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Bremsstrahlung correction for baryon b decays in the four-body region of the Dalitz plot:
Charged baryons

S. R. Jua´rez W.
Escuela Superior de Fı´sica y Matema´ticas, Instituto Polite´cnico Nacional, Edificio 9, Unidad Prof. ‘‘Adolfo Lo´pez Mateos,’’

Col. Lindavista, C.P. 07738 Me´xico D.F., México
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The analytical formula and the corresponding numerical results for the bremsstrahlung of semileptonic
decays of charged baryons, in the region of the Dalitz plot that covers the four-body events which were not
considered in previous calculations, are obtained. The formula is very accurate because it includes all the terms
of the ordera times the momentum transfer. The model dependence of the radiative correction is kept in a
general form which is suitable for a model-independent experimental analysis. The bremsstrahlung contribu-
tion in terms of the energies of the produced fermions is obtained by analytical means. Our result is suitable for
high statistics decays of ordinary baryons as well as for medium statistics decays of charm baryons.

PACS number~s!: 13.40.Ks, 13.30.Ce
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I. INTRODUCTION

The application of the radiative corrections in the analys
of the experimental data is indispensable, due to the rec
experimental progress@1# of high-energy hyperon beams an
the improving precision of the measurements in the hyper
b-decay processes.

In previous papers@2–5# we have obtained the formulas
and the numerical values for the radiative corrections to t
Dalitz plot of semileptonic decays of charged and neutr
hyperons in the region where the three-body~TBR! process
takes place. The high precision corrections include terms
the order ofaq/pM1 ~with q the four-momentum transfer
andM1 the mass of the decaying baryon!. The numerical
values of the radiative corrections to the lepton energy sp
trum due to the TBR were also evaluated in Ref.@5#.

To obtain the complete spectra of energy, the contrib
tions of the events in which a real photon is always emitt
are required. The Dalitz plot region which is not allowe
kinematically for a three-body decay but where the fou
body events take place is called the four-body region~FBR!.

It is the purpose of this paper to obtain the mode
independent high-precision analytical formulas which co
tain all the terms of orderaq/pM1 for the bremsstrahlung
contributions in the FBR of semileptonic decays of charg
hyperons. With these results the previous ones are comp
mented in order to obtain the whole bremsstrahlung con
butions to the energy spectra of the fermionic and baryon
emitted particles, and to the decay rate of the process.

As it is already known@3#, the model dependence of the
radiative corrections appears with the inclusion of the hig
precision terms. Fortunately the Low theorem@6,7#, which
states that there is no model dependence if one knows
experimental values of the electromagnetic static parame
of the baryons, solves this problem.

In Sec. II the kinematical relations used for the calculatio
of the bremsstrahlung in the FBR are presented. In Sec.
the bremsstrahlung amplitude with all theaq/pM1 terms
included is reviewed. A closed expression for the seve
bremsstrahlung contributions is obtained by analytic
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means. In Sec. IV all the partial results are collected into a
final completely integrated analytical expression. The nu
merical corresponding results are obtained and compare
with the ones published in Refs.@8,9#. Finally, we include an
Appendix which contains a summary with the definitions
used along the different stages of the analytical integration

II. KINEMATICS

In this section we present the notation we use for the
four-body process we are interested in:

A~p1!→B~p2!1e~ l !1 n̄e~pn!1g~k!, ~1!

where the emission of a real photon takes place. The fou
momenta and masses of the particles involved in baryo
semileptonic decays will be denoted byp15(E1 ,pW 1),
p25(E2 ,pW 2), l 5(E,lW ), pn5(En ,pW n), andk5(k0 ,kW ), and
by M1 ,M2 ,m,mn , andmk , respectively. We shall assume
throughout this paper thatmn50, andmk50 as corresponds
to real photons. We specialize our calculations as in Ref.@2#
to a coordinate frame in the rest system of the decayin
particle A with the Z axis along the electron three-
momentum and theX axis oriented so that the final baryon
three-momentum is in the first or fourth quadrants of theX-Z
plane. To be more explicit,

lW 5ulW u~0, 0, 1!,

kW5ukW u„A~12x2!cosfk , A~12x2!sinfk ,x…

pW 25upW 2u„A~12y2!, 0,y…,

and

k̂• p̂25z. ~2!

