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A relativistic constituent quark model (RQM) is used to calculate the form factors for the
semileptonic decays B, D — w(p)lv, B — D{D*)lv, D — K(K*)lv, and the coupling constants
for the radiative decays B* — By, D*. -3 Dv. The quark model is combined with a soft pion
theorem to derive the B*Br and D*Dn coupling constants, which are used to calculate the rate
for D* — Dx. The parameters of the model are fixed by exploiting the duality of the vector meson
dominance (VMD) picture and the picture of constituent quarks. This approach, which requires
-only that the predictions of the VMD model and the RQM are consistent, enables a parameter free
determination of heavy quark properties, and leads to a ¢° dependence of form factors which is
different from the usual polé approximation. The predicted rates for D and D* mesons agree with
the data without exception. This positive result supports the conclusion that properties of heavy
mesons can be analyzed cousistently in this framework.

PACS number\(s): 13.20.Fc, 12.39.Ki, 12.40.Vv, 13.20.He

I. INTRODUCTION

The analysis of semileptonic decays of heavy mesons is
of great practical interest since the respective Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements, which de-
termine the strength of the underlying quark decays, can
be extracted and the quark structure of mesons can be
. probed by measurements of the decay rates. The rate I’
for the decay of a heavy meson is usually represented in
terms of a reduced decay rate I',.:

T = |[Vis|’Ty (1.1)
where V;5 is the CKM matrix element for a ¢; ~ g5
transition, and TI', needs to be calculated. I', can be
expressed in terms of form factors which describe the
relationship between the quark picture and the hadronic
picture of the decay process. Usually a phenomenological
maodel is used to calculate the form factors for the various
decays and, with increasing precision, the experimental
data can be used to check and refine the input to the
model. :

The CKM matrix elements that govern charm decays
are rather well known, since the constraint of unitarity
gives tight bounds for their magnitude. From [1] we quote

|Vea| = 0.220 £ 0.002, |V,,] = 0.9743 £ 0.0007 .

Therefore, the calculated form factors can be compared
directly with the data and models checked.

The situation with respect to the CKM matrix ele-
ments that govern b decays is different, since it is diffi-
cult to obtain a quantitative estimate of their magnitude
based on the CKM matrix elements that are associated
with the first two quark families. Semileptonic B decays
are the only source of information about the CKM matrix
elements V;, and V,,;. Their determination from an anal-
ysis of these decays necessarily requires reliable estimates
of the decay form factors. The value of V extracted
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from the measured rates for the decays of B — Dl and
B — D*lv is rather insensitive to the model used to
calculate form factors, at least at the present level of ac-
curacy of the data. The value of V,; can be determined
from the measured rates for the decays B — wer and
B — pev. The transition B — 7 is of particular inter-
est, since the form factor needs to be known for the large
range 0 < ¢* < (Mg ~ M,)?, where ¢ is the momentum
transfer. The interpretation of this reaction depends very
sensitively on the particular assumptions that form the
basis of the model used to analyze the decay. For -
stance, theoretical predictions for I'»(B? — 77ev) range
from 2.1 x 10*? 577 [2] to 54.3 x 10*% 571 [3].

Let us consider in more detail transitions like B —
wly and D — wlv. For vanishing lepton masses, the
rate for each decay is determined by one respective form
factor f1(g%). Certain quark models {4,5] and lattice
calculations [6] evaluate the form factor for ¢ = 0 and
postulate, motivated by vector dominance ideas, that a
pole form holds for all values of ¢*:

0
ful) 2 250

(1.2)
where the value of Ay is usunally assumed not to be very
different from My, the mass of the lowest resonance
V = B*,D*. A very detailed investigation of these decay
modes by means of QCD sum rules in [7] seemingly con-
firms these assumptions, since it concludes that £, (g?) is
well approximated by the pole behavior (1.2} with pole
masses in the expected range. However, we shall argue
below that this extension of the pole form (1.2) to high
values of ¢? does not seem to be reliable.

An alternative determination of the form factor for a
different range of values of ¢° is possible in the approach
that combines the heavy quark effective theory (HQET)
and chiral perturbation theory. It has been applied to
the semileptonic decays of B and D mesons [8], with
the result that the B* and D* poles are the dominant
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components of the form factor fi(¢?) for B — = and
D — 7r transitions close to the maximum possible value
g = qm&x For example, for high values of ¢ the form
factor for the decay B — ntev is given by the vector
meson dominance (VMD) formula

_ V2gB-Bx+ I

Fold®) = P (13)

The factor +/2 appearing in Eq. (1.3) is due to our defi-
nition of the vector decay constant fg-:

(0fBy,ul|B*; P') = ic,V2fp- .

