detector and its electronics a
described in detail in Ref.@7#.

III. EXPERIMENTAL MUON SPECTRA

A. Microstrip detector signals

The trigger signals generated by beam muons in the s
face barrier detector~item 3 of Fig. 4! started the readout of
the 384 channels of the microstrip detector. The resulti
charge distributions for two events are shown in Fig. 5.
the event of Fig. 5~a!, the muon generated a single narro
peak. In a few percent of the events, the positron from t
stopped muon decay in the nearby surface-barrier dete
was also registered by the microstrip detector; see Fig. 5~b!.
For further analysis, the number of the strip with the highe
charge was used@e.g., strip 226 for Fig. 5~a!, strip 298 for
Fig. 5~b!#. We rejected a few percent of the events, in whic

FIG. 4. ~a! Details near collimatorC ~item 6 of Fig. 3!: ~1!
copper collimator;~2! silicon microstrip detector;~3! single silicon
surface-barrier detector.~b! Schematic of microstrip detector:~4!
silicon crystal (n-type!; ~5! implanted boron (p1 type!; ~6! im-
planted phosphorus (n1 type!; ~7! silicon oxide~insulator!; ~8! alu-
minium electrodes;~9! conductors for upstream-side readout;~10!
conductor for downstream-side readout;~11! poly-silicon bias resis-
tor. The voltageV amounted to about 60 V.
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the peak charge was below one-half of its normal value@9#.
In these events, the trigger pulse in the surface barri
counter was generated not by a muon, but by a positron fro
the decay of a stoppedm1 or by ab particle from the decay
of a radioactive residual gas atom.

B. Momentum spectra ofµ1

Three typical spectra, each obtained in about 1 h of data
taking time, are shown in Fig. 6. One microstrip width~0.05
mm! corresponds to a relative momentum bite o
Dp/p56.931025.

In the case of Fig. 6~a!, the beam magnets and the spec
trometer were set to a central momentum of 29.45 MeV/c,
around which the momentum distribution of muons leavin
the production target is approximately uniform. For Figs
6~b! and 6~c!, the central momentum was set to 29.75 MeV
c, so that the sharp cutoff at 29.79 MeV/c is visible.

The opening of collimatorC ~item 1 of Fig. 4! corre-
sponds to strips 40–320. The approximately linear rise
strips 117–150 of Fig. 6~a! is due to the upper end of the
beam momentum bite, defined by the momentum slit of th
channel~item 7 of Fig. 1!. The extension of that rise corre-
sponds to the monochromatic beam-spot size at the mom
tum slit. The distribution in strips 150–260 of Fig. 6~a! is
approximately uniform. Slight changes of the beam magn
settings lead to considerable deviations from uniformity
mostly because the dispersion trajectory at the entry of t
spectrometer differed from the ideal case shown in Fig.
Such deformations were also caused by drifts of the bea
magnet fields. The roughly linear fall in strips 260–290 cor
responds to the lower end of the beam momentum bite.

In Fig. 6~b!, the beam momentum bite corresponds t
strips 120–287. The right part of the spectrum~strips 180–
320! is similar to Fig. 6~a!. At strips 177–183 of Fig. 6~b!,
one sees the sharp cutoff related to the ‘‘free’’ muon mome

FIG. 5. Charge distribution over the 384 strips of the microstri
detector, for two typical events; cf. Sec. III A of text.
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53 6069UPPER LIMIT OF THE MUON-NEUTRINO MASS AND . . .
tum of 29.79 MeV/c ~see Sec. II A above!. The peak at strip
185 can be understood by consideration of the energy l
straggling of muons in the graphite target~cf. Sec. IV B!.
The weakly populated distribution in strips 120–175 of Fi
6~b! is due to ‘‘cloud muons,’’ i.e., to muons from the deca
of pions in flight near the production target. The events
strips 290–320 are due to muons scattered in the jaws of
copper collimatorsA andB. This background distribution is
discussed in Sec. IV D below.

The spectrum of Fig. 6~b! contains muons from the side
surface of the production target, whereas that of Fig. 6~c!
contains muons from the downstream surface; see Sec. IV
Both of these spectra were obtained with a spectrometer fi
of 276.0 mT. In total, we recorded 44 muon spectra in t
‘‘cutoff’’ region @i.e., similar to Figs. 6~b! and 6~c!; central
beam momentum 29.75 MeV/c#. Twenty-two of these spec-
tra contained muons from the downstream surface of the p
duction target and were used to determine the moment
pm1, while the 22 spectra of muons from the side surfa
were used to check the corrections related to the redu
pion stop density near the target surface~cf. Sec. IV A!. In
each of these two groups of 22 spectra, six different sp
trometer fields were used, namely 275.4, 275.6,. . . , 276.4
mT.

