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We have constructed the most general chirally invariant Lagrangian Le for the meson sector
at order p®. The result provides an extension of the standard Gasser-Leutwyler Lagrangian £4
to one higher order, including as well all the odd intrinsic parity terms in the Lagrangian. The
most difficult part of the construction was developing a systematic strategy so as to get all of
the independent terms and eliminate the redundant ones in an efficient way. The claim to have
obtained the most general l.agrangian relies on this systematic construction and on the elimination
of redundant quantities using relations of which we are aware, rather than on a general formal proof
of either completeness or independence. The “equation-of-motion” terms, which are redundant in
the sense that they can be transformed away via field transformations, are separated out explicitly.
The resulting Lagrangian has been separated into groupings of terms contributing to increasingly
more complicated processes, so that one does not have to deal with the full result when calculating

p® contributions to siraple processes.

PACS number(s): 12.39.Fe, 11.30.Rd

L INTRODUCTION

. Ever since the early days. of current algebra and the
PCAC (partial conservation of axial vector current} hy-
pothesis (for an overview see, e.g., [1-3]), approximate
chiral symm-=try and its application in terms of effective
Lagrangians [4-7] have been cornerstones of the descrip-
tion of the low-energy interactions of hadrons. In our
present understanding, chiral symmetry is interpreted in
terms of QCD, the SU(3) gauge theory of the strong in-
teraction involving quarks and gluons (see, e.g., [8,9]).
In the limit of massless u, d, and s quarks, the QCD
Hamiltonian exhibits a global SU(3);xSU(3)r symme-
try which is assumed to be spontaneously broken to
SU(3)v, giving rise to eight massless Goldstone bosons.
The experimentally observed small masses of the pseu-
doscalar octet (m,K,7n) then originate from an explicit
symmetry breaking due to the finite quark masses (see
{10,11] and references therein).

Extending a method originally proposed by Weinberg
for the analysis of S-matrix elements [12], Gasser and
Leutwyler [13,14] developed a technique which allows an
expansion of QCD Green’s functions of quark currents
in terms of momenta and quark masses. Their proce-
dure, now known as chiral perturbation theory (ChPT),
makes use of an effective Lagrangian approach for the in-
teraction between the Goldstone bosons =, K, 7, and has
been applied to a wide variety of processes, including in-
teractions with external electromagnetic and electroweak
probes (for pedagogical introductions and recent reviews,
see [15-21}). The lowest-order Lagrangian corresponds
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to a nonlinear ¢ model containing two free parameters,
namely the pion decay constant and the scalar quark con-
densate. At O(p*) the most general Lagrangian which is
consistent with chiral symmetry, parity, and charge con-
jugation invariance contains 10 structures. The renor-
malized coefficients, L7,..., L], have been empirically
determined by fitting experimental data [13,14] (for a re-
cent analysis see [22] and references therein). Theoretical
predictions for the chiral coefficients have also been ob-
tained by several authors using various techniques (see,
e.g., [13,23-28}).

Without external fields (i.e., pure QCD) or including
electromagnetic processes only, the effective Lagrangian
of Gasser and Leutwyler has an additional symmetry
resulting in the property that it contains interaction
terms involving exclusively an even number of Goldstone
bosons [29,30]. Such interaction terms are sometimes
also referred to as being of normal or even intrinsic par-
ity. In [29], Witten discussed Low to remove this sym-
metry which is not a symmetry of nature (for example,
7 = vy, KTK~ — ata~a% etc.). He essentially re-
derived the Wess-Zumino anomalous effective action de-
scribing the chiral anomaly [31]. The corresponding La-
grangian, which is of O(p*), cannot be written as a stan-
dard local effective Lagrangian in terms of the chiral ma-
trix U but can be expressed directly in terms of the boson
fields. In particular, by construction it contains interac-
tion terms with an odd number of Goldstone bosons (odd
intrinsic parity). It was subsequently shown by several
authors that quantum corrections to the Wess-Zumino
classical action do not renormalize the coefficient of the
O(p*) Wess-Zumino term [32-36]. Furthermore, the one-
loop counter terms lead to conventional chirally invariant
structures at O(p®) [33-36]. For a review of chiral per-
turbation theory involving the odd intrinsic parity sector
we refer the reader to [30].

Chiral perturbation theory to O(p*) has become a. well-
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developed effective representation of QCD at low energies
in terms of Goldstone bosons, with many applications.
However, there exist cases where one-loop calculations
to O(p?) do not appear to lead to satisfactory agreement
with experimental data (see, for example, [37,38]). As
consistent two-loop calculations in the even intrinsic par-
ity sector for particular processes have started to become
available [39] it is clearly important and timely to extend
the most general chiral effective Lagrangian to O(p®).
Moreover, it is now also possible to calculate the O(p®)
coefficients from phenomenological models [40].

The purpose of this work is to obtain the most general
structure of the chiral Lagrangian at O(p®) including the
even, as well as the odd, intrinsic parity sector. The re-
sult provides an extension in analogous form of the stan-
dard Gasser-Leutwyler O(p?) Lagrangian to O{p®). To
our knowledge there is no general formula, even at O(p*),
for determining the number of independent structures to
expect, though at O(p?) the fact that all of the coeffi-
cients of the standard Lagrangian can be evaluated by
appeal to experimental information [13,14,22] indicates
that they are independent. Thus our claim that we have
obtained the most general Lagrangian at O(p®) relies on
the systematic enumeration of the various possibilities,
as detailed in the sections below, and on the elimination
‘of those which are not independent using all relations of
which we are aware. :

In the even intrinsic parity sector we find 111 indepen-
dent terms. This part of the O(p®) Lagrangian will be
of relevance for processes which vanish at O(p?), so that
O(p*) is the leading order and the O(p®)} terms provide
the leading-order correction. A two-loop calculation of
such a process, namely, vy — w%7°, has recently been
reported in [39] (see also [41]). It is a feature of this pro-
cess, and similarly of the decay n — n%y~ [37], that the
O(p*) contribution is exclusively generated by one-loop
diagrams. According to the power counting scheme [12],
at O(p®) contributions result from two-loop diagrams
with vertices from the O(p?) Lagrangian, one-loop di-
agrams with one vertex being O(p?) and the other O(p*)
and, finally, from tree-level diagrams from the O(p®) ef-
fective Lagrangian.

In the odd intrinsic parity sector we find 32 indepen-
dent structures of O(p®). Our result differs from previous
determinations of these structures [34,36] which in turn
are not in agreement with each other. We will provide a
detailed comment on these differences. This sector has al-
ready been discussed in the literature in quite some detail
[30], as it provides leading-order corrections to processes
originating in the Wess-Zumino term.

At present it appears extremely unlikely that all renor-
malized coeficients at O(p®) may be determined empiri-
cally. However, there is the hope that for simple processes
the much smaller subgroups of relevant coefficients can be
determined by one experiment and then provide predic-
tive power for a related process. Furthermore, theoretical
techniques which resulted in predictions of the O(p*) co-
efficients might be extended to predict the coeflicients at
O(p®). For the corresponding discussion of techniques
applying to the odd intrinsic parity sector see [30]. A
derivation of the O(p®) even intrinsic parity sector using

the Nambu-Jona-Lasinio model will be provided in {40].

QOur main emphasis in this paper will be on developing
a systematic procedure for the construction of the O(p®)
Lagrangian so that the reader can be confident that the
large number of terms we have found are indeed inde-
pendent as well as sufficient to describe the most general
effective chiral Lagrangian at O(p®). The derivation in-
volves various technical points, such as total-derivative
arguments, trace relations, use of the classical equation
of motion in terms of field transformations, and special
relations involving the completely antisymmetric tensor
in four dimensions. We group the final structures ac-
cording to the minimal number of Goldstone boson fields,
assuming for the purpose of organizing the terms, a cou-
pling to an external electromagnetic field. Our list will
allow the reader to quickly identify the relevant terms
at O(p®) needed for particular physical processes. The
structures will, of course, be given in their full general-
ity without any assumption concerning the nature of the
external fields.

Our work is organized as follows. In Sec. II, we dis-
cuss some of the general foundations of chiral perturba-
tion theory, define the basic building blocks for the La-
grangian, discuss the strategy for obtaining a complete
and independent set of terms, and describe a number of
simplifications, symmetries and relations which will be
used to reduce the result. In Sec. III, we describe the de-
tails of the explicit construction of the Lagrangian. Sec-
tion IV contains a discussion of the equation-of-motion
terms, of some simplifications, and of a scheme of organi-
zation which groups the most useful terms together and a
comparison with some previous works. The final results
are given in Tables II-VII. Section V. gives a brief sum-
mary. Details of the derivation of trace relations used
in the simplifications, a table of the equation-of-motion
terms, and some tables showing relations among terms
which are not independent are relegated to the appen-
dices.

The reader primarily interested in using the results
should read Sec. II to understand the notation and the
general strategy and Secs. IV and V for a listing and
discussion of the results. ‘

II. CONSTRUCTION OF THE MOST GENERAL
LAGRANGIAN L4 INTRODUCTION
AND BASIC APPROACH

A. Introduction

Our aim in this section is to lay the groundwork for the
construction of Lg, the most general chirally invariant
Lagrangian at order p% This Lagrangian will provide
an extension to the next higher order of the standard
Gasser-Leutwyler £4, as well as the odd intrinsic parity
Lagrangian. Like £4 it will be expressed in terms of a set
of basic building blocks, arranged in traces or products
of traces such that the result is chirally invariant.

The main problem with such a construction is that it
is far too easy to think of terms satisfying the necessary
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criteria. One quickly obtains many more terms than nec-
essary, many that are not independent, though often not
obviously so, and many expressed in a more complicated
fashion than necessary.

Thus, the most difficult task in such a construction is
to develop a systematic strategy which allows one to get
in an efficient manner all of the independent terms while
at the same time elimivating, or preferably never gen-
erating, those terms which are redundant. Most of this

“section will be devoted to developing the various ingredi-
ents of this strategy. Then in the following major section
the strategy will be applied to derive the most general
Lg. Some of this will be pedagogical, as it is important
for the reader to be able to follow and understand the
steps of the derivation and thus be convinced in the end
that the result obtained is, in fact, complete and correct,
something which is not necessarily possible when only a
table of results is given.

To our knowledge there have been no previous at-
tempts to generate the complete and most general Lg,
though there have been several attempts {34,36] to de-
rive the set of odd intrinsic parity terms, i.e., those in-
volving the completely antisymmetric tensor eqgys. In
all of these attempts it appears that terms were missed,
redundant terms were included, or both.

B. Chiral symmetry of the QCD Lagrangian

Before discussing the construction of the effective chi-
ral Lagrangian we will shortly review the chiral symmetry
of the QCD Lagrangian coupled to external fields. This
discussion is relevant for the identification of the trans-
formation properties of the external sources under the
group, parity, and charge conjugation.

Let us consider the QCD Lagrangian® [8,9)

Lacp = Y 3r(iv*Dy — my)gs — ZGﬁuG‘“’ (1)
' f

In Eq. (1) g5 denotes a quark field of flavor f with current
quark mass my. The covariant derivative is defined as

e
D,gs = (a,u +297A;,¢) as (2)

where, for simplicity, we do not exhibit the fact that the
quark fields have three color indices. In Eg. (2) g denotes
the strong-coupling constant, A* are the usual Gell-Mann
matrices, and Aj represents a gluon field with color index
a which may take the values 1-8. Summation over re-
peated color indices is assumed. The gluon field strength
tensor is defined as

G2, = 8, A% — 8,A% — gfapcAL AL, (3)

where fop. are the SU(3) structure constants. We do not
'We omit the gauge-fixing term and the Faddeev-Popov

ghost term, since they are not relevant for the discussion of
chiral symmetry.

discuss the # term which induces P, T, and CP violations
in the strong interactions [9]. _

In the following we will restrict ourselves to three fla-
vors, u, d, s, and consider the limit m,,, mg4, m; — 0. In
this limit Eq. (1) reduces to

> (3@5,v*Dudrs + @R, 57" Dutr,s)
f=u d.a

1668, @

0
EQCDF

where the left-handed and right-handed quark fields are
defined as

1 1
L= 5(1 - Y504, dr = "2"(1 + ¥5)¢

The Lagrangian of Eq. (4) is invariant under the follow-
ing global transformations of g5 and gg, respectively:

! !

di, t=Up|dc |, |dg |=Ur{drl ., (5
st sy, s Sm

where Uz and Uy are independent U(3) matrices. This
invariance, in principle, gives rise to 18 conserved cur-
rents. However, due to quantum effects, the axial U(1)4
current is not conserved. In the following we will only be
concerned with the analysis of the G =SU(3) xSU(3)z
symmetry of Eq. {4). It is generally accepted that this
symmetry is spontanecusly broken to SU(3)y giving rise
to eight Goldstone bosons. The finite quark masses in
Eq. (1) then give rise to finite, but in comparison with
other hadrons small, masses of the Goldstone bosons.

In order to systematically study the consequences of
chiral symmetry and its breaking through the quark
masses, we follow the technique of Gasser and Leutwyler
[13,14] and introduce external c-number fields v,(z),
a,(z), s(z), and p(z) into the Lagrangian

L =Lyep + Lext = LOcp + 71" (v + Y¥58u)q

—g(s — ivsp)q . (6)

The external fields are color neutral, Hermitian 3 x 3
matrices, where the matrix character, with respect to
the (suppressed) flavor indices u,d, s of the quark fields,
is
Al Al ae As
vy = ?”?u a, = —2—az, s = ?s“, p= ?p (7)

where the term in ¢ and p containing Ay = ‘/g 1 has not

been written explicitly. Of course, the three-flavor QCD
Lagrangian is recovered by setting Up =y = p=0and
s =diag(my,, ma, m,).

Requiring the total Lagrangian of Eq. (6) to be in-
variant under P, C, and T leads to constraints on the
transformation behavior of the external fields. Under a
parity transformation the quark fields transform as®

2We suppress color indices since we are considering color-
neutral external sources.
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a7 (&,8) 25 70qs(—5,2) . (8)

The requirement of invariance under a parity transfor-
mation,

L(:Eit) i) E(_Eat) 1 (9)

results in the following transformation properties of the
external fields:
P P P P
W —rv,, a* — —a,, s—s8 p— —p, (10)
where it is understood that the arguments change from
(Z,t) to (—&,t). Under charge conjugation the quark
fields transform as

(11)

In Eq. (11) the subscripts a and § are Dirac spinor in-

dices, C = iy%4° is the usual charge conjugation matrix

in the convention of [42] and f refers to flavor. Using

Eq. (11) it is straightforward to show that invariance of

Lext under charge conjugation requires the transforma-

tion properties
c

T
vy — — Ty,

C _ _ C _
Yot = Caplp,sr Tt — —6,1C5n -

c c ‘
a, — a'f:, s,p — 8%,p7 (12)
where the transposition refers to the flavor space.
Finally, we discuss the properties of £ under the group
G. To that end we rewrite Eq. (6) in terms of ¢z and

qRr:

L= JC:gch + qry* Lugr + qrY* Ruqr
+qr(s — ip)gr + Gr{s + ip)qL ,

(13)

with B, = v, + e, and L, = v, — a,. We then pro-
" mote the global symmetry to a local symmetry. Equa-
tion (13) remains invariant under gr — Vgr{z)gr and
gr, = Vi(x)qr, provided the external fields transform as

R, S5 VRR,VE +iVR8,V},
L, S viL v} +ivia,v)

. G . , &) .
s—ip ~— V(s — zp)V;;, s+ip — Ve(s+ zp)VIf .

(14)

C. Basic building blocks

The Lagrangian Lg is constructed from the same ba-
sic ingredients as £4, namely the Goldstone boson fields,
external gauge fields, scalar and pseudoscalar external
sources, and their derivatives. The eight Goldstone
bosons arising from the spontanecus symmetry breaking
are collected in an SU(3) matrix

U(z) = exp (z%::)) (15)

with

V2rt 2K
Vo2r—  —x® +_—ﬁn V3K | |
V2K~ V2K® -

and Fp the pseudoscalar meson decay constant in the
chiral limit [14]. The matrix U transforms linearly
under the group ¢ = SU(3)r x SU(3)r U -
U = VRUVE [14]. Furthermore, under charge con-
jugation and parity the Goldstone bosons transform
as C: ¢ — ¢7 and P : ¢(Z,t) = —@(~&,t), or equiv-
alently C: U — U and P: U(Z,t) - Ut(-4,1).

