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Prospects for mass unification at low energy scales
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A simple Pati-Salam S{4) model with a low symmetry breaking scale of about 1000 TeV is presented. The
analysis concentrates on calculating radiative corrections to tree-level mass relations for third generation
fermions. The tree-level relatiom,/m_ =1 predicted by such models can receive large radiative corrections
up to about 50% due to threshold effects at the mass unification scale. These corrections are thus of about the
same importance as those that give rise to renormalization group running. The high figure of 50% can be
achieved because one-loop graphs involving the physical charged Higgs boson give correatipnsiipthat
are proportional to the large top quark mass. These corrections can either increase or decheasiepend-
ing on the value of an unknown parameter. They can also be made to vanish through a fine-tuning. A related
model of tree-levek-b-7 unification which uses the identification of 8)Ji with custodial SW2) is then
discussed. A curious relatiom,=/2m, is found to be satisfied at the tree level in this model. The overall
conclusion of this work is that the tree-level relatiog=m, at low scales such as 1000 TeV or somewhat
higher can produce a successful value figy/m, after corrections, but one must be mindful that radiative
corrections beyond those incorporated through the renormalization group can be very important. This moti-
vates that an ongoing search for the rare declz@{ys»,uieI be maintained.

PACS numbeds): 12.10.Kt, 12.10.Dm

I. INTRODUCTION gauge group S(2)g. This extended symmetry is powerful
enough to force isospin partners to be degendiHte

The fermion mass problem may be usefully divided into  Quark and lepton masses are unrelated in the SM because
four subproblems: Why do weak isospin partners have difquarks and leptons are not transformed into each other by
ferent masses? Why are quark and lepton masses split? Whayy symmetry. However, quarks and leptons can be placed in
is there a mass hierarchy between generations, and why ¢adruplets of the Pati-Salam 81 gauge group2]. Alter-
there a mixing angle hierarchy? The standard md&al) natively, quarks and leptons can be related by a discrete sym-
answer is that the gauge grougGgy=SU(3).® metry if a spontaneously broken &), colour group for
SU(2).®U(1)y permits a different Yukawa coupling con- leptons is introducefl3]. Both of these extended symmetries
stant to set each fermion mass and mixing angle. It is proare powerful enough to force quarks and leptons to be de-
ductive to suppose that this is really no answer at all, thugenerate.
motivating us to seek extensions of the SM that are less Corresponding fermions in different generations have un-
accomodating. related masses in the SM because there are nho symmetries

Indeed, the multiplet structure of the SM strongly sug-that act horizontally. This also means the Kobayashi-
gests that these four patterns within the fermionic parametevlaskawa mixing angles ara priori arbitrary. Again, it is
spectrum should be correlated with the breakdown of a sympossible to place generations into horizontal multiplets in
metry group larger thatg)y . Recall that each generation of such a way that masses and mixing angles become related.
quarks and leptons is placed in the multiplet pattern given In this paper | am going to explore how Pati-Salam($U

below: and right-handed isopsin $2) g might be lurking behind the
measured spectrum of fermion masses. Furthermore, | will
L~ (3,2(13), dg~(3,D(—-2/3), ur~(3,1(4/3), explore the interesting possibility that these gauge symme-
tries are spontaneously broken at a relatively low scale.
/~(1,2(-1), er~(1,1)(-2), vrg~(1,1(0). There are several very good reasons for performing this

(1) analysis.
(i) One indication in favor of a low scale $4) symmetry
The right-handed neutringg is optional, and | exercise this may be the observation that thequark andr lepton masses
option here. merge at around 1000 TeV if one assumes that only the SM
Weak-isospin partners have different masses in the Shparticles contribute to their renormalization group evolution.
because the associated right-handed states are not relatedThis fact is of great physical relevance provided that radia-
any symmetry. However, the right-handed fermions can beive corrections to the relatiom,=m, due to threshold ef-
assembled into doublets of a right-handed weak-isospiffiects at either the high mass unification scale or the low
electroweak scale are not too large. In this paper | will cal-
culate these threshold effects explicitly. | will find that high
“Electronic address: rrv@physics.unimelb.edu.au mass scale threshold effects from diagrams involving the
TPermanent address. physical charged Higgs boson can be about as important as
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renormalization group evolution, so that,=m, at 1000 stants simultaneously. It is easy to unify the latter without
TeV need not be the correct boundary condition to use whennifying the former, as | will show. This has the interesting
solving the renormalization group equations fioy, and  consequence of freeing us from the need to do physics at
m,. (The precise value of this threshold correction will of 10° GeV. | will provide a framework for addressing the
course depend on parameter choiges. fermion mass problem with phySiCS at 1000 TeV. One should
(i) There is ongoing interest in the phenomenology ofbear in mind that the unification of Yukawa coupling con-
Pati-Salam model¢see for instancg4]). It is pertinent to ~ Stants is in no way a lesser goal than the unification of gauge
note that the phenomenological lower bound on Pati-Salaroupling constants, and indeed may even be more important
SU(4) breaking is about 1000 TeV, which is roughly the since there are more of them. Gauge coupling constant uni-
same scale as that at which renormalization group evolutiofication must occur at f0 GeV if it occurs at all. It would be
mergesm, with m_. This means that if unification afh,  Pleasing to discover that Yukawa coupling constant unifica-
with m. occurs at about 1000 TeV, then the resulting modefion occurs at a much lower scélle.
should be testable in the forseeable future via indirect effects Having motivated the present study, it is important to un-
(principally K°— x*e¥). Calculation of the threshold cor- derstand its scope. The fermlon_mass problem is an issue of
rections will then tell us how close to 1000 TeV the massSOmMe complexity. My goal here is to attack the subproblems
unification can occur. For instance, if these corrections tur®f iS0Spin and quark-lepton splitting only. This means | will
out to imply thatm,<m, then we know that we will have to concentrate on trying to explam why the top quark, bottom
run the masses for longer in order to obtain agreement witquark, tau lepton and tau neutrino have their observed mass

experiment. This will in turn imply that the mass unification Pattérn. It has long been realized that this is a sensible place
scale is higher than 1000 TeV. to start because the lighter generations are more liable to

(iii) Quite apart from the above observation, it is Veryreceive complicated higher-order corrections thus making

important to study the fermion mass relation problem in patilheir a}naly3|s much more difficult. .Nevertheless I W|Illcom—

Salam theory if one is serious about searching for experiment in due course on how a horizontal structure might be
mental signatures of the model. Although there is great inSUP€rimposed on the scheme.

terest in these experimental searches, it is not as yet clear '€ remainder of this paper is structured as follows: In
which version of Pati-Salam theory they should be based off!® Néxt section | concentrate on deriving the mass split-

because of the fermion mass issue. One should really loof"d from spontaneously broken $4). I discuss how the
for experimental evidence for a realistic theory, and PatiFati-Salam model should be configured in order to have its

Salam theory cannot be realistic until the fermion mass relaPréaking scale set as low as about 1000 TeV. This motivates

tion problem is solved. The present paper aims to contributé® use of a different and simpler Higgs sector from that
to this study. usually employed, and a different seesaw mechanism for

(iv) The indirect signatures of Pati-Salam theory are en_ne_utrinos. | then analyze_ both the renqrmalization group evo-
hanced if the SU)-breaking scale is relatively low. It is lution of_mb,T as well as important radiative correct|o_ns due
therefore important to specifically re-examine the theory!® the high mass threshold. The core of the paper is an ex-
when a low symmetry breaking scale is used. Low scaldlicit and detailed calculation of these threshold corrections.
breaking has different implications for the construction of the They can be large because some of them are proportional to
model compared with the often considered scenario a@sU M rather thamm, . Section |1l is then devoted to the use of
being broken at grand unified energies. Indeed, in generatU(2)r in conjunction with SW4) to achieve unification of
terms the approach pursued here should be contrasted withb, 7, andv; masses at 1000 TeV. The hierarchy between
the use of grand unified gauge groups in relating fermionid™ andm, . is then constructed to be due to a type of seesaw
parameters. The desire in that case to also unify gauge cofpechanism. | also find in this case that the tree-level rela-
pling constants forces an enormously high symmetry breaktionship betweem and  is my=+/2m, rather than the more
ing scale of 18 GeV upon us, thereby reducing the testabil-familiar relationm,=m_. | argue that this model can prob-
ity of the models considerably. | wish to emphasize that it isably deliver a realistic value fam,/m, through a combina-
not necessary to unify both gauge and Yukawa coupling cortion of renormalization group evolution and large threshold

corrections, although an explicit calculation of the relevant

diagrams is beyond the scope of this work. | conclude in Sec.

