PHYSICAL REVIEW D

VOLUME 53, NUMBER 1

1 JANUARY 1996

Quantum corrections to the Weizsacker-Williams gluon distribution function
at small =

Alejandro Ayala, Jamal Jalilian-Marian, and Larry McLerran
School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55455

Raju Venugopalan ’
Institute for Nuclear Theory, University of Washington, Seatile, Washington 98195
(Received 14 August 1995)

We compute the quantum corrections to the gluon distribution function in the background of
a non-Abelian Weijzsicker-Williams field. These corrections are valid to all orders in the effective
coupling a,u, where p® denotes the average valence quark color charge squared per unit area.
We find In(1/z) logarithmic corrections to the classical gluon distribution function. The one-foop
corrections to the classical Weizsicker-Williams field do not contribute to these singular terms in
the distribution function. Their effect is to cause the running of a,.
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L INTRODUCTION

In a recent work [1] we computed the Green’s func-
tion in the light cone gauge A% = 0 for the small fluc-
tuations about a background Weizsacker-Williams gluon
field. This background field is generated by the va-
lence quarks in a large A nucleus. For small # partons,
these valence quarks constitute a static and well local-
ized source of color fields [2]. The average color charge
squared per unit area of the valence quarks is denoted by
©? and it is of the order of A3 fm=2. The quantity u is
the only dimensionful parameter in the theory and as a
result, the coupling constant will run as a function of it.

Previously, two of us (McL.-V.) have argued that we
can compute the gluon distribution function from the
light cone gauge Green’s function [3]. In the present
paper we use that Green’s function to compute the
corrections induced by quantum fluctuations on the
Weizsicker-Williams distribution function.

There are several reasons for this computation to be of
interest. From the practical point of view, we hope that
an analysis which provides us with a better understand-
ing of the initial conditions for the evolution of partons
in the collision of heavy nuclei to form a quark-gluon
plasma will help establish a firm foundation [4] for par-
tonic cascade models simulating such collisions [5]. For
an alternative approach to the problem of initial condi-
tions in heavy ion collisions, see Ref. [6].

From the theoretical point of view, we hope to under-
stand the small @ behavior of a nucleus starting from a
QCD based approach. Let us recall that it is believed
that in the small z region, the gluon distribution func-
tion computed perturbatively including leading logarith-
mic contributions in ln{1/z) for a single nucleon behaves
like [7]

dN 1
dz | zitoe’
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The steep rise of the gluon distribution function for small
x is sometimes referred to as the Lipatov enhancement.
It is obtained by solving the Balitsky-Fadin-Kuraev-
Lipatov (BFKL) kernel for the f-channel exchange of a
perturbative pomeron [8]. This behavior is also exhib-
ited in a hadron where the large = part of the hadron
wave function is taken to be a heavy quark-antiquark
state. By applying Hamiltonian perturbation theory to
this state, it is possible to reproduce the kernel of the
BFKL equation [9] for the emission of a large number of
soft gluons.

However, the rapid rise of the gluon distribution func-
tion with smaller values of z is in conflict with unitarity
when considering the hadron scattering total cross sec-
tion at asymptotically high energies [7]. Physically, this
violation of unitarity can be understood to result from
ignoring effects that arise due to the large density of par-
tons at very small values of « [10}. When the density
of partons is so large that neighboring partons overlap,
the t-channel picture of an independent parton cascade
in & breaks down. The former signals that at very small
values of z, the picture in which the partons do not in-
teract with each other has to be modified in order to
comply with the Froissart bound [11] on the growth of
cross sections at asymptotically high energies. Although
some work has been done in recent years to include these
“higher twist” effects in describing parton evolution at
high densities [10,12,13], more still remains to be done in
devising a quantitative mechanism to limit this growth.

The regime of high parton density is the screening
regime. This screening is presumably responsible for the
shadowing phenomena observed in deep inelastic scatter-
ing experiments off nuclei at small z. It can be addressed
as a collective or many body effect. It is precisely this
many body problem of parton interactions that we seek
to address in our work. As outlined in Refs. [2,3,14], our
formalism provides us, by means of a novel weak cou-
pling approach, with a technique to solve the many body
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problem of wee parton distributions in a large nucleus.

In this work, we will focus on one of the theoretical as-
pects of the problem—the nature of the small = terms
in the gluon distribution function of the Weizsicker-
Williams fields generated by the valence quarks in the in-
finite momentum frame. We do this by computing a for-
mula for the gluon distribution function which includes
the effects of all orders in the parameter o, . Working
in the weak coupling regime o, € k4, we extract from
this formula an expression for the distribution function in
perturbation theory to second order in ;. Although we
approach the problem in weak coupling, we will show that
after the corrections are considered, the series expansion
parameter becomes a,In{1/z) which may be large for
small #’s. We will argue that this forces us to devise a
method to isolate and sum up the leading contributions
to all orders in that effective expansion parameter in or-
der to compute the modification to the zeroth order 1/«
distribution function. '

The outline of this work is as follows. In Sec. II, we
briefly review the basic aspects of the model in which we
treat the nuclear valence quarks as static sources of color
charge as seen by small & partons. We also go briefly
through the formalism that allows us to compute the
Green’s function for the small fluctuations equation and
finish the section by writing the formula for this Green’s
function. In Sec. III, we use this Green’s function and
exploit its relation to the gluon density in order to com-
pute the gluon distribution of small & gluons. We also
derive from this result a formula for the leading small
terms of the distribution function in perturbation theory
valid to second order in @,. In Sec. IV, we compute
the corrections to the background field induced by the
fluctuation field and show that the only effect that this
introduces can be absorbed into the renormalization of
the background field (which is related to the renormal-
ization of the coupling constant to one loop). Details of
the calculations in Sec. III and Sec. IV are discussed in
Appendix A and Appendix B, respectively. Finally we
summarize our results in Sec. V,

II. THE MODEL

In QCD, a hadron is a cloud of virtual particles with
a rather complicated structure. The picture gets simpler
when we consider the hadron as a quantum system com-
posed of quasireal particles (partons) with lifetimes much
larger than the characteristic interaction times. This can
be done in a reference frame where the hadron has a
large momentum [10]. Partons with large lifetimes can
produce new partons carrying smaller fractions x of the
initial hadron’s momentum. The small # partons will
therefore densely populate the hadron and see the rest of
it with its longitudinal dimension Lorentz contracted to
a thin disk. In our model, we look at the small & partons
in a large A nucleus (z <« A~Y/3) where the high par-
ton density allows us to use weak coupling techniques.
The rest of the nucleus consists of the valence quarks
which carry most of the nuclear momentum. They are
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described as a static (recoilless) source of color charges,
in a reference frame in which they move with the speed
of light (infinite momentum frame) {2].

The problem is well snited to be described using light
cone variables [15,16]

¥, — v = (0 £4°%)/V2 (1)

In order to compute ground state properties of the wee
partons, we define a partition function for the system.
This partition function includes the sum over a large
number of color configurations. To simplify the prob-
lem, we resolve the transverse space direction into cells
which contain a large number of valence quarks, or equiv-
alently, a large number of color charges. This allows us
to treat the sum over color configurations classically [2].
To write the average over the color charges, we introduce
a Gaussian weight by inserting into the path integral rep-
resentation of the partition function the term

e { =55z [ Po P0)} @)

where p is the color charge density (per unit area) and the
parameter p2 is the average color charge density squared
(per unit area) in units of the coupling constant g. The
introduction of the partition function, where we average
over the sources of external charge, allows us to formu-
late the theory as a many body problem with modified
propagators and vertices.