We define the fleld strength tensors associated with the
external gauge fields R, and L, as

0 1
™+ 5N

$(c) = (16)

F’ﬁ, = 8,LR,, - 3;,Rp, - 'i[R,u’Ru} b

FL =8,L, —8,L, — il L] . (17)

Note that FR and FL, are Hermitian and trace-
less and that under the group they transform  as

FR i) VRFR VR and FL —) VLF,; VL Furthermore,
we follow [14rand 1ntroduce the linear combination X =
2By(s + ip), with x S, VRxVL, where By is related to
the vacuum expectation value (0|gg|0}.

The effective Lagrangian is constructed in terms of U,
Ut, x, x! and the field strength tensors F&, L, as well
as covariant derivatives of these objects. These covanant
derivatives involve the gauge fields R, and L, and trans-
form in the same way under the group as the quantities
they act upon. Given the transformation properties of
R, and L, of Eq. (14) we define the covariant deriva-
tives as

A2 vpav): D,A=08,4—iR,A+iAL,

B8-S wBvVl: D,B=8,B+iBR,~iL,B,

¢S vpevi: D,C=8,0-iR,C+iCR,,

p S wpV}: D,D=8,D~iL,D+iDL,,
ESE: D,E=8,E. (18)

Note that we use the same symbol D,, for the covariant

derivative, independent of the transformation. property
of the object it acts upon. The advantage of this conven-
tion is that a chain rule analogous to ordinary derivatives
holds. Given the product Z = XY where X,¥, Z have,
according to Eq. (18), well-defined but not necessarily
the same transformation behavior, the chain rule applies:

D,Z =D, (XY)=(D,X)Y + X(D,Y), (19)
which is straightforward to verify using the deﬁnitions of
Eq. (18).

This chain rule is valuable as an intermediate step in a
number of the derivations of various relations. In essen-
tially all cases however the final results will be expressed
solely in terms of quantities transforming as ¥/ and their
covariant derivatives and thus require only the covariant
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derivative defined in the first line of the definitions of Eq.
(18).

It will be very useful in the subsequent derivations to
have all of the building blocks transform in the same way
and also to be able to handle the external field terms
X F’ﬁ,, F,f;, in the same way. To that end we define

G* = FRU + UFY
H* = FR'U —UF . (20)

‘We then let x*# = y and let x¥*¥, with x4 # v, stand for
G* or H#*¥, Thus we can consider x*” with y, v unspec-
ified to stand for, collectively, the set (x, G*¥, H*¥).

. With these definitions, we have only two basic building
blocks U, x** and their adjoints and covariant derivatives
acting on them. Note that by virtue of the chain rule,
we do not need derivatives acting on products of these
basic terms. All building blocks then transform as U (or
U*). In terms of the momentum expansion U is of order
1, x*¥ is of order p? and each covariant derivative D, is
of order p [14].

Finally, in order to construct terms which are invari-
ant, we must put these basic pieces together so as to get
quantities which transform as Vg - - - VIE:' Thus, define for
any A transforming as VRAVJ;r , L.e., as U, the Hermitian
(or anti-Hermitian) combinations

[A]l+ = (AUt £ UAY) . (21)

B

We can then take as the basic building blocks [4]+ with
"A taken as x*¥ or DU, or as some number of covari-
ant derivatives acting on x*¥ or D,U. The trace of a
string of such quantities, or the product of such traces,
will then be invariant under the group. Observe also that
by defining the building blocks this way we include each.
operator and its adjoint. By using building blocks trans-
forming as Vg --- V_,‘; we also solve the problem of deter-
mining whether or not extra U'’s and Ut’s are necessary.
In the usual approach, starting with a string of quantities

transforming as Vg - - - Vg or Vg - VIL one can always in- -

sert extra U’s and U1’s in the string, replace some terms
by their adjoints, and get another invariant string.- One
then must check in each case whether the resulting string
is in fact independent of the original one. However, by
using the forms of Eq. (21) the only possible combination
which can be inserted is UUt which is unity and of course
unnecessary. Observe also that if we were to insert Ut
between each term and after the last term in a trace of a
string of terms of the form of Eq. (21) and use the rela-
tion Ut (AUt LU AN = Ut A+ ATU we obtain a trace of
the same form as the original, but constructed of build-
ing blocks transforming as Vy, - -- V7 which we could have
defined in a fashion analogous to Eg. (21). This shows
that such terms are not independent and that terms of
the form of Eq. (21) are sufficient.

To summarize, we have seen that the basic building
blocks necessary to construct the most general chirally in-
variant Lagrangian are of the form [A]+, where Ais DU,
x*¥ or (multiple) covariant derivatives of such quantities.

The problem now, to be addressed in the next section, is
how to put these building blocks together in an efficient
way to get all possible terms in the Lagrangian.

D. Strategy

It is possible to generate a very large number of terms
using just the building blocks defined in the previous sec-

"tion. The most difficult part of obtaining £g is develop-

ing a strategy which obtains all of the independent terms
without generating a lot of extraneous terms which have
to be eliminated by hand. '

To do this it is convenient to first define a hierarchy of
terms. Af each level we will then find the most general
set of terms. First, however, various relations can be used
to eliminate some terms in favor of those lower down in
the hierarchy. Since at each level we always find the
most general set, it is not necessary to actually work out
what these (often extremely complicated) relations are.
To eliminate a term one must only show that there exists
a relation expressing it in terms of quantities being kept
at the same level and others lower down in the hierarchy.

We thus order the various classes of terms as follows:

(I) those terms with six D,,’s;

(II) those terms with four D,’s and one x*¥;

(TXT) those terms with two D,’s and two x**’s;

(IV) those terms with three x**’s.

At each major level terms which involve a single trace
are considered higher up than those with multiple traces.
Likewise the ordering ensures that the addition of an F#*

always results in a term lower in the hierarchy. Since the

result must be a Lorentz scalar and since the only avail-
able tensors ", g*¥, and €44 have an even number of
indices there are no terms with an odd number of D,’s.

For each level one first determines the form of the pos-
sible structures. For this it often is easier to start ini-
tially with the original building blocks U, x** and their
covariant derivatives. A number of simplifications and
tricks to be discussed in the next section are then ap-
plied to reduce the number of possible terms and ensure
that each term satisfies parity and charge conjugation.
The remaining structures are then written in terms of
the final building blocks [A]+. The result is a set of gen-
eral forms. Explicit results can then be read off directiy,

-usually by simply. considering all possible permutations

of the indices, and perhaps of the order of the terms,
and all possible ways single traces can be broken up into
multiple traces.

Terms involving D, D*U are of particular interest as
this factor appears in the classical equation of motion and
terms proportional to the equation of motion can, as we
shall see in a later section (see also [43]), be transformed
away by a transformation on, or a redefinition of, the
fields. Thus our strategy will be to extract in so far
as it is possible such terms, which will be referred to
as “equation-of-motion terms.” At the end we can make
such terms proportional to the full £ equation of motion
by simply adding in the rest of the terms in the equation
of motion, as these terms will come from a lower level in
the hierarchy.
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E. Simplifications: General resuits
1. Total derivative arguments

It is convenient to make use of the fact that a total
derivative in the Lagrangian density does not change the
equation of motion. This “total derivative argument” can
be applied as follows. For any pair of operators A and B
which under the group either transform as 4’ = VRAVL"
and B' = V,BV}] or as A’ = VzAV] and B’ = Vx BV}
the product AB transforms as Vg 4BV} and the chain
rule and definitions of the covariant derivatives yield

D,(AB) = (D,A)B + A(D,B)
= 8,(AB) —i[R,, AB] (22)

and thus using the fact that the trace of a commutator

vanishes:
Tr{(D,A)B] + T[A(D,B)] = 0, Tx(AB) . (23)

The same result is obtained for combinations AB trans-
forming as VLABVIT .

Clearly this result generalizes to products of terms of
the form B .- B, and one gets

Tr[(D.uBl)Bz < By]| + Tr[B1(D,B2)B;3 - - - By]
+ -+ Te[By -+ (D By)} = Ou[Tr(By - - Ba)] .

(24)

It is also straightforward to extend the “total derivative
argument” to products of traces. As an illustration, we
find, applying Eqs. (23) and (19),

'I&‘[(D#A1)A2}'I'I'(A3A4) + TI'[A]_ (D“Az)]']}‘(A3A4) + TI'(AlAz)'D[‘[(D#A;g)Aq] -+ TI'(A].Ag)TI’[Aa(DuA‘;)]

As a consequence of these arguments we may move co-
variant derivatives from one factor to another either
within a single trace or across multiple traces in accord
with Egs. (23)-(25). Terms involving total derivatives
will result, but these will not contribute to the equation
of motion and thus can be dropped from the Lagrangian.

2. Symmetrization of multiple covariant derivatives

For any operator A transforming as I/ we have, using

the definition of covariant derivatives Eq. (18) and of the

field strength tensors Eq. (17),

(DuD, — D,D,)A =iAFf, —iF A . (26)
Any term of the form D, D, A can be written as a term
symmetric and one antisymmetric in ¢ < v. Thus,
Eq. (26) implies that at any given level in the hierar-
chy D, D, A can always be assumed to be symmetric in
its indices, since the antisymmetric part can be expressed
in terms of the field strength tensors and thus contributes

31n the context of a perturbative Feynman diagram approach
such total derivative terms produce a factor at a vertex pro-
portional to the difference of the total incoming and outgoing
four-momenta, which vanishes by four-momentum conserva-
tion at each vertex.

3

= Bu[Tr(A4142)Tr(43A44)] . (25)

only at a lower level in the hierarchy. Clearly this can be
generalized to more than two covariant derivatives since
Eq. (26) also implies that different orderings of any string
of D,’s differ by terms which are at a lower level in the
hierarchy. Thus we can take the properly normalized sum
of all different orders, which is symmetric, in place of any
specific order. Hence we will always assume that a mul-
tiple covariant derivative, D, --+ D, A, is symmetric in
the interchange of any of its indices. Formally this means
that we will always interpret D, I}, A as

DuD,A— %(D,,,D,, +D,D)A, 27)
with an analogous definition when there are more than
two covariant derivatives.

3. Index exchange

In keeping with the strategy of extracting as many
equation-of-motion factors as possible, one would like to
arrange things so that covariant derivatives with summed
indices, e.g., D,D*, act on the same factor U, For exam-
ple, consider Tr[(DoDgA)(D*D,B)C]}, where A, B,C do
not contain any covariant derivatives. Using the results
of Secs. IIE1 and ITE 2 one can move the Dy off of 4
and on to B and C and then move the D, off of B and
on to A and C. The result is
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Tt{(DoDpA)(D*D, B)C] = Tr{(De D% 4) (Dp D, BYC]

+terms with multiple I3’s on only one of A, B, C + total derivatives ,

where we have dropped the terms arising from the com- -

mutation of the D’s at various stages which can be ex-
pressed via terms lower in the hierarchy using Eq. (26).

4. Building blocks involving multiple
covariant dertvatives

Consider a term of the form [D,DgU),. By starting
with the trivial identity 0 = DoDg(UUT) and using Eq.
(19) one finds

2[Da DU = —(DaU)DgU)' — (DgU)DU)' (29)

which means that [D,DgU]; can always be expressed
in terms of quantities involving at most a single co-
variant derivative acting on U. This can be general-
ized, starting with 0 = D,,, --- D, (UU?), to show that
[Dyy -+ D, Uy can always be expressed as a sum of
products of [A]+ where 4 has at most one less covariant
derivative. Symbolically, {D"U]y ~ (DIU)(D™ U ~
(DU £ [P0« for all (1 < § < n—1). By iteration, one
then shows that all terms of the form [Dy, ---D, U}y
can be expressed via the combinations with relative neg-
ative sign [A]_ and the right- {(or left-) hand side of Eq.
(29). Note also that the simplest case {D, U]+ = 0, so
that the right-hand side of Eq. (2%) can also be expressed
solely in terms of [4]_ as well. This means in prac-
tice that we never need to include factors of the form
[Py -+ D, U+

(28)

5. Symmelries, parity and charge conjugation

Each term in the final Lagrangian must be Hermitian
and must be invariant under parity and charge conjuga-
tion. Hermiticity is normally trivial as all terms come
out to be either Hermitian or anti-Hermitian once par-
ity and charge conjugation invariance is imposed. The
strategy for ensuring P and C invariance is to take each
candidate term and add to it the parity transform of the
term, thus getting a result which is trivially P invariant.
Similarly one then adds to this result its C' transform,
and so generates a C- and P-invariant term.

Consider first parity. We will be interested in candi-
date terms for the Lagrangian which are of the form of
a trace of a string of factors of the canonical form [4)]+,
or alternatively a product of such traces, where 4 can be

. DU or x*¥ or their (perhaps multiple) covariant deriva-

tives. Table I shows the transformation properties of the
various factors. We see that under parity all allowed
A’s transform as A -+ (—1)PAT, where in addition all
Lorentz indices in At have been raised (or lowered) with
respect to those in A, and & — —&. The quantity p is
an “intrinsic parity” which is 1 for H#” and its covari-
ant derivatives and 0 otherwise. In most cases Lorentz
indices from one factor will be contracted with those of
another factor, so that the raising or lowering of indices
under P compensates in the two factors, and can be ig-
nored. The exception to this is the case when the indices
are contracted not with another term of the set of A’s
but with the antisymmetric tensor engys. Parity does
not affect this tensor, so to get a Lorentz invariant quan-
tity one must raise or lower its indices by bhand. This
introduces a minus sign since €agys = —€**7%. This can
be summarized neatly by including a (—1)¢ in the parity
transform of a complete term, where € counts the number

TABLE I. Transformation properties under the group (G), charge conjugation (C), and parity
(P). The expressions for adjoint matrices are trivially obtained by taking the Hermitian conjugate -
of each entry. In the parity-transformed expression it is understood that the argument is {—&,t)
and that partial derivatives 8, act with respect to » and not with respect to the argument of the

corresponding function.

Operator G C P
U VRUV} uT ut
Dy, - Dy, U VaDy, --- D, UV} (Day -+ D2, U7 (DM ... D)t
X VaxV) x!
Dy - Danx VaDa, - Da.xV} (Day =+ DanX) (DX ... Dnx)!
R, VeR,.V} +iVe8,V} -L7 L#
L, VeL, Vi 44V, v} ~RT R
FR VRFEVYE —(FEYT v
Fi, Vi FL V] ~(FR)T FgY
Gu VRG WV} -G.T el
Dy, - D, Gue VrDa, +++ Da,GuV} —(Day +r Dan G (DXt ... D)t
H,. VeH,V} Hy, — gt

Dy, - Da Hyp, ViDy, -+ Da Hu VE

— ’\1... An proevyt
(D™ ... D F)
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of €4py5’s in the term.* :

Using these preliminaries, we see that under parity
[A]l+ — £(-1)PUM[A]+U. Under a trace the Ut and U
collapse to 1, using the cyclic properties of a trace. Thus
we arrive at the following operational method of making
a candidate term in the Lagrangian invariant under par-
ity. Simply multiply the term by the factor 1+ (—1)¢+F+¢
where P is the sum of the intrinsic parities p of the var-
ious terms, ¢ is the number of €,3,s’s in the term, and
where the (—1)® is determined from the product of signs
coming from the individual factors in the term, counting
+ for [A];+ and — for [A]_. Clearly this holds for a single
trace or a product of several traces. Note also that by
extracting this factor, we make it easy to see which terms
are not allowed by parity conservation, namely those for
which (—1)*+F+e 55 —1.

Consider now charge conjugation and proceed in ex-
actly the same way. From Table I it is easy to see that
the necessary A’s transform under C as (—1)°AT where
¢ is an “intrinsic charge conjugation quantum number”
which is 1 for G** and its covariant derivatives and 0
otherwise and T is the transpose. We then have under
charge conjugation [4]4 ~ (—1)¢(UT[A]+T)T. Using the
fact that the trace of a quantity is equal to the trace of
its transpose, we then find that under C the trace of a
string of basic factors [A]. goes simply to (—1)€ times
the trace with the basic factors in reverse order, where
here C is simply the sum of the intrinsic charge conju-
gation quantum numbers of the various terms. Clearly
in the case of multiple traces the factors are reversed in
each trace individually.

Thus to summarize, the operational way to get a term
in the Lagrangian to be invariant under charge conjuga-
tion is to add to it a term (—1)€ times the term with the
major factors reversed in each trace. If all of the traces
have at most two factors, the cyclic property of a trace
implies that the second term has the same structure as
the first, and that effectively one is simply multiplying
by the overall factor [1 + (—1)€].