The B*Bx coupling constant gg- g+ is defined by

(L.4)

(B; P"|jx (0)|B*; P} = 2(¢P")gp-pno (1.5)
gB+Br® = .CJ.IE?‘Bﬂ""/'\/5 3

where £, is the polarization vector of the B* and j. is
the source of the pion field.

Analogous equations hold for D — = transitions. In
the limit where the heavy-quark mass mg goes to infinity
there are flavor-independent relations between coupling
constants:

g= gD‘Dw“"\/Ef?r/MD‘ = gB‘qu+\/§f1r/MB‘ N
where f, = 92.4 £0.2 MeV, and

VMpfp = fp-// Mp. =/ Mpfp = fg-/+/ Mp- .

(1.7)

(1.6)

These relations are valid at leading order in a perturba-
tion expansion in powers of 1/mq {9].

We shall show that a naive extrapolation of the vec-
tor meson dominance formula (1.3) to the point g% = 0
is not consistent with the pole formula (1.2), for in
general the relevant parameters are different: f,(0) #
V2gp-grt fBr /ME. and Ay # Mp.. In order to illus-
trate the quantitative consequences of these inequalities,
it is instructive to compare the results of two representa-
tive calculations. The method of [4] is based on the pole
form (1.2), extended to all values of g2, and gives the re-
sult T', (B = mt) = 7.4 x 102 571, The method of [3] is
based on the VMD formula (1.3), extended to all values
of g®. The HQET equations (1.6) and (1.7) are used to
estimate the parameters for the B — w transitiens from
the experimental data for I} — «. The reduced rate is
predicted to be I',(B® — nt) = 54.3 x 10'% s~1. Thus it
is obvious that the two methods to not match.

A general ansatz which interpolates between the forms
(1.2} and (1.3) is given by

V29p-px+ fB-
(ME. - ¢*)[1+ (1 - ¢*/ME.)G(g? )] .

Fald®) = (1.8)

The representation {1.8) is motivated also by the classic
work of Gounaris and Sakurai [10}, in which the VMD
model is refined by taking into account the width of the
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vector meson, i.e., analytic properties and unitarity are
included globally in a generalized Breit-Wigner form for
the vector meson propagator. We shall use Eq. (1.8) as a
convenient analytic expression to extrapolate the VMD
form factor (1.3) outside its known range of validity to
low values of ¢°. The damping of the monopole form
(1.3) is contained in the unknown function G(¢*) which
accounts for the structure of the background. For B —
transitions the background would cousist of higher B*
resonances plus the Bx and the B*m continuum. In Ap-
pendix A we shall investigate in detail the role of B*
radial excitations in the region near ¢ = MZ.. We shall
estimate the effect of the background by including the
sum of all radial excitations. Of course, this is only an
approximate account of the background, but it leads to a
well-defined prediction for G(¢?) at ¢* = M%.. Further-
more, we shall show that G(g?) is a function that varies
only slowly with g2, If the pole form (1.2) and the inter-
polating form (1.8) are compared at g = 0 one obtains
a relation between f1(0) and G(0) = é:

(14 8)f+(0) = V29p- B+ fB- /M- .

We shall take into account the ¢? dependence of G(g?)
in the discussion presented in Sec. IV, but if terms of
O(q?) in G(g?) are neglected for the sake of illustration,
a comparison of the first derivatives at ¢% = 0 leads to a
relation between the pole mass A, of Eq. (1.2) and Mp-:

(1.9)

(1+26)A% = (1 + 8)ME. . (1.10)
Therefore the quantity § is a measure for the mismatch
between the seemingly equivalent forms (1.2) and (1.3).
Again, analogous equations hold for D — 7 transitions.
We expect rather large values of § for B, D — 7 tran-
sitions, and it is interesting to note that already for the
electromagnetic form factor of the pion one finds a devi-
ation from the naive VMD prediction which is given by
148 = gonn fo/ M2 =~ 1.20.

In this work we shall use the relativistic constituent
quark model (RQM) of {11]. The RQM is based on the
light-front formalism, which provides a simple framework
for the determination of hadronic form factors for space-
like momentum transfer. We have demonstrated in [12]
that the RQM can predict the electroweak properties
of light mesons very reliably, and we expect it to work
equally well in the heavy quark sector. The first aim of
this paper is to show that these form factors can be con-
tinued analytically from spacelike to timelike, i.e., physi-
cal, momentum transfer; therefore, hadronic form factors
can be calculated for all values of ¢% and we shall use this
method to analyze semileptonic and radiative decays of
B,B* and D, D* mesons. In order to make a quanti-
tative comparison of the theoretical predictions and the
experimental results, the parameters of the model have to
be determined in terms of a few coupling constants which
must be obtained by the analysis of suitable experiments.
This has been done for the (u,d, s) quark sector in (12},
but not for heavy quarks, since the relevant data are not
precise enough or have not yet been. obtained.