We treat the system perturbatively and the first step
is to solve the classical equations of motion

- D, F¥ =g, JY =8 p(at,m)i(z7), (3)
for which (working in the light cone gauge 4_ = —A* =
0) there exists a solution with 4, = -4~ = 0. We
require

Asfa) = 0 )ou () @

(hereafter, latin indices refer to transverse variables), and
furthermore F* = (. The latter condition implies that
a(z,) is a pure gauge transform.of the vacuum [14]:

- gv(zt)v,.m(m,), 5)

where U(z,) is a SU(3) local gauge transformation whose
spatial dependence is only on the two-dimensional trans-
verse space. It is subject to the physical gauge condition

V- [U(z) VU ()] = —igp. (6)

The * (light cone time) dependence of the charge den-
sity is a consequence of the extended current conservation
law

D,J* =0, (7)

The integration over the sources p in Eq. (2) may be
written as
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f [dU] exp [— (v,- -U-:,-V,-U’f) 2] , (8)

where we have ignored tﬂe Faddeev-Popov determinant.
Note that the effective couphng constant for this theory
is g% so that the expansion parameter becomes v, pt/ps.

The Green's function can be computed from the rela-

tion
P = [ 52 [ ot -2
X(A?)A(-’E)(A?)ﬂ ) ©)

and the gluon distribution function can be computed
from the Green's function by the relation

d
(2'rr3Z

To relate the Green’s functions to the distribution func-
tion by the above relation, the former must be averaged
over the external sources of color charge.

Indeed, the distribution function, to all orders, is re-
lated by the above expression to the fully connected two
point Green’s function. This Green’s functmn is given by
the relation

({A4)), = {{Aa){4a) + (454g))s - (11}

In the above, {A.) is the expectation value of the classical
field to all orders in k. It can be expanded as

(Ag) = AD + 4D 4., (12)

where AS)) is the solution discussed in Egs. (4) and (5).

The cne-loop correction to the classical field, Ag) , 1s com-
puted in Sec. IV of this paper. The term (AgA,) above is
the small fluctuations Green’s function computed to each
order in the classical field. The symbol (-}, indicates
that we have to average over the external sources of color

=zt Bzt k). (10)

charge with the Gaussian weight described above.

From the above, it is clear that the zeroth order con-
tribution is (4 gO)A 0)),, This contribution is the QCD
analog of the well-known Weizsicker-Williams distribu-
tion in classical electrodynamics. The general form of the
solution is given in Ref. [14]. In the range of momenta
oyp € ky € p, the zeroth order solution 4* yields a dis-
tribution function that, written in terms of z = k¥ /P*,
with Pt the nuclear longltudmal light cone momentum,

looks like

1 dN _ op?(NZ-1) 1
7w R? dzd2k, w2 xk?

(13)

The above is the well-known Weizsicker-Williams distri-
bution scaled by p? ~ 43 fm~2.

With this formalism at hand, we can proceed to com-
pute the next order contribution to the gluon distribution
function. Our strategy is to compute the small fluctua-
tions correction to the classical equation of motion. Writ-
ing the field in terms of its background and fluctuation
parts

A¥(z)

= Bt (z) + b (a), (19)

we are able to express the equation obeyed by b* as [1]

[D(B)*¢* — D*(B)D¥(B)] b, — 2F**b, =0,  (15)
where B is the background fleld which according to
Eq. (4) is nonvanishing only for its transverse compo-
nents. D#(B) is the covariant derivative with B as the
gauge field (notice that D¥ = 8%). As discussed in
Ref. [1], the set of equations (15) can be unambiguously
solved in the gauge A~ = 0, and by means of Eq. (9)
we can compute the Green’s function for the fluctuation
fields in this gauge. To obtain the Green’s function in the
gauge AT = 0 (light cone gauge}, we perform a gauge
transformation on the Green’s function in the A= = 0
gauge and obtain finally (in the matrix representation)

2r)4 p? —de

G%ﬁ;afﬁr(m,y) _ _j(d4p ezp(a:*y){[éri_ PiPj (2e'p+(“’ —y7) =P pFy~ weipﬂ’_)jl
) PP

x [e(—m-)e(—y-)r"ﬁr“'ﬁ‘ T 0™ )0(y™) FI (@) FI® (yt)]

(0" [l

XFJ“‘B (2e) 1P () [51':‘ +

Qz% ( —;q ¥~ _1)+
P gt

- - d?

+9(:I: )9(_y )/(qu;g

X F18 (2, ) F1o () [%' PP (pminty”

q:p;Pe - qt
{p=p*)(p~q*)

i@t =P )y gilpe—a e —2:)

pzl;i( ap :B___ 1)
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where g7 = pt + —-‘—‘- and

Fi%(@3) = (Ulwe)ralUt (2:))P. - (17)
The above result was derived in Ref. [1]. The regular-
ization of the poles in p™ and p* is a rather subtle issue
and was discussed at some length in the above-mentioned
paper.

The Green’s function G;;(z,y) contains the physical
degrees of freedom that we need to relate to the gluon
density. In the following section, the above small fluctu-
ations propagator will be used to compute corrections
to the Weizsicker-Williams distribution function. We
will show that logarithmic corrections, both in « and k,,
arise from here. In Sec. IV, we discuss the corrections
that the small fluctuations induce on the classical field
to one loop. These corrections, in contrast, provide no
such logarithmic terms to the distribution function and
their only effect is to renormalize the coupling constant
and the background field.

In Appendix A, we compute the Fourier transform of
the Green's function. This result is useful for the com-
putation of the distribution functions performed in the
next two sections.

III. THE GLUON DISTRIBUTION FUNCTION

In this section, we will show how one can obtain
the gluon distribution function from the Green’s func-
tion [Eq. (16)], corresponding to the small fluctuations
about the Weizsdcker-Williams background color field.
We will be concerned with the structure of the leading
terms for small  and at the end of the section compute
a formula for the gluon distribution function valid to o2.
To compute the distribution function we need to sum
over all possible color configurations. This color average
involves the two-dimensional gauge fields U. We start by
recalling the properties of these gange fields under our
color averaging.

A. Correlation functions involving the gauge -
transformations U

According to Eq. (5) the gauge transformations U{z,)
carry the information on the background field which en-
ters the Green’s function (16). These gauge transforma-
tions have the interesting property that the color aver-
age with the Gaussian weight [defined by Eq. (8)] of the
combination

Ul )72 U () U ()20 (1), (18)

can be written as [3]

(TeU N (z,) 72U (2o ) U (1) 7°U (1))

= (N"ZT—I)I‘(mt—yt), (19)
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where N, is the number of colors and summation over
repeated indices is implied.

As pointed out in Ref. [2], the average over the color
sources yields the information about the ground state
properties of the system. The average with the Gaussian
weight is an artifact that simplifies the computation and
we expect that as long as we resolve the nucleus on a
transverse size much larger than the typical transverse
quark separation, such an artifact is justified.

