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Electron-positron pair production in the Aharonov-Bohm potential
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In the framework of QED we evaluate the cross section for electron-positron pair production by a
single photon in the presence of the external Aharonov-Bohm potential in first order of perturbation
theory. We analyze energy, angular, and polarization distributions at different energy regimes: near

the threshold and at high photon energies.
PACS numbers: 03.65.Bz, 12.20.—m

L. INTRODUCTION

In the previous paper [1] we investigated the
bremsstrahlung process for relativistic electrons scattered
by the external Aharonov-Bohm (AB) potential (mag-
netic string). This process is supposed to be the most
significant one among these accompanying the AB scat-
tering [2]. The AB effect, the influence of magnetic fluxes
on quantum systems, can be adequately interpreted by
means of phase factors (3] exp (ie § Aude,) which pro-
duce phase shifts in wave functions of charged particles.
A number of remarkable experiments was made to ob-
serve the resulting interference pattern of an electron
beam scattered by a thin solenoid. For a comprehensive
review see [4,5]. In solid state physics the manifestation
of the AB effect brought new unexpected results [6,7].

In addition to the bremsstrahlung process there exist
other important quantum effects in the presence of the
external AB field. We consider here in the framework
of QED the production of an electron-positron pair by a
single photon in first order. This process, as other analo-
gous quantum processes, is possible only in the presence
of external fields which provide the necessary momen-
tum transfer. It happens, for example, in the Coulomb
field [8] or a uniform magnetic field [9-11]. In these cases
there are external local forces which influence the motion
of the created charged particles. In the AB case, how-
ever, the pair creation seems to be somehow mysterious
since it happens due to a global, topological reason. In
fact the AB field provides the violation of the momentum
conservation Jaw. Therefore the mechanism that permits
pair production bears some resemblance with processes
near cosmic strings [12,13].

The theoretical study of the AB scattering for the
Dirac electron [14,15] raised a mathematical problem re-
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lated to the correct description of the behavior of electron
wave functions on the magnetic string. We do not dis-
cuss this problem here but refer to [14,15,1]. The issue of
spin changes slightly the interpretation of the AB effect,
The interaction between spin and magnetic field leads to
wave functions of Dirac particles which do not vanish on
the magnetic string and thus, in a way, a local element
is added to the nonlocality of the AB effect.

The paper is organized as follows. In Sec. II we con-
sider briefly the Dirac equation in the presence of the AB
potential and work out the electron and positron wave
functions characterized by quantum numbers of & com-
plete set of commuting operators. The exact scattering
wave function for electrons and positrons are expressed in
terms of partial waves. In Sec. III the matrix element for
the pair production by a single photon is calculated and
the effective differential cross section is evaluated. We
analyze the behavior of the differential and total cross
section at different energy regimes and discuss their par-
ticular features for the Dirac electron in Secs. IV and V.
‘We use units such that A = ¢ = 1 and take e < 0 for the
electron charge.

II. THE ELECTRON AND POSITRON
SOLUTIONS TO THE DIRAC EQUATION
IN THE AHARONQOV-BOHM POTENTIAL

The Dirac equation in an external magnetic field reads
00 = Hy, —ed)+BM, (1)

where e is the electron charge. For matrices @ and 3 we

use
“*=(fi ‘;;) ﬁ=(3 _“1)- @

In cylindrical coordinates (p, o, z) the kinetic momenta
are given by

H = o;(p;

=pp=—10p, 7y =p,—e4,

1
= —-8,—ed,,
P i
p3 = —id; , (3).
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where

Op = 01 COS{P -+ oasing,
O, = —01 8inp + o3 COS P, (4)

and o; are the Pauli matrices.
The vector potential for the pure AB case (magnetic
string) has a nonzero angular component [2]

ed & &
ed, = mp - Bep - p (5)

where ¢ is the magnetic flux and ®¢ = 2nfic/le| is the

magunetic flux quantum. It corresponds to a magnetic
field with support on the z axis:

_2
B. = 25(s) (6)

which points to the positive (negative) z direction for
¢ < 0 (¢ > 0). Note that it is the fractional part § of the
magnetic flux ¢ = N + 4, 0 < § < 1 which produces all
physical effects. Its integral part N appears as a phase
factor exp(iNy) in solutions of the Dirac equation.

The exact solution of the Dirac equation for the scat-
tering problem in the external AB field can be written in
an integral form as it was done for the Schrédinger equa-
tion in the original paper by Aharonov and Bohm [2].
For our problem, however, cylindrical modes are more
convenient.