The schemes | will present will not be immediately grand unifi- V. An Appendix provides details of the computation of the

able. For reasons just discussed, | do not consider this to be finite radiative corrections tm,/m_ in the model of Sec. II.
serious drawback. The model-building philosophy employed here is
of the “bottom-up”variety. The unification of gauge interactions is
inherently a concern for physics at higher energy scales, and is thus
beyond the scope of this investigation. One may nevertheless specu-
late that gauge unification could perhaps occur if one extends the A. Basics
models to be presented to feature intermediate scales between 1000
TeV and 168° GeV. Additional hypothetical particles that are heavier
thar_l 1Q00 TeV could thgreby be introduceq so asto alte_r the renor- Gps=SU(4).®SU(2), ® SU(2)& 2)
malization group evolution of gauge coupling constants in order to
achieve gauge unification. It is clear that gauge unification will
follow a different pattern from that of supersymmetric grand unifiedassembles the rather unruly multiplet structure of the SM as
theories, if it is to occur at all, in extensions of these models. given in Eq.(1) into the simple pattern

Il. LOW SCALE PATI-SALAM SU (4)
AND THE b-7 MASS SPLITTING

The Pati-Salam gauge gro@s given by
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fL~(4,2,0),fr~(4,1,2. (3)  that I definitely do not want to impose a discrete symmetry
between the SI2), and SU2)i sectors. Such a discrete
Quarks and leptons are identified by breaking@ldownto  symmetry, be it parity or charge conjugation, is supported by
its maximal subgroup S3)® U(1), where the first factor is the multiplet structure of Eq(3) and is often imposed in
identified with color and the second wiB—L. Under this  addition to the gauge symmetps. This has the effect of
breakdown the4 of SU(4) decomposes t@(1/3)®1(—1)  equating the gauge coupling constants of the two isospin
which clearly identifies the quark and lepton components ofjroups, resulting in a partial gauge unificatiéhhe number
thef’s. of gauge coupling constants is reduced from three to two
The mass relations which result fro@pg depend cru- rather than all the way to one as in grand unified theor#es.
cially on how simple one makes the electroweak Higgs secrenormalization group analysis of the running of the gauge
tor. The minimal electroweak Higgs multiplet is actually a coupling constants then reveals that the Pati-Salam breaking
real bidoublet® = ®°~(1,2,2) whered®=r,d* 7,. Use of  scale must be chosen to be about?1GeV in order to be
this minimal multiplet forces mass equality between isospirconsistent with low energy measurementsagf,, a5, and
partners. | defer discussion of this possibility until the nextsir?a,, [5]. If the discrete symmetry is not imposed, then the
section. The next simplest multiplet isc@mplexbidoublet  breaking scale can be reduced to 1000 TeV.
®+#d°. This is the one most commonly used in the litera- The absence of discrete left-right symmetry also frees us
ture when discussing either the Pati-Salam model or the leftfrom having to pair every multiplet up with its putative dis-
right symmetric model, because the issue of isospin massrete symmetry partner, although we can still do so if we
splitting is usually avoided. However, it is important to real- wish. The lack of left-right symmetry can either be taken as
ize that this is a nonminimal choice, akin to choosing twofundamental, or perhaps indicative of a separate and higher
Higgs doublets in the SM. Nevertheless | make this choice irsymmetry breaking scale where the discrete symmetry is bro-
this section because it is sensible to concentrate-ersplit-  ken but notGpg. (This can be achieved by a parity-odd
ting first. gauge singlet Higgs field, for instané].)
The electroweak Yukawa Lagrangian is then It is attractive to connect the breakdown Gfg with a
— — seesaw mechanism for explaining why neutrinos are so light.
L= M Tr(FL @ FR) + N, Tr(fLPfR)+H.c. (4 This will immediately solve the problem of explaining how
the observed light neutrinos can be consistent with

The gauge transformation rules for the fields are written asmuzm'f"ac. To this end, a Higgs multiplets in the

fi—U fLUl, fg—UgfrUI, and ®—U ®Uf, (5 (10,1,3) representation oBps is often employed. It can
break SW4)® SU(2) g down to SU3) .® U(1)y while simul-
where U, r, are special unitary matrices for &), taneously imparting large Majorana masses to right-handed
SU(2) g, and SU4), respectively(The fieldsf_g are 2<4  neutrinos through the Yukawa terfig(fg)°A. This sets up
matrices, whiled is a 2x 2 matrix) Electroweak symmetry the seesaw form for the neutrino mass matrix, and the light
breakdown is caused by a nonzero vacuum expectation valuutrino eigenstates become Majorana particles of mass
(VEV) for & of the form ~m2/(A) [7].
However, this Higgs multiplet is not appropriate for my
ug stated purpose. Hot big bang cosmology indicates that the
<q>>:< 0 Uz)' 6) sum of the masses of stable neutrinos should not exceed
about 30 eV in order to avoid conflict with the observed
Inputting this into %y, rewritten in terms of the quark and longevity of the universé EquatingmZ/(A) with 30 eV and

lepton components reveals that using my,=m,=175 GeV shows thafA) must be at least
Dirac 10*? GeV. This is inimical to having a 1000 TeV Pati-Salam
m,=m, and m=m, =, (7)  preaking scale.

_ _ _ Fortunately, there is a very elegant way out of this appar-
where | have taken thé's to be third generation fields. | ent impasség]_ The fieldA is not used but instead | intro-

have denoted the neutrino field ag instead ofv, for a  duce into the model a massless gauge singlet ferijoand
reason to be explained shortly. The goal is now to see howhe Higgs multiplety where

these mass relations can be corrected into phenomenologi-

cally acceptable ones. As | have already discussed, renormal- x~(4,1,2. (8)

ization group evolution ofm, and m_. should be used in

conjunction with the radiative corrections ta,—m, due to  Note thaty is in a much simpler representation thamisIn

mass thresholds. In order to calculate these threshold correfact, xy is the simplest multiplet that can simultaneously

tions, | must describe the whole model. break SW4) and SU2)z. The nonelectroweak Yukawa La-
The first issue is how to breaBpsdown toGgy. | want  grangian

this breakdown to occur at as low a scale as experiment _

allows. A recent analysis shows that the(8)Jgauge bosons Lyu=nNN_Tr(x"fr) +H.c. 9

which mediate transitions between quarks and leptons must

be heavier than 1400 TeM]. | will therefore adopt 1000

TeV as the generic scale f@pg breaking.(The difference 2This bound does not hold if neutrinos have a sufficiently short

between 1400 TeV and 1000 TeV will not be important, andiifetime. However, previous studies have shown that no suitable

| adopt the latter for simplicity. This immediately implies decay modes exist for models resembling the one just discli8sed
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delivers the neutrino mass matrix the scale at which the SB) g coupling constant would blow
up is well above the Planck mass. Nevertheless, it is pleasing
0 m O L that all of the gauge interactions are asymptotically free and
Zmass & [(v)° VR (ND[ m 0 nov (vp)© thus well defined at all scales whegnis used instead oA.