The function I" factorizes the dependence on the trans-
verse coordinates zy, y: and is a function of their differ-
ence. Moreover, from Eq. (19) we see that T is real and

also
(0} = 1. (20)
Defining the Fourier transform of I'(=,),
y(pe) = fdzzte_ip‘”‘F(zt), (21)
we have, together with (20), the sum rule
d?pe
— =1 22
f (271‘)2 'Y(pt) ( )

The color charge at a given transverse location will be
zero on average and the only way to generate a nonzero
color charge will be by fluctuations. Equation (8) can
be thought of as the generator of those fluctuations and
thus the function I'(z:,y:) represents the correlator of
fluctuating fields at the transverse locations #; and ;.

In momentum space, the function v(p:) can be for-
mally computed by expanding the exponential in (8) in
powers of the coupling parameter o, p1/p, (weak coupling
regime). This was done in Ref. [3] for scalars. For gluons,
the result for a,u < py is .

) = (n) S, (23)

t

‘We notice that the expansion is only necessary in order

1o analytically compute expressions of the form

/dzptf(Pz)’Y(Pt) ) (24)

with f(p;) a nontrivial function of p;. However, in prin-
ciple, we can perform a numerical analysis to take into
account the many possible different configurations of the
external field contributing to expressions such as (24).
This is equivalent to considering the effect to all orders in
a1t/ of the different configurations of the background
field. For a quantitative discussion about the proper-
ties of the distribution function, we will restrict ourselves

to the weak coupling regime for which ~(p;) is given by
Eq. (23).

B. The distribution function

" With the above remarks in mind, we proceed to the
computation of the gluon distribution function. We use
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the formula for the distribution function, indices and averaged over the external sources of color
charge. This formula follows from computing (a'(p)a(p)}
dN f dk'~ (D22 (k, k) -(25) as an expectation value for the gluon Fock space dis-
Bk 271- k+_,kr+ f ’ tribution function in the ground state generated by the
external valence charges [3].
In Appendix A, we derive explicitly an expression for
where {D$*(k,k')) is the small fluctuations propagator (D% (k,k'})). Using this result, we obtain the following
in momentum space, traced over the color and Lorentz  integral expression for the distribution function:

1 dN  2ik* . dptd*pedk— 1 p? b a4
i oL f Grs =gt e\ 2 ke TR
1 1 1 1
0252 (. - -
X ( (27)°6™ (e kt)p"’ —kt +iept — kM —de (e kt)p‘*’ —kt —dept — kMt + z'e)

1 B2 +97  (pe-ke)?
+v(pe — ke) kZ = 2pthk— — e (2 == (k—2k+2)

x L 11 1 (26)
pt —kt —deqt —kt —dc pt—k¥t+ieqt —kt +ie) [

In the last term of this equation, we have taken the limit that k* — &'t since this term has no singularity in that
limit.

We now do the integration over k~. We assume that k* > 0. When we do the integration, two classes of terms
result. The first set of terms arise from the explicit ¥~ dependence in the above equation and are nonzero. The
second set of terms arise from the g% in the last terms of the above equation. These terms result in an unrestrlcted
integral over pT. One can show that all the singularities of the resulting integrand are on the same side of the p*
integration contour in the complex p* plane. They therefore integrate to zero. [There is a possible ambiguity in the
closing of contours associated with the contour at infinity, but this term does not have any contrlbutmn proportional
to In(1/x).] Therefore, we only get the contribution from the first term, which is only nonzero for p* < 0:

= (NZ—1) 4k fo dp*dp; 1
TN T [ (2m) | ptet - KY)(KY + pto/R])

x[l ki (1+i;)+2(k+) (ptkf*) ]} - (27)

Now in this expression, we shall only be concerned with those terms which are proportional to In{1/2). The terms
not proportional to In{l1/z) are nonlea.dmg for small . Moreover, we have found that within our approach, these
terms are inherently ambiguous. ThlS is due to the fact that the In(1/z) terms can only arise by regulating the
singularity in the above integral as p* — oo. We do this by making the upper limit of integration, to be of the same
order as the total momentum of a typical nucleon in the nucleus. Of course different regularization schemes will affect
the nonleading terms in different ways. Presumably, the detailed longitudinal structure of the valence quark charge
distribution must be known before these terms may be evaluated.

After some straightforward algebra, we find

1 dN \ _8(NZ-1)1 [ d% @ - k:)?], (1
(ﬁi dﬂﬂdzkg)q T (2n)t o (21r)t27(pt — k) [1 TR ] In (;:-) ; (28)

where the subindex g in.the left-hand side of the above equation refers to the correction to the distribution function
from the small quantum fluctuation field. Equation (28) is our main result. It is normalized so that the vacuum
density is zero. This can be checked by setting U = 1 in the above equation.

The terms above can be written in the form

1 dN C(NZ—1\1 [ dp PIkE — (pe - Fer)? 1
(’J‘[‘Rz dwdzkg) - ( 2md ) xr f (Zﬁ)zy(pt kt){ . pgktz In (;) N (29)
g

1 aN
T2 &k

[’Y(Pt — k) = (2m)?) (o, — k)|
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Now, shift the variable of integration p: — p; + k; and expand +(p:) in weak coupling. This restricts the lower limit
of integration for the radial component of §; to be a,u, which comes from the weak coupling expansion of y. Thus

the above expression becomes

1 dN Tl O *® (1 — cos? 6) 1
————— | =8N, (N2-1)-2 —/ d@f d; 1 (—) 30
(sz da:dzkt)q o(Ne )(71')2 z Jo app ptpthf’f+kf+2ptktcos€] "\z)’ (30)
—

where 6 is the angle between 5 and k;. The integral
above can be performed exactly and the contribution
to (10) from the in{1/z) terms becomes

1 dN _ 2 alpu® Clky) 1
(ﬂ'R2 dmdzkt)q:Nc(N" 2 zk? w? In x (31)

with C'(k,;) given by

Clk,) =2 [In (aktu) + %] : (3;2)

8

Notice that the above expression means that the sec-
ond term in the perturbative expansion of dN/dxd?k; in
a,, develops the large factor In{1/2) and that in the kine-
matical region of interest, the product o, In(1/z) is not
small. ' ‘

Furthermore, let us impose ordering in transverse mo-
mentum, This is the statement that the main contri-
bution to the distribution function comes from the mo-
mentum region for which the emitted gluon’s transverse
momentum is larger than that of the original one [10].
The effect is to restrict the integration interval for the
radial component of §; in Eq. (30) which now runs be-
tween o, p and k:. The reader can check that the above
results in the modification of (32) which now reads like

Clky) = 21n( ki ) .

&

(33)

b) w }J\/k\/\—]—«-a,f,;‘;-

FIG. 1. (a) Coupling of the classical background field to
the external source. The wavy line represents the background
field which is of order O (1;) The external source is shown by
a cross and to the lowest order in the weak coupling regime it
is O (%ﬁi) {b) Correlation of two classical background fields
where the broken wavy line means that the momentum k; is
not integrated over.

