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Bremsstrahlung correction for baryon B decays in the four-body region of the Dalitz plot:
Charged baryons
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The analytical formula and the corresponding numerical results for the bremsstrahlung of semileptonic
decays of charged baryons, in the region of the Dalitz plot that covers the four-body events which were not
considered in previous calculations, are obtained. The formula is very accurate because it includes all the terms
of the ordera times the momentum transfer. The model dependence of the radiative correction is kept in a
general form which is suitable for a model-independent experimental analysis. The bremsstrahlung contribu-
tion in terms of the energies of the produced fermions is obtained by analytical means. Our result is suitable for
high statistics decays of ordinary baryons as well as for medium statistics decays of charm baryons.

PACS numbse(s): 13.40.Ks, 13.30.Ce

I. INTRODUCTION means. In Sec. IV all the partial results are collected into a
final completely integrated analytical expression. The nu-

The application of the radiative corrections in the analysignerical corresponding results are obtained and compared
of the experimental data is indispensable, due to the recefith the ones published in Ref8,9]. Finally, we include an
experimental progregd] of high-energy hyperon beams and Appendix which contains a summary with the definitions
the improving precision of the measurements in the hyperoised along the different stages of the analytical integration.
B-decay processes.

In previous paper§2—5] we have obtained the formulas Il. KINEMATICS
and_ the numerical _vaIues. for the radiative corrections to the In this section we present the notation we use for the
Dalitz plot_ of semllt_eptonlc decays of charged and ”e“tra*our-body process we are interested in:
hyperons in the region where the three-bd@@8R) process
takes place. The high precision corrections include terms of A(py)—B(py)+e(/)+v(p,)+ v(K), 1)
the order ofaq/7mM, (with g the four-momentum transfer
and M, the mass of the decaying baryomThe numerical where the emission of a real photon takes place. The four-
values of the radiative corrections to the lepton energy spedlomenta and masses of the particles involved in baryon
trum due to the TBR were also evaluated in H&i. semileptonic decays will be denoted by;=(E;,p1),

To obtain the complete spectra of energy, the contribup,=(E,,p,), /=(E,/), p,=(E,.p,), andk=(ko,k), and
tions of the events in which a real photon is always emittecoy M;,M,,m,m,, andm,, respectively. We shall assume
are required. The Dalitz plot region which is not allowed throughout this paper thab,=0, andm,=0 as corresponds
kinematically for a three-body decay but where the four-to real photons. We specialize our calculations as in R8f.
body events take place is called the four-body redBR). to a coordinate frame in the rest system of the decaying

It is the purpose of this paper to obtain the model-particle A with the Z axis along the electron three-
independent high-precision analytical formulas which con-momentum and th& axis oriented so that the final baryon
tain all the terms of ordewg/7M, for the bremsstrahlung three-momentum is in the first or fourth quadrants ofXkg
contributions in the FBR of semileptonic decays of chargecplane. To be more explicit,
hyperons. With these results the previous ones are comple-

mented in order to obtain the whole bremsstrahlung contri- 7=171(0,0, D,

butions to the energy spectra of the fermionic and baryonic

emitted particles, and to the decay rate of the process. k=|k|(\(1—x®)cospy, V(1—x?)singy,x)
As it is already knowr3], the model dependence of the

radiative corrections appears with the inclusion of the high 52:|52|(\/m, 0.y),

precision terms. Fortunately the Low theorgf7], which
states that there is no model dependence if one knows thgnd
experimental values of the electromagnetic static parameters

of the baryons, solves this problem. k-p,=z (2
In Sec. Il the kinematical relations used for the calculation _ . . _
of the bremsstrahlung in the FBR are presented. In Sec. Il We are interested in the proceds, when it takes place in

the bremsstrahlung amplitude with all theg/7M, terms  the four-body region of the Dalitz plot defined by
included is reviewed. A closed expression for the several min
bremsstrahlung contributions is obtained by analytical Mo<E,<E;", —1<y<+l,
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and IIl. BREMSSTRAHLUNG DIFFERENTIAL DECAY RATE
m<E<Eg In this section the emission of the real photon in Bg.is
described as a radiative correction to the Dalitz plot of the
with semileptonic decay of the charged hyperon. The transition
) amplitude for procesél) without the emission of a real pho-
E?]jliarf—i(M —E"‘/)-FL ton is
2227 T 2(M—Ex/)
and G, _ _
Mo=—=ugW, u,u,O,v,, 9
(M2=My)%+m? . J2 e
B 2(Myi—My)
This region corresponds to the regi&’©OB in Fig. 1 of ~ Where
Ref. [2], where a more detailed explanation about the TBR
and FBR can be found, see also Réfl.
For completeness, we explicitly show in this section the f2(g?) f3(q%)

