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Effect of a magnetic field on the strange star
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We study the effect of a magnetic field on strange quark matter and apply the same to strange stars.
that the strange stars become more compact in the presence of strong magnetic fields.

PACS number~s!: 04.40.Dg, 97.60.Gb, 97.60.Jd, 98.35.Eg
There are several different scenarios for the estimation
the magnetic field strength at the surface of neutron st
These are theoretical models of pulsar emission@1#, the ac-
cretion flow in binary x-ray sources@2#, and the observation
of cyclotron lines@3#, e.g., the spectra of pulsating x-ra
sources. From a sample of more than 400 pulsars, the sur
magnetic field strength lies in the interval 231010 G
<H<231013 G @4#.

Very recently, it has been argued that there are two diff
ent physical mechanisms@5,6# leading to an amplification of
some initial magnetic fields in a collapsing star. The first o
is due to differential rotation@5# and a dynamo action@6# is
the second. In newborn neutron stars, magnetic fields m
be generated as strong asH;1014–1016 G, or even more. In
the interior of a neutron star, it probably reaches;1018 G.
Therefore, it is advisable to study the effect of strong ma
netic fields on compact neutron stars.

There are strong reasons for believing that hadrons
composed of quarks and the idea of quark stars has exi
for about 20 years. If the neutron matter density at the c
of neutron stars exceeds a few times the normal nuclear d
sity, a deconfining phase transition to quark matter may ta
place. As a consequence, a normal neutron star will be c
verted into a hybrid star with an infinite cluster of quar
matter core and a crust of neutron matter. In 1984, Witt
suggested that strange matter, e.g., quark matter w
strangeness per baryon of order unity, may be the t
ground state@7#. The properties of strange matter at ze
pressure and zero temperature were subsequently exam
and it was found that strange matter can indeed be stable
a wide range of parameters in strong interaction calculatio
@8#. Therefore, at the core, strange quarks will be produc
through the weak decays of light quarks (u and d quarks!
and ultimately a chemical equilibrium will be establishe
among the participants. Since strange matter is energetic
favorable over neutron matter, there is a possibility that
whole star may be converted into a strange star.

In this paper, we discuss the effect of a strong magne
field on strange quark matter. We then calculate the equa
of state of strange quark matter and apply the same to stra
stars. According to Ref.@9#, the surface magnetic fields o
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pulsars are very high,H'1012–1014 G, and in the interior
layers of a star, the fields can reach values of the order
H'1014–1018 G. Even neglecting possible twisting of the
fields, which intensifies the fields by another several orders
of magnitude, as a first approximation, we assume the exist-
ence of a constant uniform magnetic field in the range of
H'1014–1018G throughout the strange star. Such a choice is
being adopted for the sake of simplicity.

For a constant magnetic field along thez axis

@AW 5(Hy,0,0)#, the single energy eigenvalue is given by@10#

«p,n,s5Api21mi
21qiH~2n1s11!, ~1!

with n50,1,2, . . . being the principal quantum numbers for
allowed Landau levels,s561 refers to spin up~1! and
down(2), and pi is the component of particle~speciesi )
momentum along the field direction. Setting 2n1s11
52n, wheren50,1,2, . . . , we canrewrite the single par-
ticle energy eigenvalue in the form

« i5Api21mi
212nqiH. ~2!

It is very easy to see thatn50 state is singly degenerate,
whereas all other states withnÞ0 are doubly degenerate.
Then the thermodynamic potential in the presence of a strong
magnetic fieldH(.H (c), critical value discussed later! is
given by

V i52
giqiHT

4p2 E d« i(
n

dpi
d« i

ln†11exp@~m i2« i !/T#‡.

~3!

