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How well do we „and will we… know solar neutrino fluxes and oscillation parameters?

J. N. Bahcall and P. I. Krastev
School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540

~Received 12 December 1995!

Individual neutrino fluxes are not well determined by the four operating solar neutrino experiments. Assum-
ing neutrino oscillations occur, thepp electron neutrino flux is uncertain by a factor of 2, the8B flux by a
factor of 5, and the7Be flux by a factor of 45. For matter-enhanced oscillation~MSW! solutions, the range of
allowed differences of squared neutrino masses,Dm2, varies between 431026 eV2 and 131024 eV2, while
431023<sin22u<1.531022 or 0.5<sin22u<0.9. For vacuum oscillations,Dm2 varies between 5310211

eV2 and 1310210 eV2, while 0.7<sin22u<1.0. The inferred ranges of neutrino parameters depend only
weakly on which standard solar model is used. Calculations of the expected results of future solar neutrino
experiments~SuperKamiokande, SNO, BOREXINO, ICARUS, HELLAZ, and HERON! are used to illustrate
the extent to which these experiments will restrict the range of the allowed neutrino mixing parameters. For
example, the double ratio~observed ratio divided by standard model ratio! of neutral current to charged current
event rates to be measured in the SNO experiment varies, at 95% confidence limit, over the range 1.0~no
oscillations into active neutrinos!, 3.121.3

11.8 ~small mixing angle MSW!, 4.421.4
12.0 ~large mixing angle MSW!, and

5.222.9
15.6 ~vacuum oscillations!. We present an improved formulation of the ‘‘luminosity constraint’’ and show

that at 95% confidence limit, this constraint establishes the best available limits on the rate of creation of
pp neutrinos in the solar interior and provides the best upper limit to the7Be neutrino flux. The actual rate of
creation of solar neutrinos in the solar interior to the rate predicted by the standard solar model can vary~while
holding the CNO neutrino flux constant! between 0.55 and 1.08 forpp neutrinos and between 0.0 and 6.35 for
7Be neutrinos.

PACS number~s!: 26.65.1t, 12.15.Ff, 14.60.Pq, 96.60.Jw
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I. INTRODUCTION

The purpose of this paper is to determine how well th
four pioneering solar neutrino experiments determine t
neutrino fluxes and possible mass and mixing paramet
We also explore to what extent the solar neutrino expe
ments under construction are likely to improve this know
edge.

The reader who wants to quickly digest the main points
this paper is urged to turn immediately to the summary giv
in the concluding section, Sec. IX. Since this paper conta
many detailed results, even the expert may find it useful
read this conclusion section first in order to obtain an ov
view of the principal results before becoming involved in th
details.

Table I summarizes the latest results for the four pione
ing experiments on which the theoretical inferences a
based. The rates of the three radiochemical experime
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~Homestake@1#, GALLEX @2#, and SAGE@3#! are given in
solar neutrino units (1SNU510236 events per target atom
per second! and the rate of the water-Cˇ erenkov experiment
~Kamiokande@4#! has been presented as the measured8B
neutrino flux in units of cm22 s21. We also show in Table I
the ratios of the observed to the predicted rates, taking
predicted rates from the recent solar model of Bahcall a
Pinsonneault@5# ~which includes metal and helium diffusion!
and assuming nothing happens to the neutrinos after they
created in the center of the sun~which is implied by the
standard electroweak model@6#!.

The neutrino fluxes and mixing parameters determined
this paper are all consistent at the 95% confidence level w
the four operating experiments.

The four operating solar neutrino experiments do not p
vide enough information to determine uniquely the so
neutrino spectrum at the Earth. For example, three of
four experiments~chlorine and the two gallium experiments
l of

the
hat
l.
TABLE I. Solar neutrino data used in the analysis. The experimental results are given in SNU for al
the experiments except Kamiokande, for which the result is expressed by the measured8B flux above 5 MeV
in units of cm22 s21 at the Earth. The ratios of the measured values to the corresponding predictions in
standard solar model of Ref.@5# are also given. The result cited for the Kamiokande experiment assumes t
the shape of the8B neutrino spectrum is not affected by physics beyond the standard electroweak mode

Experiment Result (1s)
Expt. result/th.
calculation Refs.

HOMESTAKE 2.5560.17(stat)60.18(syst) 0.2760.03 @1#

GALLEX 77.168.5(stat)25.4
14.4(syst) 0.5660.07 @2#

SAGE 69611(stat)27
15(syst) 0.5060.09 @3#

Kamiokande @2.8960.21
0.22 ~stat! 60.35 ~syst!# 3106 0.4460.06 @4#
4211 © 1996 The American Physical Society
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4212 53J. N. BAHCALL AND P. I. KRASTEV
GALLEX and SAGE! are radiochemical measurements th
determine the number of events above a threshold ene
~which is different for each experiment!. They cannot distin-
guish, for example, between a large number of low ener
neutrinos and a smaller number of higher energy neutrino

One must adopt some theoretical framework in which
answer the question: How well do we know the neutrin
fluxes at the Earth from the individual solar neutrino rea
tions? We calculate the answer to this question by assum
Mikheyev-Smirnov-Wolfenstein~MSW! @7# or vacuum@8#
neutrino oscillations and by adopting the basic picture of t
solar neutrino spectrum@9#. We do not discuss sterile neutri
nos, which would increase the set of possible solutions@10#.

After more than 30 years of investigation, there is esse
tially universal agreement on the validity of the basic pictu
of neutrino production in the Sun@9#, namely, that the prin-
cipal neutrino sources arepp, pep, 7Be, 8B, 13N, and
15O, each source with a characteristic, known energy sp
trum. This general picture has become so accepted that
sometimes referred to as ‘‘model independent’’~see, e.g.,
@11,12#!. There is also widespread agreement among work
in the field that the standard solar model gives a reasona
quantitative estimate of the neutrino fluxes from each sour
Individual solar models differ somewhat in their predicte
fluxes, but all recently published models give essentially t
same neutrino fluxes when the same input parameters
used @13,14#. Moreover, as we shall see from the detaile
calculations presented in this paper, the dispersion in p
dicted neutrino fluxes between the published solar model
very small compared to the range of allowed fluxes permitt
by the existing experiments. The currently dominant unc
tainties are experimental and not theoretical.

In order to obtain the smallest~plausible! estimate of the
uncertainties in the neutrino fluxes at the Earth, we adopt
predictions of the standard solar model and the estima
uncertainties in those predictions. Table II gives the releva
predictions of the standard solar model of Bahcall and P
sonneault@5#, which includes helium and heavy element di
fusion. The first column of Table II identifies the neutrin
source, the second column gives the neutrino energy ran
and the third column gives the predicted fluxes and th
associated (1s) uncertainties.

We present in Sec. II the best-fit MSW@7# and vacuum
neutrino oscillation@8# solutions to the most recent publishe

TABLE II. The standard model solar neutrino fluxes. The ne
trino fluxes given in this table are from the 1995 standard so
model of Bahcall and Pinsonneault@5#, which includes both helium
and heavy element diffusion. We also use in constructing Figs
and 2, a 1988@13# and a 1992@28# standard solar model.