For the Dirac equation in the AB field the complete
set of commuting operators is

H, ps:=-i8,, Jy:=—id,+ 1i%s,
83 1= BT

3:=PTa+7y 57 M (7)

0 1 . .
where y = (1 0) . The corresponding eigenvalue

equations are given by

Hy = By, (8)
P3¥ = pavd, (9)
Jsyp = 43y, (10)
S = 59, (11)
where E = 1/p% + p2 + M? is the energy, ps and jg are

the z components of linear and total angular momen-
tum, respectively; p) denotes the radial momentum. The
eigenvalue of Jj is half-integer and we rewrite it by in-
troducing I, 73 =: I + N + 1/2. Here [ is an integer
number and N is fixed as above. Note that I + N de-
notes an integral part of the eigenvalue of J3 in contrast
to the usual convention. The corresponding separation of
a factor exp(iNy) in the solutions of the Dirac equation
will turn out to be convenient in the following calcula-
tions. We introduced in Eq. (7) the operator &3 and not
the helicity operator §; = 5;(p; — eA;)/p which is often
used. Both of these operators commute in the relativistic
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case with the operators " , Ps, and ja, when a magnetic
field of a fixed direction is present. This can be seen, for
example, in [19]. We prefer to use 53 because in the non-
relativistic limit, which will be treated below, it describes
the spin projection a.long the direction of the magnetic
field. Its eigenvalue is given by s = &4/1 + pZ/M2. Solv-
ing these eigenvalue equations leads to a radial solution
of Bessel type.

As independent radial solutions we choose Bessel func-
tions of the first kind of positive and negative orders.
Then the normalization condition for the partial modes
with quantum numbers j = (p,ps, !, 5),

j &zt (G, D)7, 2)

]
= b0 = Bubnilos — par) BB,

vV 1y i

fixes the solutions (for electron states with E > 0) of
these equations for values of I outside of the interval —1 <
I — § < 0 thus removing Bessel functions with negative
order which are not square integrable. One finds, for

(12)

1#0, |
. 1 1 i : : T u
’l,bg(J, 3:) = ETEP g iBpttipsz SiNy exp (ZEI”) (U) ,

(13)
where

+ il
u=i . vV Ep +sM 3+1J91(PJ.P)32_"9
V23 \ieser/Ep, — sMy/s—1.J,.(p.p) eil+l)e |

(14)

__},._( €31/Ep + sMy/s—1 J, (pLp) e )
3 b

"7 Vs /By —sMVEFT L, (pp) 0+
(15)
and
pJ_:=\/p2——p§=‘/E3-M2""p§,
2
s=1% 1+M2, €3 := sgn(sp3), (16)
[ 1-5 I+1-8
v = { l+5 3 2'—{ l—1+5 H]
1 ifI>0,
é ‘—{—1 if 1 < 0. (17)

Since the normalization condition method does not ap-
ply for I = 0 this case needs a separate discussion, which
has been done in [17]. Fortunately it turns out that the
corresponding solution is of the same form as for [ # 0.
Therefore the expressions above are valid not only for
I # 0 but alse for [ = 0 so that it is allowed to include
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this case in (17). The critical mode ! = 0 contains the
irregular but square integrable Bessel functions of orders
—4d and —1 4 4. Their inevitable appearance in solutions
of the Dirac equation is an obvious consequence of the in-
teraction between spin and magnetic field. This problem
is a part of a general problem of the self-adjoint extension
for the Hamilton operator in the presence of a singular
potential (pure AB case), and it was discussed in the pre-
vious paper [1] (see also [14,16)}. In [17] we presented an
alternative method of treating the self-adjointness prob-
lem.

The complete set of solutions of the Dirac equations
includes the negative energy electron states. Instead of
them we introduce positron states 1, with £ > 0 which
can be obtained from electron states of negative energy
by the charge conjugation operation

11b = e = C"!’transp y C=ay

and replacing e by —e. 1. obeys the free Dirac equa-
]

(18)
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tion as well as 9 does but with opposite sign of the elec-
tric charge and has quantum numbers F, —ps, —js, 8. One
needs to replace ps — —ps, js = —js (I = —I—1) in the
electron state of negative energy to obtain positron state
with quantum numbers ¥, ps3, 73, 8.