FIG. 6. Distribution of muons in the microstrip detector fo
three typical runs.~a! Central muon-beam momentum 29.45 MeV
c, spectrometer field 273.0 mT;~b! and ~c! central muon-beam
momentum 29.75 MeV/c, spectrometer field 276.0 mT. One mi
crostrip width ~0.05 mm! corresponds toDpm1'0.0021MeV/c.
The muon momentum increases to the left. For details, see S
III B.
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C. Momentum spectra ofµ2

As a test, we inverted the field of the beam magnets a
the spectrometer, so that negative muons were accepted.
resultingm2 spectrum, obtained atp~beam!529.8 MeV/c
andB~spectrometer!5276.0 mT@i.e., same absolute magni
tude of field as in Figs. 6~b! and 6~c!# is shown in Fig. 7. In
this case the event rate was 2 orders of magnitude lower t
in the case of Fig. 6. Sincep2 mesons stopped in the graph
ite target form pionic carbon atoms and are quickly captu
by carbon nuclei, decays of stoppedp2 are very rare. The
spectrum of Fig. 7 consists almost entirely of ‘‘cloud
muons, originating fromp2 decays in flight, and thus has n
significant step at 29.79 MeV/c. The approximately uniform
shape of that spectrum agrees with theoretical predictio
thus confirming the reliability of the similar calculation o
the cloudm1 background below the cutoff momentum@e.g.,
in strips 180–230 of Figs. 6~b! and 6~c!#, where them1

spectra are dominated byp1 decay at rest.

IV. MONTE CARLO CALCULATIONS

A. Pion stopping density

As mentioned in Sec. II B above, the spatial distributio
of p1 stops in the graphite production target was calcula
by a Monte Carlo program@4,5#. We used pion-production
cross sections measured by Crawfordet al. @10,11#, and ap-
plied the formulae of Ziegleret al. @12# for the stopping of
ions top1 mesons.

The path of a pion produced in the graphite target a
stopped in the same target is divided into three phases@4#.
The first phase reaches from the production of the pion to
‘‘3 keV point,’’ i.e., to the point where the kinetic energy o
the pion is reduced below 3 keV. In that first phase, the p
of the pion through the graphite is well approximated by
straight line. The resulting spatial distribution of the 3 ke
points at the target surface is shown in Fig. 8.

In the second phase, the pion is slowed down from 3 k
to 10 eV. In that energy region, the pion can be scatte
through large angles. As a consequence~since pions having
exited from the target into the surrounding vacuum are
scattered back!, the density of the 10 eV points is smaller i
the outermost few nanometers than further inside the tar
as shown in Fig. 9. The results are not changed significa
if the limiting energy of 10 eV is changed to 5 or 20 eV@4#.

r
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-
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FIG. 7. Distribution of negative muons in the microstrip dete
tor. Centralm2-beam momentum 29.80 MeV/c, spectrometer field
276.0 mT.
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6070 53K. ASSAMAGAN et al.
In the third phase, the pion moves with a kinetic energy
about 10 eV to a trapping site. Most of the carbon atoms
the target belong to ‘‘crystallites,’’ i.e., to single graphit
crystals of about~35 nm! 3. If the 10 eV point of the pion lies
inside of such a crystallite, the pion will move by diffusion
between two planes of the graphite crystal, to a trapping s
at the surface of the crystallite@13#. Pions with a 10 eV point
in the amorphous carbon between the crystallites are trap
at similar sites. The hypothesis that the pions end up at s
trapping sites is supported by measurements of the solub
of low-pressure hydrogen gas in hot graphite@14#: The hy-
drogen solubility is much larger in graphites with small cry
tallites than in those with large crystallites, indicating th
the protons of the hydrogen gas, and also the positive pi
of our experiment, are preferentially trapped at the surfa
rather than the inside of the crystallites. Additional confirm
tion of this trapping hypothesis came from the shape of o
muon momentum spectra; cf. Sec. V E below.

For the trapping site distribution ofp1, the calculated
‘‘surface shifts’’ ~defined similarly to the shiftDx shown in
Fig. 9! were @5#

Dz5~5.662.5! nm ~5!

FIG. 8. Monte Carlo results for the density of the ‘‘3 keV
points’’ of p1 mesons at the surface of the graphite producti
target~item 2 of Fig. 1!, for a 590 MeV proton beam current of 280
mA; cf. Sec. IV A.

FIG. 9. Monte Carlo density of the ‘‘10 eV points’’ ofp1 me-
sons in the outermost 50 nm of the graphite target. The area of
dashed rectangle is equal to that of the histogram.
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at the downstream surface, and

Dx5~5.962.5! nm ~6!

at the side surface. The uncertainties in Eqs.~5! and ~6! are
mainly due to the possibility that the trapping of a pion at
crystallite boundary at the target surface may be less pro
able~by an unknown amount! than the trapping at a crystal-
lite boundary inside the target@4#.