We can now include the contribution from the back-
ground Weizsicker-Williams field as given by Eq. (13).
Thus finally, the perturbative expression for the gluon
distribution function to second order in a, becomes

1 dN  ag(NZ-1) 1
wR2 dxd?k, ~ w2 zk}?

x{l + f‘fgﬁc:(kt) In (%) } (34)

Equation (34) contains both In(1/z) and In(k;) correc-
tions to the 1/(zk}) distribution and they represent the
first order contributions to the perturbative expansion
for the distribution function. In the kinematical region
of validity, these corrections are large. This signals that
in order to properly account for the perturbative correc-
tions one has to devise a mechanism to isolate and sum
up these leading contributions. Also notice that Eq. (28)
is more general. In principle, it contains the information
about the nonperturbative corrections as well. That in-
formation is in the function (p:} and it can be extracted
by means of & Monte Carlo analysis for the whole k; do-
main. These issues will be treated in a future work.

Diagrammatically, we can represent the background
gluon field coupled to the external source (valence
quarks), in momentum space, by means of Fig. 1(a).
The background field (wavy line) is by itself of order
1/g, according to Eq. (5) and the coupling to the exter-
nal source {(cross) can be considered to nth order in the

1 2 m
a) “re QQQQQEQQQQQ
g g g

o (or.,-‘y-‘-)ﬂ 0 (aaf)n

b)

" FIG. 2. (2) The perturbative expansion of the gluon prop-
agator in the presence of the classical background field in
terms of the coupling constant g. (b) The gluon propagator
expanded to the second order in g.
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FIG. 3. The correction to the Weizsacker-Willlams dis-
tribution function to the lowest order in the weak coupling
regime.

parameter g2u/k: by means of the weak coupling expan-
sion of Eq. (8). As an example, the Weizsicker-Williams
distribution is obtained through the correlation of the
background field takmg the average over the source to
first order (n=1) in g?p/ks. This can be represented as
in Fig. 1(b) where the broken wavy line means that the
momentum k is not integrated over.

The gluon propagator in the presence of the back-
ground field can be computed perturbatively in the cou-
pling constant g and the mth order gluon propagator can
be represented as in Fig. 2(a). This is because the pertur-
bative expansion of the gluon field involves its coupling
to the background field through the covariant derivative
and the background field acts as the gauge field. No-
tice that i has to be even since the gluon propagator is
the correlator of two gluon fields and each time we cou-
ple the background field to the gluon field we introduce
one power of g. In particular, the gluon propagator to
second order in g can be represented as in Fig. 2(b).
As suggested in this figure, the explicit dependence on
o, of a quantity such as the gluon distribution function
(which involves the gluon propagator) comes about only
after performing our color average through the expansion
in g2p/ks. This is because the coupling constant depen-
dence of the background field and the order of the pertur-
bative expansion offset each other. As shown in Sec. III,
when computing the leading small # terms for the gluon
distribution function, any term for which we can use the
sum rule (22) will not exhibit an explicit coupling con-
stant dependence. This becomes the criterion to decide
that such terms are vacuum contributions.

The gluon distribution function computed in Sec. III
can be represented by the diagram in Fig. 3, where we
expanded the coupling with the external source to first
order in g%/ k;.

IV. LOOP CORRECTIONS TO THE CLASSICAL
FIELD

Thus far, we have been concerned exclusively with
the contribution of the small fluctuations propagator to
the gluon distribution function. We have shown that
this propagator induces large corrections proportional to
@, In(1/2} In(k?) and a, In(1/2) to the distribution func-
tion and have argued that the presence of these large log-
arithms signals the need to devise a method to sum them

up to all orders in the perturbative regime. Before we
do that we need to consider another contribution, to the
same order, which comes from the corrections to the low-
est order classical field induced by quantum fluctuations
(see Fig. 4). This is apparent from Eqgs. (11) and (12)
where one sees that there is a contribution (A(I)A 0)) p of
the same order as {({AzAg}),.

In this section, we will compute the correction to the
lowest order classical field induced by the quantum fluc-
tuations. We will start by writing the total field A* in
terms of background (classical) and Huctuation (quan-
tum) pieces allowing for the possibility that the back-
ground field may now be different from our lowest order
classical (Weizsicker-Williams) solution. We will then
write the equations of motion in terms of these new back-
ground and fluctuation fields keeping terms up to and
in¢luding second order in the fluctuation fields.

Our strategy will be to consider the expectation value
of the equations of motion (in the path integral sense)
and to relate the correlator of two quantum fields to the
gluon propagator in Eq. (16). We will show that only the
+ component of the equations of motion is modified and
that the change could be thought of as the appearance
of an induced current generated by the loop of fluctua-
tion fields. We then proceed to explicitly compute this
induced current and show that its effect is to renormal-
ize the coupling constant g and the original background
field. In other words, the modification induced by quan-
tum fluctuations on the classical equations of motion can
be cast into the standard expression for the renormaliza-
tion of the coupling constant and the original background
field to one loop in the light cone gauge. This result in
itself is not surprising to QCD practitioners (see, for in-
stance, Ref. [17]). Whatis surprising is that this result
persists to all orders in the effective coupling cgp.

We start with the classical equations of motion

DRt = gJ2 (35)
and expand the full gluon field as
A¥ = B# 4 p# (36)

where B* is the background (classical) field, that is
(A*) = B* while b* is the fluctuation (quantum) field
with (b*) = 0. Keeping up to quadratic terms in b*, the
+ component of the equations of motion can be written
as

8_8_B; + (D:8-B')a = gif + g{J;}),

EZ}W

FIG. 4. Modification of the classical background field due
to quantum fluctuations.

(37)



where j(z) = fape(bi(z)0Tbi(z)). Also, D* is the co-
variant derivative with B* as the gauge potential. The
corresponding expressions for the minus and transverse
components of the equations of motion look like

(DyD*B™)g — (D:0~BY), + (D461 B™),

+gfabe{ (B5.077) + (Di (b6 ))se

HEH(D®")e) — (B(D b))} = 0, (38)
(D; D7 B), — (D;68'B)q + (D48% BY), — (8-DB"),
+(0-87B%)a + gfanc{ (BL.O7bE) + O_ (b7 b

HD;{E6 s — BHDW)e) + BY(DIF))} = 0.
(39)
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The expectation values of bilinear products of fields are
related to the gluon propagator by the relation

(B8 (@)b5 () = ~iGoy (2, ¥) - (40)

In the above, a,b,c,... are color indices and u, are
Lorentz indices with ¢, j representing the transverse com-
ponents.

The reader may verify that all the terms involving bi-
linear products of b# in the minus and transverse compo-
nents of the equations of motion either vanish by explicit
computation, or, because they are symmetric in the color
indices b and ¢, obviously do not contribute since they are
always contracted with the totally antisymmetric struc-
ture constants fap.. In other words, the minus and trans-
verse components of the classical equations of motion are
not modified by the quantum fluctuations and the set of
equations reduces to

~8_8* By — (D81 BY), = git + g(J}),

(D;D*B™)g — (D87 B')a + (D48TB )a = 0,

(D3 DB} — (D;8°B9)q + (D48 BY), - (0_D'B"), = 0.