Energy Flux
Source ~MeV! (1010 cm22 s21)

pp <0.42 5.91(1.0020.01
10.01)

pep 1.44 1.4031022(1.0020.02
10.01)

7Be 0.86, 0.38 5.1531021(1.0020.07
10.06)

8B &15 6.6231024(1.0020.17
10.14)

13N <1.2 6.1831022(1.0020.20
10.17)

15O <1.7 5.4531022(1.0020.22
10.19)

17F <1.7 6.4831024(1.0020.19
10.15)
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data from solar neutrino experiments~see Table I! and the
most detailed solar model@5#. In Sec. III, we show that the
total range of allowed neutrino oscillation solutions is ver
large even if we require agreement with the standard so
model. The best-fit solutions and the total allowed range d
pend only weakly upon whether we adopt a 1988, 1992,
1995 version of the standard solar model.

A number of authors@15–21# have discussed previously a
constraint on a linear combination of the solar neutrin
fluxes that is required by the assumption that the Sun
currently supplying energy by nuclear fusion reactions in it
interior at a rate that is essentially equal to the observe
photon luminosity. We present in Sec. IV this luminosity
constraint in a more complete and precise form.

We calculate the allowed rates of creation for solar neu
trinos in Sec. V~for MSW solutions! and in Sec. VI~for
vacuum oscillations!. We use the luminosity constraint to
limit the allowed rates. Our approach in these two sections
somewhat similar to the approach adopted by Hata and La
gacker@12#, who, however, do not consider vacuum oscilla
tions or the 1995 standard solar model and used a less co
plete statement of the luminosity condition. On the othe
hand, Hata and Langacker@12# provide powerful arguments
that nonstandard solar models are not a viable solution to t
solar neutrino problem, a topic not discussed in the prese
paper.

For future solar neutrino experiments (8B: SuperKamio-
kande@22#, SNO @23#, Imaging of Cosmic and Rare Under-
ground Signals~ICARUS! @24#; 7Be: BOREXINO@25#; and
pp: HELLAZ @26# and HERON@27#!, we calculate in Sec.
VII the best estimates of the expected event rates using t
best-fit MSW and vacuum oscillation solutions~given in Sec.
II ! to the four existing experiments. We also calculate th
expected results of these experiments to study how they c
further constrain the allowed regions in the space of neutrin
oscillation parameters.

We calculate in Sec. VIII the expected ratio of neutra
current to charged current events in the SNO detector. W
present results assuming that no oscillations occur or th
either MSW or vacuum oscillations occur. As was pointe
out in the original proposal for a SNO detector@23#, this
ratio is relatively independent of solar model consideration
and can be used to discriminate between broad classes
hypothetical solutions to the solar neutrino problems.

II. BEST-FIT SOLUTIONS

In this section, we present best-fit MSW and vacuum o
cillation solutions to the most recent published data from th
solar neutrino experiments~see Table I! and the most de-
tailed solar model~see Table II!. We also compare the al-
lowed regions for three different solar models, which we wi
sometimes refer to as the 1988@13#, 1992@28#, and 1995@5#
standard solar models. The main physical difference betwe
the 1995 model@5# and the two earlier models is the inclu-
sion of both heavy element and helium element diffusion i
the calculations, which leads to higher predicted event rat
in all three detectors. The other changes in the 1995 mod
result from refinements of input data.

Many authors have reported the results of refined studi
of the MSW @12,21,29–34# and the vacuum@31–35# solu-
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53 4213HOW WELL DO WE ~AND WILL WE ! KNOW SOLAR NEUTRINO . . .
tions of the solar neutrino problems. The techniques for t
analysis are therefore well documented in the literature a
we only note briefly here those aspects of the calculation t
require special mention. Ourx2 analysis of the data follows
closely the prescription of Fogli, Lisi, and Montanino@21#,
except we treat the GALLEX and SAGE results as separ
measurements. We have verified that the allowed regions
the parametersDm2 and sin22u do not differ significantly
from the ones obtained by combining the data from the tw
gallium experiments into a single data point. We include t
published energy resolution and trigger efficiency of the K
miokande detector@36#. We do not include a day-night com
parison in the rates of the Kamiokande detector, since th
data are not yet available for the latest published avera
event rate@4#. This omission is not important since previou
studies@30,36# have shown that the nonobservation of th
day-night effect only excludes a region in oscillation param
eter space that is otherwise excluded by combining the
sults from the four operating experiments. We therefore
not include in the calculations described here the theoret
effect of neutrino regeneration in the Earth~see@37#!. Based
upon exploratory calculations we have done, we expect t
the inclusion of the available day-night data and the incl
sion of the calculated Earth regeneration effect, would on
slightly deform the large mixing angle allowed region calcu
lated in this paper and affect only marginally the rest of o
results. For the MSW solution, we use the analytical descr
tion of the neutrino survival probabilities from@38# which
allows the averaging over the neutrino production regio
and the neutrino spectra to be done accurately with a reas
able amount of computer time. We use the neutrino inter
tion cross sections for each detector given in@13#.

The MSW mechanism provides a good fit to the da
There are two local minima of thex2 function in theDm2 –
sin22u plane. The allowed region around the deepest mi
mum, which has the very small value ofxmin

2 50.31, occurs
at

Dm255.431026 eV2, ~1a!

sin22u57.931023. ~1b!

The minimum defined by Eq.~1! is usually referred to as
the ‘‘small mixing angle solution.’’ In contrast, the ‘‘large
mixing angle solution’’ hasxmin

2 52.5, which is relatively
large but acceptable for two degrees of freedom. The la
mixing angle solution occurs at

Dm251.731025 eV2, ~2a!

sin22u50.69. ~2b!

Figure 1 shows, assuming MSW oscillations occur, the
lowed regions for the three different solar models~1988,
1992, 1995!, together with the points of the localx2 minima.
The precise positions of the allowed regions and their sha
depend not only on the measured rates in the solar neut
experiments, but also somewhat on the solar model. T
higher rates predicted in the model@5# require a stronger
depletion of the electron neutrino flux from the Sun in ord
to account for the experimental data. Thus, the parame
Dm2 and sin22u which minimizex2 change as shown in the
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figure. Both the small and the large mixing angle allowe
regions shift slightly toward the center of the figure, wher
the survival probability is the lowest and the flux suppressio
the strongest.

Vacuum neutrino oscillations provide a somewhat wor
but still acceptable fit to the data. The minimum inx2 is
xmin
2 52.5 and occurs at

Dm256.0310211 eV2, ~3a!

sin22u50.96. ~3b!

There are several disconnected allowed regions in which
local minima of x2 are larger than the global minimum
whose location is specified by Eq.~3!.

Figure 2 shows, assuming vacuum neutrino oscillatio
occur, the allowed regions that were determined using t
three different standard solar models~1988, 1992, and 1995!.
The inferred neutrino parameters are relatively insensitive
the improvements in the standard solar models.

III. SURVIVAL PROBABILITIES

In this section, we determine the extreme range of t
allowed survival probabilities for each neutrino flux. We us
the term ‘‘survival probability’’ to mean the probability that a
neutrino created in the solar interior will remain an electro
type neutrino until it reaches the detector on the Earth. All
the survival probabilities calculated in this paper are ave
aged over the solar interior using the 1995 detailed so
model @5#.

We define both ‘‘detector-dependent survival probabil
ties’’ ~which have previously been used in the literature! and
‘‘detector-independent survival probabilities’’~not previously

FIG. 1. Allowed MSW solutions. The allowed regions at 95%
C.L. are shown for sin22u andDm2 with the MSW solution of the
solar neutrino problems. The dashed and dash-dotted line conto
are for the solar models@13# ~1988! and @28# ~1992!; the full line
contour is for the most recent solar model@5# ~1995!. The points
wherex2 has a local minimum are indicated by a triangle~1988
solar model!, a square~1992 model!, and a circle~1995 model!.
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4214 53J. N. BAHCALL AND P. I. KRASTEV
used! and present results for both sets of quantities. We c
culate the maximum and minimum fluxes consistent with
available data for both the MSW effect and for vacuum o
cillations. The results given here permit the calculation
what may be observed in future experiments.