Since the ‘‘effectively pionless’’ surface layers defined b
Eqs. ~5! and ~6! are crossed by the muons at very differen
angles~10° and 80°; cf. Fig. 8!, one expects that thepm1

result obtained from the experimental spectra of muons fro
the downstream surface under the assumption of an exa
uniform p1-trapping distribution is larger than that for
muons from the side surface. If the surfaces of the target
assumed to be perfectly smooth, the predicted results
smaller than the truepm1 value by

dp~smooth, downstream!5~0.05260.023! keV/c ~7!

for muons from the downstream surface, and by

dp~smooth, side!5~0.3160.13! keV/c ~8!

for muons from the side surface@5#. The uncorrected result
for the downstream surface is thus predicted to be larger th
that for the side surface by

Dp~smooth!5~0.2660.13! keV/c

@~8.864.5! ppm#. ~9!

Under the more realistic assumption of grainy surfac
~graphite grain diameter 50mm! the Monte Carlo predictions
are @5#:

dp~grainy, downstream!5~0.05060.022! keV/c,
~10!

dp~grainy, side!5~0.10660.045! keV/c, ~11!

Dp~grainy!5~0.05660.050! keV/c

@~1.961.7! ppm#. ~12!

In order to confirm experimentally the calculated differ
ence given by Eq.~12!, we took advantage of the structure
shown in Fig. 8: The pion density has a first maximum ne
the center of the side surface (xT50.3 cm; zT50!, and a
second maximum at the center of the downstream surfa
(xT50; zT53 cm!, while at the corner (xT50.3 cm; zT53
cm! the density has a sharp minimum. As shown in Fig. 1
this structure~which was imaged by the beam transport ma
nets onto the very narrow entry collimatorA of the muon
spectrometer! was confirmed by measurements of the muo
rate in the spectrometer as a function of the current settin
of the dipole magnets in the secondary beam channel.

As mentioned in Sec. III B, half of our muon spectra con
tained muons from the side surface of the production targ
while the other half contained muons from the downstrea
surface. The two surface regions were selected by use of
dipole magnets of the beam line, i.e., by choosing one of t
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two peaks in Fig. 10~c! or 10~d!. The results of the compari-
son of the two groups of spectra are presented in Sec. V

B. Muon energy loss

A second Monte Carlo program was used to generate
energy loss of the muons on the way from their creation
the decay of stoppedp1 in the graphite target to the poin
where they exit into the vacuum. For this calculation, th
p1 stopping density in the relevant surface regions of t
production target was assumed to be uniform, i.e., the ‘‘s
face shifts’’ of Eqs.~5! and ~6! above were neglected. Ou
method of calculating the momentum spectrum of the exiti
muons@9# is similar to that of Bichsel@15#. The free path of
the 4.1 MeV muon to the next energy loss process in t
graphite is generated from an exponential distribution with
mean free path of 25 nm. The total path of the releva
muons in the target ranged from zero to about 40mm. Three
different energy loss processes were considered, namely~a!
the collision of the muon with aK electron of a carbon atom,
~b! the collision with an individualL electron, and~c! the
generation of a plasmon, i.e., a quantum of the collecti
oscillation of the electron gas formed by theL electrons.

The resulting muon-momentum spectrum is shown in F
11. An inital momentum of 29.792 MeV/c was assumed. The
peak at 792.0 keV/c in Fig. 11~b! contains those muons
which leave the target without energy loss, and the peak

FIG. 10. ~a! Sketch of the production target;E1–E3: corners of
target;xb : horizontal coordinate, perpendicular to muon beam.~b!
The Monte Carlop1 density of Fig. 8, plotted vs the coordinate
xb . ~c! Experimental muon rate vs setting of the dipole magn
ASL1 ~cf. Fig. 1!. ~d! Muon rate vs setting of the dipole magne
SSG of the crossed-field separator~item 9 of Fig. 1!. The shapes of
the curves~c! and ~d! are consistent with the source profile~b!.
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791.9 keV/c contains muons which have produced one pla
mon ~plasmon energy' 25 eV!. In Fig. 11~a!, the momen-
tum bins are wider, so that the details visible in Fig. 11~b!
are not resolved. The peak at 29.79 MeV/c in Fig. 11~a! is
similar to that predicted for pions stopped in organic scint
lators; see, e.g., Fig. 12 of Ref.@2#.

C. Muon spectra at the microstrip detector

The spatial muon distribution at the microstrip detecto
was predicted by use of a third Monte Carlo program. In th

et
t

FIG. 11. End-point region of the Monte Carlo calculated mo
mentum spectrum of muons leaving the production target; cf. S
IV B.