From now on we will concentrate only on the plus com-
ponent of the equation of motion given by Eq. (37). It
is clear that this equation is modified by the gquantum
fluctuations due to the presence of the induced current.
In order to understand this effect, we need to evaluate
this term explicitly. For this purpose, we write it as

d (@) = fare(by(2)0Hb (2))
o .
= 'L'fabc yliﬂ ay—_- ;::(E, ‘y). (42)

Diagrammatically, this term can be represented as in
Fig. 4 where the wavy line is the background field and
the spiral represents the loop of the fluctuation field.
The loop is the vacuum polarization tensor and the com-
ponent which contributes to the induced current and
modifies the background field (which is purely trans-
verse) is II*.. This allows us to represent the term
0tG" = DYG¥ as ITRB1,

We now proceed to compute the induced current ex-
plicitly, We will use our expression for the gluon propa-
gator as given by Eq. (16). The first observation is that

(41)

the terms in the Green’s function with both = and y~
negative will be symmetric in the color indices and will
not contribute. Also, it can be shown that the terms
with both z~ and y~ positive yield (after we implement
the limit ¥ — @ in a Lorentz-covariant way) an infinite
constant (independent of the transverse loop momentum)
which vanishes upon dimensional regularization [18].

However, the terms in the Green’s function with op-
posite signs of #~ and y~ are a bit tricky. For these
terms taking the partial derivative with respect to y~
followed by the limit y — =z is a very delicate opera-
tion and must be performed carefully. We find it more
convenient to rewrite the terms with opposite signs of
z~ and y~ in the Green’s function in such a way as to
avoid acting with /8y~ on the terms #(£y~). To do so,
we will change the two-dimensional integral over g; to a
four-dimensional integral over g. We can show that as a
result, the product of ¢ functions of £~ and y~ will be
replaced by # functions of the light cone energy p~. After
some long but straightforward algebra we can rewrite the
terms with opposite signs of 2= and y~ in the Green’s
function (which we call D) as
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. dip dig
Dise,u) = 2i) [ 13 iz amite™

x {e(p")e‘*“P—””f&[Uf(mt)r"U(mt)ﬁ'”(pt — )]
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p? —ie)(g® — ie)
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%Pj(% ‘Pt) - b — ]
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+ Pibj (e'ip+:n"

~1)+
prp* )

where FP(p,) is the Fourier transform of F¥(z,)
Ut(z;)7%U (x:). In the above expression, we are working
with the color components of expression (16) (as opposed
to the matrix notation), which is more suitable for the
computation at hand.

According to Eq. (42), we now have to compute

O phe
a _Dn (m,y)

3T (z) = ifape hm (44)
There are three distinct pieces to the computation cor-
responding to the different number of factors of p~ (g7)
in the denominator of each term in expression (43). For
the rest of the section, we will outline the procedure for
the computation of one of them, namely, the term pro-
portional to 4;; and quote the result for the other two
terms. In Appendix B, we will show the detailed com-
putation of some of the integrals necessary to fill in the
intermediate steps.

There are two important details to keep in mind while
computing explicitly expression (44): first, we have to
implement the limiting procedure in a Lorentz covariant
way. Second, when carrying out the integration over the
relative and total (light cone) energies, we have to allow
for a nonzero energy flow into the loop by not setting
the total energy to zero, in spite of the structure of the
integral which seems to require it to be so. The procedure
is nothing but the well-known point splitting method.

In order to implement the Hmit y — @ in a Lorentz
covariant way, we first transform the induced current to
momentum space and then integrate over the relative
(loop) momentum. We make use of the following identity.
Let f(z,y) be a function of the four-dimensional variables

d4$d4yeikmeik’y g
Ay~

(2 9)) = (~2m)3(K ™ + k) f

(k')

Pii]j(Qt - pg) (e_iq+y— _ 1)(eip+a:_ _ 1)] }, (43)

p ptegt

z and y for which we want to compute the limit when
z — y. Pourier transform f to momentum space with
respect to both z and y,

flk, k) = fd%d’*y fla,y)e*=e'y, (45)
and then make the change of variables
' E—&
= ——2-——-’
!
S = k+Tk (46)

where s and S can be thought of as the relative and tosal
momenta, respectively. Then

f(s, S) — /d4$d4yf(m’y)eis(a:—y)eis(m+y)_ (47)

Integrating over ds/(2n)* will give 5%(x — y) which will
set ¥ = x upon integrating over y. Hence,

/d“sf(s,S) = fd"‘a: 25 f(z, 1), (48)

which is the expression for the Fourier transform of
f(z,y) in the limit when y — =z as a function of 28.
With the above remarks in mind, we proceed to take
the partial derivative with respect to y~ in Eq. (43) and
then to Fourier transform with respect to = and y to the
momentum variables k and k'. Let us look at the piece
proportional to &;;. Set i = j and then perform the p*,

gt, and p; integrations to get

g ('~ — k)T
(2m)? (7))

TI'[FQ (F: + Qt)ﬁb(k't — q:)]

(—k'")

X{ (kr+ (k'f —ie

)(k+—- ﬁh:ﬂﬂ) (k+ - LL;#Q)(kI+

b1

=) } (49)

where the index 1 refers to our considering the first of the terms in Eq. (43), namely, the term proportional to ;.
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Now, perform the change of variables (46) to write the above expression in terms of relative and total momentum and
integrate over the relative momentum. The expression to evaluate becomes

dt : . 8 ..
[ amgdtadtyee et oL Dl (e, gy
_ _, dis d%q (—2s7)(St —sT) . - _
- ( 2“7)6(28 )/ (271_)4 (21‘:‘)2 (S____ S_)(S_ + S_) rIi‘[Fb(St + St + qt)Fc(st — 8t Q’t)]

85~ — s7)
X{(S+—s+_£*§f_;£_lz_':)i£)(s++s+_.ﬂ(gz%:%) |
_ (=5~ +s7)
(5% + o - G) (5% - 5 - o) } | | 0

We will perform the transverse momentum integrations last. For the moment, let us concentrate on the st and
~ integrals. It is more convenient to do the s* integration first since this can be done by contour integration. The
s"" dependent integral of the above expression, denoted by I, is

I /‘ ds* 6(s™ — 3_)
(2m) S+ — st - 173_)‘5‘"_—“—::35‘6) (S+ +et - 2(53‘:_)‘: i)
B (-5~ +s57)
(s-q- $st (g:;f;):;ie) (5+ — st~ S’_—_‘:_))
This integral has a logarithmically divergent piece which can be isolated by adding and subtracting the term (S; —
5¢)*/2(S™ —s~) to the numerator. This divergent piece can be shown to give a constant independent of the transverse

loop momentum and therefore it vanishes upon dimensional regularization in the transverse direction. The remaining
piece reads as

(8t —s™). (51)

i ds+{ ' 6(S~—s7)
O (5% — o+ ~ G2iat) (5% +o7 - igidy) |
_ o5 o) (5= 0" £
(57 4= G2EF) (57 - - 855) [ 7670

Let us investigate the above expression in some detail. The integrand has two poles in the complex st plane, Their
location depends on the signs of (S~ —s7) and (S~ + s7). If the two poles are on the same side of the real axis, then
we can close the contour of integration on the other side of the real axis and the integral vanishes. So in order to get
a nonvanishing result, the two poles must be on opposite sides of the real axis. Recall that 25 is the total or external
momentum flowing into the loop and thus it has to be kept fixed (and finite for a nontrivially zero loop integral)
while working in momentum space. Thus for a given sign of S~ only one of the two terms in the integral {52) above
contributes. This can be seen as follows: the first term in (52) is nonzero only if the two conditions

§7—s7 >0, ST+s5 >0 _ : ' (53)
are satisfied, whereas the second term is nonvanishing ounly if )
§7—s" <0, S +s <O (54)

First, take S~ positive. Then only the first condition (53) gives overlapping intervals for s~, namely $~ > s~ and

= >—8" or -8~ < s~ < §, whereas the second condition (54) does not. Therefore the second term in Eq. (52)
can be disregarded and only the first one is nonvanishing. The opposite is true for §~ negative in which case only
the second of the terms in Eq. (52) contributes.