The electron-positron field operator reads

vt) = [ dustpelo)os +¥5Ga, (19
with a; and b; being the annihilation operators for the
electron and posmron with given quantum numbers. It
contains positive frequency functions 1, (electron states)
and negative frequency functions ¢ (positron states):

cf 1 1 t —1. z .t
O e G 7 (%),
(20)
where

y=— tery/Ep — sMVs +1 J; (pLp) e~ 04 (21)
s e34/Bp + sM+/5—1 J,; (pLp) e )

w=—

7

with
S f 1+ : I+1+6 ifl>o0,
L~ 1-1-6 ' 72 —i—-1-§ ifl<o.
(23)

The expressions (13)-(17) and (20)—(23) present the
partial electron and positron wave functions in terms of
cylindrical modes. These states do not describe outgoing
particles with definite linear momenta at infinity. In or-
der to calculate the cross section of the pair production
process we need the electron and positron scattering wave
functions. In external fields there exist two independent
exact solutions of the Dirac equation which behave at
large distances like a plane wave (propagating in the di-
rection P given by p, = p1 cospp, Py = pLsing,, p,)
plus an outgoing or ingoing cylindrical waves, corre-
spondingly. For outgoing particles we need to take wave
functions which contain ingoing cylindrical waves. In this
case the interaction of the created electron and positron
with the external magnetic field will be described cor-
rectly [8].

The corresponding scattering wave functions can be
obtained by superpositions of the cylindrical modes:

U (J,z) = Ecge) Pe(dps ) (24)
3

and

tezer/Ep — sMV/s — 1 Jy(p1p) é-—.i(t+1).p 2
1/Ep + SM'\/S +1 in(p_]_p) e—'I‘P

TE(J, t) Zc(”) $E(jqr )

(25)

with the coefficients

Cge) = g—ilwp e—ilz'-egé’ C,(‘p) - ei(n+1)(«pq+ﬂ') iiend ,

(26)

where J is a collective index for the linear momentum at
infinity and s.

In the terms of the wave functions (24) and (25) the
electron-positron field operator reads

bz, t) f dus(Ued 2)ay + LS a)bh],  (27)

with ay and b; being the annihilation operators for the
electron and positron with quantum numbers of the scat-
tering states.

The external AB field has no influence on the photon
wave function. In cylindrical coordinates it reads

(’\)
AT —
A_u (k? 93) \/;T

where the polarization vectors

e—iw:.t-l—ikszeik_l,pcos(w—m.} , (28)

el?) := (0, — sin pg, cos v, 0,

p 1 .
™ = w—k(o, —k3cos @y, —ks sin gy, ki) (29)



correspond to two linear transversal polarization states.
In the coordinate frame with k3 = 0 in which we will
perform all calculations, the polarization vector PACHE P
directed along the z axis and e(?) is orthogonal to the
magnetic string.

III. MATRIX ELEMENTS AND DIFFERENTIAL
CROSS SECTIONS FOR PAIR PRODUCTION BY
A SINGLE PHOTON v — e~ 4 e™

The differential cross section of the pair production
process describes the distribution of the created parti-
cles with respect to their quantum numbers. For these
one may take the angular momenta which correspond to
cylindrical modes. But usually final states are related
to plane wave states, and in our case to the scattering
states (24) and (25). The cylindrical modes have a van-
ishing radial flux and therefore do not describe ingoing
or outgoing particles. They are, however, convenient for
calculating matrix elements, and we use these matrix el-
ements as starting point for calculation of the differential
cross section which refers to scattering states. As far as
the total cross section is concerned one can use any final
states.

H( ) = —e 1
Mo da) ey BBy -

with
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A. Matrix elements for cylindrical modes

The matrix element for pair production of an electron
with quantum numbers j, = (p1,ps3,!, s) and a positron
with quantum numbers jq = {g., g3, 7, 7) by a single pho-
ton with quantum numbers (I-c', A) for physical states
A = o, 7 has the usual form

H(jp:jq; iﬂ;, A)
= _i<jqajp|5(1)ii‘;’ ’\)
- e f 42 Peiprz) ANE,2)v, 9SGgrz) ,  (30)

whereby gamma matrices are written in terms of Pauli
matrices as
0 o
w= (2, %), (31)
so that

A _ 0 [+'3% _ 0 —de—tox
e = (ucu 0 )’ %o = (z'e‘w 0 ) ’
k —kgeTior 1
Qg = (—ka:“"p" 3 ) — . (32)