As noted, ensuring Hermiticity is relatively simple
since the basic building blocks satisfy [A]L = #[A]+.
Thus the adjoint of a string of such terms is just (—1)*
times the string in reversed order, where s iscalculated

as in the parity discussion above. But, by virtue of C'

invariance, reversing the order produces an overall phase
(—1)©, so that taking the adjoint of a term simply gen-
erates an overall factor (—1)*+% = (—~1)P+C+¢  Thys to
get a Hermitian term we need only multiply by a factor
of ¢ when this factor is —1. This happens for terms with
an even {odd) number of G#¥’s and H**’s (or their co-

variant derivatives) combined and one (no) ¢,gys factor.

We will do this only in the final listing of results.

6. Trace relations

In the construction of £, a relation between SU(3) gen-
erators was used to eliminate one term [14]. That rela-
tion can be generalized and used to eliminate a number
of possible terms of order p®. A proof of the relation and
some discussion is given in Appendix A. For the present
purposes we need only the result in the following form.
For any set of 3 x 3 matrices B;, i = 1,...,n with n > 4,
Wwe can express

> TX(By--By) (30)

all perm

as a sum of products of traces, each trace containing no
more than n—1 of the B;. Since we are interested only in
terms invariant under the group, and since we take the B;
in all permutations, we need B; to transform as VRB,-VA.
Thus the B; of interest will be the basic building blocks
[A]+. Since a product of traces is always lower down in
the hierarchy than a single trace, this relation allows us to
discard one single trace term from each set of terms made
up of all permutations of a particular group of building
blocks.

7. Epsilon relations

There is also a set of relations which relate various
terms involving the tensor ¢,p45, and allow one to elim-
inate some in favor of others [36). These relations orig-
inate from the observation that a tensor antisymmetric
in five Lorentz indices must be zero since there are only
four possible different indices. Such a tensor is

gaﬁefvpm _ gaveﬁprn — gape'rﬂm
_garewpﬁn — gane‘wrﬁ =0. (31)

Now consider a further tensor Qugypry which will ac-
tually be the trace, or product of traces, of the basic
building blocks [A]+ and contract this tensor with that
of Eq. (31) in all possible ways. This leads to the six
equations

( =Qa"vorn + Qan"orn — Qoo™ rn + Qovpr®n — Qayprn Y™™ =0, (32)

(+Qa~prn

+ Qo prn + Quop”ry = Qrapr™n + Qrapr ™)™ =0, (33)

4 Alternatively one can define €apys — —€*#® under parity. Since —*#7® < ¢,9,5 this is exactly equivalent to our convention.
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("Qa‘yc’-‘p‘rn + Q‘}'O:apﬂ?

(+Qa’marn - Q'rapo‘rn + Q'maa‘m

(—Qa'rpfan + Qwab‘ran - Q’rpcx'ran + Q'wman

('*‘Qa'r.ama - Qvaﬂrna + Q'wa'rna - mena + Q'wmaa

Observe the symmetry of the Q’s across the diagonal
and the fact that Eq. (37) is just the sum of the first
five. Thus in general there are five independent equations
which generate for each specific Quayory five relations
among the terms involving €7#7". However if Qugvypry
has some symmetry in its indices, not all of these five
relations are independent. For example, if Qagypry s
symmetric in the first two indices then Eqgs. (34)-(36)
are identities and Eqgs. (32) and (33) are not independent
and so there is only one independent “epsilon relation.”

III. CONSTRUCTION OF THE MOST GENERAL
LAGRANGIAN Lg: EXPLICIT CALCULATION

Having completed these preliminaries we now proceed
to the explicit calculation of £g. As noted earlier, the
strategy will be to start with the highest level in our
hierarchy and work down. At each level we first itemize
the types of terms possible. At this stage it is useful
to adopt a schematic notation. Thus an expression like
(D2U)(DU) will mean the class of terms which have a
(DuD,U} or its adjoint and a D, U or its adjoint, in any
order, and with any contraction of indices which lead to
a chirally invariant term when the trace is taken. We
then use the results of Sec. IIE to eliminate as many
classes of terms as possible and to force invariance under
parity and charge conjugation. The results are a set of

general expressions which satisfy the various constraints. .

One can then read directly from these expressions all
of the allowed terms by simply taking all possible index
contractions, and in some cases all possible orders.

At a given level in the hierarchy the manipulations re-
quired to reduce terms to lower levels and to ensure P
and C' invariance are essentially the same for multiple
trace terms as for single trace ones. Hence we will gen-
erally work, somewhat symbolically, with just a string of
factors and ounly at the end take the single trace and all
possible multiple traces.

We will always attempt to extract a factor [D,D*UJ_
as the termas containing this factor can be made propor-
tional to the classical equation of motion, and as dis-
cussed below, transformed away via a transformation of

the fields.

— Qypary + Qupor®n — Qupary ™)™ =0, (34)
— Qypray + Q‘rpmna)ewm =0, (35)

= Quprpa®)e" =0, (36)

YT =10, (37)

A. Terms with six D,’s and no x*’s

Terms in this class will have six covariant derivatives
acting singly or in multiples on U. Since there are six
Lorentz indices, two must be contracted and the other
four can be contracted pairwise in two pairs, or con-
tracted with the indices of the antisymmetric tensor
€up3+5- Using the total derivative arguments of Sec. IIE1
the covariant derivatives can always be moved back and
forth, so as to get a factor (D,,.D,U) which will be pulled
to the first of the string of terms which eventually will be-
come an argument of a trace. Either g = v in this factor
or, if not, no other multiple derivative has a contracted
index in it, since if it did we could move all but the two
contracted D's onto another term and pull the contracted
pair out as the first term instead. Note that by virtue of
Sec. ITE2 all multiple derivatives can be taken as sym-
metric in their indices. This leads to structures of the
following types:

(1) (D.DUYDD),

(2) (D.D,U)DV)DUI

(3) (D,.D,U)DV)DOY (38)
(4) (D,D,D){(D*V)(DU)(DV)

(5) (D,.D,U)(DU)(DV)(DU)(DV)U .

To get an expression transforming as Vg - -- Vg so that
the trace will be invariant we use Sec. IIE4 to write
each of the structures in terms of products of factors
[A]lsz. Each combination [A]4, again by the results of
Sec. IIE4, can be expressed via terms with one fewer
covariant derivative, and hence via structures lower down
in the list of Eq. {38), and so does not need to be kept.
However at the bottom of the list [D,. D, U]+ is expressed
in terms of {(DU)(DU) and so generates a sixth structure
involving six [DU]."s.

Requiring parity invariance introduces an overall factor
14 (—1)*+P+¢ in accord with Sec. IIE5. The intrinsic
parities p are all zero so we find that the parity-conserving
terms must have an even number of [A]_ factors and no
€agvys O an odd number with an e,g,4. Finally charge
conjugation invariance simply adds in a term with the
[A]- factors in reverse order,

Thus we obtain terms of the following forms:
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(1) [D*U)-[D*]- ,
(2) [DU)-[D*U]-[DU]-cans
(3) [D?U]-[D?U)_[DU]_capys ,
(4) [D*U]-[D*U]_[DV)_(DU]- ,
(5) [D?U][DU)-[DU]_[DU]-[DU]_capns ,
(6) [DU)-[DU]-[DU]-[DU]-[DU]_[DU]- |

(39)

where in each case we must add a piece with all major
factors in reverse order to ensure charge conjugation in-
variance. We must also take all possible starting orders,

(1) [DuD,U]-[DaDpDyDsU]- ,
(2) [DLD,U]-
(3) [DuD,U-
(4a) [DuD,U]-
(4b) [D,DU]_
(8) [D.D,U]-
(6) (DuU-[

which in this case, once C is taken into account, is rel-
evant only for (4) and generates two different structures
there.

Note that all manipulations so far hold for single or
multiple traces, except that for multiple traces we reverse
the terms in each trace separately.

Finally we put in indices and the order reversal ex-
plicitly to obtain the most general result for single trace
expressions involving six covariant derivatives. It consists
of all pessible index contractions of

([PaDpDyU]-[DsU] - + rev)eprno »

([DaDpU)-[DyDsU]— + rev)eprno

(IDDpU)-[D,U)- [DsU]- +rev) , (40)
(IDU)-[Dp Dy U] [DsV]- + rev) |

([DaU]~[DaV]-.[DyU]-[DsU]- + rev)eprno 5

WU = [DoU)-[DgU]_[ D, U] [DsU}~ +rev .

Here “rev” stands for the terms in reverse order and it is understood that we must take all possible index contractions

and in the end a trace.

The general result for multiple traces will be essentially the same, except that we need to take all possible multiple
traces, as well as all index contractions, and except that the reversed term in each of the above is modified so as to

reverse the terms in each trace separately.

We are now in a position to simply read off the results from Eq. (4

0), as the only thing that really needs to be done

is to ensure that all independent index contractions are includéd. Note that a number of the possible contractions

vanish because the multiple derivatives are symmetric in their indices while eagys is antisymmetric.

Also we are

interested only in the structure, so overall factors will be neglected.

For p = v we get, from (1),

Tr([D, D*U]_[DaD*Ds DU} , (41)

from (4a),
TR(D,D*U]_[DaD*U)-[DaU}-[D°U]-) , (42)
Tr{[D.D*U]-([DaDpU]_[D*U|_[DPU}_ + [DPU]_[D*U]_[DaDgl]-)} , (43)

from (4b),
(D, D] [DeU]-[DaDV)_[D°U].) , | (44
(D, D*U)- [D*V)_[DaDgU)-[D°V]- ) , (45)

and from (5),

TH(|DuD*U)- [D°U)- [D°U)- (D) [D°V]-Jeapss - (46)

Terms from (2) or (3) all vanish, using the symmetry of multiple covariant derivatives.
For p # v, recall that we cannot have repeated indices in the multiple derivatives. Thus we obtain, from (4a),

Tr([Du D U]-[D* DYU)-[DaU]-[DU]-) , (47)

T([D,D, U} [D*DU]_[D*U]_[D.U]-) (48)
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Tr([DuDuff]—[D“D‘”U]—[DaU]—[D”UJ—) ) | (49)
from (4b),
Tr([D,.D,U]-[DoU]-[D*D*U].[D*U]-) , (50)
Tx{[D,D,U)_({D"U)-[D*D*U]_[D,U]- + [DU)-[D*DU)_|D*U))} , (51)
and from (3), |
Tv{[D*D*U]([D,U}-[D?U)_[D"U]-[D*U]-. + [D*U]_[D"U]-[DPU]-[D,U)-)}eupys » (52)
Tv{[D*D*U]-([D°U)-[D,U]-[D"U]-[D°V].- + [D"U]—[D”’U}-[DUU];[D" Ul-)}eupys - (53)

Finally from (6) we get
Tx([DaU]-[D*U]-[DpU)-[DU]-_[D,U)-[D"U]-)
(54)

T([Dal])-[D°U][DsU]-[D,V)-(D°U)_[D"V].) ,
(55)

Tr([Dal]- [D°U) - [DpU]-[D,U]-[D"0[DPU].) ,
(56)

Tr({DaU]-[DpU]-[D,U]-[D*V]-[DPV)_[DU].) ,
(57)

Te([Dal}-[DaU) (D, V) -(DAU)_[DV]_[D"V]_) .
(58)

A number of these terms differ from others only by a
reordering of terms and thus we might expect that the
trace relations of Sec. ITE 6 might connect some of them.
This is in fact the case. The sets Egs. (42) and (44), Eqgs.
(43) and (45), Eqs. (47} and (50), Eqs. (48), (49), and
(561), and Eqs. {54)—(58) in each case contain all of the
independent permutations. Hence, one of each set can be
eliminated using the trace relation, say Eqs. (44), (43),
(50), (51), and (58). Likewise Eqs. (46), (52), and (53)

are telated by the epsilon relation of Sec. ITE7 and we

can use it to eliminate, say, Eq. (53).

It is interesting to note that this epsilon relation con-
nects a term involving the equation of motion, Eq. (46},
with two that do not obviously contain the equation of
motion, Egs. (52) and (53). As we discuss later, the
equation-of-motion terms can be transformed away by
an appropriate transformation of the fields, and so do
not contribute. Had we chosen to use the epsilon rela-
tion to eliminate the equation-of-motion term Eq. (46)
rather than one of the others we would have ended up

with two terms from this set instead of one, and it would
have been extremely nonobvious, from just looking at the
terms, that one was in fact redundant.

Consider now the multiple trace terms arising from
the general result of Eq. (40). We simply have to con-
struct all possible combinations of traces, plus all pos-
sible contractions of indices. The terms arising from
charge conjugation have to be modified slightly, as we
take the terms in reverse order within each separate
trace. The result is simplified very much by the fact
that Tr([D,U]-) = Te([D,.D,U]-} = 0. That fact, plus
the symmetry of multiple derivatives, means that there
are no contributions from lines (1), (2), (3), or (5) of Eq.
(40).

With g == v we get, from (4a),

Tr([D,D*U)_[DoD*U)_YTx([DgU]-{DPU}-) , (59)

Tr([D,.D*U_[DoDgU)_)Tx([D*U)-[DPUL_) , (60)

and, from (4b),

Tx((DuD*U]-[DaU]-)Tx(DeDU)-[D°U)-) , (61)
Tr([D,D*U)_[DU)-)Tx([D*DPU_[DgU]-) . (62)
With g # v we get, from (4a),
Tr([D,D,U)-[D*D*U)-)Tx([DaU]-[D°U]-) , (63)
TH({D,D,U)-[D* D) Tx(D*V]_[DaU)-) , (64
and, from (4b),
Tr([DuD,U)-[DaV]-)Tx([D*D*U)-[D*U]-} , (65)
Te([D, D U)-[D*V]- )T ((D*D°V]-_[DaU].) ,  (66)
(67)

Tr([D, D, U] [DoU]- ) Tx([D* D*U]_|D"U}..) .

Finally from (6) we get
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Tx((D,U)- [D*U]-)Tx([DaU]- [D=U]_[DsU]-[DPU)) , (68)
Tx(|D,U]- [D*U]- ) Tr{{DaU)- (D) [D*U)_[DPU]) , (69)
Tx(|DuU]- [D, U] Y Tx([D*U] - [D* V) [DoU)-[DV)-) (70)
Te({D,U)-[D, U] ([D*V]- [DaD)_[D*U)_[D°V].) , (71)
Tr([D,U)- [DU)- [Dal]-Tx([DU) - [D°U)-(D°V]-) , (72)
T([DuU]-[D,U]-[Dul))Tx([D*V)-[D*V)_[D°V).) , (73)
Te(|DuU)- (D, U] [DU]-YT([DU)_ [D*U]_[D*V].) , (74)
Te(|D,U] - [D*U]) Te{{DaU]-[D*U)_YTx({DU) - [DAU]_) , (™)
Te([D,U)- [DU].) Tx([DaU] - [DU) ) Tx((D°U]_[DU)_) , (76)
Tx([D,U)-[D,U)- ) Tx([D*U]_ (DU YT ((D*U) - [Da]-) . ()

There are two trace relations for the multiple trace
terms, one relating Eqs. {68) and (69) and one relating
Egs. (70) and (71). We use these to eliminate Eqs. (69)
and (71).

B. Terms with four D,;’s and one x**

Terms at this level will have four D,’s and one x*¥,
which may be a simple y if 4 = v or may be G*¥ or
H#¥ constructed from the F**’s according to Eq. (20)
if 4 # v. In the former case there will be four Lorentz
indices which may be contracted in two pairs or with an
€apa~s Symbol. In the second case there will be six indices
and the types of contractions wiil be the same as in the
preceding section, except that x** is antisymmetric in its
indices.

Proceeding as before we write down schematically the
types of terms which are possible, using the initial build-
ing blocks, with the understanding that eventually traces
of these terms will be taken. We find

(1) (D2UYD*) ,
(2} (D) (DU YU

(3) (D*U)(DU)(DU)x™

(4) (D?U)(DUNDX™)U , (78)
(5) (D?x™)(DU)(DU)U

(6) (Dx*)(DU)(DU)(DU) ,

(7) x*U(DU)(DU)(DU)(DV) .

In writing these down we have already used the total
derivative arguments of Sec. IIE1 to eliminate terms

involving D* and D®. In fact it is a general result that
one needs at most half of the covariant derivatives in
the term acting on a single factor. We have included
explicitly the minimum number of U/’s necessary to give
an even number of factors so that it is possible to get the
right overall transformation properties. Note also that
at the present stage there may in principle be additional
nonadjacent U and Ut pairs distributed through some
of the terms. Using again the total derivative argument
one of the D’s in (5) can be moved off of the x to give
terms like (6) and (4). Similarly in (6) the D can be
moved from the x to give terms like (3) and, if there are
extra U, UT pairs, like (7). Thus (5) and (6) need not be
considered.