The integral {50), however, turns out to be independent of the sign of 8~ {as we shall describe below). The reason is
the scaling property of the integral over s~. This can be understood by recalling that after all, the overall expression,
Eq. (50), is explicitly proportional to §{(25~) and any term proportional to S~ can be thrown away after scaling the
integration variable s~ by §~. With these remarks in mind, let us continue working with a definite sign of S , Sy,
8§~ > 0. Performing the integration (52) we get :
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—i0(8~ — s7)(S™ 4+ 57)(5™ + s7)( G — 8:)®

1= @70 = O+ & -1 -5 — (5 — 521+ 0] (55)
in terms of which Eq. (50) is
f(;’::;4d4$d4ye£u(m-y)ei3(z+y)3§__ ii(m,‘y)(l)
= (-2i)6(287) f & 3‘2 é:’ TE(F(50 + Ss + ae}F(Ss = 50 — @0)](S — 51)?
87 s—ds~
- (S —o)AS* (5= +5-) (S )~ (5-—s=) — (Ss—m)? (S~ + ) (56)

Let us now look at the integration over s~. We scale 3™ by S, that is we define the variable £ = s~ /8~. We notice
that after scaling we can make use of the explicit factor §(257) in Eq. (50) and we can safely throw away any term
which is still explicitly proportional to $~. Thus, the term [45+8~ (1 — £)(1 + £)] in the denominator of the above
drops. As a result, the overall expression (50) becomes

f (g ; S dizdiyet (v V) iS(=ty) —83 Dz, y) )

2 2 .
= (24)6(257) f %ﬂ%%ﬁﬁ[ﬁa(st + 8¢ + ) FO(S; — 81 — @1))(Se — 84)*

1 £dg
| omEs e (57)

To proceed further, it is convenient to shift ¢ — ¢; — s;. Then the arguments of F'" in the trace of the above
expression become independent of s; and can be taken outside the s, integral which will be evaluated next. The s;
integral is a formally divergent integral and must be regulated. This is done in Appendix B using the dimensional
regularization method. We find that

d* s (8¢ = 5¢)* I‘(
(@m)2 [(ge — 5)*(1 =€) + (Se — 8)2(1+8)]

which brings expression (57} to read like

D1 - £)(5. — 0", (58)

d*s 4 4 is(z—y) LiS(z+y) d i
(27‘_)4(1 xd Yye [ ay__.Dbc(iﬂ,y)(]_)

- eorglses) [ Gk

Fo(Se + a0) F¥ (S, — 20)](5: — g1)? f_ g (9)

The integration over £ can now be done easily. It just gives a factor of 2/3 and the remaining transverse momentum

integral can be computed by using the explicit form of F in terms of the gauge transforms U/, We also show this in
Appendix B where we find that

th

(2m)?

2
(St -+ ) Fo(Se — a)](Se — 00)* = T £45a(255), (60)
with
5a(28,) = j PS5 p () (61)

being the Fourier transform of the charge density with respect to 25;. Putting everythmg together, we get finally the
result that the expression for the Fourier transform of the induced current coming from the term proportional to §;;
as a function of 25 is
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- . . d43 : - i 17} it
3T(28) (1) = ifabe f r )4443:&14?16“(” Ve S(”y)ay—_Dé(ma ¥))

= L) 25 2,)5(257)

8

Above, we have written only the divergent part of the ~y
function when w — 1 and have used that for SU(3) the
product fapefoca = Cadea with C4 = 3. The remaining
three terms'in Eq, (43) can be evaluated in a similar
fashion. Here we just quote the result

—w)

(25')<z) —9°5a(28:)6(257),

ir(28)(s =

F( *Pa(25)5(257),
( w)

J¥(28)) =4 gzﬁd(zsg)é (257). (63)
The final resuit for the Fourier transform of the induced
current is obtained by adding the four terms given by

Eqs. (62) and (63) and it becomes

T ) = T () o fa(p)o(0) (64
where we have renamed 25 — p. Thus the term that
modifies the plus component of the equations of motion
in momentum space just becomes g7 (p).

We proceed to argue that by rewriting this result in
terms of an expression involving the components of the
polarization operator, we can absorb the effect of the loop
corrections on the equations of motion, into the renormal-
ization of the coupling constant. Let us first recall that
according to Egs. (4) and (5), which are the classical so-
lutions to the equations of motion, the expression for the
zeroth order background field in momentum space can be
written as

Ai(o)(p) = f d’*me""”A;;(o) ()

AR -
= (2m)g | 5— ] . 65
en)e (B ) wod). (@9
Therefore, notice that g7} (p) can be written as
93t (@) = L5 ()47 () (66)
with 1% (p) given by
; ; {50 (—w)
+ — 2t
I (p)=g%p"p ( 16m2 )_Jab, (67)

which is the standard expression for the +¢ components
of the polarization operator in light cone gauge [19]. The
fact that we recover this well-known result is truly re-
markable and is one mdlcator of the success of our for-
malism.

We can now take an ansalz for the formal solution of
the system of Egs. (41) to be

469
(62)
|
B (z)=0,
Bi(z) = Bgz_)aﬁa(wt),
7~ olp(z) = —Ulz) VU (a), (68)

where ggr is the renormalized coupling constant whose
expression is obtained through the computation of I1#¥
and will be given explicitly by

114%
2 z 2 —
Ir =29 Zs (1 + 1672(1 —w)) ’

This in turn means, according to (68), that the field B
gets renormalized by the inverse of the constant that
renormalizes g:

Bi(z) =2~

(69)

172 430 (g), (70}

The above exercise has taught us the important lesson

'that the modifications to the background field introduced

by the quantum fluctuations do not induce extra terms in
the expression for the distribution function (28). Further,
their effect can be included by replacing the coupling
constant g by the rerormalized coupling constant gg.

V. SUMMARY

We have presented in this paper an expression for the
quantum corrections to the Weizsicker-Williams gluon
distribution at small & valid to all orders in the param-
eter o, p. We used this expression to compute explicitly
the leading In(1/z) and In(k;) terms in the momentum
regime a,p € k;. We have shown that the perturba-
tive approach introduces a series expansion parameter
o, In{1/x) which is large and thus forces us to devise a
method to sum up the leading contributions to all orders
in that expansion parameter. Nevertheless, the present
result already signals that at small z values the gluon
distribution function will be modified significantly from
the 1/(zk?) behavior.

We wish to emphasize that our central result, Eq, (28),

contains in principle the information about the quantum
correction to the classical distribution to all orders in the
parameter o, pt.
. We have found that the only effect the quantum cor-
rections have on the classical background field can be
absorbed into the renormalization of the field and the
running of the coupling constant.