_kJ_ Wi
Using expressions (13), (20), and (28) we can rewrite
the matrix element (30) in the form

exp (—iZ (1l = |n])) 8(Ep + By — we)d(ps + a5 — ks) ma (33)

my = /pdp dtp eikJ_PcoE(ga'-(Pk) [uT(p)aAw(q) + ‘b‘T (p)a,\'y(q)]

= p—Hl+n+1)en deP do e"'kJ-Pc‘“(‘P"‘P")K,\(,O, ‘P) (34)

The Dirac equation (1) in the external AB field is invariant under boost transformations along the string direction.
This means that it is sufficient to treat the case of normal incidence of the photon on the magnetic string, and
therefore we may perform all calculations in the coordinate system in which k3 = 0. No information will be lost but

calculations become simpler in this case.
For the polarization state A = ¢ we have

K,(p, ) = iR, [\/ E, + sM /By + M J,, (pLp)J.; (qup) e ™I E—96)

+ €16/ Ep — sMy/Eq — v M J,,(pL )03 (q10) e“"("*'“'*'z)(""“”)] ) (35)

with
1
R, = _——2‘/5_1‘ [

and, for the polarization state A = m,

Ve +1vr +1—e3(p)ea(q)Vs — 1vr — 1] (36)

K’r(p’ ('0) = iRq [En\/Ep + SM\/E‘I -rM J, (PJ_P)J,,; (Q.LP)

—€ \/Ep - sM\/Eq +rM J,, (pJ_p)J,,i (qJ_p)] e-£(1+"+1)(w—¢5) (37)
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with
1

Br= 577

[es(@)Vs — IV +1—es(g)Vs +1vr—1]. (38)

Integrating over ¢ we obtain

Mg = 2mie=HmHDengif (nl f pdp [V By ¥ 3M /By 7M1 Jyy (b1) ot (410 v 10)

— €1€n/Ep — sM/E; — M J,,(p1p)J, (qJ.P)Jr+n+z(k¢P)] (39)

and

My = 2mie—itntles i (tnt) p /pdp [en VE, +sM\/Ey—vM J,, (pLp) oy (9L p)isnt1(kLp)

~ /By — sM+/Eq+ 1M Jo,(pLp) oy (QJ.P)J1+n+1(kLP)] - (40)

It follows from the energy conservation law, wy = E, + E,, that the photon’s radial momentum obeys the inequality
k). > py +q1. The excess of radial momentum, &, — (p1 + g1 ), is transmitted to the flux tube. For this case, using
formulas [6.578(3) and 6.522(14)] of [18], one can see that the integrals over p vanish unless (I + 2}{n + %) < 0. This
inequality is satisfied at | > 0,n < 0 and n > 0, < 0, and the nonvanishing integrals are of the type

J(o, B) :=f pdp Jo(pLpsin Acos B)Js(gipcos Asin B)Jg_a(kLp)
0

_ 2sinma sinA\* (sinB\” (41)
"~ wk? cos(A + B) cos(A — B) \cos B cos A
withp, =k, sinAcosB, g, =k, sinBcos A. )
Denoting
0= sind Pl b sin B _ q. (42)
" cosB B+ /@2 + M2 T cosA B +.JgE+ M2’
we have in terms of the integral (41) for the matrix elements (39)
Mg = 2mie~Hn+engif (in) g {@(z > 0)0(n < 0)(—1)H+" [\/E,, ¥ sM+/Ey + M J( - 6,—n— §)
+ \/Ep—sM\/Eq—rMJ(l+1—6,—n—1—5)]
+ 0@ < 0)0(n > 0) [\/E,, +sM/E, LM J(~L+6,n+8)"
+ VE,—sM+/E,—tM J(—l—1+5,n+1+5)]}
42‘Ra e—i(l+n+1)<p;,+i§[l—-n| sin7r5 m inl
=T A T (2 1 o2 =23 % ?
Vit -2k (p1 +q1) + (P1 — ¢F)
x [0(t 2 0)6(n < 0)(ab)~* (/By +sM/Eq + 7M1 — SVE, —sMy/E, - vM)
b
- O < 0)O(n = 0)(ab)® (\/E,, + sMy/Eq+rM — E\/Ep - sM+/E, - rM)] (43)

and, for the matrix element (40),
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Mg = —2mie T HnTeL T Untll p {@(z > 0)0(n < 0)(~1)M*n+? [\/E,, +sM\/E;—rM J(—8,—n—1-28)

+ VE, = sM+/E, + 1M J(I +1 —8,-n—9)]

—0( < 0)0(n > 0) [VE, T sMy/E;— M J(~1 +6,n+1+9)