— 2
list of kinematical relations used in the expansion of the ~ Wu=T1(a%) 7, + M, et Ty e
amplitudes of the nondivergent components of the radiative

correction. 92(0) 93(9?)
+ gl(q2)7M+ M—O-,uqu+ M—qM V5
R ) ) ) F 1 1
P2-P,= = P2l([p2] +|/1yo) + 55 (EBX+E,), (10
- o= F /X 0 =v (1 d q=p,—p, is the four-
7-p,==171(171+|palyo) + = — = x=7Yu(1+vys) and q=p;—p, is the four-momentum
2 2D transfer. Our metric ang-matrix conventions are those of
Ref.[2].

k-p,=E— i—D In order to obtain the bremsstrahlung correction to the
v.ov 2D ' Dalitz plot we can follow the discussions and adapt the re-

sults of Secs. Ill and IV of Ref3]. Thus, there is no need to
enter into details here.

We shall first obtain the amplitude of this process and
right afterward we shall consider separately the amplitude
52-Q=D—ES— EBX, which generates the infrared divergence in the TBR. Next,

we shall obtain a complete expression for the differential
bremsstrahlung decay rate that gives the Dalitz plot with
. (4) radiative corrections of process$).

What we want is the amplitude of procgds with all the

aq/7M, terms. It has been showWi0] that these terms can

Herey, is the cosine of the angle between'th'e e'lectro.rbe obtained in a model independent fashion by virtue of the
and the baryon B three-momenta when no radiation is emity |\ theorem[6,7]

. L F
pz'/:|/||p2|yo_§,

7 -k= EBx, and k=

S| =

ted, i.e..ko=0: We only have to reproduce the model-independent ampli-
02 =2 o tude, in terms of the Dirac form factors, given in Efj7) of
yO: EV B pZ_ / (5) Ref [3]
2|pal| 7l
Where MB:M1+M2+M3, (ll)
E)=M;—E,—E, ®)
with
E,=E%—k, is the energy of the neutrino in Ef),
F /
Ko=5 (7 - €/ _&h
2D Ml eMO(/k p]_k ’ (12)

is the energy of the photon, and

F=2p,l1/1(yo—y), D=P* and g M= ¢ ToWyual, 2% 0,0 (13
_pz/(yoy). —ko,anﬁ—E.() 2\/§MB>\A/2/,|(>\V’
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G, _ eWKy, B+ M, dlg=dlg+dlg+dly , (20)
M3=_U/O)\v uB Ton L )\—o-,u.vkv
V2 2p, K 2py K with
P2+ M, P1.Ky fs—f, I A A B
Pz "2 _ dlg=dI°+dl';t+dI" 0. (21
+K20"u,,k,, 2p, K W, +e by K oy M, B B B B
ga—g b1k dI'g,dT'y, anddI'§ contain the contributions from the
+ oy 2| 4 g k>‘ —gw)(g)\fr ) first, second and thlrd summands(itb). Now, we adapt Eq.
My P1- (38) in Ref.[2], and we obtain, fodI'} in first place,
fat 02y
X M—5 Up . (14) Ag_ |p2||/| om
1 drg°= o AOdQ doy
K1 and k, are the anomalous magnetic momentfaindB a1 N 12
given in Eqs(21) and(22) in Ref.[3]. My andW, are given XJ dy—EZJ dx X , (22)
in Egs.(9) and(10). ¢, is the photon polarization four vec- -1 (1-p8x)
tor.
In order to calculate the bremsstrahlung contribution towhere
the radiative corrections in the required ordey/ =M, we 2
shall trace a close parallelism with the calculation of R&f. G dE,dE dQ,d ¢22M (23)
The evaluation of the Dalitz plot is performed by standard 2 (2m)° v
trace calculations leaving as the relevant independent vari-
ables the energieg, and E of the emitted baryon and the N the second place,
electron, respectively. The squareMf summed over spins
can be split, after trace calculations, into the sum of three A |I02||/| 2m 1 E 2
o dr'gt= dQ- doy dy=p
contributions: T 1 2
. , 1 1—-x2 o
> IMgl?=2> M2+ (2M;M,+M3) Xfﬁldx—(l_ﬁx)z(Q2E+Q3_Q4Ey) (24)
spins spins spins
and, in the third place,
+3 2(M;Mg+MoMy). (15) ' P
spins
oo @ IBall]
The term M3 will contribute to order«q?7M? and B n 27w
higher and thus it is not included {15). The first summand 2ndpy [ +1
in (15) is explicitly given by f W_"f f
X o D)., dx—g1 2% Bo |-
e’G2 4M, 43(e-/)?
2 L (25
%SMI 2 M ,mm, (2/ k)2 [AO+A1 kOBO]1