We are interested in the process~1!, when it takes place in
the four-body region of the Dalitz plot defined by

M2<E2<E2
min, 21,y,11,
3746 © 1996 The American Physical Society
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and

m<E<EB

with

E2

max
min5

1

2
~M12E6l !1

M2
2

2~M12E6l !

and

EB5
~M1

22M2!
21m2

2~M12M2!
. ~3!

This region corresponds to the regionAOB in Fig. 1 of
Ref. @2#, where a more detailed explanation about the TB
and FBR can be found, see also Ref.@8#.

For completeness, we explicitly show in this section t
list of kinematical relations used in the expansion of t
amplitudes of the nondivergent components of the radiat
correction.

pW 2•pW n52upW 2u~ upW 2u1ulW uy0!1
F

2D
~Ebx1En

0!,

lW •pW n52ulW u~ ulW u1up2W uy0!1
F

2
2

ulW ux
2D

F,

k̂•pW n5En
02

F

2D
2D,

pW 2•lW 5ulW uupW 2uy02
F

2
,

pW 2• k̂5D2En
02Ebx,

lW • k̂5Ebx, and k̂5
kW

k0
. ~4!

Here y0 is the cosine of the angle between the electr
and the baryon B three-momenta when no radiation is em
ted, i.e.,k050:

y05
En
022pW 2

22lW 2

2upW 2uulW 2u
, ~5!

where

En
05M12E22E, ~6!

En5En
02k0 is the energy of the neutrino in Eq.~1!,

k05
F

2D
~7!

is the energy of the photon, and

F52upW 2uulW u~y02y!, D5
k•pn

k0
, and b5

ulW u
E
. ~8!
R
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III. BREMSSTRAHLUNG DIFFERENTIAL DECAY RATE

In this section the emission of the real photon in Eq.~1! is
described as a radiative correction to the Dalitz plot of the
semileptonic decay of the charged hyperon. The transition
amplitude for process~1! without the emission of a real pho-
ton is

M05
Gv

A2
ūBWmuAūl Omvn , ~9!

where

Wm5 f 1~q
2!gm1

f 2~q
2!

M1
smnqn1

f 3~q
2!

M1
qm

1Fg1~q2!gm1
g2~q

2!

M1
smnqn1

g3~q
2!

M1
qmGg5 ,

~10!

Om5gm(11g5) and q5p12p2 is the four-momentum
transfer. Our metric andg-matrix conventions are those of
Ref. @2#.

In order to obtain the bremsstrahlung correction to the
Dalitz plot we can follow the discussions and adapt the re-
sults of Secs. III and IV of Ref.@3#. Thus, there is no need to
enter into details here.

We shall first obtain the amplitude of this process and
right afterward we shall consider separately the amplitude
which generates the infrared divergence in the TBR. Next,
we shall obtain a complete expression for the differential
bremsstrahlung decay rate that gives the Dalitz plot with
radiative corrections of process~1!.

What we want is the amplitude of process~1! with all the
aq/pM1 terms. It has been shown@10# that these terms can
be obtained in a model independent fashion by virtue of the
Low theorem@6,7#.

We only have to reproduce the model-independent ampli-
tude, in terms of the Dirac form factors, given in Eq.~17! of
Ref. @3#:

MB5M11M21M3 , ~11!

with

M15eM0S e•l

l •k
2

e•p1
p1•k

D , ~12!

M25
eGv

A2
emūBWluAūl

gmk”

2l •k
Olvn , ~13!



r

s

-

g

f

3748 53S. R. JUÁREZ W.
M35
Gv

A2
ūl OlvnemūBFeWlk”gm

2p1•k
2k1Wl

p” 1 1M1

2p1•k
smnkn

1k2smnkn

p” 2 1M2

2p2•k
Wl1eS p1mkl

p1•k
2gmnD S f 32 f 2

M1

1g5

g32g2
M1

D1eS p1mkl

p1•k
2gmnD ~sln1gln!