Using Sec. IIE 2 all multiple derivatives can be taken
to be symmetric in their indices and this allows us to
simplify (1) and (2). In these terms, to preserve Lorentz
invariance, at least two D’s must be contracted together,
or contracted with an €,35. Using the index exchange
result of Sec. IIE 3 these two D’s can be brought together
acting on a U, with the additional terms produced being
either total derivatives or like some of the other terms.
By symmetry the e,ays term must vanish. Likewise by
symmetry, the remaining two IPs cannot be contracted
with the x*¥, and so must also be contracted together.
Thus x** must be simply x and we find, for (1) and (2},

(1) = (DaD*UN(DsDPy) ,

(2) = (Do DU)(DgDPU)XU . (79)

As before to get an expression transforming as
Vg« Vg, so that the trace will be invariant, we write
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each factor in Eq. (78) in the form [A].. Then Sec.
IIE4 and particularly Eq. (29) allows us to eliminate
[D2U) in favor of terms we already have.

The result of all these manipulations is the set of gen-

eral forms

(1) [DaD?U)_[DgDPyx]y ,

(2) [DaD*U)-[DgDPU)-[x] ,

(3) [DaDpU]-[DyU)-[DsU)-[x*]+ , (80)
(4) [DaDpU]-[DyU|_[Dsx*s ,

(1) *1£[(DU]-[DgU]-{D,U]-[DsV]- ,

where it is understood that we must still take all possi-
ble contractions of indices, perhaps with e,gy5, and all
different independent orderings of terms.

The last step is to impose parity and charge conju-
gation invariance. In accord with Sec. I1IES5 requir-
ing parity invariance simply leads to the overall factor
1+ (—=1)*+F+¢ just as before. P is the sum of intrin-
sic parities p, but in effect here just counts the number
of H*¥'s, as all other quantities have p = 0. For the
five terms in Eq. (80) these factors are (1% 1), (1 1),
[1F (=1)P+€], [1 £ (—1)P*+], and [1 + (—1)F+<], respec-
tively, where the upper (lower) signs correspond just to
the factors [A]4. ([A]-) involving x or x*V. Similarly
to get charge conjugation invariance we must add a term
(—1)°x the original term with all the major factors [A]+
‘in reverse order.

We can now put all of this together to get the gen-
eral result for the four D' one x*” terms analogous to
the six D result of Eq. (40). It is most convenient to
separate the y = v, L.e., x, terms from the g # v terms
as there are some “accidental” simplifications which are
different in the two cases, and since the values of the in-
‘trinsic parity and charge conjugation quantum numbeérs
are different. For pz = v observe that the symmetry of the
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expressions with four D's and one x** to be, for ¢ = v,

(1) [DaDU)-{DgDPx]_ ,
(2) [DaDU]- [DﬁD'GU] [X]++rev:
"3) {uaDﬁu]_lu UJ LUOVJ l,U_—ru:v',
(4) [DaDsU)_[DyU)-[Dsx]s +rev ,
(7a) [X]+[DaU]-[DgU]-[D,U). [DsU] - + rev
) [x]-[DalU)-{DgU)-[D,U]-[DsU] %7 + rev ,

(31)
and, for u # v,

(3a) [DaDpU]_[DLU)_[DsU).[G*] 4 €prne —TeV ,

(3b) [DaDpU]_[D,U]-[DsU)_[H#|, +rev

(42) [DaDgU)-[D,U]-|DsG*]y —rev ,

{(4b) (D DU _{D,U|_[DsH* ) 1€ppno -+ xev ,

(2) (6™ (DU [DpU)- D, 0] 1D3U]- — rev ,

(70} [H**]4{DoU]-[DgU]-[DyU]-[DsU]-€prno + vev .

(82)

" In both of these results “rev” stands for a piece with the

factors in reverse order and it is understood that we still
must take all possible contractions of free indices and all
possible independent orderings of factors and, to get the
final contribution to the Lagrangian, take the trace.

Everything done to derive these results holds also es-
sentially unchanged for multiple traces, by virtue of the
total derivative arguments of Eqs. (24) and (25). We
simply must take all possible combinations of traces, in-
stead of a single trace, and must reverse the order of the
terms in each individual trace separately.

It is now straightforward to tabulate the terms arising
from Eqgs. (81) and (82). Starting with Eq. (81) we get,
for the terms involving x from (1),

multiple derivatives ensures that there will be no €spys Tr([DaD°U]-[Dg D‘Gx]_ ) (83)
terms arising from (3) or (4) in Eq. (80). For p # v we ’
have by explicit’ calculation [x*"]- = 0. Furthermore we
can show, by taking the covariant derivative of [x**]—  from (2),
and using the chain rule Eq. (19) that [Dyx*]— can be o
expressed in terms of other factors we have kept. Hence Tr([DoD*U]-|DsDPU)-[x]+) (84)
it is not independent and can be dropped. - ‘
We thus find the most general form for single trace from (3),
J
Tr{[Da DU} ([DpU]-[DPU]-[X]- + [x]-[DsU)-[DU].)} (85)
Te({DaD*U)-[DpU)-(x)-{D"U]) (86)
Tv{{DaDpU]-([D°U]-[DPU]-[x]- + [{-[D°U]-[D*V]-)} (87)
Tr({DaDgV]-[D*U)-{x]-[D"U}-) , (88)
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from (4),

Te{[Da DU]- (IDaU)-[DP )4 + [DPx]+[DsU)-)} ,
(89)

T{[DaDpU)-((D°V}-{DPX}s + (D4 [D*U])}

(90)

and from (7),
Te([x+ [DaU)- [D*U]_[DU)-IDPU)) ,  (91)
Tr([x)+[DaU]-[DpU]-[D°U]-[DPU]-) ,  (92)
Tr({x}+[DaU]-[DpU]-[DPU]-ID°V]-) ,  (93)

Tr((x]- [Dal)- [DpU]-[D,U]_[DsU]-)e" . (94)

It is equally straightforward to read off the multi-
ple trace terms originating from Eq. (81). Recall that
Tr([DoDgU]-) = Tr([DaU].) = 0. Thus we have no
terms from (1) and get, from (2),

Tt([DaD*U)-[DsDPU]-)Tr([x]+) , (95)
from (3},

T([DaD*U)-[DpU)-)Te((DU]_[x]-) ,  (96)
Tr([DaD*U)-[x]-)T([DgU]-[D°U]-} »  (97)
Tr([DaDV)- [DgU)-[DPU)-)Tr((X]-) »  (98)
Tx([DaDpU)-[D*V))Tx(IDPU)-[x]-) »  (99)
Tx[(DaDpU]-[x]-)Tr([D°V]-[DPV]-) ,

(100)

]

Te{[DeD*V]_({DPV)-[DU]-[G*]; — [G*]4[D"U]_[D°U)-) ey

| Te({DeD U] [DPUL_[G*)+[D"U)- oy
T{[D=DU)- ([DpV)- [D"U]_[G*}+ — |64 {D"U)_[DpU1-) oy »
Te{[D=DPU)_({DpU)-[G**]. (D]

Tr{{D*DPU)_(ID"V)-[DgU]-[G*")+ — [G*]-{DpU]-[DTU}- ) eaypun

— [DU)-[G**]+[DgU]-) }earus

'IraDaDﬁUJ_[D“UMDﬁUJ_m([xJ-), (101)
from (4),

([ DeD*U]-[DpU]-)TH(ID"X]4) (102)

Tr([DoDpU]-[D%U]-YIx((D%x]+) (103)
and from (7),
Te([x]+) T([Dal) - [DV)|_[DpU] [DPU)-) ,  (104)
Tr([x)4 ) Tr((Dal) - [DgU)-[DV]_[DPV)-) ,  (105)
Tr([x]+ [Dall}- ) Tx([D*U] - [DU]-[DPU]_) ,  (106)

Tr(x)+ (Dol [D*V]- )T ([DU-[DU]-) ,  (107)

Te([x)+ [DaU)- [DpU]-)Tx([D°V]-[DPU]-) ,  (108)

Te([x)4) Te([Dal)_{DU]YTx(IDU} (DPUIL) , (109)

Tr({x]+) T ((DaU) - [DpU)- Y Ix([D*V]_{DPU]-) . (110)

As in the previous section, here there are also several
sets of terms consisting of all permutations of the factors.
Thus we can use the trace relations of Sec. IIE6 to
express one of each set in terms of the others and of terms
with more traces which are lower down in the hierarchy.
In particular Egs. (85) and (86), Egs. (87) and (88), Eqs.
(91)-(93), and Eqs. {104) and (105) form such sets and
we choose to eliminate Eqs. (85), (87), (92), and (105)
using the trace relations.

We now evaluate the terms coming from Eq. (82)
which contain G#¥ and H**. We obtain, for the single-
trace terms from (3a),

(111)

(112)
(113)
(114)

(115)



from (3b),

from (4a},

from (4b),

from (7a},
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Te{[D*DpU] ([D"U]_[D*V]-[G*]. ~ [G*]4[DU]-[D"U]_)eayas »

Tr([D*DpU] - [D"U]-[G?"]+ [D°U)-)earsw

T{[DaDU]_([D,U)-[D,U)[H").. + [H*).[D,U)-[DU]-)} ,
Tr{[DuDsU)— (DU [D,U)-[H*}. + [H*],[D,U]_[DPU].)} ,
T+{[DuDpU)- (D, V) [DPU)_[H). + [H**]4[DU]-[D,U]-)} ,

Tr{[DyDsU]-([D, U] [H*"], [DPU].- + [DPU]_[H*"], + [D,U]_)} ,

T{{Da D"V} (DLU]-[D, G* - [D,G*][D,U)-)}
T{[D, DAV (IDsU]-[D, G — [D,G**)4[DpU)} ,

Tr{[D#DBU]—([DvU]—[DBG”V]+ — [DaG* |4 [DU]-)}

Te{(DoD*U)_ ((DPU)_[DYH*| + [D7H* ] [DPU]_)}eprps ,
Te{(D*DAU)_({DpU]-[DYH],. + [D"H*1,(DpU]_)}ecr »
T+{(D*DAU] ((D"U)[DpH*"], + [DgH*)4[D"U]- )}y »

To{[D*DpU]_([D"U)-[D°H?*]. + [D°HPV]L [DVU]-) Yearysu »

T{[G*]4{(DuU]-[D.U]-[Dul]-[D*V) - - [DU)_[D°V]-[D,U]-[D,U1-)} ,
T{[G*)+ ((DuU)-{Dal]-[D,U]-[D*V)- — [DaU}-{D,U]_[D*V}_{D,U]-)} ,
Tr([G*}+[D,U) - [Da]-[D°U]-[D,U]-) ,

Tr((G* ] [Dal]-[D,U)-[D,U)-{D*V]) ,

and from (7b),

Te{[H#)1.((D*V]-.[DPU)[D,U)-{D"0)_ + [D,U] - [D"V)-[DPU]-[D"V}-) ey »
Te{[H*] ((D°U]-[D,U)[D°U)_[D"U}_ + [DU)-[DPU)_[D"U]_[D*V]-)}epuep »

T{[H*],.(D,U)-[DU)_[D"0]..[D°U). + [D*U)_[D"0)_[DPU}_D,U)Y}eusrs ,_

T{{H] (D). [D,U)-[DV]_[D*V).. + [D°V]_[DVU]_[D,U]_[D°U) Yyeypns .
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(116)

(117)

(118)
(119)
(120)

(121)

(122)
(123)

(124)

(125)
(126)
(127)

(128)

(129)
(130)
(131)

(132)

© (133)

(134)

(135)

(136)
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In this group the set Egs. (119)—(121) are related by the trace relations of Sec. ITE 6, and we use that result to
eliminate Eq. (121). Also a number of terms are related by the epsilon relations of Sec. IIE 7. In particular there is
one relation among terms of each of the sets Eqs. (112), (114), and (117), Egs. (111), (113), (115), and (116), and
Eqgs. (125)~(128) which we use to eliminate, say, Eqs. (114), (116), and (128). Just as in the discussion following Eq.
(58) we here also keep the equation-of-motion terms, since they can be eliminated later via field transformations, and
use these relations to eliminate other terms. There are two relations among the set Eqs. (133)—(136) which we use to
eliminate Eqgs. (135) and (136).

Again we can write down directly from Eq. (82) the multiple trace terms. Many possible terms vanish because for
¢ # v we have Tr ([x*]+) = Tr{[Dax"”]+) = 0, as can be shown by explicit evaluation using the definitions of Eq.
(20). Because of these relations, and also Tr([DaDgU].) = Tr([DoU]-) = 0, we obtain no terms from (3a), (4a), or

(4b), and we get, from (3b),

(Do DU [D,U]-Ix(D,U)-[H*],.) ,
TH(D,DpU)-[DPU)-YTH(D, U] [H*].) ,
(D, DpU)- [D,U1- Y I ((DPU_(H*]4) |

Te([D, DU [H*]) Tx((DPU)_[D,U]-) ,

from (7a),

Tr([G*)4[DaU]- ) Tx({D°U)-[D,U]-[D,U]-) ,
Tf([G'W]+[DnU]— [D,,U]_)

Te{{G*}4+([DLU]-[Dal) - — [Dal]- [DuU]-)} Te([D*U]-[DLU]-)

and from (7b),

Te([H*] [D*U] ) Te((DPU]. [D,U] - [D"V)-epnap

Te([H#*)..((D°U)-[D"V]- + [D7V]_[D“V)- )} Tr([D°U)_[DyU]-Yepnas -

C. Terms with two D,’s and two x*"’s

Consider now terms of the third level in the hierarchy,
those containing two D,’s and two x**’s. The x*"’s can
be just x if 4 = v, or can be the full ¥** involving the
F#¥g if 4 # v, or there can be one of each. Because
of these different possibilities, and the fact that each x**
has its own parity and charge conjugation quantum num-
bers there are so many options that it is much more dif-
ficult in this case to develop a general result and simply
evaluate it, as was done in the previous two sections. We
will however proceed as far as possible in general, but will
be forced in the end to simply enumerate the possibilities.

Note that we will have to distingunish between the two
x*"’s. To do this we will call one ¥ and the other %.
To simplify the notation we will also drop the Lorentz
indices on x until the end.

‘We can then write the possible terms directly in terms
of the building blocks [4]+ as

Te([DaU]_[D*U)) ,

(137)
(138)
(139)

(140)

(141)
(142)

(143)

(144)

(145)

(1) [Dxl+[DX]+ »

(22) [DU]-[Dx]x[%]x »
(2b) [DU]-[Dx]+[x]+ 3
(3) [DU]-[DU]-[x]+[X]+ -

(146)

In these expressions we must take all independent orders,
and of course eventually put the Lorentz indices back in
and take all possible contractions. The + signs on the y
and ¥ terms are uncorrelated, so that all combinations
must be included. o

To obtain these expressions we have already system-
atically used the total derivative argument of Sec. IIE1
to remove any D?’s. However this procedure may have
hidden some equation-of-meotion terms in this set, which
we want to extract. For example, moving the D acting
on x in (2a) over to the DU using the total derivative
argument could generate a [D,D*U]_ term. There are
some subtleties in such a transformation however. So far
we have eliminated terms high in the hierarchy in favor
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of those lower down, i.e., in this case we eliminate those
with more D’s acting on a single factor in favor of those
with fewer D's. Since we always keep the most general
set of terms at the lower level, it is never necessary to
actually work out explicitly the relation used to elimi-
nate the higher-level term. Here however we are asking
whether a specific lower-level term can be eliminated in
favor of a higher-level one. Thus to be sure one is not
over or under counting the independent terms it will be
necessary here to work out the transformation explicitly.

To do this consider the total derivative
8,(ID,U)_[x]+[X]), where the argument of the deriva-
tive is understood to be a single or multiple trace. Since
total derivatives can be dropped in the Lagrangian, this
can be treated as if it were effectively zero. Thus using
the results of Sec. IIE1 and particularly Eq. (24) we
find

0 = [D,DyU)-[x]+[X]+
+D,U-[Dux]+{%]+ + [DLUL-[x)£[DWX]+
+terms of the class (3) , (147)

where again the traces have not been put in explicitly.
The terms of class {3) arise from the covariant deriva-
tive acting on the U/ and Ut in the various factors [A4]+
together with some algebraic rearrangement to express
everything in terms of the standard factors [A4]4.