+ VB~ sMy/E + M J(-1~1+6,n+9)|}

4R, e—i(l+n+1)ﬁok+i§|l—-n! sin 78

= U il
VEL =282 (P2 + %) + (pL — g2 )?

x [@(z > 0)0(n < 0)(ab)~? (%,/Ejp ¥ sM+/Ey — M — a+/E, — sM+/Eq + TM)

— Ol < 0)0(n 2 0)(ab)® (by/By T oM /By —rM — = /By — sM/Eg 1 7M )| . (44)
a

The partial wave analysis of the pair production pro-
cess caused by a photon which passes the AB string shows
a rather unexpected feature: The process turns out to be
forbidden unless the quantum numbers ! and n of the out-
going electron and positron have opposite signs. This in
turn implies that (the expectation values of) their kinetic
angular momentum projections, [Fx (f— eA)js = —i8p=—¢
have opposite signs. (For a detailed discussion see [1}.)
In the framework of a semiclassical picture this means
that created charged particles need to pass the magnetic
string in opposite directions. Apparently this is necessary
for the ingoing photon to give the excess of its radial mo-
mentum, k3 — (pL + gL}, to the string and to create a
real electron-positron pair from the vacuum.

We draw attention to another characteristic trait of
the pair creation process. It takes place although the in-
coming photon is not influenced by the magnetic string
directly. The process happens since the created charged
particles interact with the AB potential. The magnetic
string distorts the states of the virtual electron-positron
pairs in the vacuum. The incoming photon interacts with
these virtual pairs, and it can transform them into real

i5, = Zeifw:ah+i("+1)<ﬂqr- all pinl

In

pairs if the conditions for momentum transfer (and en-
ergy conservation) are satisfied.

B. Differential cross section for scattering states

It is now easy to calculate the matrix element for the
electron-positron pair production by a photon with re-
spect to the electron (24) and positron (25) scattering

states. For an incoming photon with momentum k and
polarization A which creates electron and positron with
momenta §, §and spinss, 7, correspondingly, the matrix
element of the process reads

M; = —i{(g,7), (B, 9)| S |(, )
= ZCI(E)"‘S;?) M {Jpsdq)
in :
ev/2sinnd $(Ep + Eq — wi) (pa +q3)
VUrEeEy kT —2k% (p] +47) + (p] - ¢1)?
XRA EA N (45)

where the coefficients cge)* and ¢ are given by Eq. (26)
and we denote

(ab)~%0(l > 0)O(n < 0) (\/E,, FsM /By + M — 5\/B,—sM/E; - TM)

- (ab)’0(l < 0)0(n > 0) (\/E'IJ +sM\/E; +rM — %\/Ep - sM+/E,; — TM)} , (46)

o 1
By 1= Y elopntilnillon gl pinl [(ab)"s [©(l > 0)0(n < 0) (-g\/EP +sM+\/E, — M — a\/Ep — sM+/Eq + 'rM)

In

— (ab0(l < 0)O(n 2 0) (vap T oM \/E, M - 2/B,— M /E, ¥ M)] (47)

with @pk 1= ©p ~ Pk, Pak = Pg — Pk

Performing the sums over I, n we obtain, for the polarization state A = o,
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= (ab)~® (b, By + sM+JEy + 1M — ar/E, — sM\/E, - ,-M) ¥
—(ab)® ( /By + sM+/Eq + 7 — b\/—_s—\/—_?‘) e~iere BI* (48)

Tx = (ab)~? ( VEp + sM~/E; =t M — ab/E, — sM+/E, + ,.M) »
~(ab)® (ab\/E + sM+/E;— ™M — \/E, — sM./E, +7-M) ~ippg T+ (49)

with.

T . ! (50)

1—aqe?sh ] —heg ek

Equation (45) together with (46)-(50) contain results for the pair production matrix elements with respect to
scattering states.
~ Based on the matrix element (45) we evaluate the differential probability of electron-positron pair production by a
single photon per unit length of the magnetic string and unit time

dWy = Wy pLrdpide, q1dqrdeedpsdgs , _ (51)
where
|My|? € sin®né S(Eyp + Eq — wi) 6(pa + g3) 2 2

Wi = RS |Zal%. 52
A L Briwn B By KA — 2k (0 + ) + (@3, — g3 )F 2l | (52)