FIG. 12. Distribution of muons in the microstrip detector; spec
trometer field 276.2 mT. Dots: experimental data; dashed~solid!
histogram: raw~fitted! Monte Carlo distribution; cf. Secs. IV C and
V B.
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6072 53K. ASSAMAGAN et al.
calculation, the muon-momentum spectrum shown in Fig.
was assumed to be valid also at the entry collimatorA of the
spectrometer~item 4 of Fig. 3!. The distributions of the
TRANSPORTvariables@6# x, y, u, andf were assumed to be
uniform at pointA (x,y see Fig. 2;u,f, directional angles of
the muon momentum vector!. The uniformity of theu and
f distributions was confirmed experimentally by recordin
the muon rate as a function of the positions of the four ind
pendently movable jaws of a collimator~item 11 of Fig. 1!
located 1.5 m upstream ofA. The uniformity of thex and
y distributions was confirmed by recording the muon rate
a function of the settings of horizontal and vertical bendin
magnets. In the present simulation, a muon was conside
as lost if it missed the opening of the collimatorA, B, or
C. Slit scattering is treated in Sec. IV D below. The ma
netic field of the spectrometer was assumed to be unifo
and equal to the weighted mean of the distribution,
mapped by NMR probes, over the region of the accep
muon trajectories. The method of calculating that mean fie
is described in Ref.@2#. Our simplifying assumption of uni-
formity was found, by a study of second-order beam opt
in approximately homogeneous magnetic fields@16#, to have
a negligible influence on thepm1 result.

The obtained Monte Carlo event distribution for a refe
ence field of 276.2 mT is shown by a dashed histogram
Fig. 12. This histogram differs strongly from the experime
tal distribution~shown by dots!. The changes applied to the
Monte Carlo distribution in order to obtain a good fit to th
data~solid histogram in Fig. 12! are discussed in Sec. V B
below.

D. Slit scattering

A fourth Monte Carlo program was used to calculate th
microstrip distribution of muons which are scattered in th
jaws of the copper collimatorsA andB of the spectrometer.
These copper jaws were approximated by 2000 infinite
mally thin sheets of the appropriate position, shape, and s
face density~in g/cm2). If a muon hits such a sheet, the
change of its momentum vector due to multiple Coulom
scattering and ionization energy loss~including energy loss
straggling! is generated. The results do not change sign
cantly if the number of thin sheets per collimator is lowere
from 2000 to 1000. For this calculation, the muon
momentum spectrum upstream of collimatorA was assumed
to be uniform, extending from 29.613 to 29.792 MeV/c. The
resulting distribution at the microstrip detector for scatter
and nonscattered muons is shown in Fig. 13. The scatte
muon distribution in strips 290–320 is consistent with th
experimental spectra@Figs. 6~b! and 6~c!#. In the microstrips
relevant for the determination ofpm1 ~numbers 190–220 in
the case of Fig. 13!, the number of scattered muons is seen
be only about 131023 of the number of nonscattered
muons.

E. Charge distribution in the microstrip detector

Our fifth Monte Carlo simulation concerned the distribu
tion of the charge registered in the strips of the microstr
detector for a given muon hit location. We took into accou
the multiple scattering of the muons in the detector, the d
fusion of the charge carriers, their deflection in the magne
11
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field of the spectrometer, and the noise superimposed o
the registered charge. This simulation is described in R
@9#. The results are summarized in Secs. V E and V F belo

V. ANALYSIS OF EXPERIMENTAL SPECTRA

A. Microstrip efficiencies

For the determination ofpm1, the microstrips 130–250
are of interest. As visible in Fig. 6, there are two bad strips
that range, namely numbers 159 and 214, the contents
which are systematically low. The nature of the fault wa
found to be different in the two cases. In strip 159, the di
charge time constant~bias resistance times coupling capac
tance! was measured to be abnormally small. Under the m
croscope, this was seen to be the result of a damag
aluminium electrode, leading to a small coupling capac
tance. Signals from muons which hit this strip have a r
duced charge and decay fast because of the small time c
stant, so that a fraction of the events fall below th
discrimination level set in the analysis. Valid results wer
obtained by simply omitting strip 159 from the fits of the
microstrip distributions~cf. Sec. V B below!. In strip 214, an
abnormally high resistance~inferred from a large measured
time constant! was the result of a broken poly-silicon bias
resistor. The drift field at this strip is deformed, which caus
a proportion of the events to be attributed to the neighbori
strips. In this case, we replaced the contents of strips 21
216 by their average. This was acceptable because strip
was in a nearly uniform part of the spectrum in all cases.

For the remainder of the relevant strips, the relative ef
ciencies were found to be close, but not exactly equal
unity. Polynomials were fitted to the sum of all spectra take
at reduced beam momenta@e.g. Fig. 6~a!#. Thex2 values of
those fits were larger than 1.0 per degree of freedom. T
was not due to a systematic trend, but to an apparently r
dom fluctuation of the numbers of events in excess of t
uncertainty originating from counting statistics. As a cons
quence, for further analysis the uncertainty of the number
eventsni in strip i was defined to be@9#

Dni5@ni1~0.014ni !
2#1/2. ~13!

