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Decay constants and semileptonic decays of heavy mesons in the relativistic quark mode
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We investigate theB andD mesons in the relativistic quark model by applying the variational method with
the Gaussian wave function. We calculate the Fermi momentum parameterpF , and obtainpF50.5020.54
GeV, which is almost independent of the input parametersas , mb , mc , andmsp . We then calculate the ratio

f B/f D , and obtain a result which is larger, by a factor of about 1.3, thanAMD /MB given by the naive
nonrelativistic analogy. This result is in a good agreement with the recent lattice calculations. We also calculate
the ratio (MB*2MB)/(MD*2MD). In these calculations the wave function at the originc(0) is essential. We
also determinepF by comparing the theoretical prediction of the ACCMM model with the lepton energy
spectrum ofB→enX from the recent ARGUS analysis, and find thatpF50.2760.27

0.22 GeV, when we use
mc51.5 GeV. However, this experimentally determined value ofpF is strongly dependent on the value of the
input parametermc .

PACS number~s!: 12.39.Ki, 12.39.Pn, 13.20.He
s

n
t
la-
t
n-
o-
on
tice

ur

ir
for
al
in

ia-
rial

ed

ght
or-

n-
e

I. INTRODUCTION

B meson physics is important in present high ener
physics since it gives us information on the Cabibb
Kobayaski-Maskawa~CKM! matrix elementsVcb and Vub

and it is expected to provide theCP violation phenomena. In
order to extract the value ofVub from theB meson decay
experiments, the method of separating theB→Xuln events
from theB→Xcln ones at the end-point region of the lepto
energy spectrum has been used@1,2#. On the other hand, the
method of using the hadronic invariant mass spectrum
also been suggested recently@3#. For the analysis of the in-
clusive semileptonic decay process, the ACCMM model@4#
has been most popularly employed, where the Fermi mom
tum parameterpF is introduced as the most important param
eter. The value ofpF.0.3 GeV has been commonly used fo
the experimental analyses without clear experimental
theoretical support. In Ref.@5# we calculatedpF in the rela-
tivistic quark model using the variational method with th
Gaussian wave function, and obtained the resultpF50.54
GeV. In this paper we also study the ratios,f B/f D and
(MB*2MB)/(MD*2MD) using the same method.

When one treats the heavy-light meson in analogy w
the nonrelativistic situation, one expectsf B / f D.
AMD /MB, since the reduced masses of the light and hea
quark systems of theB andD mesons have similar values
and f P

2MP512 uc(0)u2 by the van Royen-Weisskopf for-
mula for the pseudoscalar mesonP @6#, wherec(0) is the
wave function at the origin of the relative motion of quark

*Electronic address: dshwang@phy.sejong.ac.kr
†Electronic address: kim@cskim.yonsei.ac.kr
536-2821/96/53~9!/4951~6!/$10.00
gy
o-

n

has

en-
-
r
or

e

ith

vy
,

s.

If one uses the relationf B / f D.AMD /MB with the supple-
mentary relationf D / f Ds

.Amd /ms, one can obtain the value

of f B from that of f Ds
, which has the experimental result

from the branching ratio of the theoretically clea
Ds

1→m1nm process@7#, even though further improvemen
of the experimental value is required. However, our calcu
tion of f P in the relativistic quark model, which we presen
in this article, shows that the above consideration with no
relativistic analogy is deviated greatly by the relativistic m
tion of the light quark in the heavy-light pseudoscalar mes
P. This deviation has also been exposed by the recent lat
calculations, since they give rather close values forf B and
f D @8,9#. This situation can be understood clearly within o
relativistic calculation.

The potential model has been successful forc and Y
families with the nonrelativistic Hamiltonian, since the
heavy quarks can be treated nonrelativistically. However,
theD or B meson it has been difficult to apply the potenti
model because of the relativistic motion of the light quark
the D or B meson. In our calculation we work with the
realistic Hamiltonian which is relativistic for the light quark
and nonrelativistic for the heavy quark, and adopt the var
tional method. We take the Gaussian function as the t
wave function, and obtain the ground state energy~and the
wave function! by minimizing the expectation value of the
Hamiltonian. Using the Gaussian wave function calculat
as above, we get the wave function at the originc(0), with
which we can calculate the decay constant of the heavy-li
pseudoscalar meson from the van Royen–Weisskopf f
mula. Through this procedure we obtain the ratiof B/f D . We
also calculate the ratio (MB*2MB)/(MD*2MD) from the
chromomagnetic hyperfine splitting formula, where the i
formation ofc(0) is essential. Finally, we compare the valu
4951 © 1996 The American Physical Society
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of the Fermi momentumpF given in our calculation with the
lepton energy spectrum data of the semileptonic decay p
cess, and find that it is just outside of ones standard devia-
tion.