3S f 21g2g5

M1
D GuA . ~14!

k1 andk2 are the anomalous magnetic moments ofA andB
given in Eqs.~21! and~22! in Ref. @3#. M0 andWl are given
in Eqs.~9! and ~10!. em is the photon polarization four vec
tor.

In order to calculate the bremsstrahlung contribution
the radiative corrections in the required orderaq/pM1 , we
shall trace a close parallelism with the calculation of Ref.@3#.

The evaluation of the Dalitz plot is performed by standa
trace calculations leaving as the relevant independent v
ables the energiesE2 andE of the emitted baryon and the
electron, respectively. The square ofMB summed over spins
can be split, after trace calculations, into the sum of th
contributions:

(
spins

uMBu25 (
spins

M1
21 (

spins
~2M1M21M2

2!

1 (
spins

2~M1M31M2M3!. ~15!

The termM3
2 will contribute to orderaq2/pM1

2 and
higher and thus it is not included in~15!. The first summand
in ~15! is explicitly given by

(
spins

M1
25

e2Gv
2

2

4M1

M2mmn

4(~e•l !2

~2l •k!2
@A081A12k0B0#,

~16!

where

A085Q1EEn
02Q2E~pW 2

21upW 2uulW uy0!2Q3~ lW
21upW 2uulW uy0!

1Q4En
0upW 2uulW uy0 , ~17!

A15
F
2 ~Q2E1Q32Q4En

0!, ~18!

and

B05Q1E1Q2E~D2En
02Ebx!

1Q3Ebx1Q4S upW 2uulW uy02
F

2 D . ~19!

The coefficientsQi , i51,...,4, are given in Eqs.~16!–
~19! in Ref. @2#. TheA08 in Eq. ~17! is the same coefficient a
the one that modulates the TBR infrared divergent term.

In order to proceed as in Ref.@3# let us write the differ-
ential decay rate of~1! as
-

to

rd
ari-

ee

dGB5dGB
I 1dGB

II1dGB
III , ~20!

with

dGB
I 5dGB

A01dGB
A11dGB

B0 . ~21!

dGB
I ,dGB

II , anddGB
III contain the contributions from the

first, second and third summands in~15!. Now, we adapt Eq.
(38) in Ref.@2#, and we obtain, fordGB

I in first place,

dGB
A05

a

p

upW 2uulW u
2p

A08dVE
0

2p

dfk

3E
21

11

dy
1

F
b2E

21

1

dx
12x2

~12bx!2
, ~22!

where

dV5
Gv
2

2

dE2dE dV l df2

~2p!5
2M1 , ~23!

in the second place,

dGB
A15

a

p

upW 2uulW u
2p

dV•E
0

2p

dfkE
21

11

dy
1

2
b2

3E
21

1

dx
12x2

~12bx!2
~Q2E1Q32Q4En

0! ~24!

and, in the third place,

dGB
B052

a

p

upW 2uulW u
2p

dV

3S E
0

2pdfk

D E
21

11

dy
b2

2 E21

1

dx
12x2

~12bx!2
B0D .

~25!

The integration in Eq.~22! is straightforwardly performed.
The overall integrated result does not depend on the in

frared divergence cut-offl which appears in Ref.@2#. The
integrated expression fordGB

A0 becomes

dGB
A05

a

p
A082lnU~11y0!

~y021!
US arctanhb

b
21DdV. ~26!

TheA08 anddV are given in Eqs.~17! and ~23!, respec-
tively.

As a guide to perform the lengthy integrations and in
order to reproduce our results, the definitions used all alon
the different stages of the analytical integration are given in
the Appendix.

The integrated expression for the second component o
dGB

I in Eq. ~24! is

dGB
A15

a

p
dVupW 2uulW u~Q2E1Q32Q4En

0!u0
T , ~27!

u0
T is given in Eqs.~45! in the Appendix.
The third part ofdG I given in Eq.~25! becomes
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dGB
B05

a

p
dV(

i50

13

Hi
B0u i

T , ~28!