B. Fits of the microstrip distributions

The histogram drawn as a solid line in Fig. 12 was d
rived from the ‘‘raw’’ Monte Carlo distribution~dashed line!

FIG. 13. Monte Carlo distribution of muons scattered in th
collimatorsA,B ~cf. Fig. 1!.
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by use of the minimum-finding computer programMINUIT
@17#. Five free parameters were varied to obtain the best fit
the experimental numbers of muons per microstrip.

~1! A normalization factor by which all Monte Carlo
numbers of events were multiplied.

~2! A horizontal shift applied to the Monte Carlo histo
gram. This corresponds to a change of the initial muon m
mentumpm1 from its assumed value of 29.792 MeV/c.

~3! A constant background attributed to cloud muons~cf.
Sec. III B!, which was added to each bin of the Monte Car
histogram.

~4! The standard deviation of a Gaussian distribution wi
which the Monte Carlo histogram was folded. This is jus
fied in Sec. V E below.

~5! The coefficient a of a linear correction factor
f ( i )51.01a@ i2 i 0# ~where i is the microstrip number, and
i 0 is a fixed number, chosen to be at the peak of the dis
bution!, by which the Monte Carlo numbers of events we
multiplied. The factorf ( i ) was introduced in order to correc
possible deviations of the beam optics from the ideal ca
shown in Fig. 2. The choice of a second-order polynom
for the factor f ( i ) did not change the results significantly
nor did it improve the fits.

The small background due to slit scattering~cf. Sec.
IV D ! was taken into account, with sufficient precision, b
the free parameters~3! and ~5!. The results to be quoted
below were obtained by including 40 strips into the fits, e.g
as shown in Fig. 12. Changes of the number of includ
strips to 30, 50, or 60 did not lead to significantly differen
results. Thex2 value of the fit shown by the solid histogram
in Fig. 12 is 35.0 for 35 degrees of freedom.

The model with the five free parameters defined abo
gave good fits to the experimental data: For the 22 spec
~similar to that in Fig. 12! of muons from the downstream
surface of the production target, thex2 value for 35 degrees
of freedom was 23.1 in the best case, and 43.8 in the wo
case. The average of the 22x2 values was 35.5@9#. The
correspondingx2 values for the 22 spectra of muons from
the side surface were 21.1~best!, 45.9~worst!, and 32.7~av-
erage!.

C. Averages of the fitted parameters

The pm1 results obtained byMINUIT @17# from the 22
experimental momentum spectra of muons from the dow
stream surface of the production target have a weigh
mean of

pm1~downstream!5~29.791 93760.000 047! MeV/c. ~14!

Thex2 value of the 22pm1 values with respect to that mean
is 29.1 for 21 degrees of freedom. The weighted mean of
22 pm1 values for the side surface is

pm1~side!5~29.791 93560.000 045! MeV/c, ~15!

with x2529.6 ~21 DF!.
In Fig. 14, thepm1 results obtained for each of the six

different spectrometer settings are plotted. As shown
Figs. 6 and 12, the cutoff dominating thepm1 determination
is located at different microstrips for the different setting
to
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The sixpm1 results in each of the two plots in Fig. 14 show
no significant dependence on the spectrometer setting, as
pected.

For the standard deviationw of the Gaussian distribution
with which the theoretical muon-momentum spectra wer
folded @parameter~4! of Sec. V B above#, the following
weighted means were obtained:

w~downstream!5~5.08560.040! keV/c, ~16!

with x2529.6 ~21 DF!,

w~side!5~4.89760.040! keV/c, ~17!

with x2513.4 ~21 DF!.

D. Target surface correction

The difference between the experimental results of Eq
~14! and ~15! is

Dp5pm1~downstream!2pm1~side!

5~0.00260.077! keV/c. ~18!

This differs from the theoretical prediction for smooth targe
surfaces given by Eq.~9! @Sec. IV A#, but is consistent with
the more plausible prediction for grainy surfaces, Eq.~12!.
Since the correction for the downstream surface is small
than that for the side surface, and is almost independent
the assumed surface structure@cf. Eqs.~7! and~10!#, we used

FIG. 14. Uncorrected experimental results for the muon mome
tumpm1, as a function of the spectrometer field,~a! for muons from
the downstream surface of the production target,~b! for muons
from the side surface.
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6074 53K. ASSAMAGAN et al.
for the final determination ofpm1 the 22 downstream-surface
spectra only. To the value given by Eq.~14! we added a
surface correction of

dpm15~151651! eV/c. ~19!

The most probable value given by Eq.~19! is the average of
Eqs. ~7! and ~10!, whereas the uncertainty in Eq.~19! was
chosen to be equal to the most probable value, and t
larger than the uncertainties in Eqs.~7! and ~10!. By this
conservative estimate, we took into account that the Mon
Carlo calculation of the surface shift~Sec. IV A! contains
fairly crude approximations@4, 5#.