We have not addressed the issue of summing up the
perturbative series in this paper. In the weak coupling
limit, this is equivalent to solving an integral equation
for virtual corrections to the gluon propagator. Another
issue we would like to address is whether we can relax
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some of the constraints in the model. In particular, we -

need to pay attention to the restriction set by the neces-
sity of having a large (perhaps too large) A nucleus in
order to compare our predictions to experimental data.
These issues will be addressed in a future work.
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APPENDIX A: THE PROPAGATOR
IN MOMENTUM SPACE

In this appendix, we shall Fourier transform the small
fluctuations propagator to momentum space. This result
will be useful for computing the distribution function and
may also be useful for other computations. We will first
consider the propagator without averaging over all pos-
sible color orientations of the source fields.

‘We shall derive two representations of the propaga-
tor. One representation will include an integration over
the variable p*. This representation will be useful for
computing distribution functions. We will also present a
second representation where we have performed this in-
tegration over pT. Finally, we will present a result for the
propagator after averaging over the colors of the external
field.

We recall that in coordma,te space the propagator has
the form

4, Lip(z— s
a7 e - {[ ij'i‘p—p——_“:;g_'_ (2eip+(w‘-y_)_e—‘ip+y' _eip+z‘)J

x [e<-w-) (—y)72072® 4 0(a™)0(y™) FioP () FI=*" (yt)] |

+8(—a")0(y) f éjf;z

2 4 ei(‘1+—P+)9_ei(Pt —qt){we—2¢)
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+—(e
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~1)+

Pidibt - Qe
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+9($-)3(uy“)j(zﬂq;f d 2z et(ps gt )z — g,)e_z(q —pt)e"
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where ¢* = p* + —*——L and

p~gt

We now wish to define the Fourier transformed Green’s function

which we can divide into four pieces as

$iPiPt - g —ipty— igta”
+-———-——(p_pi){p_;+) (e™#V —1)(ei7® —1)]}, (A1)
FIoP(z0) = (U(ze)ral' (24))*° (A2)
G (k, k) = f diadtye= et uERfe (5, y), (43)
(k, k') + GHER (h, k') + GP2E (1 1), (A4)

G:.’;?“’"ﬁ' (k, k') =

——ij

Gepsld (k, k') + G

— 35

In this equation, the first index + refers to the index of (™) and the second to #{%y™~) in the definition of the

coordinate space Green's function.
Let us first consider the —— component:



53 QUANTUM CORRECTIONS TO THE WEIZSACKER-WILLIAMS . . . 471 -

ot 3t d4p o e _ _ L 1
Giﬁ_‘?jﬁ (k,k') = --] (2w)4d4md4yei(1’ k)z—i(p—k )yg(_w )9(_y )Tgﬁfgﬁ .
. bipj iptem—y) _ —ipty™ _ ipta"
X {5,_-, + p—p‘*'(zep ¥ e~y eir" )} ) (A5)
We can perform the integrations over p~, p¢, #, and ¥ to obtain
GEEZP (k, k) = —(2m)5(k™ — ' )(2m)26@ (ky — K)roPro8 A__(k, ), (A%)
where
_ . dpt B(—z7)B(—y)emiPT —k )T HilpT -k T )y”
’ = —
A“(k’k)_fdm Y on kP —2ptk— —de
X< 8;; - kikj (zeip+(w_—y_) - e-—-ip"’y‘ _ e-;'p+m—) (AT)
12 k_p+ .

Now let us do the z~ and y~ integrations. In performing these integrations, ¢ factors will appear which will
guarantee the convergence of the integrals at infinity. We find
' dpt 1 1 1
A__(k k)= | —
(oK) f2?r ki — 2pth= —de pt — k¥ +ie pt — kMt — e

. kik; + _ Lttt
x{5,34-k_(k+_ie)(k,++ie)(2p EY —ETY ) (AR)

Finally, we can perform the integration over p™ to find

" ; 1 o kik; P , ,
Ak k) = e e e e {e(k )(6"+k—(k+—ie)(k'++ie)(k R L

Now, to fully define this Green’s function, we must specify the nature of the singularity at &~ = 0. In the last
equation, we would like to use the Leibbrandt-Mandelstam prescription on 1/(k~ + ie/k™) whenever we have the
combination 1/k~k™, and 1/(k~ + i¢/k'") whenever we have the combination 1/k~k't. We would like to go further,
however, and define 1/ktk™ as 1/(k~k™ +ic). This can be done as follows: we use 1/(k* —ie) = 2736 (kt)+1/(k™ +i€)
whenever we have the constraint that £~ > 0, and a similar modification when &~ < 0 for &'

On the other hand, it is more difficult to implement the Leibbrandt-Mandelstam prescription in the expression
which involves the integral over p*. However, we will only use this result when both &+ and k't have the same sign
and are nonzero. In this case the Leibbrandt-Mandelstam prescription is unambiguous.

Our results for the two representations are therefore

o o woog 1
G_{",jﬁ (k, k') = —2mid(k~ — k ’)(211')25(2) (ks — ky)}7d 'BT: “ 2 — ic

.; kik; + + ! !
o(k™) 51.5 + PR (k —kET) )+ kE - K, -k

1

+2mid (k)0(k")

k’i‘]’:;’;r + k& =k, —k}. (A10)

Here the k%, k'Y, and &~ singularities are treated using the Leibbrandt-Mandelstam prescription.
For k% and k't both nonzero and of the same sign, we have the representation

+
afia'g! EE) = — - .= 2£(2) _ pheB s dp 1 1 1
GZZ" (kK 2mi(k RT)(@m) 8 (ke — Re)e g f 2% kI —2ptk —ie pt — k¥ +ie pt — kit — e
kil
X {5ij + _k—k"‘;c"" (2p" -k - kH’)} ] (A11)

where the k™ singularity is treated using the Leibbrandt-Mandelstam prescription.
The evaluation of the remaining contributions to the Green’s functions can be done by the same methods as above.
There is nothing really new in the analysis except that it is longer and more involved. The subtlety is in the treatment
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of the singularities in the k¥ and k'* variables. This has been discussed above and is treated as such. The results are

G2HEP (k, k') = —2mid(k~ — k') f &t = B0 (py — ko) FI*P (K} — pr)

++ij (2 )2
_____.1— . _...121:.322_._ + I+ L ! '
x{k+_k,++i6[(6,,+k_k+k,+(k k )) e > k'R
omid(k+)O(k™) L ! ko ko K, kY. (A12)
k=k¥ p? — 2k—k+ —de | ’

For kt and k't both of the same sign and nonzero, the above is equivalent to

o3 - 4 d o o'p
GoBEF (h,K) = —2mb(k™ — k™) f LB plof (p, — k) FIP (y — o)

(2n)®
i 1 1 3 pip; ot
X T TR R e R e e T R D) (A

We finally also obtain an expression for G..—. It turns out that in this expression, no restrictions on the values of
k+ and k'* are needed to get the singularities in 1/k% or 1/k'* into the Leibbrandt-Mandelstam form. The results
are

1 d?
Bia'8' 0 (b _ YO %~ Pt rte,
GYEEP (koK) = 2mid (k™ — k™")2k70(k ™) r— (%)21*"* B (py — k)
- 1 kK s pikip - K
ta'f (1f _ L i B . iR Dt
xF 7 (ke P*)pf-%—m-ie{‘s“ S A Tl (AL4)