We assume that the published event rates and experim
tal errors ~see Table I! are correct for the four operating
experiments. We also assume that the calculated stan
model production rates for neutrinos~see Table II! are cor-
rect within their published uncertainties. With these assum
tions, we determine the allowed ranges of survival probab
ties for both MSW and for vacuum neutrino oscillation
From our experience, we infer that authors are more likely
underestimate rather than overestimate uncertainties w
reporting either experimental or theoretical results. Since
adopt the published uncertainties, the allowed range we
for the survival probability of each neutrino flux is likely t
be a lower limit to the actual permitted range.

A. Methods of calculation

For a dense set of representative values ofDm2 and
sin22u within the 95% confidence limits indicated by Figs.

FIG. 2. Allowed vacuum solutions. The allowed regions at 95
C.L. are shown for the vacuum neutrino oscillation solution of t
solar neutrino problems. The symbols have the same meaning
for Fig. 1.
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and 2, we calculate the survival probability,P(ne→ne ,E),
for electron-type neutrinos. For continuum neutrino source
we average the survival probability over neutrino energy u
ing the knownne energy spectrum when created in the Su
We carry out the calculations with, or without, the additiona
weight of the energy-dependent neutrino interaction cro
section for the detector of interest. For eachDm2 and
sin22u chosen within the allowed region, we compute th
partial contribution of each flux to the signal in each detect
by using the neutrino survival probabilities calculated as d
scribed earlier. We find the minimum and maximum value
for each survival probability by searching among the allowe
set of solutions.

The reader may be surprised that we present in this s
tion the limiting contributions of different neutrino sources t
experiments that have not yet been performed. However,
logic we use in these calculations is the same as we use
the operating experiments. We search through the set of
lutions consistent with the already available data and fi
those solutions that maximize or minimize the contribution
of a particular neutrino source to each experiment, wheth
or not the experiment has been performed. For future expe
ments, we do not, of course, have the benefit of direct co
straints based upon the counting rate in that detector.

B. Detector-dependent survival probabilities

In this subsection, we calculate survival probabilities i
the way that they are usually determined in the literatur
namely, with a weight that is proportional to the interactio
cross section in a specified detector. In the following subse
tion, we calculate survival probabilities that are independe
of the characteristics of any specific detector.

Tables III and IV present the results of numerical calcu
lations for many different theoretical solutions based upo
either the MSW effect@7# or upon vacuum neutrino oscilla-
tions @8#. Each row gives, for a specific solar neutrino ex
periment, the minimum and maximum allowed contributio
relative to the standard model prediction of thepp, 7Be, and
8B neutrino sources. The calculations apply to the oper
ing experiments~chlorine, gallium, and Kamiokande! as
well as to planned experiments~SuperKamiokande, SNO,
BOREXINO, ICARUS, HELLAZ, and HERON!.

For each experiment, we present in Table III the extrem
MSW survival probabilities weighted by the cross section
for interactions of electron-type neutrinos. The weighted su

%
he
s as
o

TABLE III. MSW limiting ne fluxes. The minimum and maximum values~at 95% C.L.! are given for the

ratiosR, of the measured to the predicted~1995 solar model! event rates in the four operating solar neutrin
experiments.

Expt./SSM R(pp)min R(pp)max R(7Be)min R(7Be)max R(8B) min R(8B) max

HOMESTAKE – – 0.005 0.65 0.16 0.56
SAGE/GALLEX 0.50 0.997 0.01 0.65 0.16 0.54
Kamiokande – – – – 0.28 0.64
SuperKamiokande – – – – 0.28 0.60
SNO – – – – 0.16 0.55
BOREXINO – – 0.21 0.72 – –
ICARUS – – – – 0.16 0.57
HELLAZ/HERON 0.65 0.998 – – – –
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TABLE IV. Vacuum oscillations limitingne fluxes. The minimum and maximum values~at 95% C.L.! are
given for the ratiosR of the measured to the predicted~1995 solar model! event rates in the four operating
solar neutrino experiments.

Expt./SSM R(pp)min R(pp)max R(7Be)min R(7Be)max R(8B)min R(8B)max

HOMESTAKE – – 0.083 0.98 0.12 0.43
GALLEX/SAGE 0.49 0.67 0.11 0.97 0.13 0.43
Kamiokande – – – – 0.24 0.53
SuperKamiokande – – – – 0.25 0.56
SNO – – – – 0.09 0.42
BOREXINO – – 0.29 0.98 – –
ICARUS – – – – 0.11 0.43
HELLAZ/HERON 0.64 0.77 – – – –
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vival probabilities for neutrinos of sourcei are defined by the
equation

~weighted survival probability! i

5
*dEFi~E!3s~E!3Pi~E!

*dEFi~E!3s~E!
, ~4!

wheres(E) is the interaction cross section andPi(E) is the
survival probability for electron-type neutrinos average
over the production region of thei th neutrino source. The
integrals extend over the range in which the neutrino ene
spectrum,Fi(E), is nonzero. The weighted survival prob
abilities defined in Eq.~4! are the ratios of the actual even
rates to the standard model predicted rates~standard elec-
troweak plus standard solar model!. For brevity, we use the
notationRi[~weighted survival probability! i in Tables III
and IV ~also in Table V!. Thus, the first entry~0.0045! under
R(7Be)min in the first row of Table III is, for the MSW solu-
tion, the largest fractional reduction~relative to the standard
solar model! of the 7Be contribution to the chlorine experi-
ment that is consistent at 95% C.L. with all the experimen
For example, to obtain the maximum8B contribution to the
chlorine experiment in SNU, one has to multiply the entry
Table III, 0.56, by the standard model prediction of 7.3
SNU @5# to get 4.12 SNU. This large value, which conside
ably exceeds the experimental result given in the first row
Table I, is nevertheless allowed at 95% C.L. by thex2 analy-
sis because of the large theoretical uncertainty~14% at 1s)
of the 8B neutrino flux in the standard solar model. Th
uncertainty amounts to 1 SNU of the event rate in the ch
rine detector.

Table III shows that, for MSW oscillations, thepp con-
tribution to the GALLEX and SAGE experiments is con
strained to vary by at most a factor of 2. Thepp flux is the
best determined of the neutrino fluxes. In the HELLAZ an
HERON experiments, the expected range of thepp rate is
d
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less than a factor of 2 since these neutrino-electron scatter
experiments are sensitive to both charged and neutral c
rents.

The weighted average8B flux that is measured in the
Kamiokande experiment is also reasonably well determine
~slightly more than a factor of 2 uncertainty!, but the 8B
contributions to the radiochemical experiments~chlorine and
gallium experiments! is less well constrained~more than a
factor of 3 uncertainty!. The radiochemical experiments have
much lower energy thresholds than that for the Kamiokand
experiment, which is also somewhat sensitive to the neutr
current contribution.

The 7Be contribution to the radiochemical experiment
~chlorine and gallium! can vary between approximately 1%
and 65% of the contribution predicted by the standard sol
model. The rate for BOREXINO is predicted to lie within
22% to 72% of the standard rate. This variation is much le
than that allowed in the gallium or chlorine experiments be
cause BOREXINO is sensitive to both charged and neutr
currents. The lower limit for BOREXINO corresponds to
essentially all but about 1% of the electron neutrinos tran
forming to muon or tau neutrinos.