E. Kinetic energy of trapped pions

The extension of the cutoff in the experimental spec
~e.g., in microstrips 185–195 of Fig. 12! was significantly
larger than that expected for pions decaying exactly at re
We attribute that extension mainly to a Doppler broadeni
of the muon momentum distribution caused by the motion
the trapped pions. In order to calculate the mean kinetic
ergy of the pions just before their decay from the standa
deviationw obtained by the fits@cf. Eqs. ~16! and ~17!#, a
number of additional broadening effects must be conside
@9#.

~1! In the Monte Carlo spectra the microstrip number
defined by the point where the muon hits the detect
whereas in the experimental spectra the microstrip numbe
defined by the highest charge~Sec. III A!. Because of the
effects discussed in Sec. IV E above, the highest charge
occur in the wrong strip if the muon hits the detector close
a strip boundary@9#. The corresponding spatial standard d
viation was found to be 1661 mm, which corresponds to a
momentum standard deviation of

sM5~0.6660.04! keV/c. ~20!

Other broadening effects, considered below, were found
be negligible compared to the standard deviationsw given by
Eqs.~16! and ~17!.

~2! The reduced pion stop density in the outermost fe
nanometers of the graphite target@cf. Fig. 9 and Eqs.~5! and
~6!#. This broadening is of the same order as the correctio
given by Eqs.~10! and ~11!.

~3! The momentum broadening caused by decay positro
@cf. Fig. 5~b!#, which in rare cases can distort the microstr
charge distribution@18#.

~4! The multiple scattering and energy loss straggling
the muons in the residual gas in the vacuum chambers of
beam line and the spectrometer~pressure'631026 mbar!.

~5! The rare radiative pion decay,p1→m1nmg.
The standard deviationspm1 of the muon-momentum

broadening due to the motion of the decaying pion is th
obtained from Eqs.~16!, ~17!, and ~20! by quadratical sub-
traction,spm15@w22sM

2 #1/2 :

spm1~downstream!5~5.04260.040! keV/c, ~21!

spm1~side!5~4.85260.040! keV/c. ~22!
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For all isotropic distributions of nonrelativistic pions, there i
a general relation between the standard deviationspm1 and

the mean kinetic energyTp of the pions@4#:

spm15Em1@2Tp/~3mp!#1/2. ~23!

Here, Em15109.78 MeV is the total muon energy inp1

decay at rest, andmp is thep1 mass. Equations~21!–~23!
lead to the mean kinetic pion energies

Tp~downstream!5~0.44260.007! eV, ~24!

Tp~side!5~0.40960.007! eV. ~25!

The uncertainties in Eqs.~24! and ~25! are statistical only.
These mean pion energies are significantly higher than
mean energy of 0.128–0.164 eV valid for a Maxwel
Boltzmann distribution of free pions or (p1e2) atoms at the
graphite target temperatures of 990–1270 K. On the oth
hand, Eqs.~24! and ~25!, and also the assumed Gaussia
muon-momentum distribution@cf. free parameter~4! of Sec.
V B above#, agree with the hypothesis that the pions a
trapped in the potential well of a spherical harmonic oscill
tor as derived by Shirasuet al. @14#, from their measure-
ments of the solubility of low-pressure hydrogen and deut
rium in isotropic graphite.

The difference between Eqs.~24! and ~25! ~3.3 standard
deviations! may be due to the fact that the radiation damag
to the target at the downstream surface, which is hit direc
by the proton beam~cf. Fig. 1!, is more severe than that a
the side surface, so that the distribution of the pions to va
ous possible trapping sites is different in the two cases. If o
neglects these differences and combines Eqs.~24! and ~25!,
one obtains the final estimate

Tp5~0.42560.016! eV ~26!

for the mean kinetic energy of the pions immediately befo
their decay. The uncertainty in Eq.~26! was chosen such that
the central values of Eqs.~24! and ~25! are included in the
error bar.

If the pions are assumed to be trapped in the potential
a spherical harmonic oscillator,

V~r !5V01
1
2 ksr

2, ~27!

wherer is the distance from the center of the potential, the
the mean pion energy of Eq.~26! corresponds@4# to a spring
constant of

ks5~1.14460.088!31017eV/cm2. ~28!

The oscillation frequency of protons trapped in the potent
defined by Eqs.~27! and ~28! is

nH5~1757667! cm21. ~29!

This is consistent with the resultnH'1600 cm21, obtained
by Shirasuet al. @14# from their hydrogen and deuterium
solubility measurements.
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F. Momentum of muons from pion decay at rest

The pm1 value obtained from the fits to the spectra o
muons from the downstream surface of the production tar
is given by Eq.~14! above. To that value, several correction
had to be added.

~1! The target surface correction of Eq.~19!, ~151651!
eV/c.