Calculating

1+ 8373 g3 1—3s3rs 1— 8373 g2 1+ s3rs

.= : = 2 53
Ro- 2 q§+M2 P ] Rﬂ' 2 Q§+M2- 9 4 ( )

where s3 = sgn s, r3 = sgn r and sorting terms with respect to the flux parameter 4,

ISa? = (ab)~25P§ ) + (ab)?P{M 4+ P9, (54)
we find
P) = (B, + sM){(E, + rM) + a*(B, - sM)(Ey —rM) — 2abp,q.] |B]%,
P = [a*(B, + sM)(E, + rM) + V*(Ep — sM){E, — rM) — 2abp.q1)] |Z)?,
P = [-2ab(E, B, + srM?} + (a® + B)p.qu] ZI? F(g),
P = [(Bp + sM)(E, — M) + a*b*(E, — sM){(EBq 4+ rM) — 2abp,q,] 2%,
Pi) = [a®b(Ep + sM)(E, — rM) + (Ep — sM)(Eq + rM) — 2abpy ¢.] |,
PO = [—2ab(Ep,E, — srM?) + (14 a®)pq1] |B Fle) , (55)
where_
5% = ! (56)
(14 a2 — 2acos ppr) (1 + b2 — 2bcos pgr)’
IE[2F(p) 1= err B2 4 e H0mn? (57)
with

2a — (1 + a*) cos @pr][2b — (1 + b%) cos pgr] — (1 — aZ)(1 — b?) sin gy, sin g

[
F(p) := (1 + a? — 2acos @pr) (1 + b2 — 2bcos pgr)

(58)

The differential probability of the pair production process with respect to the variables §, ¢ is given by Egs.
(51)—(58).
The complete information about energy, angular, and polarization distributions of created electrons and positrons
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is contained in the effective differential cross section:
do € sin?né  RZ|Z,\|2 (59)
dE,dp.dppdgs 327 wi{gl + M?)’

These distributions can be observed in experiments. Instead of p; and g, we made use of more convenient variables

— the positron (electron) energy E, (

E,) and the z component of the positron (electron) momentum g3 (—ps). They

are, obviously, related by the equalities F, + E; = wy, ps +qa = 0.

We rewrite the cross section (59) in a more detailed form

doa _ é*sin’nmé 95 1+ A5 4 5 )
dEqdqdipdas 128 wi(a} + M?)(Ep — pL cos pp)}(Eq — g1 €05 9gx)
with
eom (abyp = BoZ Ve + MA(E, — vai + o)
(EP+ Vai + M2 (Eq + a3 + )
a'ndp_l..= Eg_qg_M2:Q'L=‘/Eg—q§—M2.

Then we have, for the polarization state o,

SSF)

S8 = —(1+ s3rs)2p.q. (03

and, for the polarization state m,

S‘I(:F)

52 = (1+s3r3)2p 91 3 F ()

with s3 := sgn s and r3 1= sgur.

Equation (60) together with (61)-(65) and (58) gives
the final expression for the effective differential cross sec-
tion for the pair production process. We will discuss it
at different energies of the incoming photen.

IV. THE CROSS SECTION FOR PAIR
PRODUCTION AT DIFFERENT
PHOTON ENERGIES

In this section we will analyze the angular and polariza-
tion distributions of the created electrons and positrons
and find the total pair production cross section at differ-
ent energies of the incoming photon.

A. Angular and polarization distributions

The angular distributions for created electrons and
positrons are of a fairly complicated nature. They sim-
plify considerably at low and high photon energies.

At low photon energy, just above the pair production
threshold 2M, w — 2M <« 2M, we have

= (1 - 83ra) (g2 + M)W (1 % 83) + (1 + s3rs)al [EZ + B2 — 2(q3 + M?) F s3(EZ — EJ)],

= (1 + s373) (g} + M?) [B2 + B2 — 2(g} + M?) F 85(a§ + M®)(E] — E])] + (1 — ss73)g3(Ep — Bg)*(1 £ 83),

(62)

+MHF(e) (63)

(64)

(65)

PL~GL ~g &M, <1,

and
Sc(f:“) ~ 8O « ST(ﬁ:) ~ AM*(1 — s3r3)(1 & s3).

It means that electron-positron pair of low energies are
created mainly from m-polarized photons, and the differ-
ential cross section for pair production above the thresh-
old reads in this case

doy
qud(pqd(ppdq:g
€% sin®xé 81 + 53) + *(1 — 33)
) g '

(66)

The angular distributions for electrons and positrons of
low energies are uniform in the plane perpendicular to
the magnetic string but their dependence on the polar
angle ¥ is rather intricate.