Table IV is identical to Table III except that the weighted
survival probabilities are computed for the mechanism o
vacuum neutrino oscillations. The survival probabilities hav
been averaged, as described in Ref.@31#, over the distance
between the Sun and the Earth, which changes during t
year due to the eccentricity of the Earth’s orbit. About 12
points ~independent computations! for different positions on
the Earth’s orbit are needed to compute the average survi
probability with an accuracy of 0.1%.

For vacuum oscillation solutions, the range of allowe
solutions is smaller than that for the MSW effect. In fact, th
pp neutrino flux is well determined. Thepp contribution to
the gallium experimental rate is 58%69% of the standard
model rate, which corresponds to a fractional rate o
70%67% in the HELLAZ and HERON detectors. The8B
TABLE V. Detector-independent limitingne fluxes. The limiting fractional fluxes~relative to the SSM!
are given, independent of detector sensitivities@see Eq.~2!# for both MSW and vacuum neutrino solutions.

R(pp)min R(pp)max R(7Be)min R(7Be)max R(8B)min R( 8B)max

MSW 0.52 0.997 0.02 0.65 0.11 0.40
Vacuum 0.49 0.67 0.13 0.97 0.27 0.60
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contribution is also reasonably well determine
39%614%, for the Kamiokande experiment. The predicte
rate relative to the standard solar model of the SNO a
ICARUS experiments shows a larger variation since in th
section we are considering only charged-current reactions
these two detectors.

Perhaps the most surprising result for the vacuum ne
trino oscillations is the fact that the7Be contribution could
be essentially equal to the standard model prediction. T
result shows that some previous analyses may have overs
plified the situation when they have concluded that the so
neutrino problems can be summarized by the fact that7Be
neutrinos are missing.

The extreme values for the masses and mixing angles
not always occur for extreme values of the neutrino fluxe
The extreme values of the neutrino parameters can be de
mined directly from the data files used to plot Figs.
and 2. For MSW solutions, the range of allowedDm2

varies between 431026 eV2 and 131024 eV2, while
431023<sin22u<1.531022 or 0.5<sin22u<0.9. For
vacuum oscillations, theDm2 varies between 5310211 eV2

and 1310210 eV2, while 0.7<sin22u<1.0.

C. Detector-independent survival probabilities

Are there detector-independent bounds that one can p
on the survival probabilities? The bounds given in Tables
and IV depend manifestly upon the interaction cross sectio
of each detector. These detector-dependent limits are rele
when thinking about what has been learned from each
periment. However, one needs to consider detect
independent bounds if one wants to determine the allow
regions permitted by all the experiments taken together.

We have calculated unweighted~detector-independent!
survival probabilities by searching in the complete parame
space of the two-component MSW and vacuum neutrino
cillations for solutions that are consistent at the 95% con
dence level with the data summarized in Table I for the fo
ongoing experiments. The detector-independent average
vival probabilities are defined as follows:

~average survival probability! i

5
*dEFi~E!3Pi~E!

*dEFi~E!
. ~5!

Table V summarizes the extreme values for the detect
independent average survival probabilities for electron-ty
neutrino fluxes that are consistent with either MSW
vacuum oscillations. The range of allowed survival pro
abilities is a factor of 2 forpp neutrinos, a factor of more
than 5 for 8B neutrinos, and a factor of more than 40 for th
7Be neutrinos.

IV. THE LUMINOSITY CONSTRAINT

Each time a neutrino from a specified neutrino-produci
reaction is created in the Sun, a fixed amount of usable~ther-
mal! energy is supplied to the interior of the star. Since som
of the nuclear reactions that are responsible for solar ene
generation also produce neutrinos, the solar luminosityL(

can be written as a linear combination of solar neutrin
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fluxes @15–21#. The luminosity constraint on the neutrino
fluxes takes the form~cf. Eq. 3.36 of@9#!

L(

4pr 2
5(

j
~Q2^E&! jf j , ~6!

where r is 1 A.U. (1.49631013 cm), Q is the energy re-
leased by the associated fusion reactions,^E& is the average
energy loss by neutrinos, andf j ( j5pp,7Be,8B,etc.) is the
neutrino flux at the Earth~if nothing happens to the neutrinos
after they are created!. The average energy loss by the neu-
trinos has been calculated in Appendix A of@13#, which takes
account of small corrections for the thermal motion of the
interacting particles.

The explicit form of the luminosity constraint is

L(

4pr 2
5(

j
a jf j , ~7!

where the eight coefficientsa j are given in Table VI and the
solar constant (L(/4pr 2) is @5# 1367 W m22. The numeri-
cal values given in Table VI include the small corrections
due to the thermal motion of the solar particles@13#. For
numerical applications, it is convenient to rewrite Eq.~7! in
the dimensionless form

15(
i

S a i

10 MeVD S f i

8.53231010 cm22 s21D . ~8!

In applications, the linear relation given in Eq.~7! must be
supplemented by the additional constraint:

f~7Be!1f~8B!<f~pp!1f~pep!. ~9!

The physical basis of Eq.~9! is that the 3He nuclei, which
ultimately give rise to7Be and 8B neutrinos via the nuclear
reaction 3He(a,g)7Be, are created bypp andpepreactions.
Onepp or pep reaction must occur in order to supply the
3He nucleus that is burned each time a7Be or 8B neutrino is
produced. So far as we can tell from the published literature
Eq. ~9! has not been implemented in previous applications o
the luminosity constraint to the solar neutrino problem. In
principle, Eq.~7! considered by itself permits a7Be neutrino
flux that is twice as large as is allowed by Eq.~9!. Since the
14N(p,g)15O reaction is the slowest process in the CNO
cycle, one must also have

f~15O!<f~13N!. ~10!

The luminosity constraint sets upper bounds on the a
lowed neutrino fluxes. Since somewhat different amounts o
energy release are associated with each of the neutrin

TABLE VI. Coefficients for luminosity constraint. The coeffi-
cients are given in MeV.

Flux a Flux a

pp 13.097 13N 3.457
pep 11.918 15O 21.572
e217Be 12.500 17F 2.363
8B 6.655 hep 10.170
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fluxes, the upper bounds depend somewhat upon the neut
branch being considered. We find from Eqs.~7!–~10!, the
following upper limits for the neutrino fluxes:

f~pp!<6.5131010 cm22 s21, ~11a!

f~pep!<7.1631010 cm22 s21, ~11b!

f~7Be!<3.3331010 cm22 s21, ~11c!

f~8B!<4.3231010 cm22 s21, ~11d!

f~CNO!<3.4131010 cm22 s21. ~11e!

The upper limits on the fluxes of7Be and8B neutrinos are
achieved @see Eq. ~9!# when f(pp)5f(7Be) or
f(pp)5f(8B). In deriving Eq.~11e!, we have assumed tha
f( 13N).f(15O) when the CNO cycle is dominant.

What are the principal assumptions that are required
derive Eqs.~7!–~10!? The fundamental assumption is tha
nuclear fusion among light elements currently generates
ergy in the solar interior at a rate equal to the measured so
photon luminosity. Gravitational energy generation is n
glected; this causes an error in Eq.~7! of only @13#
20.03%L( ~as estimated from the standard solar mode!.
The abundance of3He nuclei is also assumed to be in equ
librium, which is not strictly correct. In the outer regions o
the solar core,3He is continually produced~ultimately by the
pp andpepreactions!, but the temperature is too low to burn
3He at the equilibrium rate @via the reactions
3He (3He,2p)4He and 3He(a,g)7Be#. We have calculated
the departured from 3He equilibrium in the 1995 standard
solar model@5# and find

d[@f~pp!1f~pep!22f~3He23He!