But even without knowing the values of the heavy-



quark parameters one can investigate the behavior of the
expression for the form factor f..(¢?) derived in the RQM
in the limit, where the heavy-quark mass mg goes to
infinity (heavy-quark limit). Of particular interest are
the scaling rules for f}.(¢%) at ¢* =~ ¢2,, ~ m} and at
g° ~ 0. In the heavy-quark limit one obtains, at ¢® =
ms,

f+(m2Q) ~ mgz . (1.11)
This is the heavy-to-light scaling law of QCD. At ¢2 =0
the scaling behavior depends on the wave functions for
the initial- and final-state mesons, In the RQM Gaussian
wave functions are used and one finds

F4(0) ~ exp(mmgz) . (1.12)
The first derivative of f1{g?) at ¢*> = 0 can be expressed
in terms of A; as

fi0) 1
70) " & -0

and A; scales as Ay ~ m%“‘. Obviously the pole form

(1.2) approximates the form factor well for small values of
¢® but we expect A; to be smaller than My . The scaling
properties of -f (¢%) at large and small values of ¢% are
evidently quite different. This observation shows once
more that the monopole form factor (1.3), which scales
as given in {1.11), cannot be extrapolated to ¢ = 0.
The second aim of the paper is to propose an entirely
different method for the determination of the heavy-
quark parameters, by exploiting the duality of the vec-
tor meson dominance picture, in which the form factor
for B — m (and similarly D — =) transitions is given
by Eq. (1.8), and the picture of the bound constituent
quarks, where the. relevant form factors can be calcu-
lated in the framework of the RQM, as indicated above.
In fact, we shall show that the parameters for ¢ and &
quarks can be determined such that the alternative ver-
sions of the form factor match well for all values of ¢2.
The only external input is the value for the mass of the
resonance, namely Mg. or Mp., while the coupling con-

stants gg+~pr, 4D+ Dx, fB+, and fp+ are calculated in the -

RQM. Since the coupling constants depend also on the
heavy-quark parameters, obviously a self-consistent pro-
cedure must be used, that will be described.in greater de-
tail below. Therefore this approach, which requires only
that the predictions of the VMD model and the RQM for

(P 105]8" (1 — ¥5)q'|P') = ig(q®)epwape™ P*a” — f(q®)e}, — a4 (¢*)(e" P)Pu — a—(¢*)(e" P)qu

where P = P'+ P", g = P' — P, and ¢ = g(J3) is the
polarization vector of the vector meson with (e P") = 0.

In the limit where the electron mass is neglected, the
form factors f_ and a_ do not contribute to the respec-
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the transition B — « and D — 7 are consistent, enables
a parameter-free calculation of heavy-quark properties,
like coupling constants and form factors.

For charm decays there exists now a set of reliable
data and we shall show that the results of our calcula-
tion fully agree with these experimental results. Since
the success of this concept of duality is perhaps surpris-
ing, it might be helpful to demonstrate, as we do in Ap-
pendix B, that the calculation of the form factor f,.(g?%)
in the light-front formalism automatically takes into ac-
count a subset of higher-order gluon exchange diagrams,
whose summation would be expected to generate the res-
onant structures which dominate the form factor fi(g%)
for large values of ¢?. The same calculation performed in
the usual instant-form formalism does not have this prop-
erty, and we expect that results obtained if the light-front
and if the instant-form approach is used might be quite
different.

In Sec. II we present a brief summary of the general
aspects of the light-front formalism for g§ bound states
and derive the procedure for the analytic continuation
of hadronic form factors that govern semileptonic decay
processes. In Sec. IIT we make use of a soft-pion theo-
rem to extend the formalism to the treatment of pionic
transitions between vector and pseudoscalar mesons, in
order to estimate the B*Bwr and D*Dn coupling con-
stants. We illustrate the predictive power of this method
by the calculation of the coupling constants for the de-
cays p = 7 and K* — K7, The idea of duality and
matching of the vector meson dominance model and the
constituent quark model is worked out in Sec. IV and
used to determine the heavy-quark parameters. At this
stage the RQM is completely defined and Sec. V contains
our predictions for the semileptonic and radiative decays
of B, B* and D, D* mesons and pionic decays of the D*
meson, which we compare with presently available exper-
imental data. We conclude this work in Sec. VI with a
summary of the results.