Integrating by parts and substituting

pi56A« i
22mi

222nqiH, ~4!

for all T, one finds

V i52
giqiH

4p2 E d« i(
n

2A« i
22mi

222nqiH

†exp@~« i2m i !/T#11‡
, ~5!

where the sum overn is restricted by the condition
«.Am212nqH and the factor of 2 takes into account the
freedom of taking either sign in Eq.~4!. ForT50, therefore,
4687 © 1996 The American Physical Society
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approximate the Fermi distribution by a step function a
interchange the order of the summation overn and integra-
tion over«:

V i52
giqiH

2p2 (
n
EAmi

2
12nqiH

m

d« iA« i
22mi

222nqiH

52
giqiH

4p2 (
n

S m iAm i
22mi

222nqiH

2~mi
212nqiH !lnFm i1Am i

22mi
222nqiH

Ami
212nqiH

G D . ~6!

Since the temperatureT!m at the core of a quark star, th
presence of antiparticles can be ignored. Now instead of
finity the upper limit of then sum can be obtained from the
relation

pFi
2 5m i

22mi
222nqiH>0, ~7!

wherepFi is the Fermi momentum of the speciesi , which
gives

n<
m i
22mi

2

2qiH
5nmax

~ i ! ~nearest integer!. ~8!

Therefore, the upper limit is not necessarily the same for
the components. As is well known, the energy of a charg
particle changes significantly in the quantum limit if th
magnetic field strength is equal to or greater than some c
cal valueH (c)5mi

2c3/(qi\) ~in G!, wheremi and qi are,
respectively, the mass and the absolute value of charge
particle i ; \ andc are the reduced Planck constant and v
locity of light, respectively, both of which along with Boltz
mann constantkB are taken to be unity in our choice of units
For an electron of mass 0.5 MeV, this critical field as me
tioned above is;4.431013 G, whereas for a light quark of
nd

e
in-

all
ed
e
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of
e-
-
.
n-

current mass 5 MeV, this particular value becomes
;4.431015 G; on the other hand, for ans quark of current
mass 150 MeV, the critical field is;1019 G and hence the
effect of such a huge magnetic field on thes quark has been
ignored in Ref.@11#. But in our calculation, we consider the
quantum-mechanical effect of quark star magnetic fields on
u, d, ands quarks and electrons.

In the absence of the magnetic field, the summation over
the staten needs to be replaced by an integration. We define
a variableu52nqiH such that

(
n

nmax

→E
0

nmax
5 lim

H→0

1

2qiH
E
0

m i
2
2mi

2

du. ~9!

Substituting Eq.~9! into Eq. ~6! and integrating over the
variableu, we finally obtain

FIG. 1. Strangeness fraction plotted against the baryon density
for H50 @curve~a!#, H51014 G @curve~b!#, andH51018 G @curve
~c!#.
V i52
gi
8p2 F13m iAm i

22mi
2~m i

222.5mi
2!1

1

2
mi
4lnS m i1Am i

22mi
2

mi
D G . ~10!
This is the thermodynamical potential for the speciesi
( i5u, d, s, ande) at T50 in the absence of a magnetic
field @8,12#, wheregi is the degeneracy of the species.

In our study, we assume that strange quark matter
charge neutral and also in chemical equilibrium; then,

md5ms5m5mu1me , ~11!

and charge neutrality conditions give

2nu2nd2ns23ne50. ~12!

The baryon number density of the system is given by

nB5
1

3
~nu1nd1ns!. ~13!
is

Using the above Eqs.~11!, ~12!, and ~13!, one can solve
numerically for the chemical potentials of all the flavors and
electrons. ForT50, we have the number density of the spe-
cies i (u, d, s, ande):

ni5
giqiH

2p2 (
n

Am i
22mi

222nqiH. ~14!

The number density of the speciesi in the absence of a
magnetic field is given by

ni5
gi
6p2 ~ms

22ms
2!3/2. ~15!