2f~7Be!2f~8B!#/@f~pp!1f~pep!#

520.04%, ~12!

where we have introduced for notational convenience a ‘‘fi
tional neutrino flux,’’ f (3He23He), produced by the
3He –3He reaction. Here,f(3He –3He) is the flux that
would be produced if each3He –3He reaction produced a
neutrino. @The export nuclear energy generation subrouti
available from one of us~J.N.B.! calculates this fictional flux
together with the real neutrino fluxes.#

We conclude that Eqs.~7!–~10! are, when taken together
a statement of the luminosity constraint that is accurate
better than 1% for solar models in which the current nucle
energy generation equals the observed solar luminosity.

V. ONE NONSTANDARD SOLAR NEUTRINO FLUX:
MSW SOLUTIONS

In this and the following sections, we determine the exte
to which existing experiments and the luminosity constra
together bound the allowed values of the neutrino fluxes
the Earth. We relax the assumption that all of the calcula
standard model fluxes are correct within their quoted unc
tainties. We permit one of the major fluxes~either pp,
7Be, or 8B) to vary as a free parameter, together withDm2

and sin22u. In the present section, we derive the allowe
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ranges for the principal neutrino fluxes assuming the correc
ness of the MSW solution@7# of the solar neutrino problem
and in the following section we derive allowed ranges for the
solutions involving vacuum oscillations@8#.

In Sec. III, we analyzed the range of allowed neutrino
fluxes observed at the Earth, while requiring consistenc
with the standard solar model calculations. In the present an
the following sections, we study the rate of creation of neu
trinos in the solar interior, while only requiring consistency
with the luminosity constraint, Eqs.~7!–~10!. When calculat-
ing the allowed range of the8B neutrinos, we keep the other
neutrino fluxes fixed at their standard model values~since the
8B flux does not enter significantly the luminosity con-
straint!. While varying either thepp ~or the 7Be) neutrino
flux, we adjust the7Be ~or thepp) flux at the value required
to satisfy the luminosity constraint~with the minor fluxes
fixed at their standard solar model values!. We shall see that
the empirical limits on the creation rates of solar neutrinos
are much larger than the quoted theoretical uncertainties,
it is not really important which precise values we choose fo
the fluxes not being systematically varied~as long as we
require consistency with the luminosity constraint!.

We define fitting factorsf i which are the ratios of the
fluxes actually created in the center of the Sun to the fluxe
predicted by the standard~1995! solar model. Thus

f i[
f~ i !

fSSM~ i !
. ~13!

Using the three qualitatively different experiments, we can
determine three parameters,Dm2, sin22u, and one of the
fluxes; we keep the other fluxes fixed at their standard mod
values ~within the published theoretical uncertainties!. We
have varied thef i over a broad range compatible with the
luminosity constraint, Eqs.~7!–~10!. For each value off i ,
we carry out the minimization ofx2 over Dm2 and sin22u
within the region for which significant transitions between
different flavors occur: 1024<sin22u<1.0, 1029 eV2

<Dm2<1023 eV2. The positions of thex2 minima depend
on the values of thef i . In fact, as shown in Ref.@39#, if
f (8B)Þ1, the 95% C.L. regions for a particular model can
shift significantly with respect to those shown in Fig. 1.

Figure 3 shows the results for the three neutrino ratio
f i . Eachx2 that is plotted is a function of three independent
parameters,Dm2, sin22u, and one of the major neutrino
fluxes (pp, 7Be, or 8B). We display only the minimum~in
Dm2 and sin22u) x2 as a function off i . The luminosity
constraint requires that each flux lies within the vertical lines
in Fig. 3. The horizontal lines mark the 68% confidence limit
(x25x min

2 11.0).
Figure 3 shows that the bounds imposed by the luminosit

constraint and the 95% confidence limits on the fluxes are

0.55< f ~pp!<1.08, ~14a!

0.0< f ~7Be!<6.35, ~14b!

0.37< f ~8B!<2.44. ~14c!

The pp neutrino flux is the best-determined flux. Both the
upper and lower limits for thepp neutrinos are established
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by the luminosity constraint. The flux ofpp neutrinos could
at most vary by a factor of 2 and be consistent with th
luminosity constraint. The flux of7Be neutrinos is the least
well determined. All of the data are consistent with a vanis
ingly small 7Be neutrino flux. The upper limit to the7Be
neutrino flux is fixed by the luminosity constraint.

The Kamiokande and the chlorine data constrain the8B
neutrino flux to lie within a factor of 3 of the standard sola
model prediction. The8B neutrino flux is practically uncon-
strained by the solar luminosity since proton capture react
by 7Be nuclei plays only a very minor role in the productio
of solar energy if the standard solar model is even appro
mately correct.@In fact, the contribution of8B neutrinos to
the right-hand side of Eq.~7! is only about 1024 of the
contribution of thepp neutrinos in the standard solar model#
The two minima inx2 in Fig. 3~c! correspond to the small
@sin22u,0.1; minimum at f (8B)50.96] and the large
@sin22u>0.1; minimum at f (8B)51.6] mixing angle solu-
tions; the relative maximum between the two minima corr
sponds to the transition from the small mixing angle solutio
to the large mixing angle solution.

VI. ONE NONSTANDARD SOLAR NEUTRINO FLUX:
VACUUM OSCILLATIONS

In this section, we describe an analysis of the vacuu
neutrino oscillation solution that is similar to the MSW
analysis discussed in the previous section. We consi

FIG. 3. The minimumx2 as a function of one neutrino flux for
the MSW solution. One neutrino flux and the neutrino oscillatio
parameters, sin22u andDm2, are treated as free parameters. In Fi
3~a!, thepp neutrino flux is treated as a free parameter; in Figs. 3~b!
and 3~c!, the 7Be and8B fluxes are treated as free parameters. T
horizontal line marksx25x min

2 11.0. The vertical lines represen
the luminosity constraint, Eqs.~7!–~10!.
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sin22u andDm2, together with one of the major fluxes, as
free parameters. In each case, the sum of the neutrino flux
satisfies the luminosity constraint, Eqs.~7!–~10!. We have
variedDm2 and sin22u within the limits: 0.4<sin22u<1.0;
10212 eV2<Dm2<1029 eV2.

Figure 4 shows the allowed range for thepp, 7Be, and
8B fluxes. The bounds imposed by the luminosity constrain
and the 95% confidence limits on the fluxes are

0.55< f ~pp!<1.08, ~15a!

0.0< f ~7Be!<6.35, ~15b!

0.55< f ~8B!<2.84. ~15c!

The pp neutrino flux is~as in the MSW solutions! the best-
determined flux. Both the upper and the lower limits ar
established by the luminosity constraint. The minimumx2

occurs slightly abovef (pp)51. There is no lower-limit con-
straint on the7Be flux, which could be zero, consistent with
all of the experimental data. The upper limit for the7Be
neutrinos is established by the luminosity constraint.