In Sec. II, using the variational method in relativisti
quark model we calculate the value of the parameterpF , and
the ratiosf B / f D and (MB*2MB)/(MD*2MD). We also ex-
tract pF by comparing the theoretical prediction of the AC
CMM model with the whole region of electron energy spe
trum of B→enX in Sec. III. Section IV contains the
conclusions.

II. VARIATIONAL METHOD IN RELATIVISTIC QUARK
MODEL, AND CALCULATIONS OF f B/f D AND

„MB*2MB…/„MD*2MD…

For theB meson system we treat theb quark nonrelativ-
istically, but we treat theu or d quark relativistically with the
Hamiltonian

H5M1
p2

2M
1Ap21m21V~r !, ~1!

whereM5mb ormc is the heavy quark mass andm5msp is
the u or d quark mass, i.e., the spectator quark mass in
ACCMM model. We apply the variational method to th
Hamiltonian~1! with the trial wave function

c~r !5S m

Ap
D 3/2e2m2r2/2, ~2!

wherem is the variational parameter. The Fourier transfor
of c(r ) gives the momentum space wave functionx(p),
which is also Gaussian:

x~p!5
1

~Apm!3/2
e2p2/2m2

. ~3!

The ground state is given by minimizing the expectati
value ofH,

^H&5^cuHuc&5E~m!,
d

dm
E~m!50 at m5m̄. ~4!

Ē[E(m̄) then approximatesmB , and we getm̄5pF , the
Fermi momentum parameter in the ACCMM model. Th
value ofm or pF corresponds to the measure of the radius
the two-body bound state, as can be seen from the relati

^r &5
2

Ap

1

m
or ^r 2&1/25

3

2

1

m
.

In Eq. ~1!, we take the Cornell potential, which is com
posed of the Coulomb and linear potentials:

V~r !52
ac

r
1Kr . ~5!

For the values of the parametersac([
4
3as), the quark

massesmb andmc , andK, we use the following two sets o
parameters. The set~A! is that of Hagiwaraet al. @10#,
ro-

c

-
c-

the
e

m

on

e
of
on

-

f

which has been determined by the best fit of (cc̄) and
(bb̄) bound state spectra. The set~B! is chosen to have the
running coupling constants for the mass scales ofmB and
mD , and the quark massesmb andmc that were determined
to give the bestc andY masses for the variational ground
states:

~A! ac50.47, mb54.75 GeV, mc51.32 GeV,

K50.19 GeV2, ~6!

~B! ac
B50.32, mb54.64 GeV, ac

D50.48,

mc51.33 GeV, K50.19 GeV2. ~7!

With the Gaussian trial wave function~2! or ~3!, the ex-
pectation value of each term of the Hamiltonian~1! is given
as

K p2

2M L 5 K x~p!U p22MUx~p!L 5
3

4M
m2,

^Ap21m2&5^x~p!uAp21m2ux~p!&

5
4m

Ap
E
0

`

e2x2Ax21~m/m!2x2dx,

^V~r !&5 K c~r !U2 ac

r
1KrUc~r !L

5
2

Ap
~2acm1K/m!. ~8!

Then we have

E~m!5^H&5M1
3

4M
m21

2

Ap
~2acm1K/m!

1
4m

Ap
E
0

`

e2x2Ax21~m/m!2x2dx. ~9!

For more details on this procedure of the variational metho
see Ref.@5#.

With the input value ofm5msp50.15 GeV, which is the
value commonly used in experimental analyses, we min
mizeE(m) of ~9!, and then we obtain, for theB meson,

pF~B!5m̄50.54 GeV, Ē~B!55.54 GeV for ~A!,

m̄50.50 GeV, Ē~B!55.52 GeV for ~B!.
~10!