0 no 0 N All'in all, x is a very simple and elegant alternativeo
L I now need to further discuss the physical effects of
+H.c., (10) (x). The VEV pattern fory given by Eq.(11) breaks S4)
®SU(2) g down to SU3).®U(1)y, where
wherev is defined through

Y=2Ig+(B-L). (17)
0 0 0w
(x)= 00 o0 o (11)  The symbollg denotes the diagonal generator of (8l
normalized so that Tt&) = 1/2 for the fundamental represen-
This mass matrix may be diagonalised to yield tation. _
_ The right-sectolV bosons, &' boson and a color triplet,
Z ymase MsSRrS, + H.C., (120 charge +2/3 gauge boson | will calX gain mass from
(x). Denoting the SIR)g coupling constant bygg these
where masses are
me= M2+ m; (13 M2, = 1 g2p2
we,— 2 IRV
with M=nv. The neutral fermiors given by
_ m2 — 15 i 3 2
s =sinfdv_ +coN, and sg=ry (14 27~ 5| 9rT 595 |V
where and
tand=m, /M (15 m&=13g%v?, (18)
is a Dirac particle of massis. The field orthogonal t®.,  where the S(#) coupling constant is of course equal to
_ : Os-
VoL =C0S9v —SINN| , (16) The Wy bosons couple to quarks and leptons via

is identified as the massless neutrino. In the limit that

M>mt, v, =v_.— MmN, /M, which means that, has SM fl;R:%(gRVMW;MTR'Ft—RVMW;MbR)+H-C- (19)
couplings to left-sector electroweak gauge bosons to a very V2

good approximation. ) ) . . . o
The massless nature of, may be traced back to the while the interaction oX with fermions is given by
choice of no diagonal Majorana mabby(N)°N, for N .
This choice introduces the global symmety —e'“N_, o _9s
x— e~ '%y into the model. Aftery develops a VEV, this glo- X \/E
bal symmetry gets rotated into an exact global lepton number _ .
invariance which protects,, from obtaining a Majorana +try* X, SgTby*X, 7)+H.C. (20
mass.(It cannot gain a Dirac mass because there is no right-
handed state with which it can pair g\n acceptable non- The Z’ field is a linear combination of the gauge bosons
zero Majorana mass for,, may be introduced by making associated withg andB—L. The orthogonal field couples
My nonzero but small. In this case the smallest eigenvalue & weak hypercharg¥. The interaction Lagrangian is
approximately (nf/nv)(MN/nv). The standard seesaw
evalue m¥/nv thus receives an extra suppression from _ 1 -
My /nu, allowing th logical i to b e
n/nu, g the cosmological impasse to be overcome 3 9
even with a massiver,; . Although a small value foM g§+ _gg
would be techincally natural because setting it to zero in- 2
creases the symmetry group of the theory, | would expect 3
+7"B,, \[EQRQS

(Singt,y*X,S_+cost, y*X, v

Yz,

3
9&lRPR— Zgi(B—L)]

B—-L

that a satisfactory version of the theory with massive neutri- | Pt
RFR
2

nos would attempt to provide a good reason Kby being

small. It could, for instance, be radiatively generated. | will

for simplicity suppose thaM =0 in this paper. Small val- where ¢=t,b,r,» and Pr=(1+ y5)/2. The coupling con-

ues forMy will not alter the results. stant forB is identified withg, tandy, whereg, is the usual
There is an auxilliary reason why might be preferred to SU(2), coupling constant. This allows us to calculate in

A. With three generations of fermions ad the SU2);  terms of the measured values@f, cos, andgs.

gauge coupling constant is not asymptotically free. However, When ® develops a nonzero VEMB and the neutral

it is asymptotically free with three generations plug field.  gauge boson of S@), form into the massless photon and

This fact should not be accorded undue importance, becauske massiveZ boson. The latter also mixes with’. The

) 2 (21)
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Iegt-sector 2W , boson . acquire; its_ stand_ard mass o, =n(N tex"T+ N brx®T+N, 7rx " + N sgx%*) +H.c.,
mWngL(ul+ us)/2, and it also mixes with the right sector (25)
Wg.

| will also need to display the Yukawa couplings of both
the physical and unphysical Higgs bosons. Writing

where y! and ¢ are 1xX3 row matrices denoting the three
colour components of these fields.
| now describe the gastronomy of the model. The field

(1) ¢5r X" is eaten by theX boson, whiley® is a physical color
(I)=( _ 0) (22 triplet Higgs boson. In the limit thab>u,,u,, the field
¢1 b x~ is eaten byWx , while
the electroweak Yukawa Lagrangian is rewritten as g =cow¢; —Sinwg, , (26)

2 T 0, % n - 0, = 0
Zvak=M(tLtrd)+t by +bitrey +DIbrdo+ 1 vREY  where tam=u,/u, is eaten byWw, . The orthogonal field
+ VL TS + TLVRD: + T TR T Mot RS H™ =sinw¢; +Ccoswd, 27

¥ n - h 0 - 0 . . .
—t brepy —bitre, +b bréT* + v vRAS* is a physical charged Higgs boson. For the case where spon-
taneousC P violation does not occur, the real components of

- +_ — -, - Ox%
~ULTRGL T TLvRG: T TLTRGLT) TH.C (23 #2, #3 andx° mix to yield three physical fields. Two of the
Then writing imaginary components are eaten by #HeandZ. In the limit
v>uUy,U,, the imaginary component of° is eaten by the
x' x° Z', while V2[cosw Im(¢%)+sinw Im(¢9)] is eaten by the
X7 o 249 Z leaving the orthogonal field as a physi€P odd neutral
Higgs boson. | will need the interaction Lagrangian between
| find that the nonelectroweak Yukawa Lagrangian is g, H™ and the fermions. It is

%¢uk: a.gt_LbRg+ + bgt—)LtR97 + agCOSﬂ;TL ’7'|:ggJr + agSin0§L 7'RgJr + bgFLSR97 + aHt_LbRH + + bH BLtRH B

+ choﬁgTLTRH * + aHSinagLTRH + + bH;LSRH T+ H.C., (28)
|
where of magnitude estimate shows thatny /s~ (1000
TeV/Mpp.n0® Wheres is entropy density at the time of mono-
m " m pole creation. If there is negligible monopole annihilation
an=— —_, = —, - - . . .
g m 9 m then this ratio should remain roughly constant. Using this to

calculate the fraction of critical density existing as mono-
poles | findpy, / pe~ 10¥(ny /s) (My,/10° TeV) wherem,, is

= 1 m-—m sin2o the monopole mass and is roughly 1000 TeV. Because 1000
H™ cos2w JuZ+uZ TeV is much smaller thaMpjgnac 10 TeV, | find that
pm!pea~ 10728, 1 conclude that relic monopoles do not pose
. 1 msin2o—m 9 a problem for low-scale Pati-Salam models.
H= '
cos2w  /u2+u2
uituz B. Renormalization and m,/m,,
as can be easily seen from E@3). The quantitym is the The tree-level relatiom,/m,=1 holds at the Pati-Salam
common tree-level mass fér and 7. symmetry breaking scale, which | will take to be about

The primary task now is to discuss how radiative effects1000 TeV. If radiative corrections due to threshold effects at
modify the tree-level relatiom,=m,. Before doing so, | either the high symmetry breaking scale or the low elec-
will make a brief comment about a cosmological implicationtroweak scale are ignored, then the change in this ratio can
of the model. Because the unbroken symmetry group conbe summarized by renormalization group evolution. This
tains no U1) factors while the broken group does, mono- means that the renormalization group equations are inte-
poles will be created during th&pg symmetry breaking grated from 1000 TeV to thé and r mass scale of a few
phase transition in the early universe. However, a simplé&seV[11] using the boundary conditiam,=m, at 1000 TeV.
calculation shows that monopoles produced at a temperatuiéhe result of this evolution is that
of 1000 TeV are cosmologically innocuoL&l]. The number
density of monopoles,, in the visible universe today de- mp(mM,) =4.11GeV (30)
pends on how many causally disconnected regions at
T=1000 TeV made up the spacetime that subsequentlfaving chosem, to come out correctlyA top mass of 174
evolved into the present day visible universe. A rough ordefGeV was used to derive thjsThis would be a very pleasing
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FIG. 1. Feynman graphs contributing io.— my, which involve
the photonvy, the Z, Z' and X bosons and the gluong. The
logarithmic divergences of the individual self energies cancel in g
m,—m, between these graphs. The external fermion line is either ST
7 orb for they, Z, Z', andX graphs, while the external fermion ; N
for the gluon graph i® only. The internal fermion for the, Z, and 1 )
Z' graphs is the same as the external fermion. FoXhygaph, the t
internal fermion is ar(b) if the external fermion is &(7). The
internal fermion for the gluon graph isla In Sec. A1 of the
Appendix, | calculatem_—m, under the approximation that
m,=0. This allows a change from they(Z) basis to the \W°,B)
basis. ThaA® boson graph does not contributertp—m, because
WP couples universally td and 7. In the text | therefore actually
calculate the four diagrams involving a massl&ssboson, thez’
and X bosons, and the gluons.

FIG. 3. Feynman graphs involving the unphysical charged Gold-
stone bosory ™. The individual divergences cancel in,—m, be-
tween these graphs.

