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S-matrix approach to two-pion production in e1e2 annihilation and t decay
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Based on theS-matrix approach, we introduce a modified formula for thep6 electromagnetic form factor
which describes very well the experimental data in the energy region 2mp<As<1.1 GeV. Using the CVC
hypothesis we predictB(t2→p2p0nt)5~24.7560.38!%, in excellent agreement with recent experiments.

PACS number~s!: 13.35.Dx, 11.55.Bq, 13.65.1i, 14.40.Cs
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I. INTRODUCTION

The processese1e2→p1p2 andt2→p2p0nt provide
a clean environment for a consistency check of the conse
vector current~CVC! hypothesis@1#. Actually, the measure
ment of thep6 electromagnetic form factor ine1e2 anni-
hilation is used to predict@2# the dominant hadronic decay o
the t lepton, namely,t2→p2p0nt . The weak pion form
factor involved in t decay is obtained by removing th
~model-dependent! I50 contribution ~arising from isospin
violation and included viar-v mixing! from the measured
pion electromagnetic form factor.

In a previous paper@3# we applied theS-matrix approach
to the e1e2→p1p2 data of Ref.@4# and determined the
pole parameters of ther0 resonance. In particular, we fitte
the data of Ref.@4# by assuming a constant value for t
strength of ther-v mixing parameter and using differe
parametrizations to account for the nonresonant backgro
As a result, the pole position of the scattering amplitude w
found to be insensitive to the specific background chose
fit the experimental data@3#.

The purpose of this Brief Report is twofold. We first arg
that the pole position ine1e2→p1p2 is not modified by
taking ther-v mixing parameter as a function of the cent
of-mass energy, as already suggested in recent paper@5#.
Then we propose a new parametrization for the scatte
amplitude of e1e2→p1p2, based on theS-matrix ap-
proach, which looks very similar to the Breit-Wigner para
etrization with an energy-dependent width. This results in
improvement in the quality of the fits~with respect to Ref.
@3#! while the pole position andr-v mixing parameters re
main unchanged~as it should be!. Finally, we make use o
CVC to predict thet2→p2p0nt branching ratio, which is
found to be in excellent agreement with recent experime
measurements.

II. ENERGY-DEPENDENT r-v MIXING

We start by giving a simple argument to show that
pole position will not be changed if we choose ther-v mix-
ing parameter to bemrv

2 (s)}s @namely,mr-v
2 ~0!50#, where
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As is the total center-of-mass energy ine1e2→p1p2.
Let us consider Eq.~7! of Ref. @3# and replace1 y→y8s/

sv , wheresV5mV
22 imVGV . This yields the following ex-

pression for Eq.~7! of Ref. @3#:

Fp~s!5
A

s2sr
S 11

y8s

sv

mv
2

s2sv
D 1B~s!

5
A8

s2sr
S 11y9

mv
2

s2sv
D 1B~s!, ~1!

whereA andB~s! denote the residue at the pole and nonreso
nant background terms, respectively. The second equali
above follows from the approximations

A8[AS 11y8
mv
2

sv
D'A~11y8!,

y9[
y8

11y8mv
2 /sv

'
y8

11y8

i.e., by neglecting small imaginary parts of ordery8Gv /mv

'1025 @3#. Thus, since introducingmrv
2 }s is equivalent to a

redefinition of the residue at the pole and of ther-v mixing
parameter, we conclude that the pole position would not b
changed if we take a constant or an energy-dependentr-v
mixing parameter.

III. ELECTROMAGNETIC PION FORM FACTOR

Next, we consider a new parametrization for the pion
electromagnetic form factor. This parametrization is obtaine
by modifying the pole term in the following way:

s2mr
21 imrGru~ s̃!→D~s!

[@12 ix~s!u~ s̃!#@s2mr
21 imrGru~ s̃!#, ~2!

1In the vector meson dominance model,y is related to the usual
r-v mixing strength throughy5mrv

2 f r /(mr
2f v).2231023 @3#.
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whereu~s̃! is the step function, with arguments̃5s24mp
2 .

Observe that if we choose

x~s!52mrS Gr~s!2Gr

s2mr
2 D , ~3!

then Eq.~2! becomes

D~s!5s2mr
21mrGrx~s!u~s24mp

2 !1 imrGr~s! ~4!

which, when inserted in~1!, looks very similar to a Breit-
Wigner form with an energy-dependent width, which we w
choose to be

Gr~s!5GrS s24mp
2

mr
224mp

2 D 3/2 mr

As
u~s24mp

2 ! ~5!

with the obvious identificationGr5G(mr
2).

Using Eq.~2! we are led to modified expressions for Eq
~8!, ~9!, and~15! of Ref. @3#: namely,

Fp
~1!~s!5S 2

amr
2

D~s!
1bD S 11

ymv
2

s2sv
D , ~6!

Fp
~2!~s!52

amr
2

D~s!
S 11

ymv
2

s2sv
D 1b, ~7!

Fp
~4!~s!52

amr
2

D~s! S 11
ymv

2

s2sv
D F11bS s2mr

2

mr
2 D G21

. ~8!

Using Eqs.~6!–~8!, we have repeated the fits to the e
perimental data of Barkovet al. @4# in the energy region
2mp<As<1.1 GeV. As in Ref.@3#, the free parameters o
the fit aremr , Gr , a, b, andy. The results of the best fits ar
shown in Table I.

