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The decayZ0→p0g is treated using a relativistic nonperturbative quark model for the pion. The mod
assumes that the pion is made of aqq̄ valence pair and of an effective neutral component representing th
nonelementary excitations of the quark-gluonic field responsible for the confinement. The decay widt
expressed in terms of the pion decay constantFp and of current quark masses. Its value calculated for 2 MeV
<mu<8 MeV, 5 MeV<md<15 MeV is at least four orders of magnitude under the experimental upper bou
but in agreement with other theoretical models.

PACS number~s!: 13.38.Dg, 12.39.Ki, 13.40.Hq
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It was recently shown@1,2# that the soft pion techniques
@3# are not applicable on theZ0→p0g decay. First theoreti-
cal estimation was then given by resorting to the standa
theory of the electroweak interaction supplemented by
effective pqq̄ coupling which led to a quark triangle dia
gram @1,2# of the kind already known from the neutral pion
decay@4#.

A careful analysis of the elementary processes implied
this model shows that the existence of apqq̄ Hamiltonian
introduces, in addition to other quantum fluctuations, t
spontaneous creation and absorption from the vacuum o
pion and of a quark-antiquark pair. This is questionable
since it is as if there were in the same time elementary qua
and pions. This feature is hidden in the Lorentz covaria
form of perturbation theory, but it can be easily seen in t
noncovariant form, where the structure of the quantum flu
tuations participating to a certain process appears m
clearly. For this reason we consider that in such proces
involving quarks and hadrons, the effective quark-hadr
coupling should be avoided and hadrons have to be treate
systems of quarks.

Starting from this observation we proposed recently
relativistic quark model@5# where the hadrons are system
made of valence quarks and some other, more complex
citations of the quark gluonic field, which cannot be repr
sented in terms of a few elementary excitations. The fund
mental conjecture of the model is that a system of this kind
in a stable equilibrium state as long as it is not subjected
an external interaction. Conversely, any interaction of a ha
ron with some other external field can be viewed as a p
turbation of the equilibrium state. This conjecture will allow
a separate treatment of the structure and interaction of
hadrons. In this respect our model recalls the Furry repres
tation in QED@6#. There, as in our model, the interaction o
a bound electron with the electrostatic field of the nucleus
introduced by means of the stationary internal wave functi
and is treated separately from the interaction with the ext
nal radiation field. As it will be soon clear, in some cases,
for instance the present one, this separation introduces s
stantial simplifications.
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In accordance with the above assumptions, thep meson
state was written@5#

up i~P!&5E d3p
m

e
d3q

m8

e
d4Qw~p,q;Q!ū~p!g5v~q!

3d~4!(p1q1Q2P)x†l icF†~Q!a†~p!b†~q!u0&,

~1!

wherea†, b† are the creation operators of the valence qua
and antiquark~supposed to be free bare particles! and u,v
are Dirac spinors ensuring the Lorentz-covariant coupling
the quark spins;x andc are vectors in the space of flavors
andl i is the Gell-Mann matrix;F†(Q) represents globally
all the other internal excitations of the quark gluonic fiel
which are far from being elementary. Their total momentu
is Q. w(p,q;Q) is the time-independent internal distribution
of momenta corresponding to the equilibrium state.

Assuming, as usually, the independence of the stron
weak, and electromagnetic interaction, theS matrix element
of the gauge boson decay in the lowest order of perturbat
with respect to the weak and electromagnetic interaction

^p0guS uZ0&5E d4xd4y^pguT@Hweak~x!Hem~y!

3Ue~1`,2`!#uZ0&, ~2!

where the weak and electromagnetic Hamiltonians involvin
the fields of interest for our problem are@7#

Hweak~x!5
g

2 cosuW
(
i5u,d

q̄i~x!gm~gV
i 2gA

i g5!qi~x!Zm~x!,

~3!

Hem~x!5e (
i5u,d

gi q̄i~x!gmqiA
m~x!, ~4!

with qu(x),qd(x) the up and down quark fields,egi the
quark electric charges,gV

i 5t3L( i )22gisin
2uW, gA5t3L( i ),

and t3L is the weak isospin of the quarks.
In Eq. ~2!, Ue(t,t8) is the time evolution operator which,

according to our dynamical conjecture, describes the evo
tion of a quark system perturbed by an external interactio

Introducing the explicit chronological order, the matrix
element~2! becomes
5318 © 1996 The American Physical Society
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E d4xd4y^p0guT@Hweak~y!Hem~x!Ue~1`,2`!#uZ0&

5E d4xd4yeiKx2 iky«Z0
m «g

n@^puUe~1`,y0! j n
em~y!

3Ue~y0 ,x0! j m
weak~x!Ue~x0 ,2`!u0&u~y02x0!

1^puUe~1`,x0! j m
weak~x!Ue~x0 ,y0! j n

em~y!

3Ue~y0 ,2`!u0&u~x02y0!#. ~5!