II. GENERAL FORMALISM

We represent the hadronic matrix elements for the de-
cay of a pseudoscalar meson M’ — M"Yer in terms of
appropriate form factors. If the final meson M"” is a
pseudoscalar or a vector particle, we have, respectively,

(PT"7ud|P"y = f+(¢*)Pu + - (") (2.1)

and

(2.2)

[
tive decay rates. In order to be consistent with the usual
convention, we rewrite the form factors given in Eq. (2.2)
in the following way:
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V(g®) = —(M' + M")g(¢%) ,
Ai(g®) = —(M'+ M) (g%, (2.3)
Axg®) = (M + M")ey (4%,

where M’ and M’ are the masses of the initial and final
mesons, respectively. It was shown in [11] that these
form factors can be determined in a consistent relativistic
approach, which describes mesons as bound states of a
quark and an antiquark, and we shall briefly summarize
the main features of the treatment of ¢4 bound states in
the light-front formalism.

The four-momentum of the meson of mass M in terms
of light-front components is P = (P~,P¥,P,) where
P* = P'+£ P% and P? = PtP~ — P} = M? The
appropriate variables for the internal motion of the con-
stituents, whose momenta shall be denoted by &, and kj,
are

Kt =P, kF =(1—2)PT,

ki =zPL+p1, kay =(1—2)PL—py (2.4)
with k2 = m?, k2 = m2 and kinematic invariant mass
pi+mi  pi+md

M = (k1 + o) = = 1-w

, (2.5)

f+(qz) = 1671'3

where pf| = p/| —

d:c/d2 ! V wa(w ot

(1 — z)g. and N, denotes the number of colors.
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where m,, m2 are the masses of the constituent quarks. It
is sometimes convenient to replace the momentum frac-
tion z by the longitudinal internal momentum ps of a
vector p = (p1, P2, p3) whose transverse part is p; , where
3 is defined by

2 2
my — My

S (2.6)

In terms of this new variable My is simply given by

My=E +E,, (2.7)

where E; = y/m? + p2.

It is crucial for the computation of form factors to
impose the condition ¢t = 0, which at this stage of
the calculation means that form factors are known only
for spacelike momentum transfer ¢ = —¢% < 0. For
the sake of illustration we shall consider the form factor
f+(g?) for the transition between an initial pseudoscalar
meson with internal variables and masses of its con-
stituent quarks (,p’ ,m},m5) and a final pseudoscalar
meson with the corresponding quantities (z,p’| ,m{,m¥),
where m, = m4 = my. The form factor is given by an
overlap integral analogous to the corresponding nonrela-
tivistic formula

(e, P, AN, (2.8)

The additional factor in the integrand is a

consequence of our normalization of the wave function, Eq. (2.11). The light-front wave function ¥ has the same
structure as the wave function of nonrelativistic quantum mechanics: it is a product of spin and orbital wave functions
and depends only upon the internal variables x,p, , the spin variables of the quarks X, ) = =2 5, and the spin J of the
meson. However, the composition of spin requires a momentum dependent Melosh rotation ’RM(:c p1) of individual
spins, which for an S-state meson with spin 0 can be represented in the form [13]

Bl@,p1, M) = D (ARar(z, p1 ) ) (MR u (1 — @, —p.)|a) 3us, |00)@ (2, p1 ) . (2.9)
ui
The orbital wave function is assumed to be a simple function of the invariant mass My of the quarks:
(z,p1) = ©(M2) = N exp(~M2/36%) . (2.10)
The factor NV is determined by the normalization condition
PlE(MR) =1 (2.11)

It is sometimes convenient to change the variables of integration from x,p/, to pi,ph,ps. They are related by Eq.
(2.6) and

1 E.E,

- . 2
2(l—w) 35 0P

d3p1' —

4B By = Mo? — (my® —m3)*/Mg” .



Tn terms.of ® the expression for f.(g*) takes the form
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N, 1
$1(8) = oz [ ) s Wil + loma + (1= amilama + (1=} (212)
EH‘E” _
fz(p",p')=<1>"(Ma'2)¢>'<M52)(E,E?ﬂf“) MY — ! — e — o —maT L (21)

The formula (2.12) for fi(g*) depends explicitly on ¢
and is valid for g5 = —¢? > 0. We shall show now that
it can be written as a function that depends explicitly
on ¢* and that F,(g%) can be analytically continued to
physical values ¢* > 0.