Scales much higher than 1000 TeV generate an overweight
bottom. Therefore the theory would predict that observation
of the rare decayKE—>Mie$ should occur in the not too
distant future, as it is precisely these decays that set the lower

result if it could be believed. It would mean that Pati-Salam .
theory predicts the corredt mass provided the symmetry limit of about 1000 TeV ormy [4.]'. Furthermore, thesen de-
cays seem to be the most sensitive probe of the Pati-Salam

breaking scale is not too different from 1000 TeV. Scales del h d hould be ob 4 duri
lower than 1000 TeV are phenomenologically disallowed TOU€!, SO NO other rare decays should be observed during

. : this same time scale. The model could therefore either be
and they seemingly predict too small a value iigy anyway. . ) L
y gyp yway ruled out, or dramatic evidence gathered in its favor.

However, radiative corrections due to threshold effects
H can be extremely importafior a reason | now discuséThis
el class of radiative correction is not taken care of through
/ AN renormalization group evolutionThe point is that some of
‘ : the threshold corrections tm,—m, can be proportional to a
s large mass in the theory, rather tham or m, itself. In the
present theory, the top quark and the heavy neutrino mass
eigenstates are all very massive particles. It will turn out that
charged Higgs boson graphs produce a high mass scale
H threshold correction in this theory that is proportional to the
LTI top quark mass. Note that a top quark mass of, say, 180 GeV
‘ , will completely counteract the 1/ loop suppression fac-
. . tor.
Y I now identify those one-loop self-energy graphs that con-
tribute tom,—m,. These are displayed in Figs. 1-7. Figure
1 shows the contributions from the neutral gauge bosons in
the model(the photon, the gluons, thg, and theZ’) to-
H gether with that due to the colored gauge partXleFigures
LTI 2 and 3 display the contributions due to the electroweak
‘ : charged Higgs bosond™ and g™ (I will work in an un-
b ! . b physical gauge Figures 4 and 5 contain the graphs involv-
ing the chargedV bosons in both the left- and right-handed
sectors, while Fig. 6 features graphs containing components
FIG. 2. Feynman graphs involving the physical charged Higgsof x. Lastly, Fig. 7 assembles all the graphs that arise
bosonH ™. The individual divergences cancel in.—m, between through mixing between the light and heavy sectors of the
these graphs. theory.
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It is sensible to group the graphs in the above manner W, W,
because of the way the divergences cancel to give a finite
m,—m, . All of the individual graphs in Figs. 1-6 are loga- f % i % f f % : f !
rithmically divergent but these divergences cancel within
each class of diagrams depicted in the separate figures. The K s
graphs in Fig. 7 are all separately finite.

The quantitym,—m_ will now be calculated using these
graphs. The charged Higgs boson graphs of Fig. 2 will be of
most interest. However, | will first discuss the evaluation of
the set of graphs in Fig. 1 in detail, since this will illuminate b b
how threshold corrections and large logarithmic corrections < >
associated with the renormalization group coexist. This cal- .
culation will also demonstrate the relative unimportance of
threshold Cor_rectlo_ns that are not _proportlonal to a large FIG. 4. Feynman graphs involving the left-sector gauge boson
mass. FoII(_)v_vmg this, I_evaluate the |mpo_rtant threshold Cor'\N[ . The individual divergences cancel in,—m, between these
rections arising from Fig. 2. The Appendix provides full de-

. : : graphs.
tails of these evaluations, together with a summary of the
contributions from Figs. 3—7.

The result for Fig. 1 is given by E¢A18) of the Appen-

dix which | reproduce here for convenience:

egantly performed by solving the renormalization group
equations, a process that is tantamount to summing these
large logarithms to all orders.

) ) ) ) | therefore simply omit the large logarithmic term ob-
as [ _2mz,+5my  m3, My tained from Fig. 1, knowing that its effects will be incorpo-
M6 m; InFJrlz lnm_; rated by solving the renormalization group equations. The

remaining terms, however, cannot be accounted for in this
3 2m§,+5m§< manner. These threshold corrections, so called because they
+ 2T | (3D depend on heavy mass ratios only, can be viewed as setting
z’ up the boundary condition om,—m, at the Pati-Salam
breaking scale that one must use to solve the renormalization
This expression contains both a large Iogarithr‘rmj‘;(mz), group equations.
which depends on the hierarchy between the Pati-Salam and Note that there is an ambiguity in how to separate the
electroweak breaking scales, and additional pieces which deéarge logarithmic term from the threshold corrections. Should
pend only on mass ratios involving the high mass sector. Théhe large mass in the logarithm Ie,, as shown above, or
large logarithm is associated with those radiative correctionsny instead? In other words, should the running start from the
which can be accounted for using the renormalization groupmassm;, or the masany? This ambiguity will not be nu-
The additional terms are the sought after threshold correamerically important in this paper, because the large threshold

m,— mb|G: -

tions. corrections | will obtain from Fig. 2 will not need to be
Let me discuss this distinction a little further: The set of separated from a large logarithmic term.
graphs in Fig. 1 produce a finite correctionrtg—m;; the Let us now obtain a numerical estimate for the size of the

logarithmic divergences of the individual graphs exactly canthreshold corrections. They depend through the heavy mass
cel between the graphs. Since the cancellation occurs beatios on the coupling constants of &), and SU2) (the
tween graphs containing light gauge bosons and those COMEYV of y cancels oyt Renormalization group evolution for
taining heavy gauge bosons, there emerges by necessityoa shows that

large logarithm. If only the light gauge bosons of the SM

were included, themm.—m, would diverge. However, be- A) ag(my) 32
cause the heavy sector of the theory “knows” about the as(N)= .

physics which is trying to maintaim,=m,, the heavy L1+ (7/2m) ag(m)In(A/m;)

gauge boson graphs effectively act as an ultraviolet regulat . _

for the logarithmic divergence produced by the light gauggﬁpmIng as(mz) =0.118 produces
boson graphs. The logarithmic divergence is turned into a
large logarithm. The presence of this large dimensionless
quantity calls into question the usefulness of one-loop pers : . o
turbation theory, because the effective expansion paramet(-arrhe right-handed S(2) coupling constant is given by
is not the square of a coupling constant but rather the square

of a coupling constant multiplied by the large logarithm. This R Wr

means that higher order graphs may well provide numeri-, ® b b
cally important corrections to the one-loop expression. The k % k j
task of calculating these corrections can, fortunately, be el-

N t

as(1000 TeVj=0.053. (33

3Actually they are superficially linearly divergent, but the linear  FIG. 5. Feynman graphs involving the right-sector gauge boson
part is zero. Wg . The divergences cancel in,—mj, between these two graphs.
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e S e S FIG. 6. Feynman graphs involving compo-
4 \ 4 \ nents ofy. The divergences cancel im.—mj
. b L I b between these two graphs.

an @y 3 %9

and renormalization group evolution implies that

3ay(mz) ag(my)

ar(A)= 3ay(my) — 2ay(mMy) — (35/27) ay(Mz) ag(Mmz)IN(A/my)

(39

Using ay(m;) =0.0101 yields bination that contain$l ™ of the two SU2), doublets em-
bedded in® has zero VEV. This linear combination there-
fore plays no role in setting the scale of electroweak
Inputting these values into the last two terms of fgl)  SYmmetry breakdown, and the masses of the component
shows that the threshold corrections prodate- m,=10's fields may take on natural \{alyes of the order qf the high
of MeV. Since renormalization group evolution alters this SYmmetry breaking scale. This is phenomenologically useful
quantity by a few GeV, these threshold terms can be safelfécause it means that the effective neutral flavor-changing
neglected. effects thatH™ produces at one-loop order and above are
However, the graphs of Fig. 2 produce much largervery suppresseffl2]. Furthermore, it is clear that no large
threshold corrections due to the presence of the top quark itpgarithm will arise for these graphs because they do not
the loop and the top quark mass in the vertices involving theeparate into a SM subset and a Pati-Salam subset that cancel
physical charged Higgs boson. Note first of all that it is natu-each others logarithmic divergences.
ral to take the mass, of H™ to be of the order of the The physical charged Higgs boson graphs in Fig. 2 yield
Pati-Salam breaking scale. The point is that the linear com-

ar(1000 TeVj=0.013. (36)