~2! A ‘‘Hall effect’’ correction taking into account the
deflection of the charge carriers in the microstrip detector
the magnetic field of the spectrometer@9#, (24967! eV/c.

~3! A correction due to the trap potential in the graphi
target, which the muons have to surmount. From the e
thalpy of solution for hydrogen in graphite, measured b
Shirasuet al. @14#, it follows that the protons of hydrogen
trapped in graphite have a binding energy of 16.08 eV. W
assume that the trap potential for pions is the same as tha
protons~cf. Sec. V E above!. This leads to a pion binding
energy of~15.660.1! eV @9#, which the decay muons have to
surmount in leaving the site of their creation. The corr
spondingpm1 correction is~157.560.4! eV/c.

~4! The correction for the energy loss of the muons o
their way through the residual gas in the vacuum chamb
of the beam line and the spectrometer@pressure
(664)31026 mbar#, amounting to~10.960.6! eV/c.

Our final result for the momentum of muons from th
decayp1→m1nm at rest is thus

pm15~29.791 99860.000 065stat60.000 089syst! MeV/c.
~30!

The contributions to the statistical and systematic uncerta
ties in Eq.~30! are listed in Table I. If these two uncertaintie
are added in quadrature, one obtains

pm15~29.792 0060.000 11! MeV/c. ~31!

TABLE I. Contributions to the uncertainty of the muon momen
tum pm1.

Uncertainty
Source of uncertainty ~eV/c!

~1! ‘‘Statistical’’ uncertainties:
1.1. MINUIT error ~counting statistics
and microstrip efficiencies! 647
1.2. Scatter of position measurements 626
1.3. Scatter of magnetic field maps 635
1.4. Monte Carlo statistics 69

Quadratic sum~1! 665

~2! Systematic uncertainties:
2.1. Position measurement device 615
2.2. Magnetic-field measurement device 667
2.3. Muon energy loss in graphite target 622
2.4. Graphite-target surface correction 651
2.5. Charge drift in microstrip detector 67
2.6. Atomic potential atm1 creation 60.4
2.7. Muon energy loss in residual gas 60.6
Quadratic sum~2! 689

Quadratic sum~1,2! 6110
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The relative uncertainty ofpm1 is thus63.7 ppm.
The result of Eq.~31! is consistent with the value of

pm1 obtained by use of ap1 beam@1#, but is more precise
by a factor of 4.8 . The most probable value of the new res
is lower by 0.07 keV/c than that given in our recent letter@3#
on the present experiment. The difference is mostly due to
correction in the analysis of the distance measurements~cf.
Sec. II D above! of Ref. @3#, and also to the inclusion of a
few additional muon spectra in the present analysis. The
sult given by Eq.~31! is intended to replace that of Ref.@3#.

VI. CONCLUSIONS

A. Upper limit of the muon-neutrino mass

We use thepm1 value of Eq.~31!, together with measure-
ments of them1 and p2 masses and theCPT theorem
(mp15mp2), to derive a new value of the squared muon
neutrino mass. Them1-mass is taken from Ref.@19#:

mm15~105.658 38960.000 034! MeV. ~32!

For thep2 mass, we use each of the two possible valu
derived in the recent reanalysis@20# of the pionic x-ray spec-
trum of Jeckelmannet al. @21#: i.e.,

mp2~A!5~139.567 8260.000 37! MeV, ~33!

or

mp2~B!5~139.569 9560.000 35! MeV. ~34!

The valuemp2(A) of Eq. ~33! is obtained if, in the calcula-
tion of the electron-screening correction, the strongest co
ponent of the pionic magnesium (4f→3d) x-ray line of Ref.
@21# is assumed to correspond to the presence of oneK elec-
tron, whereas the valuemp2(B) of Eq. ~34! results if the
strongest component is assumed to correspond to the p
ence of twoK electrons.

For the smaller of the twop2 mass values, i.e., for Eqs.
~31!–~33!, four-momentum conservation in the deca
p1→m1nm @cf. Eq. ~2! above# leads to the squared muon-
neutrino mass

mnm

2~A!5~20.14360.024! MeV2, ~35!

whereas the larger of the twop2-mass values@Eqs.
~31!,~32!, and~34!# leads to

mnm

2~B!5~20.01660.023! MeV2. ~36!

The first of the twomnm

2 values@Eq. ~35!#, negative by six
standard deviations, can be considered as unphysical
thus excludes the smaller of the twop2 mass values@Eq.
~33!#. The secondmnm

2 value @Eq. ~36!#, on the other hand,
is compatible with zero, and hence implies that the larger
the twop2 mass values@Eq. ~34!# is consistent with our new
pm1 result. Thus we conclude that the squared muo
neutrino mass is as given by Eq.~36! above. According to
the ‘‘Bayesian approach’’ described by the Particle Da
Group ~page 1280 of Ref.@19#; probability density set to
zero formnm

2,0), Eq. ~36! corresponds to the new uppe
limit

-
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mnm
,0.17 MeV ~C.L.50.9!. ~37!