The most ironic result for the8B neutrinos is that the data
suggest~at 1s significance level! a higher neutrino flux than
that in the standard solar model@ f (8B)>1# if the vacuum
neutrino solution is correct. Nearly all the published researc
on ‘‘nonstandard’’ solar models over the last 25 years ha
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FIG. 4. The minimumx2 as a function of one neutrino flux for
the vacuum oscillation solution. One neutrino flux and the neutrin
oscillation parameters, sin22u andDm2, are treated as free param-
eters. In Fig. 4~a!, the pp neutrino flux is treated as a free param-
eter; in Figs. 4~b! and 4~c!, the 7Be and8B fluxes are treated as free
parameters. The horizontal line marksx25x min

2 11.0. The vertical
lines represent the luminosity constraint, Eqs.~7!–~10!.
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TABLE VII. Predicted event rates in future solar neutrino experiments expressed as ratios to the
rates expected from the standard solar model@5#. The values ofDm2 and sin22u used to minimizex2 for the
existing four experiments are given in Eqs.~1!–~3!.

MSW MSW
~Small mixing! ~Large mixing! Vacuum oscillations

SuperKamiokande 0.4120.13
10.19 0.3420.06

10.09 0.3120.06
10.25

SNO 0.3220.16
10.23 0.2220.06

10.23 0.1920.10
10.23

BOREXINO 0.2220.01
10.50 0.5920.14

10.13 0.6920.40
10.29

ICARUS 0.3420.18
10.23 0.2220.06

10.11 0.2320.12
10.20

HELLAZ/HERON 0.9620.31
10.04 0.7320.08

10.06 0.6720.03
10.10
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had the stated goal of producing a lower~not a higher! 8B
neutrino flux than in the standard solar model.

VII. FUTURE DETECTORS

Two new solar neutrino experiments, SuperKamiokan
@22# and SNO @23#, are expected to start taking data i
1996–1997. The BOREXINO detector@25# is likely to be-
come operational before the end of the century. Recently
600 ton module of the ICARUS@24# detector has been ap
proved. Even further in the future, two ambitious helium
detectors, HELLAZ@26# and HERON@27#, whose purpose
is to detect the basicpp neutrinos, are currently being stud
ied as laboratory prototypes. An127I detector is under devel-
opment, but the neutrino absorption cross sections are
well enough known at present to permit a detailed theoreti
analysis of the kind carried out in this paper@40#.

In this section, we make an initial appraisal of the pote
tial of these future experiments to further constrain the
lowed regions in the parameter space ofDm2 and sin22u. In
Sec. VII A, we calculate the best-estimate rates for all five
the future experiments, assuming the correctness of either
small or the large mixing angle MSW solution or of vacuum
oscillations. We use in Sec. VII A values for the neutrin
parameters that minimizex2 for the four operating experi-
ments. In Sec. VII B, we calculate the ‘‘future’’ allowed re
gions in neutrino parameter space that will exist if one or tw
of the new experiments are performed. We focus in that s
section on the three experiments~SuperKamiokande, SNO,
and BOREXINO! that are in advanced stages of develo
ment. In Sec. VII B, we allow the values ofDm2 and
sin22u to range over the region of parameter space permitt
at 95% C.L., by the four operating and the assumed futu
experiments.

A. Best-estimate future rates

We calculate in this subsection the rates in future expe
ments that are implied by the results of the four operati
experiments and the different neutrino oscillation scenari
We adopt the best-fit neutrino oscillation parameters given
Eqs. ~1!–~3!, the expected characteristics of the detecto
specified in the published proposals, and the neutrino int
action cross sections~except for SNO! given in @9#. For Su-
perKamiokande, we shift the trigger efficiency function o
Kamiokande 1.1 MeV lower in energy so that it becom
50% at 5 MeV. The neutrino cross sections for SNO a
taken from@41#. We defer a discussion of the SNO neutr
de
n
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current experiment to the following section. We do not dis
cuss in this paper the potentially powerful SuperKamiokand
measurement of the electron recoil spectrum and the impo
tant SNO measurement of the shape of thene energy spec-
trum. The potential of both of these measurements to di
criminate alternative hypotheses is being investigated, usi
an improved 8B neutrino energy spectrum, in a separat
study @42#.

Table VII gives the best-estimate calculated event rat
relative to the predictions of the standard solar model@5#. We
also include the range over which the predictions vary if w
require consistency, at 95% C.L., with the four operatin
experiments. The second column of Table VII gives the re
sults that we expect if small-angle MSW oscillations are oc
curring, the next column gives the results for large-ang
MSW oscillations, and the last column gives the results
vacuum oscillations are the explanation of the solar neutrin
problems.

The best-estimate predicted event rates are not very s
sitive to the assumed neutrino oscillation scenario. Express
as percentages of the standard model rates, we find that
best estimates range over the values: SuperKamiokan
(36%65%!, SNO (26%67%!, BOREXINO (46%
624%!, ICARUS (28%66%!, and HELLAZ/HERON
(82%615%!. However, if we consider the 95% confidence
limits, the total range of expected event rates is rather lar
in all of the experiments~see Table VII!.

B. ‘‘Futuristic’’ allowed regions

Figures 5–8 display the results of our futuristic simula
tions of the improvements in determining neutrino param
eters that are likely to result from measuring the total rates
the new experiments. We have carried out the combinedx2

analysis as if the calculated rates for future experiments a
indeed the rates that will be measured.

The results shown in Figs. 5–8 assume, for specificity,
5% 1s measurement error in each future experiment. W
have also carried out calculations assuming 10% and 1
measurement errors for all the experiments. There is a s
nificant improvement in the ability of the experiments to
discriminate between different values of neutrino mixing pa
rameters when the assumed errors are reduced from 10%
5%, but there is very little additional improvement when th
errors are reduced from 5% to 1%.

If the small mixing angle MSW solution is correct, will
future experiments eliminate the large mixing angle and th
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FIG. 5. Future experiments: The small mixing
angle MSW solution assumed correct and th
‘‘future’’ allowed MSW solutions. Assuming the
correctness of the small mixing angle MSW so
lution, the results of future solar neutrino experi
ments are calculated. A 5% error, normally dis
tributed, is assumed for each of the future
experiments. The 95% C.L. allowed regions fo
Dm2 and sin22u are calculated in~a!–~c! for four
operating and one new experiment and in~d! for
four operating and two new experiments. The re
gions enclosed within the dark lines are permitte
by the four operating experiments and the region
enclosed within the dashed lines are permitted b
the combined operating and future experiments
.

g
e

vacuum oscillation solutions? This question is answered
Figs. 5 and 6.

We assume in calculating the results that are displayed
Figs. 5 and 6 that the small angle MSW solution~the mini-
mum x2 solution! is the correct description of neutrino
propagation. The regions that will be allowed in neutrin
parameter space are plotted in Figs. 5~a!–5~c! and Figs.
in

in

o

6~a!–6~c! if just one new experiment is performed~SuperKa-
miokande, SNO, or Borexino!. Figures 5~a!–5~c! show the
regions that will be allowed for MSW solutions and Figs
6~a!–6~c! show the regions that will be allowed for vacuum
oscillation solutions.

We also performed the same type of analysis by addin
two ‘‘new’’ experiments, SuperKamiokande and SNO, to th
e

.

-

FIG. 6. Future experiments: The small mixing
angle MSW solution assumed correct and th
‘‘future’’ allowed vacuum oscillation solutions.
The caption for this figure is the same as for Fig
5 except that the allowed regions for vacuum
neutrino oscillations are calculated for the com
bined operating and future experiments.
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FIG. 7. Future experiments: Vacuum mixing
assumed correct and the ‘‘future’’ allowed MSW
solutions. Assuming the correctness of the mini
mumx2 vacuum neutrino solution, the results of
future solar neutrino experiments are calculated
A 5% error, normally distributed, is assumed for
each of the future experiments. The 95% C.L
allowed regions forDm2 and sin22u are calcu-
lated in ~a!–~c! for four operating and one new
experiment and in~d! for four operating and two
new experiments. The regions enclosed within
the dark lines are permitted by the four operating
experiments and the regions enclosed within th
dashed lines are permitted by the combined ope
ating and future experiments.
le

i-
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e

four already existing experiments. Figures 5~d! and 6~d!
show the allowed regions when two new experiments a
simulated.