where

H0
B052upW 2uulW uEQ2 , H1

B050,

H2
B05

upW 2ubm2

2
@Q11Q32~Q21Q4!~En

01E!#,

H3
B05

upW 2ubm2

2
@Q2E2Q31Q4~En

012E!#

1upW 2uulW uE@~Q21Q4!~En
01E!2~Q11Q3!#,

H4
B05

2upW 2uulW um2Q4

2
1

upW 2uulW uE
2

@Q112Q3

22~Q21Q4!E2~Q212Q4!En
0#,

H5
B05

upW 2ulW 2

2
@Q32Q2E2Q4~En

012E!#,

H6
B05H7

B05H8
B05H9

B050 ,

H10
B052

ulW u

upW 2u
H13
B0 , H11

B05
m2

E2 H13
B0 , H12

B0522H13
B0 ,

H13
B05Q4

lW 2

2
pW 2
2 ,

and theu i
T are also defined in Eqs.~45! in the Appendix.

The partial decay ratedGB
I is now compactly given by

dGB
I 5

a

p
dV(

i50

13

Hiu i
T , ~29!

where theHi ’s with i51, . . . ,13 are given in Eqs.~43! in
Ref. @3#.

Now, we turn to the other terms indGB . The obtained
results fordGB

II , anddGB
III have the same form of the ones

displayed in Eqs.~44! and~45! in Ref. @3#, but instead of the
u i ’s given in Ref.@3# the newu i

T’s, which are displayed in
the Appendix@Eqs.~45!#, appear.

The integrated expressions in terms of the relevant ind
pendent variables, the energiesE2 and E of the emitted
baryon and the electron are, respectively,

dGB
II5

a

p
dV(

i50

15

Hi114u i
T ~30!

and

dGB
III5

a

p
dV(

i50

16

Hi130u i
T , ~31!
e-

with theHj j514, . . . ,46 are given in Eqs.~44! and~45! in
Ref. @3#. The preceding partial results are still to be collected
in Eq. ~20!: namely,

dGB5dGB
I 1dGB

II1dGB
III .

IV. FINAL RESULT AND CONCLUSIONS

Now we are in a position to obtain the bremsstrahlung
correction in the FBR, up to orderaq/pM1. Our complete
result is given by

dGB~A→Ben!5
a

p
dV(

i50

16

Hi8u i
T . ~32!

The analytical results obtained for theu i
T’s are

u0
T52 ~ I 122!, u1

T5~ I 122!lnUy011

y021U, ~33!

u2
T5

1

bupW 2u
F I 2

2

11ba2 2
I 2

1

11ba1 1
E2

m2 S I 212I 2
21b lnUI 32I 31U D G

1
2I 1

E~11ba2!~11ba1!
,

u3
T5

I 1

upW 2u
ln U11ba1

11ba2U1 1

bupW 2u
S LF 12b

11ba2G2LF 12b

11ba1G
1LF 11b

11ba1G2LF 11b

11ba2G D ,
u4
T5

1

upW 2u
Fa1I 2

12a2I 2
21 lnUI 32I 31UG ,

u5
T5

1

2upW 2u
F ~12a12!I 2

12~12a22!I 2
214

upW 2u
Eb

G ,
u6
T52

~y02a2!

~11ba2!2
~ I 2

21bI 1!22
~y01a1!

~11ba1!2
~ I 2

11bI 1!

12F21bS y02a2

11ba2 2
y01a1

11ba1D G I 4 ,
u7
T52 F2I 11 y02a2

11ba2 ~bI 11I 2
2!2

y01a1

11ba1 ~bI 11I 2
1!G ,

u8
T52 @41~y02a2!I 2

22~y01a1!I 2
1#,

u9
T524E12@6~En

02E!1b~GT21GT1!#I 112~GT2I 2
2

1GT1I 2
1!12upW 2uF ~y02a2!2I 3

2

11ba2 2
~y01a1!2I 3

1

11ba1 G ,
u10
T 5

1

3upW 2u
F2~a222a12!2a23I 2

21a13I 2
11 lnUI 32I 31UG ,



3750 53S. R. JUÁREZ W.
u11
T 5

2~ I 42I 1!

bupW 2u
, u12

T 5
u0
T

bupW 2u
, u13

T 50,

u14
T 52@~22a2I 2

2!~y02a2!2~22a1I 2
1!~y01a1!#,

u15
T 524En

014bE@a2~y02a2!I 2
22a1~y01a1!I 2

1#

12upW 2u@~y02a2!2I 3
22~y01a1!2I 3

1#,

u16
T 524E2~ I 122!18~En

0222E2b2!I 114EbupW 2u

3F ~y02a2!2

11ba2 ~bI 11I 2
2!2

~y01a1!2

11ba1 ~bI 11I 2
1!G ,

where

a65
En
06upW 2u
Eb

, ~34!