For this purpose it is useful to substitute the transverse
momentum variable in the following manner:

612

Pl=pi=p —(1- w)wﬂ (2.14)
and consequently
" ﬁH2
PL=PL— (1 - m)mql . (2.15)

The product of initial and final wave functions, expressed
in tezms of the variable p,, becomes a functlon of g*

—q_}_
" (My*) %' (M?)
e (wﬁ’;;j;” ) e
K = +amf s (97l + §7ml?)
—(1-— w)z(ﬁ—,f’—_%%qz (2.17)

The argument of the exponential function is negative def-
inite only for values of g% that satisfy the condition

,812 /B.'rz
6I2ﬁ”2
The model cannot deliver the form factor for ¢2 > Q2.
This is a limitation which arises from the simple model

chosen for the wave functions of the mesons.
The integrand of Eq. (2.12) for f(¢?) contains also

square roots whose arguments have terms that are linear
in ¢, . The latter can be isolated by means of the identity

V24/A+ (prg) = \/A+ VA% — (pray)?

{pLgL}
VA+ VA = (pral)?

< QZ —_ (ﬁim 612 HZ) . (218)

+

(2.19)

We can choose a frame of reference such that g, = (q4,0)
and g2 = —¢?, (pLgi)?® = —p?g?, in order to represent
f+(d®) schema.tlcally as

1
fa(a®) ——~j0 dn:fdzm > anlz,p}, 934" ) (Prgs)”
(2.20)

The sum in Eq. (2.20) contains only a few terms that can
be constructed by repeated use of the identity (2.19), and
all terms with odd n vanish when integrated. The result-
ing function now depends explicitly on ¢2; it has been
derived originally for spacelike momentum transfer, but
the representation {2.20) permits an analytic continua-
tion of the form factor to timelike momentum transfers
satisfying ¢% < Q2.

An analogous representation can be established for the
form factors defined in Eq. (2.2).

We emphasize that the form factors calculated in this
manner satisfy the heavy-to-light scaling laws of QCD in
the limit where the heavy-quark mass mg goes to infinity.
If we require that the value of 3 for the meson composed
of a light guark and a bheavy antiquark scales as

B~my®, (2.21)

we find the following scaling properties for the form fac-

— 2
tors at g° =my!

2
Fild® = mb)y ~ml?,

V(g? = m) ~my?,

~1/2
Ay (? =mb) ~ mQI/ ,

Aa(g® = m?g) ~ mi{z

IIT. PIONIC TRANSITIONS BETWEEN VECTOR
AND PSEUDOSCALAR MESONS

Matrix elements for hadronic transitions between a
vector meson V and a pseudoscalar meson P can be
treated in the framework of the light-front formalism in
special cases. We shall investigate the decay V — Pr°
whose rate is given by
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T = g} p.p*/(67M3) ,
(3.1
p° = [M§ — (Mp + M, Y|[M{ — (Mp —M,)?)/(4M3) .

The matrix element can be expressed in terms of the
coupling constant as

{P"|3x0{0)|P’; 1J3) = 2(eP"}gv pro » (3.2)

where ¢ = £(J3) is the polarization vector of the vector
meson V. The matrix element (3.2) can be related to
the matrix element of the axial vector current, defined
by analogy with Eq. (2.2):

(P"|AL(O)|P'3 1Js) = §{f(a")eu + ar(¢*)(cP) P,

+a_(¢*)(eP)qp} (3.3)

with

£(0) — (M2 — MZ)a,(0) = —2MVJT33 j P v') >

X {2:cM6[a:mQ + (1 —a)m]+

p’f+m2+P'f+mfe

M!2=
0 x 11—z

and x and pj are related by Eq. (2.6). The parameters
relevant for the (u,d, s} quark sector have been deter-
mined in [12] and are given in Table I. The RQM thus
predicts the coupling constants used in Eq. (3.1} for the
decays p* = 7tn® and K*t = (K=)*:

Gprm = 5.62 (6.06 £ 0.01) ,

G Kn = V30Kt g+no = 5.05 (5.57 +£0.03) ,

where we have defined an effective coupling constant
gx~kn, and used Eq. (3.1) and the isospin symmetry
relation

TABLE [. Quark masses mg and wave-function param-
eters Bmeson for (g,Q) mesons. The light-quark mass is
My = My,q = 0.25 GeV.

(¢@) meson mq (GeV) Bmeson {GeV)
p—_— 0.25 0.5194
K K* 0.37 0.3949
D,D* 1.445 0.4871
B,B* 4.64 0.6948
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Ai(z) = %ﬁ(m)'yu%u(a:) - %J(w)*ypfysd(x) .

Partial conservation of the axial vector current (PCAC),

30N — 2,0
B Ay (x) = faMim"(x) (3.4)
leads to the following constraint among the form factors,
which is originally due to Das, Mathur, and Okubo [14]:

d|gv e |fr = [£(0) — (M} ~ Mp)a,(0)] .