Thus we see that we can express a particular sum of
the terms from classes (2a) and (2b) in terms of a class
containing a double derivative term [DuD,U]-. To get
this particular sum we must take a new basls for the
terms of (2a) and (2b) consisting of the sums and dif-
ferences of terms. When this is done we can use this
double derivative term instead of the sum if we wish, but
we must keep the remaining (difference) terms from (2a)
and (2b). Note that we could have started this discussion
with alternative ordering, ) + ¥, but since we always in-
clude all orders of the factors, this gives the same results.

This means that in the general result of Eq. (146) we
may use, instead of (2a}) and (2b),

(Za)' [DU]-([Dx]£[X)+ — [x]+[P&]+)

(2b)’ (DDLU [x)u[¥]s » (148)

(1) [1+ (—1)p e + ()43 D, x4 [Dy %)
(2a)' [1~ (=1)+2¥2+<{[D, U} _([Dyx**}e[X"*)s — [x*®|[DW X" }e) +
D=+#+8+[D, DU [x*F]2 [x"]x + (—1)F(rev)}

(2b)" [1 (=

(3) [.1+( 1) +#+7+<{[D, U] (D, U] [x*?) [x*) + (

In these expressions one must contact the Lorentz in-
dices in all possible ways, including perhaps contracting
with an €,gy5, must take all possible independent or-
ders for the factors, and in the end must take a trace.
The + signs are not correlated, though the (—1)* in the
parity factor will enforce a correlation for given values
of the other quantum numbers. The indication “rev”
means to take the major factors in reverse order. For
multiple traces, one must in addition take all possible

where as usual, all orderings must be taken and the =+
signs are not correlated.

Observe that everything done so far applies to multiple
traces just as to single traces. One sees, by following
through the arguments leading to Eq. (148), that if we
start in (2a) and (2b) with, say, the trace of the first two
factors times the trace of the third, then we will also get
the trace of the first two factors times the trace of the
third in each of the terms making up (2a)’ and (2b)’.

Finally it is possible to apply essentially the same ar-
gument to (1) of Eq. (146) and show that we can use
either of the alternative forms

1)’ [X]:E[Dpvaz]:t )

(1)” [DuD,X|+[%x . (149)

Next we must ensure that parity and charge conju-
gation are satisfied. Recall that effectively under parity
[4)+ = £(—1)PU[A]LU with p being the intrinsic parity
of the operator A. There is also the extra factor of (—1)¢,
where ¢ counts the number of e4gys’s in the term. Let p
and § be the intrinsic parities of x and ¥ and let {(—1)°
here account for the product of + signs coming from the
[x]+ and [X]+ factors only, e.g., s = 0 for [x]+[¥]+ and
s =1 for [x]+{X]-. Thus we get a parity invariant term
by multiplying the forms (1) and (3) by [1+(—1)*TPt7+e]
and the forms (2a)' and (2b)’ by [1 — (—1)s+P+P+e],

To ensure charge conjugation invariance we must add
(—1)°*¢ times the major factors in reverse order, where ¢
and ¢ are the intrinsic charge conjugation quantum num-
bers of x and ¥. For terms of type (1) and the multiple
trace terms from types (2a)’ and (2b)’ with only two fac-
tors in the trace the cyclic property of the trace means
that this amounts to multiplying by the overall factor
[ + (=1)°*%]. For the others the reversed term has to
be added explicitly, though in many cases adding such a
term makes different initial starting orders for the factors
give the same result.

We can now summarize the general form for the two
Dy, and two x*¥ terms as

+ (=1)*(rev)}

(150)
—1)+(rev)} .

combinations of different traces. Just as in the pre-
vious section the evaluation of the result, particularly
the multiple trace part, is simplified by the relations
Tr([D.D,U)_) = Tx([D,U]-) = 0. Also for g # v,
Tr([x*]+) = [x**}- = Tr{[Dax**]+) = 0. Furthermore
[Dax#¥]- can be expressed in terms of other quantities
lower in the hierarchy which have been kept, and so can
be dropped.

We now proceed to evaluate this general expression.
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There are three main cases, namely, {I) x and ¥ both Te([Dux)+[D¥x)+) (151)
simple x's, (II) one a x and the other a x** with u # v,
and (III) both x**’s. Furthermore each x** can be a
G*¥ or an H*Y. We will evaluate the single and multiple Te([Dux]-[D*x]-) » (152)
traces together, as that seems simplest here, and will
always drop irrelevant overall numerical factors. Te(ID Te([D# , 153
Consider case {I) where both x and % are simple x’s. (IDpx]+ ) Te([Dx]+) (13%)
The quantum numbers p = 5 = ¢ = ¢ = € = 0 so that Te([D.v]_VTel(D*
8 = 0 for terms from (1) and (3) and s = 1 for those from (D)D) (154)
(2a)’ and (2b)’. We obtain, from (1), from (2a},
Te{[DWU)- (D* X+ [x- — B+ DX + [X}-[D"X]s — [D¥x]-[x]+)} (155)
Tx([D,U]-[D*x]4) Tr([x]-) — Te([D,U]-[x]+)Tr([D*x]-) , (156)
Te((DuU)-[D*x-)Ix((dl+) — Te(ID,uU]- (X)) Tx([D¥x14) (157)
(.
from (2bY, Te([DuU]-[D*U]-)Tr([x]-[x]-) (168)
Tr{[D,D*U]-([x]+Ddl- + [x]-[x]+)} » (158) :
Te([DuU)- )4+ )T ({D*U)- [x]+) (169)
To((D, DU} (- ) (159)
Te([DuU]-[x]-)Tx([D*U]-[x]-) , (170)
Tr([Du D*U-[x}- ) Tr([x}+) 5 (160) :
Tr([DpU]-[D*UL-) Tr([x]4+ ) Te([X] +) » (171)
and from (3), :
(DY)l bxls) (161) DD DU )T ()T (bd-) - (172)
Of these there are two sets of terms which consist of all
Tr({D.U)-[x]+ [ D*U-Ix]+) » (162)  permutations of factors, Egs. {161) and (162) and Egs.
(163) and (164). Within each set the terms are thus
_ related by the trace relations of Sec. IIE 6 which we use
Tr([DuU)-[D*U]-[x]-1x-) » (163) to eliminate Egs. (162) and (164).
Now consider case (II) where, say, x is the simple x
Tr({D.U]-[x]-[D*U]-[x]-) » (164) and X is one of G* or H*. Now p=c =0, with =0
and é=1for G or =1 and é = 0 for HYS. There are
now four indices so it is possible to have an €5 factor.
Tr([DuU]-[D*U]-[x)+)Tr([X]+) » (165)  Observe that (2b)’, and also (1), if we use the equivalent
form (1)’ of Eq. (149), are symmetric in the interchange
DR Wi _ 166 ¢ +» v and hence they will vanish when contracted either
T((DuU]-[D*U]-[x)- )T (D) 5 (166) with ¥*¥ or €,,4s. Thus nonzero terms come only from
(2a)’ and (3).
Te([D,U]-[D*U) - YTe([x]+ [x]+) » (167) We then obtain from (2a)’ without an €, s factor

Tr{{DWU]-([Dox]-[6"*]+ = []-[DvG* 4 —~ [G*]4[Dux]- + [DuG*)+[x]-)} »

Tr{{DpU)- ([Dux] e [H* 14 — D+ [DeH* )4 + [H* |4 [Dux]+ — [DuH* )4 [x]4)}

(173)

(174)
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TH([D,U)- [H*]4)Tx(Dy x}) — Te{(DuU)- (DL ] ) Te((xls) (175)
and with an €,,5 factor |
Te{[D*U]_ ([D*X}+[G"]+ — [X]+[D¥ G™%)4 — [G7]4 (D" X+ + [PV G4 (x]+) bewns (176)
Te{[DRU)_ (D*x]_[H™®)s — - (D" H ™)1 + [HY]41D" ) — (D" H [ Yepus » (177)
{Tx((D*U)- [HY]4)Tr([D¥x]- ) — Tx({D*U)-[D* ] )Tr([x]- ) beuwys - (178)
|
From (3) without an €,,ys factor we get | Tr([D*U) - [H) £ )Te([D" Ul - [X]+ )eurns - {188)

Te{{DU)-[D U ([x)+[G*]+ + [G**]+[x)+)} » (179) Consider now the third case in which both x and ¥
are x* with ¢ # v. Observe first that s = 0 since
all factors involving x**’s are of the form [ .- x#¥ .. ].
This means that when p + 5 + ¢ is even only (1) and
(3) contribute while when it is odd only (2a)’ and (2b)’
Te([D U] [P, U]-1G*]+)Tr([x]+) » (181)  contribute. Furthermore for the HH or GG terms p +
p+€ — ¢ and ¢+ € is even whereas for the GH terms
p+P+e—14¢and ¢+ éis odd. All of the individual
Tre{[D U)-[DU]-([x]-[H*]+ — [H*]4[x]-)} , (182) factors are traceless, so the only multiple traces possible
' must involve two factors and thus can come only from
(3). Finally by considering various permutations we see
that we get fewer terms at this level if we use the (1)
form instead of the (1) form.
We thus obtain, from (1)’,

Tr([DuU]-[x]+ [P U]-[G*]4) (180)

Tr([DuU)- [H*]+) T ([DU]-[x]-) (183)

and with an €., factor

Te{[D*U]-[D*U]- (- [G*)+ + [G°]+ - ) Y » T([C*]4 [DuD*Cugls) | (189)
(184) |
Tr([G*)4 [Da DG )4 ) (190)
Te((D*U]- (- [D*U}-[G™) 4 Jeuns »  (185)
Te([DHU)-[D*U)-[G™)4) Tr([x]-eurs »  (186) Te((H*] 1 [D,D" Hagl+) , (191)
Te{[D*U].- (DU} O+ [H Ly = ) D+ ) ewms » T ((H]+[DaD"Hgy+) - - (192)

(187)  From (3) we get the following terms without an ¢ g.s:

}

Te((DuU)-[DU)- (6] (Gl | (193)
TH([D,U)- (6] [DHV]- (Gl | (194)
TH([Dal)- [DPV)-[6°"]1[Gal) (195)
T{[Da]-([6°14+[D°U)_{Gpqls + [Ganl+ [D°VI- (™))} (196)

Te({Dal]- [DPU)_[Gpr )+ [6°7)4) , | (197)
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(DU )-(D#U) T (6] [Gapls) , (198)
TH({DLU)- (6] e (DU [Gasls) , (199)
(DU DU TG Gl (200)
TH([Dal)- (G4 Y (0P (G +) (201)
(DU [P )T(DU-Garle) , (202)
T([D,U)-[D#U) (B [Hagl+) (209)
TR(DLU)-(H)4 [DHV]- [Hag)+) (204)

| TH{(Da)- (DU [H), [Hp,s) | (205)
T{{ D] ((H*")4 [DPU)-[Hp, s + (Hon} [DU)_[H®]1)} (206)
TH((DaU]- (DPU)- [y ]+ [H).) (207)

| (DD H L Hagl) ()
TH((DWU)- (Ho#) ) TH{(D*U)- [Hagls) | (209)
(DU [DPV) YT (H* [Ha 1) | (210)
Te({Dal]-[H*) ) T((D°U) - [Hp, 1) , (211)
Te({DU_[H*) ) Tr({DaU)- [Har+) (212)

Of these there are four sets of terms whose elements are related by the trace relations of Sec. IIE 6, namely, Eqs.
(193) and (194), Egs. (195)-(197), Eqs. (203) and (204), and Eqs. (205)-(207). We use those relations to eliminate
one term of each set, Eqs. (194), (196), (204), and (206).

The €ap45 terms from (3) are

Te{[D, U] [D*U)_ (G2} (H ™)1 — [H7]4[G™)4) Yeaprs - (213)
T{[DHU]_[DU)_(GP)+ Ha}s + [Ha 141G ) ey (214)
Te(|DU)- (6] [D*U)-{Ha ") ey » (215)
Te{[D*U] - (IDaU)- (G4 [H ™)1 — [H714 G4 [Dal]_)Yepsrs » (216)
Te{[D“U)- (G| [DaU] - (™)1 — [H¥ ] [DaU)-[G%11 ) }eupns (217)

Te{[D*U]-(G* )+ [H°]+ [Dal]- — [DaU}-[H ™11 [G*]4 ) }eupns » (218)
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T{[D*U]-([DaU}-[H®]1[G™]4 — (™) [H*?]4[Dol]-) }eugrs » (219)
T{[D*V)-([H*]+[DaU)-[G7)+ = [G"°)4 [DaU]-[H*") 1) Yeusrs (220)
Te{ [D*U)- (H*)4[G"°)4 [Dal) - = [Dal]-[G™)+ [H*P] 4 ) Yeupys - (221)

There are two sets of epsilon relations, as described in Sec. IIE 7, among this group of terms. One consists of two
relations among the set Eqgs. (215), (217), and (220) and will be used to eliminate Eqs. (217) and (220). The other
involves three relations among the set Eqgs. (213), (214), (216), (218), (219), and (221) and will be used to eliminate
Egs. (218), (219), and (221).

From (2a)’ we obtain

Te{[D,U)- (DG, [Hapl+ — [Gapls[D*HOP]; — [Hap]1 [D*G], + [D*HP) [Gagls)} » (222)
Te{[DaU)- (D7), [Hogls — (6] (D7 Hyp) ~ [Hyl+ [DTG%P),. + [DVHogl 1[G} (223)
Te{[DT0)- ((DaG* |4 [Hyp)s ~ (G4 [Dangls — [Hopls[DaG®)y + [Daopl[GF10)}, (229
T{(DAU) (D )y ~ ) [D B} e (225)
Te{(DAU]- (DuH P} [H ) = [HP )4 [DaB ™)~ [DaH e H L + 74 Dal ) eusys (220
Te{[DaU)-([D*Ho®) (B, — (HL,[DHH™] — [D*HY](H), + (B [D*H] ) eupns »  (227)
TH{{DHU)- (1D C*)4[Ga4 — (G [D*Ca™]) ey » (228)

TH{(DA0) (D)6 = (€ DaGP]s ~ DG4 1671 + O T41DaG N Yeusrs s (226)
T{{DaUl-(ID*GP1 Gy — [GP1 DG — [DPGP1L[G%)s + (G4 (D G )Yeupns - (230)

There are two sets in this group, Egs. (225)-(227) and Eqgs. (228)-(230), each related by a single epsilon relation
which we use to eliminate Eqs. (227) and (230).
Finally from (2b)’ we get

Tr{[DuD*U)- (16} [Hopls ~ [Hopl+[G°]4)} | (231)
Tr{[Da DU ([G*®)+ [Hopl+ = [Hop)4(G*)4)} (232)
Tr(|D, DU [H*] [H ] )eapns » (233)

| T {[D* Do Ul ([H*®] [H®) 4 + [H™*) 4 [H*]4) beugqs (234)
T.r([D;D*‘U]-[G“ﬁh[é""h)eaw . (235)

Te{[D* Dol ] ([6°?)+ 1674 + (G [G*) ) Yeupns - (236)

There are two epsilon relations for this group, which allow us to eliminate Eq. (234) in favor of Eq. (233) and Eq.
(236) in favor of Eq. (235). Note that this is again a case where it is important, if we are to minimize the number
of terms, to use the relations to eliminate the non equation-of-motion terms, as the equation-of-motion terms can be

eliminated in a different way.
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D. Terms with no D,’s and three x**’s

Consider now the final case with three x¥*"’s and no covariant derivatives. This is relatively simple compared with
the previous cases and we can write the general case directly:

[1+ (=1)etertpotpotel ] (P 3 3%)e + (1)@ oot M (xgP)a ) -

Here p; and c; are the intrinsic parity and charge conju-
gation quantum numbers of the three x’s. The % signs
are not correlated and as before (—1)” is the product of
the signs coming from the parity transformation on the
individual [4].s, counting + for [A] and — for [4]._. By
virtue of the second term with factors in reverse order,
which comes from charge conjugation, the interchange
of x5 and x3 gives, up to a sign, the original expression.
Thus the three x's can be treated as distinguishable from
the beginning.

For the simplest case with three simple x’s all of the

p; and ¢; as well as ¢ are zero, which requires s = ¢ also.