I 1 ,I 2
6 ,I 3

6 ,I 4 ,andG
T6 are given by

I 15
2 arctanhb

b
, I 2

65 lnU11a6

a621U,
~35!

I 3
65

2

~a6!221
, I 45

2

12b2 ,

and

GT657bF2Ea6~y06a6!

~11ba6!
1

upW 2u~y06a6!2

~11ba6!2
G . ~36!

For completeness, we explicitly show new simplified ex
pressions for the form-factor-dependent coefficientsHi8’s
~given in Appendix D Ref.@4#!:

H085EbupW 2uF12 ~Q32Q4En
0!2

E

2M1
@~ f 11g1!

214 f 2g1

12~ f 1f 32g1g2!#G , ~37!

H185E$En
0Q12Q2upW 2u22Q3b

2E1bupW 2uy0~En
0Q42Q3

2EQ2!%,

H285
upW 2u
2E

m2b@2~Q11Q3!En
01~Q21Q4!EupW 2uby0

1Q4~E1En
0!21Q2upW 2u2#,
-

H385bupW 2u H E4 @@2En
02E~11b2!#~Q11Q3!

12bupW 2uy0~En
0Q42Q32EQ2!22upW 2u2Q21~En

01E!

3@E~11b2!~Q213Q4!22 ~Q312EQ4!##

1m2Fh1

e
~En

012E!1@ f 1
21g1

212~ f 1f 32g1g2!#
En
0

2M1

2g1~ f 11 f 21g2!
~2E1En

0!

M1
G J ,

H485
EbupW 2u

2 H 1
2E@Q12En

0Q22E~Q21Q4!13~Q3

2En
0Q4!#1 1

2 @2E2b2Q21upW 2u2Q41En
0~2Q3

23En
0Q4!#2

EEn
0

M1
@~ f 12g1!

212 f 1f 3#1
1

M1
@ f 1

22g1
2

12~g1g21 f 1f 3!#upW 2ubEy01
2E

M1
g
1
g2@2En

01E~4

23b2!#1
2E

M1
g
1
@2E~ f 11 f 22g2!1 f 2~En

01b2E!#

1
2h2

e
b2E222E@En

012E~12b2!#
h1

e J ,

H585
upW 2uE2b2

4 HQ12~E1En
0!Q213Q32~3E17En

0!Q4

24~2E1En
0!
h1

e
28En

0h
2

e
1

4

M1
@En

0~ f 1
212 f 1f 3!

1~2E2En
0!~ f 11 f 2!g11~2E13En

0!g1g2#J ,

H685
upW 2u~12b2!Eb

4
@Q11Q32~Q21Q4!~En

01E!#,

H7852
EbupW 2u

4 H ~2E2En
0!

E
~Q11Q3!1

upW 2u2

E
~Q21Q4!

12~b221!EQ41upW 2uby0SQ213Q422
h1

e
D 22~En

0

1Eb2!
h1

e
1@~b223!E22En

0#Q21
E

M1
~12b2!@ f 1

2

1g1
22g1~2 f 113 f 21g2!#1g1~ f 22g2!SM2

E
D

3S 2E22M1

M2
2
M2

M1
D 1

2m2

EM1
~ f 1f 32g1g2!J ,
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TABLE I. Comparison of the results of Ref.@9# with our results for the relative correction to the (E,E2) distribution in the four-body
region.