Figure 5 shows that 5% measurements of the total ev
rates will ~with our assumption of the correctness of th
small-angle MSW solution! essentially rule out at 95% C.L.
the large mixing angle solutions. BOREXINO and SNO a
re

ent
e

re

particularly effective in this respect. Since the small-ang
solution has a very lowx2 for the four operating experi-
ments, it is not surprising that one or two additional exper
ments consistent with this solution will eliminate the large
angle solution.

Figure 6 shows that the situation is less favorable for th
vacuum oscillations. They will be more difficult to rule out if
-

FIG. 8. Future experiments: Vacuum mixing
assumed correct and the ‘‘future’’ allowed
vacuum oscillation solutions. The caption for this
figure is the same as for Fig. 7 except that the
allowed regions for vacuum neutrino oscillations
are calculated for the combined operating and fu
ture experiments.
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TABLE VIII. The ratio of neutral to charged current event rates in the SNO detector for differ
solutions of the solar neutrino problem. The ranges of the ratio~min and max! have been determined by
varyingdm2 and sin22u within the 95% allowed regions for each solution. The electron energy threshold
assumed to be either 5 MeV~upper line! or 6 MeV ~lower line!.

Scenario ~NC/CC! (NC/CC)DR Min(NC/CC)DR Max(NC/CC)DR

Standard model 0.44 1.00 1.00 1.00
0.49 1.00 1.00 1.00

Small-angle MSW 1.3 3.1 1.8 4.9
1.5 3.0 1.8 4.7

Large-angle MSW 1.9 4.4 3.0 6.4
2.2 4.5 3.1 6.5

Vacuum oscillations 2.3 5.2 2.3 11
2.3 4.8 2.4 11
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the small mixing angle solution is correct. The one excepti
is BOREXINO. A measurement of the total flux from th
0.86 MeV 7Be line, consistent with the current best estima
from the MSW solution, would eliminate the currrently
allowed vacuum oscillation solutions @see Fig.
6~c!#. The minimalx2 for the vacuum oscillation region of
parameter space, Fig. 6, is relatively large in all four cas
3.7 for BOREXINO, 4.9 for SuperKamiokande, 4.7 fo
SNO, and 6.1 for SuperKamiokande plus SNO, but still a
ceptable at 95% C.L.

We now consider the opposite question to the one we j
answered. If the vacuum mixing solution is correct, will fu
ture experiments eliminate the MSW solutions and conve
on the true vacuum solution? This question is answered
Figs. 7 and 8.

We assume in calculating the results that are displayed
Figs. 7 and 8 that the vacuum oscillation solution with th
smallestx2 is correct. We see that both BOREXINO an
SNO can, with our assumptions, eliminate all, or nearly a
of the allowed regions of the small-angle MSW solutio
However, the large-angle MSW solution will be not elim
nated if the best-estimate current vacuum solution is the o
that nature has adopted. The vacuum oscillation solutio
will be constrained significantly by any one of the three e
periments, SuperKamiokande, SNO, or BOREXINO~see
Fig. 8!. With our assumptions, the combination of SuperK
miokande and SNO will greatly reduce the allowed param
eter space for vacuum oscillations.

Larger reductions in the allowed parameter space mig
occur if, for example, the new experiments yield results th
lie at the edge of the parameter space permitted by the f
operating experiments.

VIII. NEUTRAL CURRENT TO CHARGED CURRENT
RATIO IN SNO

In this section, we focus on a specific measurement t
will be made with the Sudbury Neutrino Observatory SN
@23#. We calculate the expected ratio, neutral curre
~NC!/charged current~CC!, ~NC/CC!, of neutral current
events, NC (nany1

2H→p1n1nany), to charged current
events, CC (ne1

2H→p1p1e, only ne), in the SNO ex-
periment. Here,nany represents the total flux of neutrinos
independent of neutrino flavor. We compute and compare
ratio assuming that there are no neutrino oscillations or t
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either the hypothesis of MSW or of vacuum neutrino osci
lations is correct. The best estimates for the oscillation p
rameters are again taken from Eqs.~1!–~3!, which assume
the correctness of the standard model fluxes~within their
quoted uncertainties!.

In the literature, it has often been stated that the ratio
neutral current to charged current event rates is ‘‘independe
of solar model predictions’’@23#, with the implication that
the ratio is thereby independent of the total flux~all flavors!
of 8B neutrinos. This interpretaion of the neutral current t
charged current ratio is correct if there is no physics beyon
the standard electroweak model that changes the shape of
8B neutrino energy spectrum; solar physics affects the sha
of the energy spectrum by at most one part in 105 @43#. In the
absence of physics beyond the standard electroweak mod
the total number of created8B neutrinos cancels out of the
ratio since the predicted8B neutrino flux appears in both the
numerator and the denominator of the neutral current
charged current ratio. However, if either MSW or vacuum
neutrino oscillations occur, the ratio depends somewhat up
the assumed total8B neutrino flux since these solutions
change the calculated shape of the neutrino energy spectr
and the best-fit oscillation parameters depend upon the ab
lute value of the assumed flux. We will explore this depen
dence in detail in a future publication.

We normalize the neutral current to charged current rati
NC/CC, by dividing the observed ratio by the ratio compute
assuming the correctness of the standard electroweak mo
~i.e., no oscillations!. This double ratio DR is defined to be

SNCCCD
DR

[
~NC/CC! observed
~NC/CC!standard

. ~16!

Many of the systematic uncertainties cancel out of the doub
ratio. Moreover, the double ratio takes on the simple value
unity if no new physics is occurring.

Table VIII gives the ratio of neutral to charged curren
event rates for two different assumed energy thresholds~5
MeV and 6 MeV! for the charged current reaction. In each
case~no oscillation, MSW, or vacuum oscillations!, the up-
per row assumes a threshold of 5 MeV for the total electro
energy and the lower row assumes a 6 MeV threshold.~The
threshold of the neutral current reaction is 2.2 MeV.! The
values without oscillations of the NC/CC ratio and the
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double ratio, Eq.~16!, are given in the first two rows. In the
second and third columns of Table VIII, we give the com
puted values of the neutral current to charged current ra
and the double ratio, forDm2 and sin22u that minimizex2

@see Eqs.~1! and~3!#. The ranges of the double ratio given i
columns four and five have been obtained by varying t
oscillation parameters within the 95% C.L. allowed region
~for the four operating experiments!, shown in Figs. 1 and 2,
assuming the flux uncertainties of the standard solar mo
@5#. In computing the charged-current rate, we assumed t
the energy of the electron that is produced is equal to
incoming neutrino energy minus the threshold energy~ne-
glecting nucleon recoil and final state interactions as well
the energy resolution of the detector!. Lisi ~private commu-
nication, 1995! has made detailed calculations which sho
that the assumptions used here are typically accurate to a
percent for MSW oscillations and to about 15% for vacuu
oscillations.