Thus we get
Tr(Dxl+ D+ [x1+) (238)
Tr([x]-[d-[x]+) (239)

Tr([x]+) Tr([x}+ D +) » (240)
Tr{[x]+)Tr([x])-x]-) 5 (241)
Tr([x]-)Tr([x)-[x+) 5 (242)
Tr([x]+) Tr([x] ) Tx(xl+) (243)
Te([x]+) Er{{x]-)Tx ([x]-) - (244)

There are no terms with two x’s and one x*” as there
is nothing with which to contract the indices. With only
one simple x the general form of Eq. (237) reduces to

1+ (=12 {71 X3+

1 bl x5+ ) (245)

since [x**]- = 0 for ,u # v. We see from this that if
X2 = X3, SO that both are H#"’s or both are G**’s, then
s = 1 if there is an epsilon term and s = 0 if not. Th;s is

reversed if x2 # Xs. The number of multiple traces will

be quite limited because Tr{{x**]z) = 0 when p # v.
Thus we obtain

Te{fx]+ [H* 1+ [Huvl+) » (246)

ﬁ([X]+[G#V1+[Gyv]+) [ (247)

(237)
Te{{- (H* )+ [Guls — Gl [H™])} . (248)
Te(( ) TR((H* L4 [ H ) (249)
Tr(( ) TG 14 (G 4) (250)
T[] (] Jeags (251)
Tr([x]-[6°]4(G™)+ )eaprs » (252)

Te{Dx+ (H*14[G7) = [G7°]+[H*)4 ) Jeapys , (253)

Te([]- ) Te((H )4 [H ] Jeapos (254)

() T (™1 (67 Yeaps (255)

Finally when all three x’s are x**’s the number of
terms is very limited because of the parity and charge
conjugation factors and because all factors are traceless.
We find

Tr([G*]+[Gual +{G2]+) 5 (256)

Te([G* )+ [Hua) + [Ho "] +) 5 (257)

Te{{G*]+ (1G] + [Hp ")+ — [H*]+[G5")+) Yeuvar -
(258)

The last of these, Eq. (258}, is identically zero by virtue
of the epsilon relations of Sec. IIE 7,

IV. SIMPLIFICATION AND REORGANIZATION
OF TERMS IN THE LAGRANGIAN:
FINAL RESULTS

. We have now derived in Secs. IIT A-IIID the complete
set of terms contributing to the order p® Lagrangian Cs.
The results are scattered through these sections in the
order they were derived. We now want to collect those
results in one place in the form of a Lagrangian with
effective coefficients analogous to the standard Gasser-
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Leutwyler Lagrangian. In the course of doing this we
want to simplify the forms as much as possible and to
reorganize them so as to select out those terms which are
likely to be most immediately useful.

A. Equation-of-motion terms

In the course of the derivation we have extracted as
many terms as possible which are proportional to the
factor [D, D*U]. which we have called the equation-of-
motion terms and have stated, but not proved, that these
can be transformed away. Details of this transforma-
tion procedure are given with respect to Lg in [43] and
with respect to lower orders in a number of earlier pa-
pers [14,16,17]. Here we just outline the general idea, as
it produces a large reduction in the final number of terms
which need to be considered for the general Lagrangian.

The lowest order Lagrangian is given by

2 2
£2 = DD UDH0)} + LUt + U - (259)

From this one can ob;cain the lowest-order or classical
equation of motion OE())M = 0, where

Oy = 2D DM}~ 2l + 3Te(x) . (260)

We observe first that we can make the replacement
[D.D*U]- — Ol(ﬂzc))M in each term where it appears,
where as always we have dropped the irrelevant numeri-
cal factor. Since we have the most general form the extra

terms added and subtracted to get 01(3:2())1\4 are just terms
we already have.
Now make a transformation on the fields of the form

U U =exp(aS)U , (261)

where § = ST and Tr(S) = 0. It is a general result

[44-49] that such a transformation does not affect mea-

surable quantities such as the S matrix. Applied to £;

it generates a correction to lowest order in § of the form

[43]

2
8Lz = E‘;amz-soggM) (262)
and we can choose an S of order p* so that this term
cancels the equation-of-motion terms in £4. This trans-
formation generates corrections at order p° as well [43),
both from the second order in S correction to Lo and the
first order in & correction to £4. For our purposes these
corrections can simply be absorbed in the terms of Cq
since we have the most general form. Finally we make a
second transformation on £, using an § of order p* and
thus generate a correction term analogous to that of Eq.
(262) which is of order p® and proportional to Og())M‘ By
choosing § properly we can eliminate those terms of Lg
which contain Ol(azc))m
The conclusion one draws from this discussion is that
in order to generate the most general Lz in its simplest

form, we can just drop all terms proportional to O](E%M.

This allows us to eliminate the 23 terms given by Egs.
(41): (42)v (45)’ (59)_(62)5 (83)1 (84): (86)3 (89)’ (95)_
(98), (102), (118), (122), (137), (158)—(160), (231), and
the additional 6 terms containing an e,gys given by Egs.
(46), (111), (112), (125), (233}, (285). For completeness,
these terms are given explicitly in Table IX in Appendix
B. Recall that three additional equation-of-motion terms,
Eqs. (43), (44), and (85), had previously been eliminated
using the trace relations.

It is important to note that this argument must be
applied with extreme care if one works in the other di-
rection. Thus if one starts with a particular £¢ generated
from some model which contains terms proportional to

Og(),M and tries to put it into the general form we have
derived it will be necessary to keep track of the changes
in the coefficients generated by the successive transfor-
mations, particularly the second order correction to Ly
which would be missed by just dropping the O(E%M terms.
This is explained in more detail in (43].

B. Reorganization

In the course of the derivations of the preceding sec-
tions we devoted a great deal of effort to getting all of
the terms of the Lagrangian in a systematic way, without
any thought at all as to which terms would be of most
practical importance. It is clear however that there will
be some terms which will be of immediate importance for
simple processes. In fact there have been already recent
calculations, e.g., [39], which in the absence of the gen-
eral Lg, have included a few ad hoc p® terms, motivated
by the need to cancel infinities arising from the loops in-
volving £, and £4. On the other hand some terms in
Lg contribute only to processes which are so complicated
that they probably will not be of practical interest for a
long time. For example, naively the factor [D,U]_ goes
like 8,,¢ in leading order and so it would seem that a term
like that of Eq. {54) would contribute at tree level only
to a process involving six boson fieids, which is probably
not of much immediate interest.

One concludes from the preceding discussion that it
would be useful to organize the terms in the Lagrangian
in such a way as to separate out those contributing to
simple processes. Such an organization is more sub-
tle than it might seem however. Consider, for exam-
ple, the simplest factor appearing in many terms of
the Lagrangian, [D,U]_. If we start with Eq. (15)
for U and expand in powers of ¢¢ we get symbolically
U ~ 1+41i¢p+ O{¢?), where we have absorbed the Fp into
¢ for the purposes of this section. Now using the first
line of Eq. (18) we expand [D,U]_ as

[DuU)— ~ i8¢ — i(Bu — L) + [Lus 9] + 0(¢) -

If B, = L, = 0, corresponding to pure QCD with no
external fields, then [D,U]- ~ 8,¢ and a term like Eq.
{54) which involves six D,’s does contribute only to a

(263)
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process with six bosons in accordance with our naive ex-
pectation. In general however when R, # L, this term
could contribute to anything with n bosons and 6 — n
external fields, where 0 < n < 6. Thus for the general
case it does not appear possible to sort the terms in a
useful way. '

However, if we limit the external fields to the electro-
magnetic field, which is a useful physical situation, then
we can take B, = L, = —eA,Q, where A, is the elec-
tromagnetic field, e > 0 is the electric charge, and @ is
the diagonal quark charge matrix 3Q =diag(2,—1,-1).
This allows us to classify the various terms according to
the number of boson and external electromagnetic fields
required in the process in order that the term produce
a nonzero contribution in this lirait. The explicit term
of course remains perfectly general, but the sorting into
various groups depends on this special assumption.

With the assumption of only external electromagnetic
fields, i.e., R, = L, = —eA,Q, and with x = x' the
various building blocks contribute to order ¢ and lower
as

[DuU]- ~ ¢, 44,
(DuD U]~ ~ ¢, Ad, A% ,
X+ ~ X x¢
[Diix]+ ~ x, x¢, Ax, Ax ,.
X]- ~x¢,
[Dux]- ~ x¢, Axs ,
(DuDux]- ~ x¢, Axp, A?x
(G*]+ ~ A, Ad,
[DaG*)y ~ A, A ,
[DaDgG* ]y ~ A, A ,
[H*]4+ ~ A,
[DoHY]4 ~ Ap, A%,
[DaDgH¥ |, ~ A¢, A%, A% .

(264)

Note that for the electromagnetic case and in addi-
tion the usual choice of ¥ = 2B¢M, with M the di-
agonal quark mass matrix, M =diag{m,, mq, m,}, the
quantities [Dux]+ and [D,D,x]+ actually vanish since
(@, x] = 0 implies D,x — 8.Xx. We keep them, however,

to preserve a bit more generality.

There is another useful simplification we can use also.
Under parity, using the results of Sec. IIE5, we have
in effect for each term U — Ut, x = xf, R, & L*,
and F§” & F;’r‘,',, with an extra minus sign for the eygvs
terms. This means that for the electromagnetic or pure
QCD case, with R, = L, and F§” = F{", and with
x = x!, we can use the fact that U — Ut is equivalent
to ¢ —» —¢ to show that parity invariance implies that
terms without an €,gs will have only even powers of ¢
while those with an e,g.s will have odd powers [29,30].

We have used both of these simplifications to group
the terms in the final result of Tables II-VII according
to the smallest number of ¢’s and 4,’s which a term can
have, There can be more than the minimum number of
course, if one goes past leading order in the expansion in
powers of ¢. Also it is possible that there may be acci-
dental cancellations which make the leading term vanish
so that a given structure may in fact have more ¢’s or A’s
than indicated in the tables. In a few cases the leading
behavior of the structure contains no ¢’s. These terms
have been included with the terms having two ¢'s, since
such nonleading contributions would seem most relevant
for practical calculations.

To see how this sorting works, suppose we are inter-
ested in the contact terms at order p® contributing to
the process ¥ + v — 7 + m. We thus need two ¢’s and
two A,’s in tree level. Thus none of the terms of Tables
III-VII contribute as they require an odd number or too
many ¢’s. Of the terms in Table II the first group has
no A,’s and the last group has too many, so neither will
contribute. Thus we need consider only the middle three
groups, and even some of those terms will vanish because
as noted above [D,x]+ and [D,D,x]+ vanish.

If one wishes to consider a general external interac-
tion which has R, # L, then there seers to be no sub-
stitute for considering each term in detail to determine
which will contribute. We emphasize again that the re-
sults listed in Tables II-VII are compietely general and
appropriate also for general external interactions. Only
the classification info groups depends on the assumption
of just the electromagnetic interaction.

C. Simplifications

The notation used so far was developed to simplify the
derivations. It has the advantage of leading to a La-
grangian which depends on a relatively small number of
building blocks which have well defined and simple trans-
formation properties under parity and charge conjugation
and Hermitian conjugation.

For the purposes of calculation however there are a few
simplifications which will be collected here for reference,
though most have been mentioned earlier. Some may
simplify the evaluations in specific cases.

The building block [D,U]_ can be written as
(DU = (D UYUt = —U(D,U). Under the trace the
U’s and UP’s for the most part comamute through and
collapse to unity so that the effect is to convert a string
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TABLE II. Terms in the Lagrangian with two or more ¢'s, sorted according to the minimum number of electromagnetic
fields A,. The formulas are general, but the sorting order and number of ¢'s depend on the specific assumption of external
electromagnetic fields only, i.e., on the assumption R, = L, = —eA,Q, and on x = x' as detailed in Sec. IV B. The quantities
[Dux]+ and [DuDyx]x vanish if one in addition makes the usual choice ) = 2BoM, but have been kept here for generality.

Terms with leading behavior independent of ¢ have been included with the two ¢ terms.

D, Dy A is assumed to be symmetric in its indices in accord with Eq. (27).

The double covariant derivative

Terms in the Lagrangian with two or more ¢'s and no A4,'s possible Eq.

BT[] 7 ) (235)
+B>Tr([x] - [x- [x]+) (239)
+ By Te{[)) T (s ) (240)
+BaTr([x]+ YIX (D) - [x]-) (241)
+BsT(pd- )T [xd+) (242)
+Ba (] YTr(pd B (d+) (243)
+ByT([x) I T (] (244)
Terms in the Lagrangian with two or more ¢'s, with an A, possible but not necessary Eq.

+BsTr{[DaDpU}-(ID*UI-[D X1+ + {D"X]+[D*U]-)} (90)
+By Tx([Da DpU)- [D*U] - )Tx({D?x]+ ) (103)
+B1oTr([Dyux]+ [D*x]+) (151)
+ B Te([Dx)- [D*]-) (152)
+ By (Do) )T ([D*x)+) (153)
+ BisTe([D,x)- Y Ir([D*X)) (154)
+BuaTe{[D, U] (D" ]+ b = [+ [D*x1- + [~ 1D*x+ — [D*x1-bd4)} (155)
4 Bys{Tx{{D,U) - [D* ] YEr(pd-) — Tr(D,DY el YE(1D¥x] )} (156)
+Bio{ (1D, [D*¥]-)Tx((x)+) — Te([DuU)- [ - ) Te([D#x] )} (157)
+BirTe([D,U]-{D*U) - {x]+ [x]+) (161)
+B1s Tr([D,U]- [D*U) - [x]+ ) Tr([x]+) (165)
+ B TH([D,U]- [D#U] ) Tr((x+ [x]+) (167)
+BaoT([D,U]- [+ )x([D*U)- [+ (169)
+ By Te([D,.U]- [D#U] Y Tr (T () (171)
Terms in the Lagrangian with two or more ¢’s and at least one A, Eq.

BT {[D, D°U]— ([DsU]-[DsG™]; — [D,G™ [+ [DzU]-)} (123)
+iByy Te{(D,D?U)_{(D.U]- (DsG* L1 — [DpG*][D, U]} (124)
+iBauTr{[D, U] -[DuU) (D +[G* ]+ + [6*)+ x4} (179)
+iBasT((D,U] [+ DL U)_[G*]) (180)
+iBsoTH{(DLU]_ D, U] (6"} Tr{ix]+) - (181)
+iBy T{{DuU)-([Dyx)- 16"+ — D~ 1D G4 — (641D + (DG 14 [} (173)
+iBas Te{[DuU)-([Du x4 [H*)+ — b4 (D H™]. + [H*]4[Duxl+ — D, H™ )1 b4 )} (172)
+iBao{ (DU [H* 1) Te (Do) — Tr(IDul)- (D HE 1) Tr (x4 )} (175)
Terms in the Lagrangian with two or more ¢'s and at least two A,’s Eq.

+B3o Tr([G*P}4 [Du D Gagl+) (189)
+B31 Tr([G*®] 4+ [Da D7 Gpyl+) (190)
+Bay Tx([H )4 [D, D* Hag)+) (191)
+Bas Tr([H*]+ (Do D" Hpy)+) (192)
+B3a Tr{[D,U) - [D*U] - [G*P4 [Gap]+) (193)
+BosTr(Dol]-[D°U]-[C*"14(Gps ) (195)
+Boo Tx([Dal]- [DPU)- [Ga, 4 [G*7]1) (197)
+ By Te{[D, U] - [DHU) Y Tr([G*®)- [Gucs)+) (198)
+Bss Tr([D,.U] - [G°°| 4 ) Te({D*U] - [Gapl+) . (199)
+ Bso Tx(| Do)}~ [DPU] Y TX([G""]+ [Gpr]4) (200)
+BuT([Dal] - [G*)1)Tx([D°U)_ [Gpr)4) (201)
+Byy Te([D"U)- [G°"] )Tr([D ] [Gael+) (202)
+BaoTe{[D,U]-([D* G}, (Hopl+ — (Gogls [D*H*, — [Hus]+{D“G°“’ J+ + [D*HP)4 (Gapl 1)} (222)
By Te{[Dol- (DG |4 [Hypls — (G4 (D" Hopls — [Hrg )+ [D"G1 + D" Hyl4 [G*)1 )} (223)
+ By Te{[DVV] - ([DaG™ ‘a]+[H~m]+ = [G*)4{DaHyp)+ — [H’Yﬁ]'i'[D“G 81+ + [Da “fﬂ]+[G 141} (224)
+BusTH{[DaD"UL_ (1G4 [Hypls ~ [Hyal+[G])} (232)
+BigTx{[x]+ 1™ 4 [Hou ) (246)
+Bar Te([x] + [6*"]+ (G uv]+) (247)
+BiTe{ [ ((H*]4 (Gt = (G4 (H*]4)} (248)
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TABLE II. (Continued).