m,— mb|H: -

(37

1 m2—m? my(m,—m sin2w)(msin2w—m) [ m?
n
167° mf,—m3 (uf+u3)cof2w mZ

in the limit that mg,my>m;,. | have also assumed in the parameteiw, and therefore cannot be predicted. It can either
approximate expression given above that there is no accidemaise or lower the mass ratio by up to 50%. Interestingly, the
tal cancellation betweem,sin2w andm. This threshold cor- sign does not depend on which wif; and my is larger(al-
rection can clearly produce a mass difference betwmen though the magnitude of the correction is strongly dependent
andm,, of the order of a GeV, provided this accidental can-on these massgs

cellation does not occdrThe “common” massm of 7 and

b at the Pati-Salam breaking scale must be about the same as

the measuredn_, namely about 1.8 GeV, because does C. Discussion

not evolve strongly under the renormalization group. The The calculation demonstrates that generally speaking one
above threshold effect can therefore alter the initial ratioqst take care in the use of renormalization group evolution
m,/m, by up to 50%. This correction is thus as numerically , predict low energy masses. It is quite possible for low
significant as_those incorporate_d through the renormalizatiognergy masses to be very sensitive to unknown details sur-
group. The sign of the correction depends on the unknowpq nding the high symmetry breaking sector, through thresh-
old corrections that are enhanced by a large mass. In the
particular model | analyzed, the large threshold corrections
“Note that this correction does not vanishrif=0. The reason for were produced by graphs involving the physical charged
this is that the charged Higgs boson interactions of (8) explic- ~ Higgs boson only. It is possible that most models lacking
ity break the global chiral symmetry obtained by settimg=0  such a particle will also lack large threshold corrections. For
[15]. instance, one may choose to gauge only tki# Subgroup of
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Wr Yo Wr  YRe

T —W— t b —W_— b
FIG. 7. The first two Feynman graphs contrib-

’ ‘ ute to m,—m, when W_ —Wg mixing is
switched on. The third graph contributes when
Z—Z' mixing is included. The fourth graph de-
notes the fact that the Goldstone bosons absorbed
by Wg andW_ are actually linear combinations

A 7.z PRV Z _
s . £x x NP of x~ andg™.
Q: : ;; ) A
T 1 ! T
vr,8
b1
SU(2) r rather than whole right-handed weak-isospin group. ° —o"
One could then try to construct a model with a single elec- o= b O (38)
troweak Higgs doublet rather than the two doublets that are
effectively contained withind. A physical charged Higgs and the Yukawa Lagrangian
boson would then be absent, and perhaps also large threshold
effects. 7 —
It is interesting that the sign of the large threshold correc- =N Tr(f @fg)+H.c. (39

tion depends crucially o which in turn depends on the
relative sign between the two electroweak VEMWi$ and
u,. If the correction producem,>m, at 1000 TeV, then
r(_anormalization group_ evolution will pr_oduce on overly mas— m=Mmy=m,= m?”ac: AU, (40)
sive bottom quark. This would necessitate that the accidental

cancellation betweem,sin2w andm occur to some extent. If having used
the correction produces,<m_, then the masses will need

to be evolved for a longer period in order to produce a phe-
nomenologically acceptable outcome. This would mean that

the Pati-Salam breaking scale should be higher than the

nominal value of 1000 TeV that | have been considering.

It would be interesting to extend this analysis to a threeThe full power of Gpg to relate masses is thus evident. A

generation model. Are radiative corrections in the three genuseful way to view the above phenomenon is that custodial
eration of the model able to accomodate. andd-e mass SU(2) has been gauged and upgraded to an exact symmetry
splitting? This may be possible, given enough freedom tef the Lagrangian by its identification with $2) .
Combine renorma”zation group evo'ution and potentia”y | haVe.demonStrat'ed that rad|at|Ve corrections can altgl’
large threshold corrections. It is, however, not obvious thafnass ratios dramatically. However, the measured ratio
this will work because one would generically expect Higgs™:/m; is about 100 and thus threshold corrections cannot
boson effects to be less important for lower generations. ~Plausibly be used to fix upn,=m_, unless the large mass

However, it is perhaps more worthwhile to think of some used to enhance the correction is very much larger than
horizontal structure that may increase the predictivity of thd 13]. One may speculate that the neutrino sector of a theory
model. A question in this context is whether or not it would may produce such an effect, although this did not happen in
be interesting to invoke a Georgi-Jar|5kog texture via ;_;ihe Pati-Salam model considered in the previous section.
(15,2,2) Higgs bosofil6], or whether such a tree-level tex- ~ The obvious alternative is to use some form of seesaw
ture would be wiped out by radiative corrections. The impor-mechanism to depress, andm, relative tom;, just as one
tant issue of predictivity also raises the question of how tgnay do in the neutrino sector. In other words, mixing effects
reduce the freedom one has in moulding the size of thresholtther than radiative corrections can be relied upon to explain
corrections by unknown details of the heavy sector of thevhy m, <m,,<m, while radiative corrections only are
theory. It would clearly be interesting to construct the heavyused to accommodate the ratig,/m..
sector in the simplest possible manner in order to reduce the It is therefore rather interesting to observe that 1eof
number of experimentally unknowable parameters. SU(4) has the branching rule

produces

0
ot ) »

Ill. TOWARDS t-b-7 UNIFICATION
10-6(2/13)@3(—2/3)®1(—2) (42
As mentioned in the previous section, if the electroweak
bidoubletd is chosen to be real then mass equality betweeno SU3)®U(1)g_, . The color triplet component has elec-
isospin partners occurs at tree level. With=®° we have tric charge— 1/3, while the color singlet has electric charge
that —1. Within this one irredicible representation lie the correct
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states that can mix with and 7 in a seesaw manner. Fur- smallest eigenvalues are roughl2m,Mg/mg for theb sys-
thermore, the electric charge2/3 state is absent. One can tem, andm,M /mg for the 7 system. This shows that mixing
therefore arrange fam, andm_ to be lowered with respect betweenf and F can indeed suppress, and m, with re-

to m,. In addition, a fermion in the (10,1,1) representationspect tom,. So, the small eigenvalues are identified with
of Gpgcan mix withf via Yukawa coupling withy. Allthe  m, andm,, while | will call the large eigenvalues,, and
ingredients are there within the group theory of(8lto do  m,,.

exactly what | want to do. I find this to be a rather striking  The two mass matrices produce four eigenvalues in terms

fact. of three parameters. This means there is one relation con-
So, | write down a new Pati-Salam model that containsnecting them. The relation can be written most usefully in
the fermions the form
fi~(423, fr~(412, F~(10,1,D, my | 2—(mZm?2)—(m2/m?,) ">
b t b 7 b (50)
- 2 2 2 2 ’
Fr~(10,13, N.~(1,1,1 (43) M [ 1+ (m/me) = 2(m:/m, )
and the Higgs bosons where | have chosem, rather tharm_, as one of the mass
parameters on the right-hand side(Note that
d=P°~(1,2,2 and y~(4,1,2. (44) m. =mymy/m,.) Sincem_<m;,my, is required,
The full Yukawa Lagrangian is my ) m? 5
_ — _ m. T2
L=\ Tr(FL@FR)+hTr(FLxTi mof )+ nNLTr(x ') s My
+FMETH(F F ) +H.c., (45 must hold so thatn,—+2m, asmy, —oo.

For the interesting case whera<Mg<mg, the light
whereF g have been written as symmetrick4 matrices mass eigenstate fieldsand 7 are
which undergo the SU4) transformatiorFLyR—>U4FLYRU1.