(16)  The integration in Eq(22) is straightforwardly performed.
The overall integrated result does not depend on the in-
where frared divergence cut-ofk which appears in Ref.2]. The
. . R L integrated expression fcoﬂ“go becomes
=Q1EEY— Q.E(P3+pal71y0) = Qa(72+[p2l1/1yo)

o= Ao (1+yo)|( arctamp
+Q4E, P2l 1yo, (17 dI'g®= ;AOZIn (Yo—1)| B —1/dQ.  (26)
A1=§(Q2E+Q3—Q4ES), (18 The A anddQ are given in Eqs(17) and(23), respec-
tively.
and As a guide to perform the lengthy integrations and in

order to reproduce our results, the definitions used all along

By=Q.:E+Q,E(D— ES— EBx) the different stages of the analytical integration are given in
the Appendix.

The integrated expression for the second component of
dT'g in Eq. (24) is

F
/Yo~ 5) . (19)

+Q3EBX+Q4

The coefficientsQ;, i=1,...,4, are given in Eqg16)—
(19 in Ref.[2]. TheAy in Eq. (17) is the same coefficient as
the one that modulates the TBR infrared divergent term.

In order to proceed as in Ref3] let us write the differ-  6; is given in Eqs.(45) in the Appendix.
ential decay rate ofl) as The third part ofdI"' given in Eq.(25) becomes

1= 240[p,]|71(QE+Qs— QED 6],  (27)
B T 2117 2 3 4y ’
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drgo= —dQE Hos], (28)

3749

with theH; j=14,...,46 are given in Eq$44) and (45) in
Ref.[3]. The preceding partial results are still to be collected
in Eq. (20): namely,

where dTg=dls+dTh+dTY .
Hoo=—|p,l|/|EQ,, HZ°=0,
o=~ IPall/IEQ, Ry IV. FINAL RESULT AND CONCLUSIONS
B |P2|,3 2 o Now we are in a position to obtain the bremsstrahlung
H,°= [Q1+Q3—(Q2+Q4)(E,+E)], correction in the FBR, up to orderg/7=M,. Our complete
result is given by
B |p2|ﬂ 0 16
HZ'= [Q2E— Qs+ Q4(E,+2E)] dFB(A—>Bev)=%dQE H oT. (32)
=0
N 0L Ey—
1Pl BL(Qz+ Qa) (B, +B) = (Qu+Qs) ], The analytical results obtained for ti#’s are
= |pal|7Im*Q,  |pall/|E +1
Hoo= P IRe P2 T 1Qu 208 0§=201-2), [=(h-2n> . (33
—2(Qa+ QuE—(Qo+2Q,)EY],
1 Py I E? 3
py| /2 63=—= = T\l 1 TN
HEo= |p22| [Q3— QE—Q4(E%+2E)], Blp|[1Hpa 1+par m s
21,
Heo=H3*=HE"=Hg*=0, TE+ga)(1tpan)’
Bo |7| Bo Bo_ Bo 63= Il 1+Bai‘ = ( 1_B, - 1_ﬁ+
Hm:_W5ﬂHB' Ho= Esz’ =—2H.3, |m| "1+ ga| Blp, | 11+ pa 1+ Ba
1+8 1+p8
" /2. Ui YT
_Q4 2 p2’
i
T _
and thed] are also defined in Eq§45) in the Appendix. Oh=—=—|a’l;—a"l; +In== 7
. | . P2 3
The partial decay ratdI'g is now compactly given by
13 T +2 _2 |p2|:|
a Oc=—= 1-a*?)Ij—(1—-a 2, +4
dry=—d0 3 Hol, 29 >~ 2154 {( Nz ~(ma Dl T4gg
=0

(Yyo—a™) (yota')

where theH;’s with i=1, 923- Zm(lz + 81— Zm(lz +81y)

Ref.[3].
Now, we turn to the other terms idl'y.