Matrix elements such as~5! have been evaluated by usin
either a perturbative expansion of the time evolution opera
U(t,t8) or some nonperturbative methods, such as, for
stance, the operator product expansion which considers
modifications produced on the nonlocal product of curren
by gluon exchange@8,9#. Instead of this, we suggest preserv
ing the free field form of the currents and looking at th
action of the time evolution operator on the quark system
originating from the initial and final states. Then, because
the specific dynamical conjecture of our model, the expre
sion ~5! can be essentially simplified in some particula
cases. Indeed, observing that the initial state contains no h
rons and that the pion is the single one in the final state, o
concludes that there is no external interaction other th
those already treated perturbatively which can disturb
initial and final state before and after, respectively, the int
action of the quarks with a gauge boson. It follows therefo
that the time evolution operatorsUe(t,2`) and
Ue(1`,t8) wheret and t8 are the moments of the first and
second interaction with a gauge boson can be replaced
unity.

It remains then to analyze only the effects of the tim
evolution operatorUe(t,t8) on the quark system originating
from the first quantum fluctuation involving a gauge boso
and transforming into a pion as a result of a second quant
fluctuation implying a gauge boson. In fact, we have to d
scribe the modifications produced by the quark gluon int
action in a free bareqq̄ pair in the time interval between tw
interactions with gauge bosons. Globally, this can be se
like a momentum transfer process from the quark pair to t
surrounding quark gluonic field.

Starting from this conjecture and using the analogy wi
the bremsstrahlung, we shall analyze further the effects
the time translation operatorUe(t,t8) and finally conclude
that, in the given kinematical situation, it can also be r
placed by unity. For transparency of the physical argumen
we shall work in the following with the explicit chronologi-
cal order of the quantum fluctuations, treating separately
two terms appearing in Eq.~5!.

The first term in the right-hand side of Eq.~5! describes
the decay of the gauge bosonZ0 into aqq̄ pair, followed by
the emission of the photon by one of the quarks and t
formation of a pion@Fig. 1~a!#. In the rest frame ofZ0, the
first process gives rise to a quark and an antiquark moving
opposite directions with equal and very large energies.
‘‘QCD-inspired’’ argument says that the confinement of colo
will force them to slow down by transferring a large part o
their energy to the surrounding quark-gluonic field. After
while, one of the quarks changes suddenly its direction
g
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motion by emitting a photon and gives rise, together with th
other quark, to the final pion.

For the calculation of the decay width, it is important t
know what happens with the excitations of the quark-gluon
field appearing in the time interval between the creation m
ment of theqq̄ pair and the moment of the photon emissio

Observing that the pion is the single particle in the fin
state which could take in the excitations of the quark-gluon
field, we conclude that these excitations must be found in t
effective componentF of the pion and their total momentum
has to be equal with that carried byF. On the other side,
sinceF is a component of a pion moving with very large
velocity, one can expect for its momentum to be large in th
pion direction.

However, in the kinematical situation of interest, becau
of the symmetry in the quark-movement, the total mome
tum transferred to the quark-gluonic field, during the slowin
down must have a rather small spatial component. One
then forced to conclude that the excitations of the quark g
onic field, created by slowing down the quarks, cannot
absorbed into the final pion. This means that in this ca
there cannot exist any momentum transfer from the valen
quarks to the surrounding quark-gluonic field and hence t
quark momenta do not change since the moment of th
creation until the emission of the photon. Consequently, t
time evolution operatorUe(y0 ,x0), which is supposed to
introduce the modifications produced in the initial quark sy
tem by the interaction with the quark-gluon surroundin
field, can also be replaced by unity in the first term of E
~5!.

FIG. 1. Quark diagrams for the matrix elements in Eq.~5!. The
internal lines represent on-mass-shell quarks and are labeled by
quark momenta. The vertices denoting the quark interactions w
the gauge fields are drawn in chronological order.
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This term can be easily evaluated by introducing the
pression of theu function

u~x0!5
1

2p i E dt
ei tx0

t2 i e
,

the plane wave decomposition of the quark fields
ex-
c~x!5

1

~2p!3
E d3p

m

e
@e2 ip•xa~p!u~p!1eip•xb1~p!v~p!#

~6!

and the free field canonical commutation relations

@ai
1~p!,aj~p8!#15@bi

1~p!,bj~p8!#1

5~2p!3
e~p!

m
d i jd

~3!~p2p8!. ~7!

A straightforward calculation then gives
S ~1!~Z0→p0g!52 i ~2p!4d~3!~K2P2k!
e2

A2
«Z0

m «~g!
n (

j5u,d
E d3p

mj

e~p!
d3q

mj

e~q…
d4Qd~3!~p1q1Q2P!

3d~MZ02e~p!2e~q!2k0!3w~p,q;Q!^0uF~Q!u0&FTrS g5

~ p̂1mj !

2mj
gn

e~q!g01g•q1mj

2mj
gm

~ q̂2mj !

2mj
D

3
mj

e~q!