TheB meson mass is lowered from the above values if w
include chromomagnetic hyperfine splitting corrections. Fo
comparison, let us check how sensitive our calculation
pF is by considering the case wherem5msp50. For
msp50 the integration in~9! is done easily and we obtain the
following values ofm̄5pF :

m̄50.53 GeV, Ē~B!55.52 GeV for ~A!, ~11!
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m̄50.48 GeV, Ē~B!55.49 GeV for ~B!.

As we see in Eq.~11!, the results are similar to those in~10!,
wheremsp50.15 GeV. We expected this insensitivity of th
value ofpF onmsp because the value ofmsp , which should
be small in any case, cannot effect the integration in~9!
significantly. We also note that the theoretically determin
value ofpF(B) is completely independent of the input valu
of mc , as can be seen from Eq.~9!. Following the same
procedure, we next obtain the results for theD meson with
msp50.15 GeV:

pF~D !5m̄50.45 GeV, Ē~D !52.21 GeV for ~A!,

m̄50.46 GeV, Ē~D !52.21 GeV for~B!.
~12!

The decay constantf P of a pseudoscalar mesonP is de-
fined by the matrix element̂0uAmuP(q)&:

^0uAmuP~q!&5 iqm f P . ~13!

By considering the low energy limit of the heavy meso
annihilation, we have the relation betweenf P and the ground
state wave function at the origincP(0) from the van Royen–
Weisskopf formula including the color factor@6,7#

f P
25

12

MP
ucP~0!u2, ~14!

whereMP is the heavy meson mass. From~14! we have the
ratio of f B and f D :

f B
f D

5AMD

MB

ucB~0!u
ucD~0!u

. ~15!

For the Gaussian wave function of Eq.~2!, we have

cP~0!5S pF~P!

Ap
D 3/2, ~16!

then using the values ofpF in ~10! and ~12!, we obtain

f B
f D

5AMD

MB
S pF~B!

pF~D ! D
3/2

50.5931.3150.77 for ~A!

50.5931.1350.67 for ~B!.
~17!

From ~17! we see thatf B / f D is enhanced, compared with
AMD /MB, by the factor 1.31 for the parameter set~A!, and
by 1.13 for the set~B!, which are given by the factor of
ucB(0)/cD(0)u. Sometimes this factor has been approx
mated to be 1, and the relationf B / f D.AMD /MB has been
used, by treating it in analogy with the nonrelativistic ca
@7#. However, our calculation shows that this factor is inde
important and different from 1 significantly. The factor 1.3
obtained in~17! for the parameter set~A! is in fairly good
agreement with factors 1.40 of Ref.@8# and 1.39 of Ref.@9#
of the recent Lattice calculations.
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The mass difference between the vector mesonP* and
the pseudoscalar mesonP is given rise to by the chromo-
magnetic hyperfine splitting

Vhf5
2

3mQm̃q

sW1•sW2¹
2S 2

ac

r D , ~18!

wheremQ is the heavy quark mass that we used before~i.e.,
mb ormc), andm̃q is the constituent quark mass of the light
quark, which is the effective mass for the baryon magnet
moments@11#:

m̃u5m̃d50.33 GeV, m̃s50.53 GeV. ~19!

Then the mass difference betweenB* andB mesons is given
by

MB*2MB5
8pac

3mbm̃u

ucB~0!u2. ~20!

Using the values ofpF in ~10! and ~12!, we obtain the ratio
of MB*2MB andMD*2MD as

MB*2MB

MD*2MD
5
mc

mb
S ucB~0!u
ucD~0!u D

2

5
mc

mb
S pF~B!

pF~D ! D
3

50.2831.7350.48 for ~A!,

50.2931.2850.37 for ~B!. ~21!

The experimental value@12# is about 0.33, which is larger
than the nonrelativistic value 0.28 or 0.29, but smaller tha
our calculated value 0.48 or 0.37. Our calculated results a
not much worse than the nonrelativistic values, even thoug
there exists a somewhat large discrepancy compared to
experimental result. This suggests that the reason behind t
discrepancy could be more subtle than the nonrelativist
consideration.

Recently, considerable progress has been made on the
lation of the ACCMM model with QCD@13–15#. Bigi et
al. @13# derived an inequality between the expectation valu
of the kinetic energy of the heavy quark inside the hadro
and that of the chromomagnetic operator, which gives

^p2&>
3

4
~MV

22MP
2 !. ~22!