~ m ~ M
In component form, b, =b, — —tBL ,  br=Bgr— —FbR (52
mB mB
B d
— an
J2
"l e ' 49 3 M SemEq— (53)
— E TL=T.— 7= EL, TRTER™ TR -
\/E \/EmB \/EmB

whereS is a 3x3 symmetric matrix representing the color Thus the left-handed mass eigenstdieznd = are predomi-
sextet,B is a 3x1 column matrix representing the color nantly inf_, while their right-handed projections are mostly

triplet andE is the color singlet. The/2 in this equation is " Fr- This is important because it means the light mass
P d a2 q eigenstates will feel the standard left-handed weak interac-

required in order to normalize the kinetic energy terms for: _ . .
B andE consistently. tions to a_h|gher degree of accuracy, as is phenomenologi-
The top and Dirac neutrino masses are simply call_y requwled. The .rlght—handed states will, however, have
their couplings to right-sector weak bosons suppressed by
m,= mgifaC:)\u_ 47) MF/mB. This_behavior is similar to Ma’s alternative for.mu-
lation of left-right symmetry{14]. Becausem,<Mg,mg is
However, bottom and now have 2<2 mass matrices given phenomenologiclly necessary,=+2m, must hold to a
by good level of approximation at tree level.
So, | have shown that mixing effects can induce the pat-

- — [(m 0\lb =0< < i i

= (b BL)( t )( R ‘HeC. 49) ternm, O my , M <<m; prc')wde.d Mg is not too large.

mg Mg/ \Bgr (The neutrino sector here is identical to that of the Segltll.
remains to be seen whether or not radiative effects can pro-

and vide a successful value fon,/m_.. The explicit calculation
m 0 of the necessary diagrams is beyond the scope of this paper,
_%F(FL EL) t R +H.c., (49) although experience with the previo_us model suggests that
\/EmB Mg/ \ Er there may be large threshold corrections due to Higgs boson

graphs that can be arranged to produce a phenomenological

where mg=hv/\/2. The 2 in the 7 mass matrix comes successful mass pattern for the third family, particularly
from the 2 in Eq. (46). given the involvement of the heavy fermions in some rel-

Sincev>u, we expect thamg>m;, unless the Yukawa evant diagrams. It may be that the additional factor of
coupling constanh is very small. One large eigenvalue and roughly\/i in the tree-level value ah,/m_ can be negated
one small eigenvalue is thus expected from each mass méay a threshold correction, with the ensuing boundary condi-
trix, provided the bare madd is not too large. In fact, if tion m_=m, at 1000 TeV then producing successful low
Mg<<mg (but not necessarily small compared ng) the energy values.
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IV. CONCLUSION responsibility of the author, howeverHe would like to

: . . thank Professor J. C. Taylor and the theoretical particle phys-
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y gy Yy app 9 Theoretical Physics at the University of Cambridge for kind

Istrrlj\c/tee j?:v(\)'? d:anr iglzg\rll?er\k/eh?k\llivs tirrzean\:\?;elcgﬁgig;gtt\;ﬁtﬁohn(; ospitality while this work was performed. He would also
Y ike to thank R. B. Mann and R. Thorne for some brief but

big bang cosmology and particle phenomenology. I pointe useful discussions, and R. Foot for a helpful piece of corre-

out that a different and simpler Higgs sector to that usually : .
. : : . spondence. This work was partially supported by the Austra-
employed to break Sid) is required. The simplest version Of. lian Research Council and partially by the University of Mel-

this model predicts massless neutrinos, although massive
: " ; ourne.
neutrinos are not difficult to incorporate.
The core of the paper was then a calculation of the radia-
tive corrections to the tree-level mass relatimg=m, in- APPENDIX

duced by mass thresholds. | found that the set of graphs |, this appendix | will calculate the graphs displayed in
involving the charged Higgs boson produces a genericallyjgs 1-7, working in Feynman gauge for all of the gauge
large correction, enhanced by /m, . This can alter the ratio  jnteractions. A highly nontrivial consistency check on the
my/m. by up to about 50%. Whether this correction in- cajculation will be that all of the divergences should cancel
creases or decreases the ratio depends on the relative signm —m, |

between the two VEV's that break the electroweak group. If A pragmatic approach to the regularization of the various
the ratio is increased, then the combined effect of the threshptegrals™ will be adopted, employing either dimensional

old correction and renormalization group evolution tends tGegylarization or Pauli-Villars regularization depending on
produce an overly massive bottom quark. If the ratio is deynat happens to be convenient. Since | am calculating a

creased, then the scale of Pati-Salam symmetry breakinghite quantity, no inconsistency is introduced by employing
needs to be raised in order to allow the masses to run fogyg different regularization procedures.

longer under the renormalization group. In either case, the
generically large threshold correction can be reduced by a
fine-tuning of parameters.

It was then demonstrated that the identification of In this first subsection | will calculate the contribution of
SU(2) g with custodial SW2) can yieldt-b-r unification at  the diagrams in Fig. 1 To simplify the task, the mass of the
tree level when combined with Pati-Salam @Y | showed Z boson will be set to zero, thus making it degenerate with
how the hiefafChynyT< My, <M, can arise due to two dif- the photon. Everything can then be rewritten in term®of

ferent seesaw mechanisms, and | conjectured thabthe @and WY, the latter being the neutral gauge boson of
splitting can possibly be accommodated within the theory. SU(2), . But then theW; boson graph need not be consid-

| am therefore able to reach the important conclusion thagred, since it couples universally t and 7. Since | am
the observed mass pattern of the third generation of quarkterested in threshold corrections due to heavy sector
and leptons can be reproduced by a Pati-Salart#Bileory ~ masses, my neglect ah, will be of no numerical signifi-
far below a hypothetical GUT scale. This scale could be jus€ance.
above the current lower bound of about 1000 TeV. However, It is useful to first consider a general gauge interaction of
one must be mindful that large threshold corrections be inthe form
corporatedor cancelled off as the case might)bas well as , -
renormalization group effects. This motivates that an ongo- Ly =Ty (x+yys)faA,, (A1)

N9 search for raré processes sucl e@s—w-e be. main- - v¥heref12 both have masm, A has mass M and wherfg
tained. The detection of such a process may provide the firs ' )
andf, may be the same field. The one-loop self-energy gen-

experimental clue to the physics behind the fermion mass o4 b Z(xy) is
problem and the relationship between quarks and leptons. y2Xy
Note addedAfter these calculations were substantially 4, ou AT
complete, a somewhat similar model was considerdd —iSp=— d k4 Y (X+y75)(§+ k: m)zyM(x;Ly)g) ,
It was shown here that threshold corrections can induce mass (27) [(k+p)*—m](k"—M*)
corrections of the order of several GeV, which lends further (A2)

support to the idea that a combination of renormalization

group evolution and large threshold corrections may be inWhere the symbok meansy*k,, . _ o
These terms contain both wave-function renormalization

teresting for the fermion mass problem in theories with new )
physics far below 18 GeV. Although this paper explicitly constants as'well as mass shifts, and I'seek.only the latter. A
considers a GUT-scale theory, the effects found can also odeneral fermion self-energy may be written in the form

cur in lower scale physics, as was noted in the manuscript.

1. Graphs in Fig. 1

S=A(p—m)+B(p—m)ys+Cys(p—m)+om, (A3)

whereA, B, andC contribute to wave-function renormaliza-
tion while dm is the mass shift. The;s dependence shown

The author is indebted to K. S. Babu for his collaborationabove is required because of the complication that the gauge
on portions of this work, and in particular for checking someinteractions | consider are chiral. It is important to realize
of the calculations(Any errors in the manuscript are the sole that the coefficient ofys in the self-energy contributes only

ACKNOWLEDGMENTS
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to wave-function renormalization. One might fear that thisbecause the answer turns out to be identical to that obtained
cannot be the case because in genErahould have a term by just such a naive cancellation. However, | view the can-
of the form 6Suys, which looks like a peculiar cellation of regularized divergences as a justification for ve-
vs-dependent contribution to the mass. However, the identityacity of the naive method.
. . To avoid n-dimensionaly matrix algebra involvingys,
(P—m)ys+ ys(p—m) the positions of all they-matrices in the numerator are fro-
(A4) ; : . D . :
2m zen. Since the integral is now finite, all ordinary manipula-
tions except for Dirac algebra can be performed. Equations
shows that such a term can always be subsumed int@ the (20) and(21) are now used in conjunction with the familiar
andC terms in Eq.(A3). Since these terms cannot shift the gluon interaction with quarks to obtain theandy param-
pole away fromp=m, they do not contribute to mass renor- eters for each diagram. The contributions are then summed

malization. In practlce then, the mass shift is isolated bywith the appropriate color factors for théboson and gluon
settingp=m, p?=m? and dropping the contribution propor- graphs inserted.