ProcessS→nen̄
y/x 0.05 0.15 0.25 0.35

0.8021 2.5 2.52 2.30
0.7998 1.9 1.94 1.76
0.7975 1.5 1.50 1.36 3.5 3.54 3.24
0.7951 1.2 1.12 1.02 2.2 2.22 2.01
0.7928 0.9 0.83 0.75 1.5 1.52 1.36
0.7905 0.6 0.58 0.52 1.0 1.01 0.88 1.9 1.95 1.78
0.7882 0.4 0.36 0.33 0.6 0.62 0.51 1.1 1.07 0.94 2.9 3.04 2.81
0.7859 0.2 0.17 0.16 0.3 0.28 0.19 0.4 0.45 0.35 0.8 0.86 0.77
i-

f

H885
EbupW 2u

4 HQ11Q32~2E1En
0!Q21~En

02E!Q4

12En
0S 2h22h1

e D 1@~ f 12g1!
212 f 1f 3#SE22En

0

M1
D

1g1
@~2 f 21g2!~En

022E!1g2En
0#

M1
J ,

H985
upW 2ub
8

@2~Q11Q3!1~Q21Q4!~E1En
0!#,

H108 5
~Eb!3upW 2u

4 H 2~Q215Q4!24F3h212h1

e G
1

2

M1
@3 f 1~ f 112 f 3!1g1~g124 f 126 f 218g2!#J ,

H118 50,

H128 5~Eb!2upW 2u2H h1

e
2
Q4

2
1

1

2M1
@~ f 11g1!

2

12g1~3 f 222g2!12 f 1f 3#J ,
H138 5

~Eb!2upW 2u2

2 HQ422
h1

e
1

1

M1
@2 f 2~ f 12g1!1g1

22 f 1
2

22 f 2
222 f 1f 3#J ,
H148 5

~Eb!2upW 2u
4M1

@~ f 12g1!
224 f 2g1

12~ f 1f 32g1g2!2M1Q2#,

H158 5
EbupW 2u

8 H 2~Q21Q4!24
h2

e
1

2

M1
@~ f 12g1!

222 f 2g1

12 f 1f 3#J ,
H168 5
upW 2u
4M1

bF2M1

h1

e
1g1~g22 f 2!G .

We have used the definition

h652g1
2~k11k2!6 f 1g1~k22k1!. ~38!

With Eq. ~32! we have the analytic result for the brems-
strahlung part of the Dalitz plot of the semileptonic decay of
charged hyperons, Eq.~1! at the FBR. With Eq.~32!, and Eq.
~42! given in Ref.@3# we have a full analytic result for the
bremsstrahlung part of the complete Dalitz plot of semilep-
tonic decay of unpolarized charged hyperons.

Those results are of high precision, are model indepen-
dent, and are useful for processes where the momentum
transfer is not small and therefore cannot be neglected.

The expected error by the omission of higher order terms
is of the order ofaq/pM1

2'0.0006 in charm decay. If the
accompanying factors amount to one order of magnitude in-
crease, then we can estimate an upper bound to the theoret
cal uncertainty of 0.6%.

There are no other analytical results~for the FBR contri-
butions! available in the literature to which compare our ex-
pressions~32!. There are some numerical analysis available
@8,9#, except that there the anomalous magnetic moments o
particlesA andB and theq2 dependence of the form factors
are ignored while in this paper they have been included. On
the other hand, it is worth mentioning that there are some
efforts to develop a Monte Carlo method for photon brems-
strahlung calculations in semileptonic decays@11#. The ana-
lytical precise result and the Monte Carlo results might be
complementary each to the other.

In order to compare with the numerical results in Table
I~a! of Refs. @9# we present in Table I the results of the
evaluation of the relative corrections~RC’s! in %, caused by
bremsstrahlung events, which fall outside the TBR Dalitz
plot.

Our calculations use the same values of the form factors
employed in Ref.@9#, they are displayed in Table II, along
with the anomalous and total magnetic moments of the bary-
ons involved.

In Table I we repeat in the first columns for each value of
x, the numerical values for the RC’s to the Dalitz plot from
Ref. @9#. The numbers shown in the second and third col-
umns are obtained from Eq.~32!, taking into account the
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TABLE II. Numerical values of the form factors and of the anomalous and the total magnetic mome
used in our calculations.k1 ,k2 ,m1 , andm2 are given in nuclear magnetons.