.,13 are given in Eq€43) in

The obtained

—-a” +a*
results fordT'y, anddl'y have the same form of the ones +2(2+p )1/0 —— i’o = |14,
displayed in Eqs(44) and(45) in Ref.[3], but instead of the +ha +ha
6/'s given in Ref.[3] the new#’s, which are displayed in Yo—a- Yota

0 0

the Appendix Egs. (45)], appear. oT=2
The integrated expressions in terms of the relevant inde-

pendent variables, the energi&s and E of the emitted

baryon and the electron are, respectively,

2'#@(3'1“2) 1+,8a+('8| 112,

05:2[4 +(yo—a )l; —(yot+a")lij],

S 0g=24E+2[6(E0—E)+B(GT +G ") ]I, +2(G" I,

o
dg=—d0 2 Hi 0] (30) L L
" LG +2|py (Yo—a )73 _(YO+a )3
and 2 Pl =15 ga- 1+Ba* |
o - T —2_g+2 -3 +3 3
dlg =—dQ >, Hi,s6], (31) 010= 35, 2(a )—a I, +a™ll; +In HHik
™ i=0 P2
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r 2l e b
1= 7= 127 7= 13— Y
Blp,| Blp.|

01,=2[(2—a"1;)(yo—a )—(2—a’l3)(yo+a")],

f1s=24E0+4BE[a (yo—a )l, —a*(yo+a®)l5]

+2|p,l[(yo—a )25 —(yo+a")A3],

015=24E%(1,—2)+ 8(E%?—2E28?)| , + 4EB|p,|

(Yo—a7)? _ (yota®)? N
1+ﬁ - (Bll )_ 1+ﬁa+ (ﬁ|1+|2) ’
where
. EXtlpy
a = Eg (34
l1,15,15,14,andG™™ are given by
2 arctamg - 1+a*
1 B , 1x=1n a—1l’
(39
ER— p—
3_(at)2 ’ 4_1_ﬁ21
and
2Ea“(yora®) |pa(yo*ra®)?
T+ _ —
G _+B (1+Bai) (1+Bai)2 (36)

For completeness, we explicitly show new simplified ex-

pressions for the form-factor-dependent coefficiehitSs
(given in Appendix D Ref[4]):

.01 0 E 5
HO:Eﬂ|p2| E(Qs_Q4Ey)_M[(f1+gl) +4f291
+2(f1f3_9192)]}a 37

H=E{E%Q1— Q4| p2l?— QaB%E+ BIp,|Yo(E2Q4— Q3
—EQy)},

Hy= |I02| m28[ — (Q1+ Q3)E%+(Q,+ Q4)E| P2l Byo

+Q4<E+ES>2+Q2||52|2],

~ E 0 2
H3=B|pz|i 2 [[2E,~E(1+89]1(Q1+ Q)

+28]P2lYo(ESQs— Qs — EQ,) — 2| p2|2Q,+ (E%+E)
X[E(1+ B2)(Qo+3Q4) —2(Q3+2EQy)]]

+ 0

h v
—(E0+ ZE)+[f1+91+2(f1f3_9192)]_2M
1

= épﬂ{ HE[Q1~ E%Q,~ E(Q+ Q)+ 3(Qs

+

(2E+E?)
_91(f1+f2+92)M—
1

Ha=

—E%Q4)1+ 3[—E?B%Qu+|p,|?Q4+E%(2Q5
0

0 EE, 2 1 .2
_3EVQ4)]__M [(fi—9g1) +2f1f3.]"‘_M [fi—o;
1 1

] 2E

+2(0102+ f113)11P2 BEYo + 79,02 2B, + E(4
2 2E 0 2

-3B89+ M—lgl[ZE(f1+f2—gz)+f2(E,,+,3 B)]

- +

2h h
+ g BEP-2E[E)+2E(1- )] |,

|P2| E?p?