Terms in the Lagrangian with two or more ¢'s and at least two A,’s {continued) Eq.
+Bas Tr([x]+ )T ([H** ]+ [Hyv]+) ' (249)
+BsoTr([x])+) Tx([G**}+[Guv]+) (250)
Terms in the Lagrangian with two or more ¢’s and three A,'s Eq.
FiBe T ([G™ [+ [Crea+1Go 1) (256
+iBea TR ([C*)+ [ Hyol + (L T4) (257)

TABLE III. Terms in the Lagrangian with four or more ¢'s sorted according to the minimum
number of electromagnetic fields A,. The formulas are general, but the sorting order and number
of ¢’s depend on the specific assumptions described in Sec. IV B and the caption of Table II. The
double covariant derivative DD, A is assumed to be symmetric in its indices in accord with Eq.

@n.

Terms in the Lagrangian with four or more ¢’s with an A, possible but not necessary Eq.
+BesTr([Du DU - [D*DYULL [ DU [D*U] ) (47)
+Bsa Tr([Dp DL U) - [D* D*U) - [D*U] - [Dal}-) (48)
+Bss Te([ D D U] [D* DU [ D U] - [DYU]-) (49)
+Bse Tr([D, DU [D#*DYU) YT ([D U} - [D*U)..) (63)
+ B Tr([ D, D U - [D* DU _YTe([D¥ U] - [DoU] -} (64)
+Bgs Tr([Dp DL U]~ [DaU]-)T¥([D* D*U].[D*U] ) (65)
+BgeTr([ D, DL U)-[DYU] )T ([D* DU - [DaU]-) (66)
+BeoTx([ DD U |- [DU]- )T ([D* DU [D"U]-) ‘ (67T)
+Ba1 Tr{[DoDpU]- [D*U] - [x] - [DRU] ) (88)
+Ber Tr({x] +[Dal)- [D*U| - [DgV]- [DPU]-) (91)
+BosTr([x]+[Dal]- [DpV] - [D°U]_[D°U]-) (93)
+BeaTr(|Da DpU)- [D*U]-) Tr([DPU]_[x]-) (99)
+BesTr{[ Do DU [x] - )TX(|D*U)-[DPU)-) (100)
+BasTx([Do D] [D°U)- [DOU)_Y1x([x]-) (101)
+BerTx([x}+) Tr((DaU) - [DU)_ [DpU] - [DAU]) (104)
+Bea Tx([x)+ {DaU] ) Tx((D°U]-[DaU] - [DAU]-) (106)
+Bos Tx([x)+ [DeU] - [D°U] - )Tx([ D] - [D°U].) (107)
+BroTr([X]+ [DaU} - (Do) - YTx([D*U) - [DPU].) (108)
+BryTr([x+ ) Tx((Dal) - [D*U) - YTx([DpU] - DU ) (108)
+BryTr([x]+ YT ({DaU1— (DU} Tx([D*UV] - [DPU)..) (110)
+Brs Tx([D, U1~ [D*U] - b - xd-) (163)
+BrsTx(|D,.U]- [D*U] - [ Tr([x-) (166)
+BrsTr{([D, U] [D*U)-) Tr (] - [ - (168)
+BroTx([Dcl]- - )X ((D*U) - [x]-) (170)
+BryTr([D, U] - [D*U]-}Tr([x]-) Tr((x]-) (172)
Terms in the Lagrangian with four or more ¢’s and at least one A, Eq.
B[, DpU- (DPUI-[D,U]_[H" ] + [H*]; [D,U]_[DPUL)} (119)
+iBroT{(D,. D) (D U] - [DPU] - {H*]. + [H**]4[DPV].[D,U]-)} (120)
+iBsoTr{[G** 4 ({DuU] - (DU - [Dal} - [D*U)_ ~ [Dal]~[D*U]-[D.U]-[DU]-)} (129)
+iBar Tr{{G**]+ (DU~ [DuU) (D, U1 [D*V].. - [DeU]_[D, U] [D*U]-[D,U]-)} (130)
+iBsy Tr([G**}4+ [Dul] - [Dal] - [D*U] (D, U] ) (131)
+iBas Te((G*]+ D] (D,U] - [D.U] - [D°U]-) (132)
+iBesTx(1D, DpU]- [DPU).)Tx([D, Ul [H*"]+) (138)
+iBosTx({D, DpU)- [D U] YTe([DPU}- [H**]) (139)
+iBaoTr{[D,DaU]_[H**] YIx([D°U}_[D, 1) ) (140)
+iBer Te([G* ]+ [ DU )T ([DU) - [DLU] - [DLU]-) {141)
+i B Tr([G* ]+ [Du U] - [DLU] - )Te([DUS- [D*U]-) (142)
+iBes Tr{[G* ]+ {[DuU] - [PlU]- — [PoU]-[D. U] Y YE((DU)_[D.U]-) {143)
+iBao Te{[D,U)- (D U] ([x] - [H*]+ ~ [H*]+[x]- )} (182)

+iBoy Te([DuU) - (H* ]+ YIx([D U] - [x]-)

(183)
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TABLE II1. (Continued).

Terms in the Lagrangian with four or more ¢'s and at least two A,’s Eq.

T BorTe([D,U] - [D"U]- (BT [Hog]1) (203)
+Bos Te({DaU] - [DPU) - (H"] [Hs.+) (205)
+BouTx([DaU)-(DPU]- [Hoo ) (H 1) (207)
+Bos Tr([D, U] - [D* UL ) Te([H*P] + [Hag)+) (208)
+Bos Tr([ Dy U] - [H*P) 1 )Tx((D* U] - [Hap)+) (209)
+Bor T([DalU)-[DPU) YT ([H"] [Hp +) (210)
+Bos Tr([Da U] [H*7]+ )Tx((DFU)_ [Hp]+) (211)
+Boo Te({DU]_{H7]4 ) Tx([DpU] - [Hory |4 ) (212)

TABLE IV, Terms in the Lagrangian with six or more ¢’s. The formulas are general, but the
sorting order and number of ¢’s depend on the specific assumptions described in Sec. IV B and the

caption of Table IL.

Terms in the Lagrangian with six or more ¢’s with an A, possible but not necessary Eq.
+Bi1ooTr{[DU)-|D*U]-{DgU] - [D°U)_[D, U] [D*U).) (54)
+B101 Te([ Do) - [D*U]-[DpU] - D, U] - [DPU)-[DU)-) (55)
+ B2 Tx([DoU] - [D*U] - [DyU) - [D,U) - [D"U)- [DPU] ) (56)
+B1osTx([Dall]-[DpU) - [D,U) - [DU]_[DV)_[D"0]) (57)
+B10aTr([D,U]- [D*U)_YTx([Dol] - [D°U) - [DpU) - [DV)..) (68)
+BiosTR{(DuU]- [D.U)-)Tx((D*U] [D*U) - [DoU)- [D°U)._) (70)
+B10s T((D,U) - [D*U)- [Dal)- YIX([DpU) - [DU] - [D°U]-) (72)
+B107Te([D UL - (DU - (DU YE((DHU - (DU -{D*U]_) (73)
+Bi10sTe([D,yU] - [D, U} [Dal) ) Tx((D*U) - {D°U] - [D*U] ) (74)
+Bios Te([D,U) - [DAU]_YTx({Dall] - [D*U}-)Tx([DpU) - [DPV] ) (75)
+B110Tx([D, U}~ [D*U] - )Tx([DolU)- [DpU] - ) Ix([D*U] - [DU]- ) E%g

T

+B11Tx([D,.U} - {D. U] ) Tr([D*U) - {D*U) - YIx({D*U]- [DaU])-)

341

TABLE V. Terms in the Lagrangian with one or more ¢’s and an e.gys {€o12s = +1) sorted according to the minimum
number of electromagnetic fields A,. The formulas are general, but the sorting order and number of ¢'s depend on the specific

assumptions described in Sec. IV B and the caption of Table II.

Terms in the Lagrangian with one or more ¢'s, an €45, and at least one A4, Eq.

+AT{[D*U]-([D*X]+[6™"]+ = P+ [D7G ™+ =[G4 [D¥xJ+ + DY G |1 [xX]+) teueme (176)
Terms in the Lagrangian with one or more ¢'s, an €,g+4, and at least two A,’s Eq,

+iA7Te{[DAU] (D" G4 [Gu}4 — (614 (D" Cu] ) Yepviy (228)
+iAsTr{[D*U) - ([DaG*P|4 [G™]s — (G4 [DaG™ ]y — [DaG )4 [G%P)4 + [G7*]4[DaG*)+ ) }eupys (229)
+iAT([X]-[G*]4 [C7 ) Jeaprs - (252)
+iAs Tr{[x)+ ([H®]+ [G"]4+ — [GV]4 [H*®]4 ) eapys (253)
+iA6Te([x]- ) Tr([G*)4[G" |+ Jeapys (255)

TABLE VI. Terms in the Lagrangian with three or more ¢’s and an €.gys, (¢0123 = +1) sorted according to the minimum
number of electromagnetic fields A,,. The formulas are general, but the sorting order and number of ¢'s depend on the specific
assumptions described in Sec. IV B and the caption of Table II. The double covariant derivative DD, A is assumed to be

symmetric in its indices in accord with Eq. (27).

Terms in the Lagrangian with three or more ¢’s, an e,ps, and at least one A, Eq.

+ A7 TH{[D*DPU]-([DaU]-[D U] _[G"T — ("1 [D"U]-[DpU}=)}earar (113)
+AsTe{[D* DAV ((DU] . [DgU_[G**], — ("], [DpU]- (D] Y carpp (115)
+4Te([D* DgU)- [D"U]_[G*) [D°U)_Jersy (117)
+A10Te{[D*DPU) _([DpU]-[DYH**]4 + [DYH*)4+[DsU]-)}€anus (126)
+Au Te{[D*DAU)_ (DU (D H**] + [DgH*|4[D7V]-)}earyur (127)
+ATH{{D*U)- [D*U]- (-7} + [V ] s (184)
+ A3 Te([DU) - [x] ~ (DU~ [G") Yepurs (185)
+ A2 Te{([D*V] _[D*U]_[67*]4 YTe(x] - Jewors (186)
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TABLE VI. ( Continued).

Terms in the Lagrangian with three or more ¢’s, an €.g45, and at least one A, (continued) Eq.

+A1sTe{[D*U)- [D*U]- ([x)+ [H]+ — [H"*}+[x)+ ) Jeusne (187)
+A16Tr([D*U] - [H™*) £ )Tx([D U] - )+ )euns (188)
+ A Te{[DU) - ([D* X~ (B4, — x|~ (D" H") + [H"][D*X]— — [D*H")[x]-)}esuns (177)
+ A1 {Tr([D*U)- [H"}+)Tx([D*x])-) — Te((D*U)- [D* H* |4 )Tr([x] - ) Yeuirs (178)
Terms in the Lagrangian with three or more ¢'s, an €444, and at least two A,’s Eq.

A T {(D,U]- (DU (G 1+ s — 714G+ eapins (213)
+iAgoTr{[D*U] [D°U)_([G® | [Ha ). + [Ha ™ [G 1) }ewupr (214)
iAoy (DU} (G, [D*U)_[Ha™] euvpr (215)
+iAa Te{{D*U]-([Dal]- (G4 (H)4. = [H*)4[G*°]4 [Dal] - )}eupys (216)
+iAgs Te{[D*U] - ([D” H*?| 4 [Ha")+ — [H™}4{D” Ha"}4) Yepvsy (225)
+i A Tr{[D*U] - ([Da HP |4 [H™ ] = [H?]4 [DaH]s = [DaH ") [HP) + [H"){[Da H )4 ) eupns (226)
+iAgs Tr([x] - [H ]+ [H "]+ )eapys - (251)
FidaeTr([x] - ) T((H 14 [H™ |+ )eapys (254)

TABLE VII. Terms in the Lagrangian with five or more ¢’s and an €agys (€012a = +1) sorted according to the minimum
pumber of electromagnetic fields A,. The formulas are general, but the sorting order and number of ¢’s depend on the specific
assumptions described in Sec. IVB and the caption of Table IIl. The double covariant derivative D, D, A is assumed to be

symmetric in its indices in accord with Eq. (27).

Terms in the Lagrangian with five or more ¢’s and an €asys, with an A4, possible but not necessary ' Eq.

Az Tx{[D" D* U] (D, U]-[D°U]_[D"0]- [D°0] - + [DU-[D70]-[070]- D Reusns (52)
+iAzsTr([x} - [DaU]- [DpU)- [DyU] - [DsU] - )e** (94)
Terms in the Lagrangian with five or more ¢'s, an €apys, 2nd at least one 4, Eq.

Az T {[H™ ]+ (D*U]-[DPU][D,U]-[D7U]_ + [D,U]-[D70]- [DPU}-[DT] )} et (133)
+ AsoT{[H*], (ID*U]- [D,U]_[DPU]- [D"U].. + [D,U]-[DPU]_[D70]-[D“V]-)}¢uvap (134)
+ A Tr([H*]4 [D*U}- ) Te([DU] - [D4U]-[D*U] - Jeuvap (144)
+ Ay Te{(H*]4([D°U)-[D7U)- + [D"U]_[D*U])}Tx([D’V]- [D,U]- Jepwan (145)

of [D,U]_"s to a string of (D,U)’s and (D,U)Ps.
The factors [G*¥] and [H#¥], can be expressed in
terms of the original F5" and F{* via

[G*)y = G*UT = UG = (Fi + UF"UY) , (265)

[H*]) = H*UT = UE*T = (Fi” — UFE'UT} . (266)

For purely electromagnetic external gauge fields, with
A, proportional to the (diagonal) quark charge matrix,
or for pure QCD with no external gauge fields, and for
the usual choice for y as a diagonal quark mass matrix
the covariant derivative D,x — 9ux — 0. Thus in this
situation the terms containing [D,x]4. or [D,D, x|+ all
vanish.

D. Final results

We have collected our final results for L, the com-
plete Lagrangian to order p®, in Tables II-VII, ordering
the various terms according to the scheme described in
Sec. IVB above. Each term has been written in such a
way that it is chirally invariant and for real coefficients
is Hermitian and invariant under parity and charge con-
jugation. There are a total of 32 terms of odd intrinsic

parity, corresponding to the coeflicients 4; and involving
an €qgvs. There are 111 terms of even intrinsic parity,
corresponding to the coefficients B;. In the course of
the derivation we obtained 23 independent equation-of-
motion terms proportional to the operator Og{%m of Eq.
(260). For completeness these have been listed in Table
IX in Appendix B though we assume that for the sim-
plest Lagrangian these will have been transformed away
via an appropriate field transformation [16,43].

Also in the course of the derivation we used trace rela-
tions to express 18 structures originally obtained in terms
of others. Table VIII in Appendix A shows which of the
original terms are related and which we chose to elimi-
nate. Likewise epsilon relations were used to eliminate
16 dependent structires from the original set of odd in-
trinsic parity terms. Table X of Appendix C indicates
which of the original equations were eliminated. Both of
these tables, though not strictly necessary for the final
results, should make it easier to compare our work with
that of others. '

We have tried to start with all possible structures and
to eliminate those which are not independent and to
extract from the remaining terms as many equation-of-
motion terms as possible. The procedure for doing this
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requires several tricks, ie., the trace and epsilon rela-
tions, and depends in some cases on the way in which
one writes the various terms. We cannot prove in a gen-
eral and rigorous way that the resulting terms are all
independent. Thus the reader should be aware that it is
possible that there may be additional tricks which have
been missed which could be used to express some of the
structures in terms of others and thus reduce the number
of independent terms.

E. Comparison with other results

The set of independent structures of O(p%) in the odd
intrinsic parity sector has already been discussed by Issler
[34] and by Akhoury and Alfakih [36]. However, the num-
ber of independent terms we find does not agree with
either of the above references, which mutually disagree
with each other. In .the following, we will try to locate
potential sources of this discrepancy. A direct term-by-
term comparison is made difficult by the fact that, in
general, different conventions and, furthermore, different
basic building blocks are used.

- Let us start with [34] which quotes 49 independent
terms. This number is close to our starting number of
54 terms. However, we made use of the epsilon relations
to eliminate 16 terms. It appears that these relations
were not used in any derivation prior to the work by
Akhoury and Alfakih [36] (see, for example, [33]). Thus
one has to conclude that, in general, too many terms were
found which, in fact, are not independent. Furthermore,
there is no reference in [34] to the use of the equation of
motion or field transformations to eliminate terms. For
example, of the four terms proportional to k§°’ - kio) in
[34], the epsilon relation can be used to eliminate, say, the

structure proportional to k‘(lo), and from the remaining

three terms the ones proportional to k! and kgo) can be
related using a field transformation, resulting in only two,
instead of four, independent structures. We made use of
6 field transformations which reduces our final number
to 32 as compared with 49 in [34].