We also have the equivalent integral representation where

- d +d2 o' 3
G ) = 2wk — ™) [ S P FIP = ) FI (k)

kK . Ko - k! '
X = i : i : 1 : 6:‘3‘ A B 7 + Pifgpe - By . (A15)
k2 —2k—pt —de gt —kt —de pT — KT —de k=k'*  k~kt o (kTkF) (kR

L
In this equation, ¢+ = p+ + 2::

The expression for G_.. is

GIPEP (&, k') = G5 P (—k!, ~k). (A16)

We now want to convert these expressions for the propagator from the matrix basis to the component basis. To do
this, we make the transformation

U@y U @)U H)TU () = 4T U (@)r U @) (Tr U (y)rUT (). (A17)

We then use the identity

1 1
T;'gT;:.B, = E (50,,3:6&:‘@ — Fﬁaﬁéarﬂ:) y ' (A.].B)
which results in the following transformation for the definition of the propagator

Flo(@) Pl (9) > 2 Te Fe(2) Fo(y). (A19)

We now want to proceed to derive formulas for the propagator which has been averaged over all values of the color
charges of the valence quarks. To do this we define

(B0 @)U @)U WV W) = 3T - ). (A20)
Notice that .
T (0) = 6%, (A21)
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We now define

(G3h(k, k') = (2m)5(k™ — K'7)(2m)26(ke — k;)DE} (k. K') (A22)
As before, we can write D as
Dg = D% (k, k') + D% (k. k') + D (k, k') + D20y (k, B) (A23)
Using the above substitutions we find that
dpt 1 1 1 kik;
Ded “bj_ TR + _ .t _ it
Ey=-0 2 kZ —2ptk— —ie pt — k¥ 4 ie pt — kM —de [5"" t kRt (2p7 — k7 —k )} , (a29)
which is valid for k*,k'+ nonzero and sgn{k™) = sgn(k'*) . The expression with the p* integral completed is
ab ab 1 kik;
'D——1-.7 ) {B(k )kﬂ [m 5,‘,5 + m(k'-l' k‘f') + 21!'26(k+)k k""‘ +kE = -k, -k}
(A25)

For D, we obtain

dptd?p:_, 1
D?i-b+ij = "“f ‘r b( - kt) 2

(2m)? — 2ptk— — e
! 1 . Pipj + __ L+t +
ot —kF e pt — KT +ic [5‘9 T kg (P TRk )] ' (426)

which is valid for k*, k't nonzero and sgn(k¥)} = sgn(k'*) . After completing the p* integration,

d%p 1 1 .15 s
ab = tpabe, - - 3 Pip; +_ o+ oo 1ty Pilj
D _/ (2ﬂ)21" (pe kt){e(k )pf — 2k ht — ic [k-f- 5 (6‘9 T Rt ET (k7 -k )) + 2mid(k )k—k"‘]

+k, k' — =K, —-k} . (A27)
We also have
dp*d®p, 1 1 1
Dab L= W Ptnab _
et (2m)3 T (pe — k) kI —2k—pt —ic gt —kt —ie pt — Kt +ic
kik; DiP; pik;pe - ke
% [5" TERT  hkt T A kR | (A28)
where, again, ¢t = pT 4+ B —=*. Doing the integration over p* gives
o6 or—preey L [ Pt ab 1 _ kik;  pip; pik;py - ke
DIy =2k 0(k )k’z (2m)2 (e kt)pf — 2k—k+ — e 5 k—k+  kkt (kTR kKT (A29)
Finally, the expression for D_.. is given by
D-—-}-tj(k:k’) = D% (K ,—k). (A30)

—

APPENDIX B: COMPUTATION OF INTEGRALS Let us first shift s; — s, + S; and write the a.bqve as

2

. In this append.ix, we will exp_liczitly evaluate two of the &s, 52
e o e lasical bachground ek The ft nte. | @ rs—ara —oraarar ®
gral we will evaluate is
. j« (Cfstz . (Se — 8:)2 : . " The denominator in the integral can be written as
Wl = e 1+ (8ot ) 268 + 200 (S — 9 + (S @I1-. (B

(B1) Performing the change of variables
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vy = 8¢+ @ ;5) (S: — ),

dz'vt = dzst,
2 _ 2 (S, — - (1-8)° o 2
vp = 8 + 8¢ (St —q)(1 - €) + 7 (St — qe)%,
(B4)
Eq. (B3) can be rewritten as
1 - £2
and the integral (B2)
P BTN e et ) (6)

(27)? 2fo? + E5EL (S0 — 00)?)
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Written in this form, we can drop the linear term in v,
and the contributing terms to {B6} will be

I f dzvt v
1=
(2m)? + il_'f_“l(gt — q.)?]

+/ dz’Ut
(2m)2 2

The first and second terms in expression (B7) are
quadratically and logarithmically divergent. To regulate
the divergences we compute them by dimensional regu-
larization. We thus write (B7) as

(1 —&P/4(8: — @) _
[vF + 8550(8, — ,)7]

(B7)

1 2m? f‘” vyt /°° of M1 — £)2/4(S: = q)?

I = ——\| 5= du, dvy -t . B8
! 2(2m)? (F(d/Z)){ o ['v + !ﬁl (S, — %)2] t [Ut + _(%).(St — ;)2 ] (B8)

To evaluate the integrals in the above expression we use the well-known formula
* _WPdu__TGE+A)Na-31+5) 39)

s (WE4+C%)= 2(C?)=-(1+8)/2T ()
by means of which (B8) becomes
L= 4\ (1Y 21427 (~d/2) [(2 — €2)(S: — qe)2/4]%2. (B10)
4 27 1+z

We are interested in the divergent part of this expression when d — 2, thus for that we take d = 2 everywhere except

in the argument of I'. We obtain finally

I

I 26(1 - €)(S: — Qt)z , (B11)
Next, we want to compute the integral
g a b 2 2

I = 2n)? Te[F (St + q:) F° (St — g)][(Se — g6)° — (8¢ + ¢2)°)- (B12)

For this purpose let us write F in its explicit form in terms of U:
7 / PP U (@)U (22), (B13)

and thus the integrand in (B12) can be written as

j APz, dPyye(Setae)ee gilSe—adue (g, — g}2 — (8, + q.)F)Te[U (@) 72U () U7 (2) °U () (B14)

The factors (S; + ¢:)% are to be interpreted as derivatives acting on the corresponding exponential. Integrating by
parts, ignoring the surface terms and with the help of Eq. (B14) we can write Eq. (B12) as

b= [ e

Te{ VA (U @) 7V () JU (3) 70 (30)1}-

dPydPy,et (et adme S (Te{U T (@)U () VAU (3) 77U (31))]

(B15)
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I =— f dzmtez*'sm{n[Uf(xt)rﬂU(mt)vz(Uf(mt)«r”U(mt))} - TI'[Vz(UT(Et)TaU(mt))UT(mt)TbU(‘Et)]} . (B16)

Since the gauge transformations U and the charge density are related by Eq. (6), one can prove the identity

T[UtreUVA(UIrT) - V2 (U U)Utrty) = —-g;? (f“”“pc(wt) - f”“pc(wt))-

(B17)

Using the antisymmetry of £ and plugging the above back into Eq. (B16) we finally obtain the result

Iz — ngabcfdzmteZis‘x'Pc(mt) ,

(B18)

which is the Fourier transform of the charge density with respect to 25;.
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