Note, that if this relation refers to g ¢, o the factor 4
in Eq. (3.5) must be replaced by the factor 2. In deriving
Eq. (3.5) the #° has been treated as soft in the sense that
Pj‘:g = ¢° — 0, and it has been assumed that gy pro is a
gently varying function of P,,%o. The combination of form
factors on the right side of the soft-pion theorem (3.5)
has been calculated in the RQM in [11], and for bound
states of & u or d quark with mass m and an antiquark

with mass mg it is given by

(3.5)

(22— DM+ m—mg
(1—a) (ML +m+mg)"t

+ a:zsz —-(1- :J:)zmz]} ,

(3.6)

» U\ p) = QM) [MGT — (mg —m)*] 7",

gKor Komt = V2gKer gt no

in order to determine the experimental coupling con-
stants as given in parentheses. The agreement of the
theoretical predictions with the data is reasonable and
within the range expected from the effect of an underly-
ing approximate chiral symmetry.

The coupling constants gg«p, and gp+p, will be de-
termined in the next section.

IV. A CONSISTENT PARAMETRIZATION OF
THE HEAVY QUARK SYSTEM

In our approach we started with a simple ansatz, Eq.
(2.10), for the quark wave function, which depends on
one parameter 1/Bmeson that essentially determines the
confinement scale of the g7 bound state. The parame-
ters of this model, the constituent masses m, and the
wave-function parameters BGmeson, can be fixed in terms
of measured coupling constants.

Based on the available precise data for the (u,d,s)
quark sector, our model has been shown in [12] to give
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predictions for the electroweak properties of light mesons
in excellent agreement with experiment. The data which
would determine the parameters of the bound states of a
light quark and a heavy antiquark are not precise enough
or have not been measured as yet. In this paper we pro-
pose an entirely different method for the determination
of the heavy quark parameters, by using the duality of
the VMD picture and the picture of bound constituent
quarks, as presented in Sec. L
The decay

P® 5 xten, P°= R D°

turns out to be suited best to exploit this idea of du-
ality. For vanishing lepton masses the hadronic matrix
element for this transition depends on one form factor
f+(g*), which has been discussed in the framework of

|

fviMy = 5=

WithE=1/m2+p2 and EQ= fm%.*_pZ_
‘We shall use the RQM also to obtain information on

the function G{g?), which we fit by a quadratic approxi-
mation

G(g®) =4 (1 - i—z - q—i) . (4.3)

1 Y2

The expansion coefficients in Eq. {4.3) can be fixed by the
requirement that the RQM and the VMD representations
of fi(¢?) and its first and second derivatives agree at
g* = 0. With the following definitions of the quantities

AlaAZa
(f;(O))RQM_ 1
F+(0) A3

1O\ 1 1
. 5(}1(0)) T AT AL

the parameters 4,v1, vz are determined by the relations

(4.4)

(1+ &) FFM0) = V2fvgypat /ME

1 1461 1+26 1
_irel 140 C 45

A B A R 7 ) (45)

1 146 1 2 1

=24 +— .

7 § A} My MG
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the RQM in Sec. II, We shall denote it in this section
by foM (g?). An alternative determination of the form
factor is possible in the framework of the VMD model in
the region near the B* or D* poles, and we have argued
in Sec. I that we expect Eq. (1.8} to be an interpolating
form for all values of ¢2. Accordingly we have

YMD 02y _ V2fy gV pn+
* ME — ¢ 1+ (1 - q*/M3)G(g?)

(a1)

with V' = B*, D*,

The coupling constants that appear in Eq. (4.1) are
not known for heavy mesons, but can be calculated in
the RQM: gy p.+ is given by Egs. (3.5) and (3.6), and
fv has been calculated in [12]:

(2% f Ppd(M3) (

X {(1—m)m+me+

Mo, 1/2 \/E
EEq/ [M§—(mq-m)’/2
2
_ﬁl____ } (4.2)
My+m+mg
[
Since the light-quark properties are known, both

ff_‘QM(qz) and fYMP(g%) depend only on two unknown
parameters, the heavy-quark mass mg and the wave-
function parameter Sp = By {note that we assume iden-
tical S-wave functions for singlet and triplet states). We
shall show that the parameters of the ¢ quark and the &
quark can be chosen such that for the form factors that
govern B — « and D —+ = transitions the two alternative
approaches give consistent results for all values of ¢%: i.e.,

VMD(2) ~ fRAM(g2) |

In order to find the parameters that satisfy the consis-
tency requirement (4.6) we replace the parameter set
(mg,Bp) by the set (mgq, fp), where the pseudoscalar
coupling constant fp is given by [12]

(4.6)

to= s [ #m08) (g2)
V2

Mg = (mg — )72
x{(1-z)m +amq} .