However, even after taking these two observations into
consideration, there remain some discrepancies. It ap-
pears that in [34] not all independent orderings of oper-
ators under the trace have been taken into account. As
an example, in our opinion, there should be another term
similar to the structure proportional to kg) involving a
different contraction of indices. '

Finally, it appears that the set of terms includes struc-
tures which can be related using the total derivative ar-
gument resulting in a reduction of the number of terms.
To be specific, let us consider as an example the stiucture
proportional to kg},). It is straightforward but tedious to
show that up to a total derivative it is related to the
terms proportional to kél), kél), k&), and kﬁ). For that
purpose one has to take the covariant derivative off of
the field strength tensor in the term proporticnal to kg,)
and use the total derivative argument as outlined in Sec.
IIE1.

A comparison with the work of Akhoury and Alfakib

[36] turns out to be more difficult as their choice of the
building blocks is very different from ours. The final
number quoted in [36] is 30 where 5 terms have been
eliminated using the equation of motion. This has to be
compared with our 32 terms using 6 equation-of-motion
terms. :

Even though the use of epsilon relations was first pro-
posed in [36] it seems that their set still contains struc-
tures which are not independent as a consequence of such
relations. To give an example, the terms proportional to
wi1 — wis can be interpreted to originate from a ten-
80T Qo@uvps Which is antisymmetric in the index pairs
(@, 8), (i, v); and (p, ), respectively. Without the ep-
silon relation, one would naively expect three indepen-
dent contractions from such a tensor, of which only one
independent term remains after use of the epsilon rela-
tion. In a similar fashion one can show that of the four
terms proportional to wy — wyp only three are indepen-
dent. Finally, the very first structure proportional to w,
vanishes identically [see our Eq. (258)].

On the other hand, it appears that there are terms
missing in [36]. To be specific, there exists an additional
independent contraction of indices for the structure of
the type proportional fo we. Furthermore, [36] does not
contain any terms involving covariant derivatives of y of
which we find three independent terms. Finally, note that
in [36] the equation of motion is used so as to eliminate
terms which are proportional to {x|— instead of the struc-
tures proportional to [D,D*U}_. On the other hand,
this means that in [36] terms proportional to [D,D*U]_
should have been kept. In fact, we find six terms (see
Table IX) whereas [36] quotes only three.

Thus it appears that in both of the previous cases
where a systematic study of the odd intrinsic parity terms
was made there are terms in the resulting sets which are
not independent and terms which have been missed.

V. SUMMARY

In the preceding sections we have developed the com-
plete chirally invariant Lagrangian L£g for the meson sec-
tor to order p®. This is intended to be an extension of the
order p* Lagrangian £4 of Gasser and Leutwyler which
has become the standard in chiral perturbation theory
and has been used in many applications. Such an ex-
tension is important at this time because we are begin-
ning to see two-loop calculations of processes for which
the leading contributions are order p*. Such calculations
generate some p® contributions, but the full L4 is needed
to produce a consistent result.

Throughout we have emphasized a careful and peda-
gogical development of the steps leading to the full La-
grangian, since we feel that it is only via such an approach
that the reader can be confident that the extremely com-
plicated final result is complete and correct. To do this
we have first outlined a hierarchical strategy which allows
us to eliminate terms in favor of ones lower in the hierar-
chy. We then discussed a number of general results which
allowed us to simplify and reduce the number of terms.
After imposing parity and charge conjugation invariance
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we could obtain a set of general structures at each level;
which could then be evaluated to find the set of possible
terms. Trace relations and epsilon relations were then
used to eliminate terms which were not independent and
we described how field transformations could eliminate
those terms proportional to the lowest-order equation of
motion.

The resultmg set of terms was then sorted, for the
usual QCD plus electromagnetic case, according to the
minimum number of boson and electromagnetic fields ap-
pearing. The final result for Lg is given in Tables II-VIL.
It consists of 111 terms in the even intrinsic parity sector
and 32 terms in the odd intrinsic parity sector.

To our knowledge there have be no prior systematic
studies of the even intrinsic parity sector to this order,
though isolated terms have been used in a variety of cal-
culations. In the odd sector however there have been two
previous analyses [34,36], which disagree in the number
of terms with our result and with each other. We have
shown that in each of these previous cases, terms have
been missed and terms which are not independent have
been included.

It is clear that the coefficients of all of these terms will
never be evaluated from experiment. However a much
smaller subset actually contributes to most simple pro-
cesses, and it may be possible to get information about
some of them.

In any case we hope that our derivation of the complete
and most general £g Lagrangian will stimulate system-
atic chiral perturbation theory studies of processes at this
order,
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APPENDIX A: RELATIONS BETWEEN TRACES

Following the lecture notes of Coleman [50], we will
derive relations between traces of 3 x 3 matrices. Let A
be any complex 3 x 3 matrix with eigenvalues a,, as, and
a3 {possibly complex and identical). The solution of the
characteristic equation is then equivalent to

(A—a:I)(A—asD)(A—asl) =0, (A1)

where I is the 3 x 3 identity matrix. As A4 is similar to a
matrix B of the form [51]

S Tr(A1dzA544) —

6 perm

3 Tr(A14243)Tr(4q) ~

8 perm

YT

6 perm

Tr{A; Az)Tr{A3)Tr(A44) — Te(A;)Tr

A=TBT™*
a1 4 0
B = 0 as & )
0 0 a3
§,8'=0 orl, (A2)
one finds
Tr(A) = Tr(B) = a1 + a2 + a3,
Tr(4?) = Tr(B?) = o} + o} + a3 ,
det{A) = det(B) = a1azas . (A3)
These relations may be used to rewrite Eq. (Al) as

A% —Tr(A)A? + %{['I‘r(AHz — Tr(A%)}A ~ det(4) =0 .

(A4)

A first important observation is made by taking the trace
of Eq. (A4), namely that the determinant of a matrix
can be expressed in terms of traces. This is the justifica-
tion for not considering determinants as separate build-
ing blocks in the construction of the chiral Lagrangian
[52]. Taking the trace of Eq. (A4) one eliminates the
determinant to obtain (see also Eq. (80) of [53])

A3 Tr(A) A% + %[’I\:(A)]ZA Ly (a2)a

—%Tr(A‘?') + %'n(Az)n(A) - %m(A)]C" ~0. (A5)

Starting from Eq. (A5) we will derive various trace re-
lations for traces involving between four and six 3 x 3
matrices.

Multiplying Eq. (A5) by A and taking the trace results
in

Te(A%) — STR(A°)Te(4) ~ S [Tx(4?)]?

FIR(AR)[Te(A) - 5[T(A)] =0 . (46)
Inserting 4 = A4y + Az Az + A3 Az + My A, into Eq. (AB)
and comparing the coefficients of A; A3 34 one finds (see
also Eq. (81) of [53])

> Tr(A1Ax)Tr(AgAy)

3 perm

(Az)Tr(As)Tr(As) =0. (A7)




53 EXTENSION OF THE CHIRAL PERTURBATION THEORY ... 345

In the followmg, we list special cases of Eq. (AT) which we used to reIate different terms and thus eliminate redundant
structures in the chiral Lagrangian:

3 Tr(A14zAsAs) — Tr(A1dzAs + A1AsA2)Tr(Ag) = ) Tr(A1A2)Tr(454s) =0 (A8)

6 perm 3 perm

for Tr{A;) = Tr(Az) = Tr{A3z) = 0, and A4 arbitrary;

37 Tr(AidpAsds) — D Tr(A1A2)Tr(AsAq) =0 (A9)
6 perm 3 perm
for Tr(A;) = 0;
2Tr((A%B + ABA + BA*)C) — 2 Tr(A?BYTx(C) — Tr(A*)Tx(BC) — 2 Tr(4B)Tr(AC) = 0 (A10)

for Tr(A) = Tr(B) = 0, and C arbitrary;
2Tr((A%B + ABA + BA?)C) — Tr(A*)Tr(BC) — 2 Tr(AB)Tx(AC) = 0 (Al11)
for Tr(A) = Tx(B) = Tr(C) = 0;
4Tr(A%B?) + 2 Tr(ABAB) — 4 Te(A?B)Tr(B) — Tr(A%)Tr(B?) — 2[Tx(AB)]? + Tr(4%)[TH(B))* = 0 (A12)
for Tr(A) = 0, and B arbitrary; and
4Tr(A2B%) + 2 Tr(ABAB) — Tr(A%)Tr(B?) — 2[Tx(AB)}? = 0 (A13)
for Tr(A) = Tx(B) = 0.
The last relation, Eq. (A13), was already used by Gasser and Leutwyler in the construction of the p* Lagrangian
[14]. Note, however, that the matrices 4 and B do not have to be Hermitian for Eq. (A13) to hold, as is sometimes

stated in the literature. Furthermore, Eq. (A9) is the result obtained in [50].
Next we multiply Eq. (A5) by A2, take the trace, and rewrite Tr(A*) using Eq. {A6) to obtain

To(45) - STr(A)Tx(A%) — STe(A)TH(A)? + S Te(AP)Te(A)f — G[T(A)F =0 (A14)
Inserting A = 35, Mi4; into Eq. {Al4) one finds

ST Tr(A1deAsdids) — Y Tr(A1dsAs)Tr(Agds) — D Tr(A14zA43)Tr(As)Tr(As)

24 perm 20 perm 20 perm
10 perm
We applied the following special case of Eq. (A15):

> T(AABBC) - %’I‘:-(AzO)Tr(BZ) - %'I‘r(BZC)'Ik(Az) — Tr(ABC)Tx(AB)

6 perm
~Tr(ACB)Tr(AB) — Tr(A2B)Tr{BC) — Tr(AB*)Tr(AC) = 0 (Al6)

for Tr(A) = Te(B) = 0, and C arbitrary.
For our final apphca.tlon we can restrict ourselves to Tr(A4) = 0. Multiplying Eq. (A5) by A%, and taking the trace
one obtains

Tr(A%) ~ STr(A%)Te(4%) - S[T(AS)P = 0 (A17)

for Tr(A) = 0. Inserting A = 35, A;4; with Tr(4;) = 0 into Eq. (A17) yields

ST Tr(A14>45454546) —5 3 Tr(A1dzAsA)Tr(Asde) — Y Tr(A14;A435)Tr(4a4sds) =0  (A18)

120 perm 90 perm 40 perm
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TABLE VIII. Application of trace relations: The first column contains the relevant equation numbers of structures which
are related by trace relations. The second column refers to the specific trace relation which has been applied. The third column
denotes the equation number of the structure which we have chosen to eliminate.

Trace Structure

Related structures relation eliminated
(42),(44),{59),(61) (A13) (44)
(43),(45),(60),(62) (A9) (43)
(47),(50),(83),(65) (A13) (50)
(48),(49),(51),(64),(66},(67) (A9) {51)
{54)-(58),(68)—(74} (A19) (58)
(68),(69),(75),(76) (A13) (69)
(70),(71),(76),(77) (A11) (72)
(85),(86),(96),(97),(98) (A10) (85)
(87),(88),(99),(100),(101) (A8) (87)
(91)-(93),(106)—(108) (A16) : (92}
(104},(105),(109),(110) (A13) {105)
{119)-{121),(138)—(140) . {A9) (121)
(161),(162),(165),(167),(169),(171) ' (A12) (162)
(163),{164),(166),(168),{170},(172) (A12} (164)
(193),(194),(198),(199) {A13) (194)
(195)-(197),(200)-(202) ‘ (A9) (196)
(203),(204),(208),(209) (A13) (204)
(205)-(207),(210)(212) (A9) (206)

for Tr(A;) = 0. As a special application we insert Ay = Py, Az = P*, A3 = Pg, A4 = P? Ay = P,, and Ag = P
into Eq. (A18) to obtain

2Tx((P - P)®) + $Tx(P . PP,P - PP*) + 6 Tx(P - PP, P, P"*P") + 3 (P, P, P*P,P"P?) 4 Tx(P,P,P,P*P"P*)

—~Tx(P - P)Te((P - P)?) — %Tr(P - P)Tx(P,P,P*P") — 4 Tt(P,P,)Te(P - PP*P*) - 2 Te(P,P,)Tx(P*P,P" P*)

—3Tx(P - PP,YIX(P - PP*) — Te(P, P, P,)Tx(P* P¥ P?) — Tr(P,P, P, Tr(P*PPP¥) = 0 (A19)

for Tr(P,) = 0.
In Table VIII we summarize how we applied the trace relations. It contains the equation numbers of structures which

are not independent due to trace relations as well as the specific trace relation which connects them. Furthermore,
we list which structure we have chosen to eliminate.

APPENDIX B: EQUATION-OF-MOTION TERMS
For the purposes of completeness we list in Table IX in the same form as our final results all of the terms of the

original Lagrangian which are proportional to the factor [D,D*U]_, which has been replaced by Og())M. As detailed
in Sec. IV A these terms can simply be dropped from the most general form.

APPENDIX C: EPSILON REi:ATIONS

We list in Table X the equation numbers of the original structures we derived which are related by the epsilon
relations of Sec. IIE 7 and the ones which we chose to eliminate.
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. TABLE IX. Terms in the Lagrangian proportional to the classical equation of motion. The lowest order equation of motion
operator Og(),M is given by Eq. {260). The double covariant derivative DD, A is assumed to be symmetric in its indices in
accord with Eq. (27), as are all multiple covariant derivatives.

Terms in the Lagrangian without an ¢,g,4 and proportional to the classical equation of motion - Eq.

+B, Te(Opp s [Da D> D DPU)-) (41)
+Em(of?mf9‘;éMwavl -1D?U)-) (42)
+E5Tx( P?M[D"‘U] ~[DaDgU]-[DPU]-) (45)
+BsTr(Op oy Osdu) TH(DpU)- [D°U]-) (59)
+Es (0531 [Da Dpl)-)Tx([D°U]- [DPU]..) (60)
+Ee'htom[DaU]_)%(OSAM[D“Ul-) (63)
+Ev’1*<‘°rg<;m[DaUl—)Tr([D“DﬂU]_[DaUJ-) ' (62)
+EBT*(OF?M[DBDBX]—) (83)
+EoTr(Of 00 O [x1+) (84)
+E10’Ii'((’3 OM[DEU} {X] [DﬁU} ) (86}
+EnTe{OD\ (DU [DPx}+ + [DPX]+ [DsU]-)} (89)
+ErTr(O5 0 O820) Tr((x] +) : (95)
+E1sTe(OS o [DaU]- )TY([DPU] - [x]-) _ (96)
+ B Tr{(Op2 X} - ) Tx([DgU]- [DPU]-) (97)
+Brs Te( O [DaU)-[DPU) . )Tr([x] -) . (98)
+E16'H'(OEZOM[DBU]-)Tf([DBX]+) (102)
+iBy Te {052 ([DLU]-[DL U] [H*]4. + [H**]4[D.U]-[DuU]-)} (118)
+iB1e Tr{OFoy ([DuU]-[D.G**]+ — [DyG*]4[DU]-)} (122)
+iB1o Tr(Ogw [DuU]- YIX([D, U] [H*]4) - (137)
+ Bz Te{Opon{[x)+ - + D~ [x]+)} (158)
+ B Tr( O )+ Tr([x]-) - (159)
+ B2 T (0530 D] - ) Tr([x]+) (160)
+Eas T {054 (1G%+ [Hopl+ — [Hegl+1G*]4)} (231)
Terms in the Lagrangian with an €xgys, (€123 = 1), and proportional to the classical equation of motion Eq.

+iB2a Tr(Op[D*U]-[DPU]-[D"U) - [D*U}-Jeapys ‘ - (46)
+ETr{O5([DPU)-[DU)-[6*)+ - [6*)+[DV]-[D?U)-)}epyur | (113)
+Ezm(o‘%m [DPU]_[G*}4[D7U]-)égmuw (112)
.+E2m{oE0M({DﬁU1 [DYEH*), + [D’H‘“’]+[D‘9U] )}epyuw : (125)
+iBasTr(© ? M HP L [H") eapys (233)
+"E29TI(OE20M Gaﬁh G"‘s}.,.)e.,g.,a * (235)

TABLE X. Application of epsilon relations: The first column contains the relevant equation numbers of ._structui‘es which
are related by epsilon relations. The second column denotes the equation number of the structure which we have chosen to
eliminate.

Related structures _ Structure eliminated

@®),52),65 (53)
{112),(114),(117) . (114)
(111),(113),(115),(116} (116)
(125),(126),(127),(128) (128)

(133),(134),(135),(136) , (135),(136)

(215),(217),(220) (217),{220)

(213),(214),(216),(218),(219),(221) (218),(219),(221)

{225),(226),(227) (227)
{228),{229),(230) (230)
(233),(234) (234)
(235),(236) (236)

(258) (258)
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