Hy= Q:—(E+E%Q,+3Q;— (3E+7E)Q,

h h™ 4
—4(2E+ ES)?—8E2?+ —[E®

v LEn(fi+2ff3)

+(2E—E%(f1+1,)9:+ (2E+3E% 90,1},

0,|(1— B2)E
ezwmﬁqa—(@ﬁom%E)],

EB|p,| | (2E—EY) 2
Hy=— ﬂl"z'[ &) 0,+ 00+ P 0,100
- h*
+2(A~DEQu+ P2l BYyo| Q2+3Qu—21 | 2(E}

h* E
TEBY) o HL(F7-3)E-2E) Qo+ - (1- A1

M
—gl<2f1+3f2+gz>]+gl<f2—gz><g)

[2EM1 M,
M, M,

2m?
+ E_Ml(flfs_glgz) ,
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TABLE I. Comparison of the results of Rdf9] with our results for the relative correction to thE,E2) distribution in the four-body

region.
ProcessY —nev
y/x 0.05 0.15 0.25 0.35
0.8021 2.5 2.52 2.30
0.7998 1.9 1.94 1.76
0.7975 15 1.50 1.36 3.5 3.54 3.24
0.7951 1.2 1.12 1.02 2.2 2.22 2.01
0.7928 0.9 0.83 0.75 15 1.52 1.36
0.7905 0.6 0.58 0.52 1.0 1.01 0.88 1.9 1.95 1.78
0.7882 0.4 0.36 0.33 0.6 0.62 0.51 11 1.07 0.94 29 3.04 2.81
0.7859 0.2 0.17 0.16 0.3 0.28 0.19 0.4 0.45 0.35 0.8 0.86 0.77
EBIpa| [P h*
Hp=——7—| Q1+ Qs~ (2E+E})Q+(E)—E)Qq His=gm, Al ~M1g 00T |.
2h~—h* E—2E9 initi
+2E8< _ +[(f1—91)2+2f1f3]( y V) We have used the definition
1
h*=—gf(ky+ k) = f191(r2— k1) (38)

[(2f,+02)(ES—2E)+g,EY]

J1 M,
,_lpalB
Ho=—g [~ (Qu+Qa)+(Qo+Qu)(E+E],
, (EB)’|py|
HlozT2 —(Q2+5Q,)—4
2
+M_l[3f1(f1+2f3)+91(91_4f1_6f2+892)] ;
H11=0,
- L[ ht Q
r 2 2) =%, T
H12_(EIB) |p2| ( e 2 +2M1[
+291(3f2_292)+2f1f3]],
, _(EB)¥pal? 1
HlazTZ Q4_2?+M_1[2f2(f1_91)+9§_fi
—2f§—2f1f3]],
(EB)?Ip,l
HY = 2 (f,—gq)?—4f
14 4M, [(f1—g1) 201
+2(f1f3—09102) —M1Q4],
, _EBlp,| h™ 2
His=—g | ~(Qa+Qu) =4+ (1= 0)°~2f:0;

+2f4f3]

|

3h~+2h*

(f1+9p)?

With Eqg. (32) we have the analytic result for the brems-
strahlung part of the Dalitz plot of the semileptonic decay of
charged hyperons, E{l) at the FBR. With Eq(32), and Eqg.

(42) given in Ref.[3] we have a full analytic result for the
bremsstrahlung part of the complete Dalitz plot of semilep-
tonic decay of unpolarized charged hyperons.

Those results are of high precision, are model indepen-
dent, and are useful for processes where the momentum
transfer is not small and therefore cannot be neglected.

The expected error by the omission of higher order terms
is of the order ofaq/7MZ2~0.0006 in charm decay. If the
accompanying factors amount to one order of magnitude in-
crease, then we can estimate an upper bound to the theoreti-
cal uncertainty of 0.6%.

There are no other analytical resu(fsr the FBR contri-
butiong available in the literature to which compare our ex-
pressiong32). There are some numerical analysis available
[8,9], except that there the anomalous magnetic moments of
particlesA andB and theg? dependence of the form factors
are ignored while in this paper they have been included. On
the other hand, it is worth mentioning that there are some
efforts to develop a Monte Carlo method for photon brems-
strahlung calculations in semileptonic dec&y&]. The ana-
Iytical precise result and the Monte Carlo results might be
complementary each to the other.