Bigi et al. also gave a field-theoretical derivation of this
inequality @16#. The experimental values of the right-hand
side of Eq.~22! are 0.366 GeV2 for theB meson, and 0.410
GeV2 for the D meson. These bounds correspond t
pF>0.49 GeV for theB meson, andpF>0.52 GeV for the
D meson, because in the ACCMM model

^p2&5E dp p2f~p!5
3

2
pF
2 . ~23!

These lower bounds ofpF were obtained solely from the fact
that the Gaussian distribution was taken in the ACCMM
model, and therefore the results are independent of any inp
parameter values of the ACCMM model. We note that th
heavy quark inside the hadron possesses more kinetic ene
than the value one might expect naively from the nonrelativ
istic consideration. Ball and Braun@15# also calculated
^p2& using the QCD sum rule approach, and obtaine
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^p2&50.6060.10 GeV2 for the B meson, corresponding to
pF50.6360.05 GeV, which is similar to our results in~10!.

III. DETERMINATION OF pF FROM THE
EXPERIMENTAL SPECTRUM

Until now, we have discussed the theoretical determin
tion of pF in the relativistic quark model using the varia
tional method, and its implications to the heavy mes
masses and the decay constants of the heavy mesons.
we would like to determine the Fermi momentum parame
pF by comparing the theoretical prediction with the expe
mental charged-lepton energy spectrum in semileptonic
cays ofB meson.

As discussed, the simplest model for the semileptonicB
decay is the spectator model which considers the decay
b quark in theB meson as a free particle. The spectat
model is usually used with the inclusion of perturbative QC
radiative corrections@17#. Then the decay width of the pro
cessB→Xqln is given by

GB~B→Xqln!.Gb~b→qln!5uVbqu2S GF
2mb

5

192p3D f Smq

mb
D

3F12
2

3

as

p
gSmq

mb
D G , ~24!

wheremq is the mass of the finalq quark decayed from the
b quark. As can be seen, the decay width of the specta
model depends onmb

5 , therefore a small difference inmb

would change the decay width significantly.
Altarelli et al. @4# proposed for the inclusiveB meson

semileptonic decays their ACCMM model, which incorpo
rates the bound-state effect by treating theb quark as a
virtual-state particle, thus giving momentum dependence
theb quark mass. The virtual-stateb quark massW is given
by

W2~p!5mB
21msp

2 22mBAp21msp
2 ~25!

in theB meson rest frame, wheremB is theB meson mass,
msp is the spectator quark mass, andp is the momentum of
the spectator quark insideB meson.

For the momentum distribution of the virtualb quark,
Altarelli et al. considered the Fermi motion inside theB
meson with the Gaussian momentum distribution,

f~p;pF!54pux~p!u25
4

AppF
3
e2p2/pF

2
, ~26!

where the Gaussian width,pF , is treated as a free paramete
Then the lepton energy spectrum of theB meson decay is
given by

dGB

dEl
~pF ,msp ,mq ,mB!5E

0

pmax
dp p2f~p;pF!

3
dGb

dEl
~mb5W,mq ,msp!, ~27!
a-
-
on
Now
ter
ri-
de-

ing
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D
-
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r.

wherepmax is the maximum kinematically allowed value of
p5upu. The ACCMM model, therefore, introduces a new
parameterpF for the Gaussian momentum distribution of the
b quark insideB meson, instead of theb quark mass of the
spectator model. In this way the ACCMM model incorpo-
rates the bound state effects and reduces the strong dep
dence on theb quark mass in the decay width of the specta
tor model. The Fermi momentum parameterpF is the most
essential parameter of the ACCMM model, as we see abov
However, the experimental determination of its value from
the lepton energy spectrum has been very ambiguous, sin
various parameters of the ACCMM model, such aspF ,
mq , andmsp , are fitted together from the limited region of
the end-point lepton energy spectrum, and because the p
turbative QCD corrections are very sensitive in the end-poin
region of the spectrum.