In Fig. 1, we plot the strangeness fraction (ns /nB) as func-
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tion of baryon density in the strange star. Curve~a! is for
zero magnetic field, whereas curves~b! and~c! correspond to
a low magnetic field (H51014 G! and a high magnetic field
(H51018G!. From this figure, we notice that the strangene
fraction changes with the magnetic field, which is low
curve ~b! and shows oscillating behavior in curve~c!, as
consecutive Landau levels are passing the Fermi level.

The total energy density and the external pressure
strange quark matter are given, respectively, by

«5(
i

V i1B1(
i
nim i ,

p52(
i

V i2B, ~16!

where i5u,d,s,e. Here, we consider the conventional ba
model for the sake of simplicity in the presence of magne
fields. We are assuming that quarks are moving freely~non-

FIG. 2. Pressure plotted against energy density for three case
mentioned in Fig. 1.
ss
in

of

g
tic

interacting! within the system and as usual the current
masses of bothu andd quarks are extremely small, e.g., 5
MeV each, whereas for thes quark the current quark mass is
to be taken as 150 MeV. We choose the bag pressureB to be
56 MeV fm23. Also, we set the low and high values of the
magnetic fields to be 1014 G and 1018 G, respectively, in our
calculations. Since we choose the magnetic field along th
z axis, it follows from the energy-stress tensor that constan
uniform magnetic fields contribute to the pressure and the
energy density byH2/8p. These are much smaller than the
bag pressure, e.g.,H2/8p;0.2531026!56 MeV fm23 for
a low magnetic field (1014 G! and are the same order of
magnitude as the bag pressure in the case of a high magne
field (1018 G!, e.g.,H2/8p;24.84 MeV fm23.

The equations of state of strange quark matter are show
in Fig. 2. Curve~a! is for zero magnetic field, whereas curves
~b! and~c! are for low and high magnetic fields, respectively.
Curve ~c! shows little oscillating behavior because of the
high magnetic field.

s as FIG. 3. Mass plotted against central density for three cases a
mentioned in Fig. 1.
TABLE I. The radius (R), mass (M ), surface redshift (z), moment of inertia (I ), and period of funda-
mental frequency (P0) of strange stars versus central densityrc for three different equations of state for
magnetic fieldsH50, 1014, and 1018 G, respectively.

rc R M/M( z I P0 H
~g cm23) ~km! ~g cm2) ~ms! ~G!

0.631015 9.23 0.82 0.16 0.6131045 0.62
1.031015 10.82 1.61 0.33 1.7631045 0.56
1.531015 10.76 1.82 0.42 1.9931045 0.52 0
2.031015 10.49 1.87 0.45 1.9431045 0.49
0.631015 8.83 0.72 0.15 0.4931045 0.62
1.031015 10.60 1.53 0.32 1.5931045 0.56
1.531015 10.57 1.76 0.40 1.8531045 0.52 1014

2.031015 10.33 1.81 0.44 1.8231045 0.49
2.531015 10.08 1.82 0.46 1.7331045 0.47
1.031015 9.37 1.06 0.22 0.9831045 0.55
1.531015 9.64 1.28 0.28 1.2431045 0.53
2.031015 9.46 1.36 0.32 1.2931045 0.50 1018

2.531015 9.36 1.44 0.35 1.2331045 0.48
3.031015 9.32 1.50 0.38 1.2131045 0.46
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From studies of quark matter@12#, it is predicted that the
mass (M ) of a quark star.M( (M( solar mass! and radius
(R) .10 km. These so-called quark stars have rather a
ferent mass-radius relationship than neutron stars, but
stars of mass.1.4M( , the structure parameters of quar
stars are very similar to those of neutron stars.