1

2e~q!2MZ0
2TrS g5

~ p̂1mj !

2mj
gm

e~p!g01g•p2mj

2mj
gn

~ q̂2mj !

2mj
D mj

e~p!

1

2e~p!2MZ0
G , ~8!
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wherek̂5e(k)g02g•k,

Su52
2

3 S 142
2

3
sin2uWD /~sinuWcosuW!,

Sd5
1

3 S 142
1

3
sin2uWD /~sinuWcosuW!.

Using a relation obtained in the case of the leptonic decay
the pion@5#,

3w~p,q;Q!^0uF~Q!u0&5 i
Fp0Mp

p~pumu1pdmd!
d~4!~Q!,

~9!

where Fp0 is the pion decay constant and

pj5
1
2 MpA124mj

2/Mp
2 , performing the trace and the inte

gration over the quark momenta, and introducing a covari
notation, one finally has

S ~1!~Z0→p0g!52 i ~2p!4d~4!~K2P2k!

3«
~Z0!

m
«~g!

n emnabP
aKbT ~1!~Z0→p0g!,

~10!

where

T ~1!~Z0→p0g!5
16paA2Fp0Mp

~mupu1mdpd!MZ
2

3 (
j5u,d

Sjmj ln
Mp12pj
2mj

~11!

with the fine structure constanta'1/137.
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-
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We pass now to the second term in Eq.~5!. The first
fluctuation here is the creation from the vacuum of a phot
and of aqq̄ pair. The second fluctuation is the absorption o
the gauge bosonZ0 at rest by one of the quarks@Fig.
1~b!#. Noticing that in this case the amplitude ofZ0

absorption is proportional with «mū( v̄)(p)gmu(v)(p)
5«m

•pmū( v̄)(p)u(v)(p), it follows that a pseudoscalar,
such as that in Eq.~10!, required byCP invariance, must be
formed from the polarization vector of the photon andthree
momenta. This leads to a vanishing final result since the
are only two independent external momenta. Therefore th
amplitude~11! is the total amplitude of the decay proces
and the decay width is

G~Z0→p0g!

5
32pa2Fp0

2 Mp
2

MZ0~mupu1mdpd!
2 S (

j5u,d
Sjmj ln

Mp12pj
2mj

D 2.
~12!

For a comparison of the decay width~12! with the experi-
mental data and other theoretical results, we represent it
function ofmd with mu parameter in the domain of curren
quark masses@7#, 2 MeV<mu<8 MeV, 5 MeV<md<15
MeV, for Fp0'93 MeV, sin2uW'0.23 ~Fig. 2!.

One sees in Fig. 2 that the partial decay width obtained
our model is at least four orders of magnitude under t
experimental upper bound which is 1.3731022 MeV. Our
results are of the same order of magnitude with other the
retical estimations@1,2,9,10#, giving a partial width of about
1028 MeV. Comparing their methods with ours, it can b
seen that the difference comes mainly from the treatment
thepqq̄ coupling. Indeed, the introduction of theqq̄ pair by
means of an effectivepqq̄ interaction Lagrangian leads
through Wick’s theorem to the Lorentz-invariant quark tr
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angle diagram with propagators for the internal quark line
One must recall, however, that this diagram is nothing e
but a sum of six quark diagrams corresponding to the
different chronological arrangements of the vertices, whe
the internal quark lines represent projectors on the positive
negative energy states. Remarking now that the quark d

FIG. 2. The decay width~12! represented as function of thed
quark mass withmu-like parameter. The graphsA,B,C,D corre-
spond tomu52,4,6,8 MeV, respectively. The graphE represents
the experimental upper bound.
s.
lse
six
re
or
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grams in Fig. 1 are just two of these six diagrams, one con-
cludes that our model rejects the quark diagrams where the
quark and/or the antiquark in the pion coexists with the pion
itself. This is explicitly the result of the definition~1! of the
pion state.

The remarkable fact that various approaches, such as op
erator product expansion@9#, constituent quark models@1,2#,
current algebra, and axial anomaly@10# give small values of
the branching ratio can be explained by the overall presence
of the factor 1/MZ

2 in the decay amplitude coming from a
far-off shell quark. In our model this factor is because of a
quantum fluctuation whose energy is far under the energy o
the initial state@Eq. ~8!#, which is mainly the same thing as
above.

One could finally ask if it is possible to immediately
transpose the result~12! to the W6→p6g and
Z0→W6p7 decays. The answer is negative, because in
these cases one has additional contributions from a parity
violating term in the decay amplitude, analogous of the axial
form factor inp6→ l6ng decay. The first term in Eq.~5!
can be calculated by taking into account the additional con-
tributions and by following the same arguments as above bu
the second term cannot be so easily rejected because th
argument used inZ0→p0g does not hold in these cases.

The evaluation of theW6→p6 and Z0→Wp decay
widths would require more detailed information about the
internal wave function of the pion and the mechanism of
momentum transfer between the bare quarks and the sur
rounding quark-gluonic field.
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