Recently, ARGUS@18# extracted the model-independent
lepton energy spectrum ofB→Xcln for the whole region of
electron energy, but with much larger uncertainties, a
shown in Fig. 1. We now compare the whole region of th
experimental electron energy spectrum with the theoretic
prediction of the ACCMM model,@Eq. ~27!#, usingpF as a
free parameter. We fixedmsp50.15 GeV andmq5mc51.5
GeV, which are the values commonly used in experiment
analyses. We derive the value ofpF usingx2 analysis, and
we obtain

pF50.2760.27
0.22 GeV. ~28!

The minimumx2 equals 0.59 withpF50.27 GeV. However,
the result@Eq. ~28!# is found to be strongly dependent on the
input value ofmc: if we instead use smallermc , both the
best fit value ofpF and the minimumx2 increase, and vice
versa. In Fig. 1, we also show the theoretical ACCMM
model spectrums withpF50, 0.27, 0.49 GeV, correspond-
ing to the dashed, full, and dotted lines, respectively. Th
experimental data and the theoretical predictions are all no

FIG. 1. The normalized lepton energy spectrum ofB→Xcln for
the whole region of electron energy from the recent ARGUS@18#
measurement. Also shown are the theoretical ACCMM model pre
dictions@Eq. ~27!# usingpF50, 0.27, 0.49 GeV, corresponding to
dashed, full, and dotted lines, respectively. The minimumx2 equals
0.59 with pF50.27 GeV. We fixed msp50.15 GeV and
mq5mc51.5 GeV.
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malized to the semileptonic branching rati
B(B→enX)59.6% following the result of ARGUS@18#.

In Sec. II, we calculated theoretically the Fermi mome
tum parameterpF , and obtainedpF50.5020.54 GeV. We
note that the theoretically calculated values are slightly o
side of ones standard deviation compared with the best-
value of the experimental data. However, since the exp
mental spectrum still has large uncertainties, we cannot
exclude the validity of a relativistic quark model for the ca
culation of pF , nor can we exclude the ACCMM mode
itself to apply to experimental analyses for finding CKM
parametersuVcbu and/oruVub /Vcbu. In the near future, once
we get much more data from asymmetricB factories, it will
be very interesting to extract the precise value ofpF once
again.

In our previous work@5#, we investigated the dependenc
of uVub /Vcbu on pF in the ACCMM model, and we found
rather strong dependence as a function of a parameterpF :

1023uVub /Vcbu250.5760.11

~ACCMM with pF50.3 @19# !,

51.0360.11 ~ACCMM with pF50.5!,

51.0260.20 ~Isgur et al. @20# !.
~29!

As can be seen, those values between the ACCMM mo
with pF50.3 GeV and the Isguret al. model are in large
disagreement. However, if we usepF50.5 GeV, the result of
the ACCMM model becomes 1.03, and these two models
in good agreement for the value ofuVub /Vcbu.

IV. CONCLUSIONS

We conclude that the valuepF;0.3 GeV, which has been
commonly used in experimental analyses, has no clear th
retical or experimental justification, even though there h
recently been an assertion that the prediction of the he
o

n-

ut-
fit
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yet
l-
l

e
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are

eo-
as
avy

quark effective theory approach@21#, far from the end-point
region, gives approximately equal shape to the ACCMM
model with pF;0.3 GeV. Therefore, it is strongly recom-
mended to determine the value ofpF more reliably and in-
dependently, when we think of the importance of its role i
experimental analyses. It is particularly important in the de
termination of the value ofuVub /Vcbu. A better determina-
tion of pF is also interesting theoretically since it has its ow
physical correspondence related to the Fermi motion insi
theB meson. In this context we calculated theoretically th
value ofpF in the relativistic quark model using the quantum
mechanical variational method. It turns out tha
pF50.5020.54 GeV, which is not far from the value of
pF determined by comparing the ACCMM model prediction
and the model independent lepton energy spectrum of t
ARGUS measurement,pF50.2760.27

0.22 GeV. The theoreti-
cally determined value ofpF is almost independent of input
parameters,as , mb , mc , msp , etc. On the other hand, the
experimentally determined value is strongly affected by th
value of the input parametermc .

By using the same framework, we then calculated th
ratio f B/f D , and obtaind a result which is larger, by a facto
of about 1.3, thanAMD /MB given by the naive nonrelativ-
istic analogy. This result is in fairly good agreement with th
recent lattice calculations. We also calculated the rat
(MB*2MB)/(MD*2MD), whose results suggest the
subtlety of the mechanism which gives rise to the value
this ratio.
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