The uncertainty of the squared neutrino mass in Eq.~36!, and
thus also the upper limit ofmnm

@Eq. ~37!#, is dominated by

themp2 uncertainty@cf. Eqs.~3! and ~4!#.

B. Mass ofp1 ‘‘with cosmology’’

The followingp1 mass is derived from thepm1 value of
Eq. ~31!, the m1 mass of Eq.~32! and the assumption
mnm

50 :

mp15~139.570 2260.000 14! MeV. ~38!

For muon-neutrino masses below the cosmological up
limit, mnm

, 65 eV @22#, the resultingp1-mass is equal to
that of Eq.~38!.

C. Mass ofp6 ‘‘without cosmology’’

If the cosmologicalmnm
limit is not used, then the new

pm1 result of Eq.~31! and themm1 value@19# lead either to
themp1 result given by Eq.~38! above~for mnm

50) or to

largermp1 values~for mnm
Þ0). This information, themp2

results @19#, and theCPT theorem (mp15mp2) together
lead to a value ofmp6 which is more precise than themp2

results alone. This can be demonstrated by considering, e
a tentativemp6 value of 139.569 60 MeV. This value is a
the lower end of the error bar of themp2 result given by Eq.
~34!, but is lower than the newmp1 result obtained from
pm1 by 4.4 standard deviations@for mnm

50; cf. Eq.~38!# or

more ~for mnm
Þ0).

The relevant two-dimensional probability distributions a
illustrated in Fig. 15. The two vertical bands in Fig. 15~a!
correspond to themp2 results of Ref.@20#; cf. Eqs.~33! and
~34! above. The tilted band in Fig. 15~a! indicates themnm

2

value derived frompm1 andmm1 as a function of the as-
sumed value ofmp1. The combined probability density dif-
fers significantly from zero in the regions where the ban
intersect. The lower of the two intersections in Fig. 15~a! is
located at negativemnm

2 and thus is excluded. The uppe
intersection is shown in greater detail in Fig. 15~b!. Our final
estimate of the charged-pion masswithout cosmologyis de-
rived from Fig. 15~b! by the following procedure@23#:

~1! The probability density functionf (mp6,mnm

2) is set

to zero for negative values ofmnm

2. ~2! The remaining den-

sity function is projected onto themp6 axis of Fig. 15~b!;
i.e., the probability density function
h(mp6)[*0

1` f (mp6,mnm

2)d(mnm

2) is calculated.
~3! The mean and variance of the resulting slightly asym

metric distribution functionh(mp6) lead to the result

mp65~139.570 3760.000 21! MeV, ~39!

this agrees with the resultwith cosmologyof Eq. ~38!.

D. Comparison with previousp6-mass results

In comparison with the recent reanalysis by Jeckelma
et al. @20#, thep1 mass of Eq.~38! agrees with themp(B)
per

.g.,
t

re

ds

r

-

nn

value of Eq.~34!, but excludes themp(A) value of Eq.~33!
by six standard deviations. Considering the oldermp6 results
compiled in the meson full listings of the 1994 Particle Da
Group ~p. 1446 of Ref.@19#!, the pion mass of Eq.~38!
agrees with the values DAUM 91 and ABELA 84, but is
larger by several standard deviations than the values JEC
ELMANN 86 and LU 80; cf. Fig. 16. The discrepancy be

FIG. 15. Allowed regions of the (mp6,mnm

2)-plane. Band
widths correspond to61 standard deviation. The concentric el
lipses in ~b! are lines of constant probability density, at 0.1f 0 ,
0.2f 0 , . . . , 0.9f 0 ~where f 0 is the central density!.

FIG. 16. Recentp6-mass measurements; cf. p. 1446 of Re
@19#. The values ABELA84, DAUM91, and ASSAMAGAN96@Eq.
~38! of present paper# are based onpm1 measurements; values
above the vertical arrows are possible ifmnm

Þ0.
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tween Eq.~38! and JECKELMANN 86 can be explained by
the fact that the latter value was based on ‘‘solutionA’’
~strongest component of the x-ray line attributed to presen
of oneK electron!, which according to the reanalysis@20# is
no longer preferred over solutionB.

E. Kinetic energy of p1 mesons stopped in graphite

The mean kinetic energy ofp1 mesons stopped in isotro-
pic graphite at temperatures of 990–1270 K immediately b
fore their decay is determined to be (0.42560.016) eV@cf.
Eq. ~26! above#; if the pions are assumed to be trapped in th
potential well of a spherical harmonic oscillator
V(r )5V01(1/2)ksr

2, then the spring constant is derived t
ce

e-

e
,
o

be ks5(1.14460.088).1017eV/cm2. This trap potential
agrees with that derived from measurements of the solubil
of hydrogen and deuterium in isotropic graphite@14#.
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