Process f 1 f 2 g1 k1 k2 m1 m2

S→nen 1.0 21.139 20.310 20.373 21.9130 21.157 21.9130
d.
anomalous magnetic moments and following the definitio
given in Eq.~4.28! in Ref. @9#. The numbers shown in the
third column of this table do contain the model contributio
and theq2/M1

2 dependence of the form factors which a
explained in detail in Refs.@5#.
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cas~Instituto Politécnico Nacional!. She wants to thank Piot
Kielanowski and M. A. Pe´rez for their helpful comments and
observations on this paper and E. Viruen˜a and F. Guzma´n for
their assistance while running the computational program

APPENDIX

The order of integration which is followed in our proce
dure, is first to integrate over the azimuthal angle of t
photonfk , second, over the cosine of the polar angle of t
final baryony, and, third, over the cosine of the polar ang
of the photonx. There are four integrals overfk they were
evaluated previously and are given by Eqs.~64!–~67! of Ref.
@2#. These are

K05E
0

2p

dfk52p,

K1~y,x!5E
0

2p

dfk

1

D~x,y,fk!
52p

1

AR
,

K2~y,x!5E
0

2p

dfk

1

D2~x,y,fk!
52p

a8

AR3
,

K3~y,x!5E
0

2p

dfk

1

D3~x,y,fk!
52pF 1

AR3
1

3b82

2AR5G .
~A1!

Here

R5a822b82, a85En
01ulW ux1upW 2uxy,

b85upW 2uA~12x2!~12y2!. ~A2!

Otherwise,R can be written as

R5ry21sy1t, ~A3!

where

r5pW 2
2, s52upW 2ux~En

01ulW ux!,

t5~En
01ulW ux!22upW 2u2~12x2!. ~A4!
ns

n
re

by

r

s.

-
he
he
le

The analytical integration over the polar angley of the final
baryon presents no in-principle difficulty. All the integrals
that appear are standard and can be explicitly performe
However, the major difficulty comes from the length of the
expressions involved. The integrals overy are written in the
same way as those in Refs.@2–4#, they are

E
21

1

dyK1~y,x![2pj1
T~x!,

E
21

1

dyF~y!K2~y,x![2p@j2
T~x!22ulW uxj1

T~x!#,

E
21

1

dyF2~y!K3~y,x![2p@j3
T~x!22ulW u2

3@223~12x2!#j1
T~x!#,

E
21

1

dyyK1~y,x![2pF j4
T~x!2x

~En
01ulW ux!

p2
j1
T~x!G ,

E
21

1

dy F2~y!K2~y,x![2p@j5
T~x!14ulW u2@~En

01ulW ux!

3~123x2!22p2y0x#j1
T~x!#.

~A5!

The newj i
T(x) come out to be

j1
T~x!5upW 2u21lnUx1a1

x1a2U,
j2
T~x!52S 21

y02a2

x1a2 2
y01a1

x1a1 D ,
j3
T~x!512~En

02Ebx!14EbS a2
~y02a2!

~x1a2!
2a1

~y01a1!

~x1a1! D
12 upW 2uS ~y02a2!2

~x1a2!2
2

~y01a1!2

~x1a1!2 D , j4
T~x!5

2x

upW 2u
,

j5
T~x!58En

0 214EbF ~6x224!Eb1upW 2uS ~y02a2!2

~x1a2!

2
~y01a1!2

~x1a1! D G , ~A6!

wherea6are given in Eq.~34!. The integrals overx generate
the u i

T ’s in the following way:
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u0
T5b2E

21

1

dx
~12x2!

~12bx!2
, u42n

T 5E
21

1

dx
j1
T~x!

~12bx!n
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u5
T5E

21

1

dx xj1
T~x!, u82n

T 5E
21

1

dx
j2
T~x!

~12bx!n
,

u9
T5E

21

1

dx
j3
T~x!

12bx
, u10

T 5E
21

1

dx x2j1
T~x!,
u132n
T 5E

21

1

dx
j4
T~x!

~12bx!n
, u14

T 5E
21

1

dx xj2
T~x!,

u15
T 5E

21

1

dx j3
T~x!, u16

T 5E
21

1

dx
j5
T~x!

12bx
, n50,1,2.

~A7!

u1
T is given in Eq.~33!.
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