From a straightforward comparison of Table I and th
corresponding results in Ref.@3# @see particularly, Eqs.~10!,
~11!, ~16! and Table I of that reference#, we observe that the
quality of the fits is very similar. Furthermore, the pole p
sition, namely the numerical values ofmr andGr , and of the
r-v mixing parametery, is rather insensitive to the new pa
rametrizations~as it should be!. The major effect of the new
parametrizations is observed in the numerical values oa
~the residue at the pole! and b ~which describes the back
ground!.

TABLE I. Best fits to the pion electromagnetic form factor o
Ref. @4#, using Eqs.~6!–~8!.

mr ~MeV! Gr ~MeV! a b y(1023) x/d.o.f.

Fp
(1) 756.746 143.786 1.2366 20.2396 21.916 0.998

0.82 1.16 0.008 0.013 0.15
Fp
(2) 756.586 144.056 1.2376 20.2406 21.916 1.008

0.82 1.17 0.008 0.013 0.15
Fp
(4) 757.036 141.156 1.2066 20.1936 21.866 0.899

0.76 1.18 0.008 0.009 0.15
ill
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An interesting consequence of the results in Table I is a
improvement in the value ofFp(0), which should be equal
to 1 ~the charge ofp1). Indeed, from Eqs.~6!–~8! and Table
I we obtain

Fp
~1!~0!5a1b

50.99760.015 ~0.96260.020!,

Fp
~2!~0!5a1b

50.99760.015 ~0.96060.017!, ~9!

Fp
~4!~0!5

a

12b

51.01160.010 ~0.98760.013!,

where the corresponding values obtained in Ref.@3# are
shown in brackets. An evident improvement is observed.

Let us close the discussion of this new parametrizatio
with a short comment: usingFp

(4)(s) ~with imaginary parts
andy set to zero! we are able to reproduce very well the data
of Ref. @6# in the space-like region20.253 GeV2<s<
20.015 GeV2.

IV. PREDICTION FOR t2
˜p2p0nt

Finally, using the previous results of the pion electromag
netic form factor, we consider the decay rate fo
t2→p2p0nt . As is well known@2#, the CVC hypothesis
allows us to predict the decay rate fort2→(2np)2nt in
terms of the measured cross section ine1e2→(2np)0.
Since for thet2→p2p0nt case the kinematical range ex-
tends up toAs5mt , let us point out that we have verified
that our parametrizations forFp(s) reproduce very well the
data ofe1e2→p1p2 in the energy region from 1.1 GeV to
mt .

The decay rate fort2→p2p0nt at the lowest order is
given by @2#

G0~t2→p2p0nt!5
GF
2 uVudu2mt

3

384p3 E
4mp

2

mt
2

dsS 11
2s

mt
2D

3S 12
s

mt
2D 2S s24mp

2

s D 3/2
3uFp

I51~s!u2, ~10!

where Vud is the relevant Cabibbo-Kobayashi-Maskawa
mixing angle. In the above expression we have neglect
isospin breaking in the pion masses. The form facto
Fp
I51(s) in Eq. ~10! is obtained from Eqs.~6!–~8! by remov-

ing the I50 contribution due tor-v mixing ~namely,y50!.
According to Ref.@7#, after including the dominant short-

distance electroweak radiative corrections the expression
the decay rate becomes

G~t2→p2p0nt!5S 11
2a

p
ln
MZ

mt
DG0~t2→p2p0nt!.

~11!

f
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We have not included the effects of long-distance elect
magnetic radiative corrections, but we expect that th
would not exceed 2.0%.

In order to predict the branching ratio, we use Eqs.~6!–
~8! with y50, the results of Table I, and the following value
of fundamental parameters~Refs.@7,8#!:

mt51777.160.5 MeV,

GF51.16639~2!31025 GeV22,

uVudu50.975060.0007.

With the above inputs we obtain

B~t2→p2p0nt!5S tt

2.956310213 sD
3H ~24.6660.26!% from Eq. ~6!,

~24.6260.26!% from Eq. ~7!,

~24.9660.32!% from Eq. ~8!,
~12!

or, the simple average,

B~t2→p2p0nt!5~24.7560.38!%, ~13!

which is in excellent agreement with recent experimen
ro-
ey

s

tal

measurements and other theoretical calculations~see Table
II !. Equation~13! includes the errors~added in quadrature!
coming from the fit toe1e2→p1p2 and the 1% error in
the t lifetime @8#: tt5(295.663.1)310215 s.

In summary, based on theS-matrix approach we have
considered a modified parametrization for thep6 electro-
magnetic form factor, which describes very well the experi-
mental data ofe1e2→p1p2 in the energy region from
threshold to 1.1 GeV. The pole position of theS-matrix am-
plitude is not changed by this new parametrization. Using
CVC, we have predicted thet2→p2p0nt branching ratio,
which is found to be in excellent agreement with experiment.

TABLE II. Summary of recent experimental measurements
~Expt.! and theoretical results~Th.! for thet2→p2p0nt branching
ratio. The errors in the first entry arise from use of
e1e2→p1p2 data, thet lifetime, and radiative correction effects
@9#, respectively.

Reference B(t2→p2p0nt) ~in %!

Th. @9# 24.5860.9360.2760.50
Th. @10# 24.6061.40
Th./Expt. @11# 24.0160.47
Expt. @8# 25.2060.40
Expt. @12# 25.3660.44
Expt. @13# 25.7860.64
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