(4.7)

Note that Eq. (4.7) can be used to calculate, e.g., f.
using the parameters given in Table I, with the result
fr = 92.4 MeV.

For a given value of fp we find that the consistency
relation (4.6) is fulfilled only for a very narrow range of
me. As representative examples we have compared the

reduced RQM form factor (M3 — ¢2) fRM(¢?) with the
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reduced VMD model form factor (M2 — ¢*)fYMP(¢?)
for the transition B — m in Fig. 1 and for the tran-
sition D — 7 in Fig. 2. This is the quantity which
in the popular pole approximation to the form factors

1(('])-'|-'--|'--‘1""|- T
0.8 \/2_fB= 170 MeV
m, = 4.75 GeV ,
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FIG. 1. The reduced form factor (MZ. — ¢°)f+(g®) for
the transition B — . The solid line denotes the result
of the RQM and the dashed line the result of the VMD
model. Results are given for three different parameter sets:
(a) v2fs = 170 MeV, my = 4.75 GeV; (b) v2fp = 170 MeV,
mp = 4.64 GeV; (¢} v2fp = 170 MeV, my = 4.58 GeV.
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is assumed to be constant, while we find a considerable
variation with ¢° as shown in Figs. 1 and 2. We illustrate-
the results for a fixed value of fp and for three different
values of mg, and note that a striking agreement be-

1.2 —r———T——r—— s
- (a) -
V2 £,=200 MeV ]
1- m, = 1.2 GeV _
0.8 -
0.6 _
2
2
0.6 -
_. L 3 1 I 1 L ! PR | 1 1 4 | 1 L " .“
0 0.5 1 1.5 2

Ve

FIG. 2. The reduced form factor (M3. — ¢°)f+{g®) for
the transition D — #. The solid line denotes the result
of the RQM and the dashed line the result of the VMD
model. Results are given for three difficult parameter sets:
(a) V2fp = 200 MeV, m. = 1.52 GeV; (b) v2fp = 200
MeV, m, = 1.445 GeV; (¢} v2fp = 200 MeV, m. = 1.40
GeV.
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tween the two versions of the reduced form factors can
be achieved. For the ranges 140 < +/2f5 < 230 MeV and
160< v2fp < 230 MeV we find the heavy-quark masses
myp = 4.625 £0.015 GeV and m, = 1.424+0.04 GeV. The
pairs of values of heavy-quark parameters (mg, fp) ob-
tained in this manner can be restricted even further by
means of an independent estimate of the function G(g?).
We have presented this analysis in Appendix A, where
we generalize the idea of VMD to mean not only the
dominance of one pole, but we include also the effect of
radially excited states. This mechanism generates a func-
tion G{g?) which agrees with the RQM estimate of Egs.
(4.3)-(4.5) at ¢* = MZ only for one pair of parameters.

In this manner we find the following set of parameters
for the B, B* system:

my = 4.64 GeV

V2fp = 170 MeV . (4.8)

The correspending value of 85 is given in Table I. Addi-
tional relations of interest are

v2fp./Mp. = 185.4 MeV ,

9B+Bx0 = gpepat/V2 = 16.21 (4.9)

g = 8p+Bn+ \/ifvr/MB4 = 0.56 .

The parameters that determine the VMD form (4.1) by

means of the approximate relation (4.3) are given by
§=1.93, ¥ =113 GeV, v =95 GeV.

Evidently the function G{g?) varies only slowly with ¢Z.

It is gratifying to see that this approach leads to a value
for my that is consistent with a recent determination of
the heavy-quark mass my = 4.72 £ 0.05 GeV in {15].
The value for fp is within the range established by the
lattice calculations of [16], where a high statistics analysis
of pseudoscalar decay constants is carried out with the
result /2fg = 180 + 50 MeV. The coupling constant g
has been defined in Eq. (1.6) and is independent of flavor
in the heavy-quark limit.

For the D, D* system we find, in the same manner,

me = 1.445 GeV ,

V2fp = 200 MeV . (4.10)

The value for 8p is listed in Table I. Additional relations
are
V2fp./Mp. = 248.9 MeV ,
9D Dn0 = gp-prt/V2 =621,
9= gD pat V2 /Mp. = 0.57 .

(4.11)

The function G(g?) is determined in terms of the param-
eters
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§=0.62, ~y; =30.27 GeV, <, =3.51 GeV .

The value for fp again is consistent with the results of
the lattice calculations in [16]: V2fp = 170 + 30 MeV.
The value of g given in (4.10) is consistent with the value
|g] = 0.61 £ 0.22 obtained by the approach that incorpo-
rates both heavy-quark symmetry and chiral symmetry
in [3].