The polarizations of the electron and the positron de-
pend strongly on the photon polarization state. Note
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that we are in the nonrelativistic limit and that s
{r3) now agrees with the spin projection of the electron
{positron). Created particles have spin projections of
opposite signs, and electrons with positive spin projec-
tions (antiparallel to the magnetic string) are produced
by m-polarized photons predominantly since ¢ < 1. Their
fraction increases with the flux parameter &, In this case
the interaction of the magnetic moments with the string
magnetic field is attractive for both the electron and the
positron, and their wave functions are localized near the
string. The o-polarized photon, on the other hand pos-
sesses a polarization vector perpendicular to the mag-
netic string and creates particles with spin projections s3
and r3 of equal signs which implies that their magnetic
moments have opposite directions. Because of the inter-
action of the magnetic moment with the magnetic field
of the string therefore only one of the created particles,
either the electron or the positron, is attracted to the
string, which leads to an enhancement of the wave func-
tion near the string. This means that one of the particles
is located near the string while the other one is located at
a certain distance and, in a heuristic picture, it is unlikely
that the o-polarized photon creates an electron-positron
pair.

With increasing photon energies the dependence on the
photon polarization disappears since also larger orbital
momenta contribute to the cross section. This can be
seen from Eqgs. (43) and (44).

At high photon energies, w > M, the angular dis-
tributions are very simple. In this case the electron
and positron are emitted predominantly in the forward
direction, within a narrow cone surrounding the direc-
tion of motion of the photon. Because of the pres-
ence the factors E, = P.L €08 @pi, E4 — g1 c08 4, and
9 + M? ~ E? cos? 9 in the denominator of (60) their
angular dlstrlbutlons have sharp maxima in this direc-
tion (@pr ~ gk ~ 0, ¥ ~ w/2) and the effective angular

e? sin®wé 1 W 2Md€
o= 3 =3
4 wi Jo M

fud '3

e? sin?wé 1 /’2
dr: wy

where
— (gh)? = (r—2)%—
c=(ab)? = (ox T 222 &3 (72)
Cole,z) = 32 (wf + &® — 42%) + (2 — M%)e?,  (73)

Cr(e,z) = 2w} + L(a® — M?)(wi + &% — 42?).  (74)

The remaining integrals over £ and x cannot be found
analytically for arbitrary values of the flux parameter 4.
Even for the symmetric case § = 1 we have a rather
complicated integral

e — 22
:1:3\/m2 /
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aperture of the cone is given in order of magnitude by
M/jwy.

B. The total cross section

Let us now analyze the energy behavior of the total
cross section. Integration of the differential cross section
(60) over the azimuthal angles ¢,, ¢, leads to an addi-
tional factor 4w%/(g2 + M?) and removes the term with

S, (0) from the cross section:

don _ €* sin’nd c—‘s.S’i_) +c"S§+) 67)
dE,dgs  32x? wi(g? + M?)2

Performing the sums over polarizations of created elec-
tron and positron we obtain

2 ¢ + g
wi(gs + M?)2

do, e sin® é

dBdgs  8n?

Cy (68)

with
= (g5 + M®)[E] + E] — 2(s3 + M?)]
+q§(Ep - Eq)2=
= (g + M)} + G3[EZ + BE — 2(¢2 + M?)]. (69)

Since the variables p; and ¢, are both positive the
variable g; ranges from —gi"®* to ¢5'** where g™ =

min (\/Eg — M2, \/Eg - Mz). Introducing new vari-

ables
e=|Ep— B, :c=vq§+M2, (70)

we obtain the general expression for the total cross sec-
tion for pair production by a photon of the energy wy
and polarization A:

_5+C

a:3 Vz? - M2 CA(E':B)

4+ 65) CA(E: w) ’ (71)

2 1 (% 1
O = o= — de ————
21r2 (x)k M 3:31,0‘332 MZ
X fwk h (W} — &% + 4a®) Ca(e, z)
0 V(W2 — €2)2 — 8a2(w? + 2?) + 162%
(75)
But the general expression (71) for the total cross section
of pair production simplifies considerably at low and high
photon energies to which we turn now.