Table VIII shows that, within relatively large ranges o
parameter variations, the measurement of the neutral cur
to charged current ratio can determine if neutrino oscillatio
are the correct solution of the solar neutrino problem. F
example, a measurement of a double ratio equal to unity w
a 1s accuracy of 20% would rule out any oscillation solutio
in Table VIII ~i.e., any oscillation solution that does not in
clude sterile neutrinos! at the 99% C.L. However, it may well
be difficult to distinguish between different oscillation solu
tions because of the considerable overlap among the ‘‘n
physics’’ solutions in Table VIII.

IX. CONCLUSIONS

In this paper, we have investigated the range of neutr
oscillation solutions that are allowed by the currently ope
ating solar neutrino experiments and have explored, in a p
liminary way, the additional constraints that may be impos
by future experiments. We study the allowed range of ne
trino fluxes at the Earth and the allowed neutrino creati
rate at the center of the Sun. We summarize in this sect
some of our principal conclusions.

The MSW solution provides an excellent description
the results of the four operating experiments. Using the m
sured values and the quoted uncertainties for the experime
~see Table I! and the solar model predictions and their ass
ciated uncertainties~see Table II!, the minimum value for
x2 (xmin

2 50.31) occurs at Dm255.431026 eV2 and
sin22u57.931023 and is usually referred to as the ‘‘small
angle’’ MSW solution. The ‘‘large-angle’’ MSW solution oc-
curs atDm251.731025 eV2 and sin22u50.69 and is a less
good fit to the data (xmin

2 52.5).
Vacuum neutrino oscillations provide an acceptable b

not remarkably good fit to the experimental results and t
standard model calculations. The minimum inx2

(xmin
2 52.5) occurs at Dm256.0310211 eV2 and

sin22u50.96.
The best-fit and allowed regions of the oscillation sol

tions do not depend sensitively upon the assumed so
model. We have used standard solar models published
1988, 1992, and 1995; the results are rather similar in
cases~see Fig. 1 for the MSW solutions and Fig. 2 for th
vacuum oscillation solutions!.
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The first three conclusions in this section~Sec. IX! are in
good agreement with the calculations of previous autho
@12,21,30–33,35,34#, who made use of earlier results from
the solar neutrino experiments and the standard solar mod

For MSW solutions, the allowed range of the electro
neutrino fluxes at the Earth is large~see Table III!. The flux
of pp neutrinos is the best determined, but even in this ca
the contribution to the GALLEX and SAGE experiments
could vary between 50% and 100% of the predicted standa
solar model value. The expected range in the HELLAZ an
HERON experiments is between 65% and 100% of the sta
dard model value; the variation is smaller for these futur
experiments because they have some sensitivity to neut
current reactions. The7Be neutrino flux is poorly con-
strained. The contribution of7Be to the gallium experiments
could range between 1% and 65% of the standard mod
prediction; the expected range in BOREXINO is betwee
21% and 72% of the standard rate.

The range of allowed solutions for vacuum neutrino os
cillations is smaller than the allowed range for MSW solu
tions ~see Table IV!. Thepp contribution to the gallium rate
is 58%69% of the standard model rate, which correspond
to 70%67% in the HELLAZ and HERON detectors. The
8B contribution corresponds to 39%614% of the standard
rate for the Kamiokande experiment. The7Be contribution
can vary from approximately 10% to approximately 100% o
the predicted rate for the chlorine and gallium experiment
while the expected rate in BOREXINO is between 29% an
98% of the standard model prediction.

For MSW solutions, the range of allowed neutrino masse
is contained between 431026 eV2 and 131024 eV2, while
431023<sin22u<1.531022 or 0.5<sin22u<0.9. For
vacuum oscillations, the masses vary between 5310211

eV2 and 1310210 eV2, while 0.7<sin22u<1.0.
Detector-independent limits on the allowed ranges of th

electron neutrino fluxes can be extracted from the existin
experiments@see Eq.~5! and Table V#. Considering the com-
bined range of the MSW and vacuum neutrino solutions, th
pp flux could be anywhere from 49% to 100% of the pre
dicted standard model value, while the8B flux lies between
11% and 60% of the standard value, and the7Be flux could
be between 2% and 97% of the standard value.

The ‘‘luminosity constraint’’ should take account of the
fact that there must be app ~or pep! neutrino for each
7Be ~or 8B) neutrino, if the solar luminosity is currently
being supplied by nuclear fusion reactions among light el
ments. Equations~7!–~10!, when taken together, constitute a
statement of the luminosity constraint that is estimated to b
accurate to better than 1%. At 95% confidence level, th
upper and lower bounds on the allowedpp neutrino creation
rate are determined by the luminosity constraint and the a
lowed upper limit on the7Be neutrino creation rate is estab-
lished by the luminosity constraint.

For pp and 7Be neutrinos, the luminosity constraint, and
not the four operating solar neutrino experiments, sets t
most stringent limits on the allowed range of creation rates
the solar interior. The ratio of the creation rate in the cente
of the Sun to the rate predicted in the 1995 standard so
model varies between 0.55 and 1.08 forpp neutrinos and
between 0.0 and 6.35 for the7Be neutrinos assuming that the
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CNO neutrino flux does not change from its predicted val
in the standard solar model.

For 8B neutrinos, the operating experiments establish t
allowed range of neutrino creation rates in the solar interi
For MSW oscillations, the ratio of the8B neutrino creation
rate in the interior of the Sun to the rate predicted in the 19
standard solar model varies between 0.4 and 2.4.
vacuum oscillations, the ratio of the allowed flux to the flu
predicted in the 1995 solar model varies between 0.6 a
2.8 for the 8B neutrinos.

The predicted event rates for the SuperKamiokand
SNO, BOREXINO, ICARUS, HELLAZ, and HERON ex-
periments are given in Table VII for the best-fit small-ang
MSW, large-angle MSW, and vacuum neutrino oscillatio
solutions. The best estimates for SuperKamiokande, SN
and ICARUS do not depend sensitively upon the assum
oscillation scenario. However, the range of expected ev
rates is rather large in all of the experiments if we allow th
neutrino parameters to vary over the predicted 95% C.L.

Futuristic calculations shown in Figs. 5–8 illustrate som
of the power of the planned experiments. For example, a
measurement of the total event rate with SNO will, if th
small-angle MSW solution is correct, eliminate almo
the entire large-angle MSW solution@see Fig. 5~b!#.
BOREXINO will eliminate the large mixing angle@Fig. 5~c!#
and the vacuum oscillation solutions@see Fig. 6~c!#. If the
vacuum oscillation parameters that best fit the currently o
erating experiments are the correct solutions of the solar n
trino problems, a 5% measurement of the total event rate
SNO or BOREXINO could essentially eliminate the smal
angle MSW solution~see Fig. 7!. Moreover, a 5% measure-
ue
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ment with SuperKamiokande, SNO, or BOREXINO will
also eliminate most of the existing neutrino parameter spac
for vacuum solutions~see Fig. 8!. There is a significant im-
provement in the calculated ability of future experiments to
discriminate between different neutrino mixing parameter
when the assumed measurement errors are reduced fro
10% to 5%, but there is very little additional improvement
when the errors are reduced from 5% to 1%.

The double ratio of neutral current to charged curren
rates in the SNO detector is, by definition@Eq. ~16!#, unity if
no oscillations occur and has a 95% confidence range
3.121.3

11.8 for the small mixing angle MSW solution, 4.421.4
12.0 for

the large mixing angle MSW solution, and 5.222.9
15.6 for the

vacuum oscillation solutions. These results are relatively in
sensitive to changes in the solar model and suggest that
accurate measurement of the ratio of the total neutral curre
to charged current event rates may well be capable of distin
guishing between no oscillation solutions and oscillation so
lutions ~either MSW or vacuum!.
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