In order to compare with the numerical results in Table
(@) of Refs.[9] we present in Table | the results of the
evaluation of the relative correctiofRC’s) in %, caused by
bremsstrahlung events, which fall outside the TBR Dalitz
plot.

Our calculations use the same values of the form factors
employed in Ref[9], they are displayed in Table Il, along
with the anomalous and total magnetic moments of the bary-
ons involved.

In Table | we repeat in the first columns for each value of
X, the numerical values for the RC'’s to the Dalitz plot from
Ref. [9]. The numbers shown in the second and third col-
umns are obtained from Ed32), taking into account the
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TABLE Il. Numerical values of the form factors and of the anomalous and the total magnetic moments
used in our calculations¢,,«,,u,, andu, are given in nuclear magnetons.

Process fl f2 gl K1 K2 M1 M2
S —nev 1.0 —1.139 —0.310 —0.373 —1.9130 —1.157 —1.9130

anomalous magnetic moments and following the definitionsThe analytical integration over the polar angl®f the final

given in Eq.(4.2') in Ref. [9]. The numbers shown in the baryon presents no in-principle difficulty. All the integrals

third column of this table do contain the model contributionthat appear are standard and can be explicitly performed.

and theq?/M? dependence of the form factors which are However, the major difficulty comes from the length of the

explained in detail in Refd5]. expressions involved. The integrals oyeare written in the
same way as those in Ref2-4], they are
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1 >
f ~ AYFYK(yx) =2 ()~ 2 7|xe[ ()],

1 -
APPENDIX J’ dyF(y)Ks(y,x) =27 £3(x)—2|/|?
-1
The order of integration which is followed in our proce-
g : ) 2\1£T
dure, is first to integrate over the azimuthal angle of the X[2-3(1-x9)]& (0],

photong, , second, over the cosine of the polar angle of the

final baryony, and, third, over the cosine of the polar angle 1

of the photonx. There are four integrals ovef, they were f dyyKi(y,x)=27
evaluated previously and are given by E@s)—(67) of Ref. -1

[2]. These are

(E%+|/1x)
X—
P2

1),

E4(x)—

1 . R
2m f dy FA(y)Ko(y,x)=2m[ £5(x)+4|/|°[(ES+]|/|x)
Ko:f dey =2, -1
0

X (1—3x2) = 2p,yox]€1(X)].

_[* i 1 (A5)
Kl(yix)_fo d¢kD(X,y,¢k)_2W\/§'

The newé(x) come out to be

2m 1 a’
K (y,x)=f d ¢y =27 —=, . x+a*
2 0 D%(X,Y, ¢ JR® £100=1pa |- ——=
Ka(y,x) fzwdqs - 2 i
X)= —— =27 — + ——|. —a” +
W o DXy k) TR 2(RE gix)=2lor Y2 Yora )
Here —a~ +a*
£(0=12E,~Epx) +4Ep| a~ (({(O+ a‘)) —a ((3;0+ a+))
R=a’2-b'2,  a'=E%+|/|x+|p,|xy,
. [(yo—a")? (yot+a*)? o 2X
b’ =[5 Ty, (A2) 216 Gy ~ ey ST
Otherwise,R can be written as _
1(x)=8EC2+4Ep| (6x2—4)EB+]p,| Wo—a )®
R=ry2+sy+t, (A3) ¢5(X)=8E, B (6~ HEL+ P2 (x+a")
where _(yot+a")?

, (A6)

. - . (x+a')
r=pz, s=2|pyx(E2+|7|x),

B4l Zn2 12 12 5 wherea™are given in Eq(34). The integrals ovex generate
t=(E,+|/[x)°—[pa| (1 —x°). (A4)  the ¢ ’s in the following way:
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1 (1-x9 LX) ) 1
T _ 02 T _ T — T _ T
=] i | g O e I )
! 1 £3(x) T
T_ T T _ 2 1 1 X)
b5 = f_ldx X€1(X), Og_n= f_ldx—(l—,BX)n' glszf dx £5(x), glezf dx gi( . n=01,2.
—1 -1 1 BX
(A7)

.
05= fjldx gi(x)

6l,= fl dx XPEL(X)
1 ﬂX, 10 _1 1 ’

6 is given in Eq.(33).
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