The mass and radius for nonrotating strange quark s
are obtained by integrating the structure equations of a re
tivistic spherical static star composed of a perfect fluid whi
is derived from Einstein’s equation. These equations
given in Ref.@13#. For a given equation of state and give
central density, the structure equations are integrated num
cally with the boundary conditionsm(r50)50, to giveR
andM . Though the equations of state have little oscillatin
behavior, this fact does not affect the characteristic structu
of strange stars. The radiusR is defined by the point where
p.0. Figure 3 shows the variation of mass with central de
sity for three equation of states as illustrated in Fig. 2. W
a rise in the central densityrc , M /M( reaches a maximum
which corresponds to the maximum mass a stable s
can have. The total gravitational massM , moment of
inertia I , surface redshiftz, and the periodP0 corres-
pondingto the fundamental frequencyV0 are then given
dif-
for
k
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by M5m(R), I5I (R), z5(122GM/Rc2)21/221, and
P052p/V0, respectively, whereV05(3GM/4R3)1/2 @14#.
Table I lists the above structure parameters versus the cen
densities of strange stars as predicted by our equations
state~see Fig. 2! for magnetic fieldsH50, 1014, and 1018 G,
respectively. We notice from Fig. 3 and Table I that with a
increase in magnetic field strength, the star becomes mo
compact. The maximum mass and the corresponding rad
decrease from 1.87 to 1.50 solar mass and from 10.5 to 9
km, respectively. Similarly, the corresponding values for su
face redshift, moment of inertia, and fundamental period d
crease, but the corresponding central density increases w
magnetic fields.

In conclusion, we see that the presence of a strong ma
netic field in strange quark matter reduces the mass and
dius of strange star. We find that a high magnetic field com
presses the star significantly. That means that the s
becomes more compact. Also, the strangeness fraction
duces in the presence of a magnetic field and shows an
cillating behavior for a high value of the magnetic field.

One of the authors~P.K.S.! wants to thank S. Mohanty for
fruitful discussions.
-
7

@1# M. A. Ruderman, Annu. Rev. Astron. Astrophys.10, 427
~1972!.

@2# P. Ghosh and F. K. Lamb, Astrophys. J.223, L83 ~1978!.
@3# J. Trumperet al., Astrophys. J.219, L105 ~1978!; W. A.

Wheatonet al., Nature~London! 272, 240 ~1979!; D. E. Gru-
ber et al., Astrophys. J.240, L127 ~1980!; T. Mihara et al.,
Nature~London! 346, 250 ~1990!.

@4# R. N. Manchester and J. H. Taylor, Astron. J.86, 1953~1981!.
@5# G. S. Bisnovatyi-Kogan, Astron. Astrophys. Trans.3, 287

~1993!.
@6# R. C. Duncan and C. Thompson, Astrophys. J.392, L9 ~1992!;

C. Thompson and R. C. Duncan,ibid. 408, 194 ~1993!.
@7# E. Witten, Phys. Rev. D30, 272 ~1984!.
@8# E. Farhi and R. L. Jaffe, Phys. Rev. D30, 2379~1984!.
@9# S. L Shapiro and S. A. Teukolsky,Black Holes, White Dwarfs
and Neutron Stars—The physics of compact objects~Wiley,
New York, 1983!.

@10# L. D. Landau and E. M. Lifshitz,Quantum Mechanics~Perga-
mon Press, Oxford, 1965!.

@11# S. Chakrabarty, Phys. Rev. D51, 4591~1995!, and references
therein.

@12# C. Alcock et al., Astrophys. J.310, 261 ~1986!; P. Haensel
et al., Astron. Astrophys.160, 121 ~1986!.

@13# B. Dattaet al., Phys. Lett. B283, 313 ~1992!; P. K. Sahu, R.
Basu, and B. Datta, Astrophys. J.416, 267~1993!; S. K. Ghosh
and P. K. Sahu, Int. J. Mod. Phys. E2, 575~1993!; P. K. Sahu,
‘‘Study of the properties of dense nuclear matter and applica
tion to some astrophysical systems,’’ report, hep-ph/950436
~unpublished!.

@14# C. Cutler, L. Lindblom, and R. J. Splinter, Astrophys. J.363,
603 ~1990!.