At low energies, near the pair creation threshold, w;, —
2M <« M we have C, <« €, ~ 4M?. Therefore we will
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consider only the polarization state w. It is then

(e — 22)% ~ €2

Dropping in (71) the term ¢® < ¢=% and introducing new
dimensionless variables t and y by

e = (wy, — 22)t,

we obtain

. Uk -
e? sinnd [ wh 2w c?
Cx R dx de —poe——u_——
M 0

8nZM? V2M(z - M)
_é sin md fwp — 2M 7-28
T a2t M 2M

xB(1~46,1-8) B(%,2 —26)
7o sin® 7§ (wk — ZM) -2
V2 2M
xB(1~6,1—6) B(3,2~26) , (76)

where ro = f—— is the classical electron radius and the
constant By, v) is the Euler’s integral of the first kind.
After integration over a small energy interval A above
the threshold, 2M > w; < 2M (1 + A) the integral cross
section for pair production reads

2M(14+A) 2 oo 2 25
I:=f o (0x) duog, % e’ sin“md A3
2

M 2v2m %— 26
xB(1 —§,1—4) B(3,2 — 26). (77)

This quantity determines the output of electron-positron
pairs produced by a photon per unit length of the mag-
netic string per unit time within the given energy inter-
val. At = % we find

82\/§ 3
I=—= AL (78)

At high photon energies, wy, > M, the parameter ¢
behaves like ¢ ~ 1. In this case we have

- e sin®né i[%kda: 1
MU BBy z3/z? — M?
wy — 22
x j de Ci (e, ). (79)
0

Calculating the integral over & we find that the main con-
tribution to the asymptotic behavior of the cross section
at wyp, » M arises from values of z ~ M, Performing
integration over ¢ we obtain

e? sin® nd

el =T sin® 7d ay (80)

oy~

with a, = % and a, = 1.
At high photon energies the total cross section of the
pair production tends asymptotically to constant values
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for both photon polarizations. This energy dependence
is compatible with unitarity. (One might bave expected
that the singular pure AB potential leads to an increasing
cross section and causes the violation of the perturbative
theory at high energies, in a similar way as in the case of
the idealized, infinitely thin cosmic string [12].)

However, we do not consider the high energy AB pair
production as a realistic subject for experimental inves-
tigation. For a realization one needs to take much care
about coherence of the high energy photon beam. We
are going to estimate the possibility of the experimental
observation of the AB pair production effect in a subse-
quent paper.

V. CONCLUSION

We have analyzed the electron-positron pair produc-
tion by a single photon under the influence of a magnetic
string in first-order perturbation theory, which, as other
quantum processes connected with the AB effect, leads
to rather unexpected results. Photons do not interact
directly with magnetic fields, and the process which was
considered here happens due to the interaction of the
created charged particles in the final states with the AB
potential.

In addition to the AB interaction, resulting from the
nonintegrable phase factors, which all quantum particles
suffer, spin particles interact with the magnetic field via
their magnetic moments. This strongly influences their
behavior near the flux tube. In the idealized case of an
infinitely thin magnetic string their wave functions do
not vanish on the string and the nonlocality of the AB
effect is modified by a local interaction. This interaction
leads to a specific behavior of the cross section.

‘We evaluated the differential cross section for the pair
production, which contains complete information about
energy, angular, and polarization distributions of the cre-
ated particles, as well as the total cross section and ana-

lyzed them for different energy regimes. For low photen

energies, just above the pair production threshold, elec-
trons and positrons are produced predominantly by the
w-polarized photons with polarization vectors directed
along the magnetic string. This result may be the most
interesting one with regard to possible experimental ob-
servations of the AB pair production process.

Of course, the observation of the AB effect, which
is done by means of electron interference and electron
holography [5], is not a simple task, and the experiments
with photons which interact with the magnetic string and
create electron-pesitron pairs requires a careful discus-
sion. For these photons of rather high energies there
exist additional effects which can obscure the AB pair
production. In particular, this is the pair production by
the photon in collision with material of the tube carrying
the magnetic fux.

We draw attention to a remarkable feature which is
characteristic for quantum processes in the presence of
the AB string both for spinless and for spin particles.
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The pair production process happens if the created elec-
trons and positrons have angular momentum projection
of opposite signs. In a sense the virtual charged particles
need to circle the AB string to transform to real ones. In
this case the photon can transmit a part of its perpendic-
ular momentum to the string. We analyzed in detail how
the total cross section of the process depends on the pho-
ton polarization. This analysis may be very important
because it enables us to distinguish the pure effect from
interfering effects accompanying the AB pair production
process.

Finally we point out the analogy to the pair production
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process in the presence of a cosmic string [12]. In this case
an additional term appears in the Dirac equation which
results from the spin connection. It corresponds to the
vector potential term in the AB case.
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