Y5=—

tional to ys. The self-energies for andb are
To proceed | first regularize the divergent integrals by
continuing ton-dimensions. Althougm_—my will be a fi- d"k N(f)
nite quantity, it is the sum of integrals that are separately —i3(f)=— > , (A5)
divergent. In order to be certain that no errors are introduced (2m)" (k+p)*=

by a naive cancellation of infinite quantities, | feel it prudent
to regularize the integrals fir3fThis may seem like pedantry wheref=7,b and

Ny 3 9REE Y(L+PR(PTktmy, (14Pg) 1 1 v*(39i-20&PR)(P+k+m)7,(30i20%Pr)
778, 3, K2 %, 3, KZ—m2,
gR+§gs 9R+§gs

302 y*(p+k+ m)y,
L B e 2 (AB)

The three terms in this equation come from Begraph, theZ’ graph and theX graph, respectively. The corresponding
expression fob is

N(b)= 0R0%  Y“(1-3PR)(P+kim)y,(1-3Pg) 1 1 y*(0+20RPR)(P+k+m)y,(gi+20%Pr)
24 , 3, k* 16 , 3, k?—m2,
9R+§gs 9R+§gs

+9_§ 7”“(|€)+k+m)m+4_9§ y(ptk+m)y,

2 K-mi 3 2 (A7)

where the fourth term is due to the gluon graph. Expanding the numerators above, without commuting any of the Dirac
matrices through each other, and subtractingithierm from ther term | find that

_ ) 1 dk N
_I(ET_Eb)__ ) 3 Zf (27T)n (k+p)2_m21 (AS)

R zgs

where

By “naive” | mean the combining of the integrands of Feynman integrals using a common denominator after having simplified the
numerators using four-dimensional Dirac algebra.
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1 . 1 A 1 A
002 3 V“(P+k+m)y,+ 5 ¥ Pr(P+k+m)y,+ 5y (p+k+m)y,Pg
0 ngwﬂ<p+k+m> gRy Pr(P+k+m)y, - zgRyﬂ(p+k+m>yﬂPR
+
k? —mz,
2| 42 3 2 A 4 2| 42 3 2 AT
Os gR+§gs 7M(p+k+m)7;L §gs grTt Egs 'y#(p+k+m)7,u
+ -2 - K2 (A9)
|
The cancellation of the divergences is evident in this expres- R d*k k - d*k  k
sion. The individually divergent pieces may be isolated by 3= 2m3 D’ 4= (2m)" DKZ (A13)

temporarily settingm;,=my=0. The terms containingfg
cancel between thB andZ’ graphs, while all four graphs ) ) ) 5
are required to see the cancellation in fg-independent | NOW approximately evaluate these integrals with=m
terms. Since—i(3,—3,) is finite, the integral can now be under the condition thanZ~m2,>m2,
continued back to four-dimensions and Dirac algebra used. The results are

This result illustrates the general phenomenon that the

heavy particles act effectively as ultraviolet cutoffs for the i 1 mi
self-energy graphs involving SM particles only. If only the |32W_2—2|n(—2—), (A14)
B boson and gluon graphs are included, thei{X . —3,) is Mz, =M\ Mz
divergent. This is as expected because the low energy effec-
tive theory is the SM which requires a counterterm to absorb i 101 m3, 1
such a divergence. When all four graphs are included, the I“:F_Z —In| == |+ — (A15)
full SU(4) symmetry of the underlying Lagrangian is felt by ™ My [ M2, m mz,
—i(2,—2p) and it is revealed as a finite quantity.
Equation(A8) may be rewritten more compactly as
1 mi\l- B
R +2—|n( 2) l3=—=3l3,
_ 9 ) d*k p+k—2m my, —mg z/ 2
2 4 AT
d’k p+k—2m o 2
—%mi(Smi+2m§,)f 272 P DK2 i4zl_£ — 1 In E 1
(2m) 32rmz| mZ |\ m?) 2mZ,
+(ys term), (A10) ,
1 mg
t In( — (A17)
my—mz, |\ m3,

where

Note thatl, andl, contain the large logarithms associated
with the renormalization group.

D=[(k+p)?— m2](k2—m§,)(k2— m3).  (All) Substituting these expressions into £410) and replac-
ing p by m to extract the mass shift part only, | find that

The y5 term is now dropped, and the remaining integrals
have to be evaluated further to isolate the mass shift.

2 2
The required integrals are as [ _2m5,+5my m3, m%
m,—my|g=— 3 "I +12 In—
167 ms, m mz,
d 1 d4 1 2 2
= — = 3 2m3, +5my
Z!

where | have kept only the large logarithmic terms followed
and by the largest threshold corrections.
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2. Graphs in Fig. 2 be demonstrated in the limit that all of the regulating masses
By contrast with the previous subsection, | will not em- Wereé simultaneously large. Furthermore, once the Pauli-

ploy dimensional regularization but rather Pauli-Villars regu- Villars regulator is introduced for the graphs in Fig1 am

larization in this subsection. This is convenient because all off€e to use four-dimensional Dirac algebra immediately. This

the graphs in Fig. 2 have the same bokbnin the loop, and IS very convenient.

so the Pauli-Villars cutoffA is necessarily the same for all ~ Please be aware that | will calculate the graphs in Figs.

the graphs. In Fig. 1 all of the bosons are different and there2—6 with the neglect of mixing between the heavy and light

fore in principle one could employ different cutoff massessectors. | will comment in Sec. A 7 of this appendix on the

for each of the bosons. This would cloud the issue of diveradditional contributions due to mixing.

gence cancellation between the graphs, although it could still The three graphs in Fig. 2 combine to yield

a%,coPR(P+k)P,
(k+p)?

(apSindPg+ by P ) (P+k+my)(aysindP, +byPr)
(k+p)2—m?

d*k
(2m)*

_i(zr_zb”H:

(A19)

(ayPr+buPL)(P+k+m)(ayP +byPr) 1 1
B (k+p)?—m; KZ—m? K2—A2?]

Each of the three terms in this expression are finite because of the Pauli-Villars regularization.
Inspection of this equation reveals that the potentially divergent part has an integrand proportionglidhelig

divy,=[aZsiro(p+ k)P, +bZPr+mssinda,by]+[aZcofa(p+ k)P, 1-[a(P+K)P +b2Pr+mauby]. (A20)

Dirac algebra has been used to simplify this expression, and the three terms in square brackets above correspond to the three

integrals in Eq(A19). Using mssind=m we see that diy=0.
Taking A— o~ now that the divergences have disappeared, and isolatingstipart, | find that

d*k 1 p2k+mayb
—i(2,—3p)[y=M? 7 22 S 2t HzH 72
2m)* [(k=p)?~mZ] (k3= md)(kKZ—m)
" 1 2M 242 d*k k +( ] (A21)
Zm2MZ2a arf).
2] @m® [(k=p)?—ma ke —md) (k2—mp) 75 P

Integration variables have also been changed in this expres- The contributions to Eq(A21) involving f3 and f4 will
sion. generically be much smaller than that involving Thek in

The integrals required above are the samé3asf3 and
I, introduced in the Sec. A1 but witpb— —p. They ap-
proximately evaluate to

2
| ~I_ ;ln S
¥ 16w mi—m2 \mi)’
i p
3 32m° m2-m?

1 1+ s | s A23
m2 mgnﬁﬁ » (A29)

1

|4_ 2
S

— I3, (A24)

under the condition than?~m2>m?2s p?=m?,

the integrand produces [ after integration which in turn
becomes am after the mass shift part is isolated. This over-
all factor of m is not cancelled off, as is eviden'E from the
integral evaluations above, so this suppressesl therms
relative to theM?m,ay byl 5 term. It is possible to cancel the
generically dominant term ifn,sin2w=m.

Assuming this accidental cancellation does not occur, |
find that

8In fact, the calculations show that you cannot demonstrate the
cancellation of the divergences for Fig. 2 without having to pass a
¥s through ay,, . This is curiously different from the situation in
Fig. 1.
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1 mZ—m? my(m,—msin2w)(msin2o—m) [ m2 25
M= Myl =— 752 mg—m3 (ui+uj)cos2w 4 (A29)
3. Graphs in Fig. 3
Using Pauli-Villars regularization and working in Feynman gauge, the graphs of Fig. 3 yield
I d*k miy, — A _ (k+p)(aZPg+bZP ) +agbgm, (k+p)aZcodoPy
T ) @mt (8 -m ) (K- A?) (k+p)?—m; (k+p)?
N (k+P)(a2sioPr+ béPL)Jragbgmt} A26)
(k+p)?—mg ’

where the three terms above correspond to the three graphs. Dirac algebra simplificatige-amging have been used here.
The potentially divergent piece has an integrand proportional tpwhere

divy=[— (k+p)(a2Pr+b2P.) —agbym]+[(k+p)a2cofdPr] +[(k+P)(aZsiPoPg+b2P ) +agbm].  (A27)

The three terms in square brackets correspond to the three graphs. Note that the divergences cancel.
Taking the cutoff to infinity, discarding thes term and changing integration variables reveals that

1 -
§b9k+ agbgmy

—i(2,-% —sz ok
I(2,=2p)= (2m)* [(k=p)=mG, 1(k2=m?)(kK?—m?)

d*k 1
(2m)* [(k—p)?—my, Tk*(k*—m) (k*—m})

1 2,.~2012
+ Eagth +(ys term). (A28)

From the experience gained with the explicit evaluation ofstructure of the graphs. To obtain such a terrmtbg piece
Figs. 1 and 2 the qualitative behavior of this expression cam the integrand would be needed. There is no such term
now be ascertained without explicit computation. because it is proportional 8zP_=0. The potentially enor-

In the limit M?—c2, the first term above gives a large mous mym? term is zero for the same reason. | conclude
logarithm while the second does not. The first term thus contherefore, that the low mass scale threshold corrections from
tributes to renormalization group runnin@lus residual Fig. 3 are numerically small compared to thg enhanced
threshold effecfswhile the second term contains threshold effects from Fig. 2.
effects only. By contrast with Figs. 1 and 2, however, the
threshold effects will involve the mass ratios \8f andt
which are relatively light particles. 4. Graphs in Fig. 4

None of these threshold terms are enhancedpyhow-
ever. The potentiainf’ term disappears because of the chiral The three graphs in Fig. 4 imply that

2 2 f . ~ .
i3y :g_Ef d*k My, —A Co§0y“(k+p)yﬂPL+SInZGy“(k—Fp)y#PL_ y*(k+P)v,.PL
T2 ) 2wt (=AY (K-mG,) (k+p)? (k+p)2—m? (Kt p)2—m?
(A29)

where again Pauli-Villars regularization has been used, followed by Dirac algebra simplification. The three terms above
correspond to the three graphs in Fig. 4.
It is easy to see by inspection that the potential divergence cancels, giving that

2 4 k
o L0 L[ A Y*KyuPL
i(s, Eb)|W|__ > m;M (2m)° [(k_p)z_m\zNL]kz(k2_m§)(k2_mtz).

(A30)

The cutoff has been taken to infinity and integration variables changed to obtain this expressih-#As, this contribution
remains finite. Therefore it does not generate a large logarithm; it is pur@iyhé mass scalethreshold effect. The physical
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reason for this is that the divergence cancellation cannot fail whemnghsate is removed from the physical spectrum by
takingM2—. The left-sectoM bosons couple te, , so the absence of; does not affect the cancellation of divergences.
There is also no enhancement duerig because then, term in the numerator disappears throigH°Pr=0 and because the
vertices are not proportional 1o, .

5. Graphs in Fig. 5
The two graphs involving th&Vg boson lead to
i dk M A
2 ) (2m)* (k2—A2)(k2—m\2NR)

Y (P+K) y,Pr 7 (P+K)y,Pr
(k+p)2—m? * (k+p)2—m? (A31)

—i(2,=Zp)lw,=

where, again, Pauli-Villars regularisation and Dirac algebra simplification have been used.
It is obvious that the potential divergence cancels between the two graphs. Therefore it is clear that

2 4 r
. O9r d*k Y*ky.Pr
-i(2,-3 =——M? g : A32)
G2l == 5 M | @ [ pyr ma (e mA e ) (
The cutoff has been taken to infinity and a change of integration variables has been performed.
As the Pati-Salam breaking scale is taken to infinity, bdttand myy, go to infinity. In this limit then,
2 4 T
. gr 1 f d*k  y*ky,
(2= Zp)lwe= =% ) et (A33)
R

which integrates to zero because the integrand tends to an odd functiorTbérefore no large logarithms are generated by
separating the two symmetry breaking scales and the terms that remain nonzero for large but finite high scale masses are small.

6. Graphs in Fig. 6

| now turn to the diagrams involving the heavy Higgs bosgng will again be able to demonstrate that the divergences
cancel without having to rearrange the Dirac matrices, so | work oimensions from the start. The contribution of the
unphysical Higgs bosol ™~ is

d"k 1 [sirfoP (p+k)Pg coLoP (p+k)P

_iET|X*=n2 L2 2 L 2 R+ - E > k ) (A34)
(2m)" k — My, (k+p) (k+p)°—mg

where then-dimensional resulP, Pg=0 has been used.
The colored boson® on the other hand has a contribution given by

dk 1 [siPOP(pP+K)Pr coLoP (p+Kk)P

—i3p| @=n? Ry 2 LP 2 R+ : g 2 R, (A35)
(2m)" k —de (k+p) (k+p) —mg

where agairP, Pg=0 has been used and nothing more.
It is clear that the divergences cancel whenbheontribution is subtracted from thecontribution. Deleting theys part |
find that

_ d*k k+p
S'nzaj @m* (&~ m, ) (K2 mZ) (k+ p)?

n2
- _ 2 2
_l(ET_Eb”X_?(mWR_de)

d*k k+p
weado (2m)* (k2= ) (= mo) [ (k+p)?—mZ] |

(A36)

It is clear by inspection that these graphs produce high mass scale threshold corrections, and that they are not enhanced by
mt .

7. Graphs in Fig. 7

All of the graphs in Fig. 7 arise from mixing between the bosons of the heavy sector with those of the light sector. They are
all individually finite. A general argument shows that they cannot contribute unsuppressed large logarithmic terms because they
are proportional to mixing angles between the heavy and light sectors.
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Consider, for instance, a general Yukawa interaction of the form
L=\ FfS,+\,fFS,+H.c. (A37)

If the scalar boson§; andS, do not mix, then they each contribute separately to fermion self-energies via the individually
divergent diagrams | have been considering. However, if they mix with a mixing dndleen

=N F(COLS, +SINES)) + Nof F(—SingS, +cog'S,) + H.c., (A38)

where the primed fields denote the new mass eigenstates. This gives rise to a new contribution proportional to the mixing
parameter$.For instance, the self-energy bfreceives an additional finite contribution given by

_ _ dk 1 1 k+p+me
_'Ef:_"l)‘zs'”gcosgf @m*lie—m2 K-mZ| (k+p)?—mZ
K+ p+me

d*k
— H 2_ A2
= —\1\,sinfcog (m3 mz)f 2n)? (k2—mi)(kz—mg)[(ker)z—m,Z:]' (A39)

wherem, , is the mass o] ,, andmg is the mass of. Suppose the heavy scalar to 8e. In the limit thatm,— oo,

d*k K+ p+me
2m)* (KR—md)[(k+p)>—mZ]’

—iEfH—)\l)\zsingcosgf ( (A40)

The integral above is logarithmically divergent and thUSCa"y go asmlight/mheavyis not the same as the statement that
there will be a large logarithm in the heavy mass. How-  we always want one light eigenstate and one heavy eigen-
ever, the self-energy is also proportional toso&, which  state. For instance, a “democratic™22 mass matriXwhich
goes to zero as the heavy scale is taken to infinity. Generhas each entry as) Will yield one zero and one nonzero
cally, mixing angles between heavy and light scalars go as atigenvalue but with a mixing angle af/4. However, in this
MOSt Mgt/ Mheayy @S the heavy mass goes to infinity. There-case there is no clear separation of the unmixed fields into a
fore the large logarithm above will always be suppressed by?eavy and a light sector. One must make sure that the model
m; /m, and thus it will be ineffective. does not produce this type of situation. This means that a
Note that the statement that the mixing angle will generi-Scalar mass hierarchy must be put into the theory by hand
and then preserved to all orders of perturbation theaiy
leas}. This is of course just a manifestation of the gauge
hierarchy problem for scalar bosons.
"Note that when mixing is considered the graphs | have already The argument above may be easily repeated for graphs
calculated which do not require mixing to exist will be multiplied dependent on gauge boson mixing instead of scalar boson
by cog¢=1 factors. mixing.
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