T}]1e values for 4; given above seem to be incompatible

with heavy-quark symmetry: The first derivative of the
RQM form factor fi(q?) calculated at g2 = 0 scales as
Ay~ mf{ %, where mg is the mass of the heavy quark.
In the heavy-quark limit (1 +4)/6 =5 1 and v — Ay,
. 3/4 :
i.e., v1 scales also as y; ~ mg . However, v is defined
in Eq. (4.5) as the difference of two terms whose scaling
behavior is not very different. This means that a large
heavy-quark mass is required to suppress the corrections
to the heavy-quark limit v = Ay ~ mgq. In fact, for
D — 7w 1/4% is close to zero, which leads to the large value
for v1. Tor B — 7 7, gets closer to A; (note that A; =
1.71,3.96 GeV for D, B — m, respectively), but even m;
is too light for scaling to set in. Thus the results found
for -y; are in accord with the pattern that is expected for
values of the heavy-quark mass below the region where
scaling rules are meaningful.

In Figs. 1(b) and 2(b) we have plotted the reduced
RQM versus the VMD form factor for the parameter sets
{4.8) and (4.10), respectively. The two versions of the
form factor match well for all values of g2. The slight
deviation for very large values of ¢* is due to the fact
that an analytic continuation of the RQM form factor to
timelike momentwm transfer is possible only for ¢ < Q2.
For the parameters given in Table I we have, according
to the definition {2.18),

\/__ 514 GeV for B = 7w,

Q= 1.79 GeV for D—w.

The close proximity of QZ to g2, secems to be related
to the need for the (analytically continued) RQM form
factors to reproduce the dominant effect of the vector
resonance (B* or D*) near ¢2,.. Such a feature has
been observed also in [17], where the similarity between
the free constituent quark model and the VMD model
description of certain pion properties was noted.

We did not attempt to obtain a fine-tuned set of pa-
rameters, since for values of ¢* very close to Q3 the RQM
calculation of f,(g%) depends sensitively on the details
of the wave function for the g7 bound state, and we do

not expect that our ansatz is reliable there. However, the
form factor is predicted there by the VMD model.

V. NUMERICAL RESULTS

A. The semileptonic transitions D — n, p and
B —=mp

We have determined the heavy-quark parameters in
Sec. IV by the requirement that the predictions of the
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RQM and the VMD model for the form factors of the
decays B — mwev and D — mwer are consistent, and
at this stage the RQM is completely defined in terms
of the parameters given in Table I, or the equivalent
parametrization given in Egs. (4.8) and (4.10). Based
on this parametrization we have used the RQM to ana-
lyze also the decays B — pev and D — per. Our results
for the form factors at ¢ = 0 are collected in Tables I¥
and III, and are compared with the results obtained by
means of QCD sum rules in [7] and of the popular BSW

B T(D* —» %)
TT I(DF - K%v)

and
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approach [4]. A more detailed discussion of the predic-
tions of several other models can be found in [7]. The
corresponding results for decay rates are given in Tables
IV and V.

Our results for the form factors for D decays at g% =
0 are very similar to the results of the QCD sum-rule
approach, but the rates are quite different and reflect
the differences in the ¢® dependence of the form factors.
In the following we compare our results for the ratios of
branching fractions with the data:

0.042 (this work} ,
0.085 + 0.027 £ 0.014 (CLEO [19]) ,
0.055+9:03 4 0.05 (Mark III [18]) ,

(Dt — p°ly) { 0.030 {(this work) ,

T(D+ — K*°lv)

. The predicted value of R, is somewhat smaller than the
recent CLEO data. The obvious remedy would seem to
be to increase the D* signal by increasing gp- pr (which
would require smaller values for the parameter fp). But
this choice would increase also the strength of the pionic
transition I* = D, and this would bring us in conflict
with the experimental upper bound for ot (D*1). How-
ever, this is 2 minor point at present, since the data still
have rather large errors.

For B decays our results at g2 = 0 resemble those of
Bauer, Stech, and Wirbel (BSW) [4]. This is as expected,
since BSW work in the infinite momentum frame, which
leads to practically the same results as the light-front
formalism we used in this work, but BSW employ an

approximation for the wave function which agrees with

our ansatz only in the heavy-quark limit. Furthermore,
BSW postulate the monopole form factor as given in
(1.2), which again generates rates different from ours.
Qur form factors at ¢ = 0 for B — p transitions are
lower than those obtained by the traditional application
of QCD sum rules in [7], but agree with the light-cone
QCD sum-rule approach of [21] ([21] contains a compara-

TABLE IlI. Form factors for semileptonic D — w, p transi-
tions at ¢° = 0. ’

f+(0) V(o) 41(0) A1 (0)
This work 0.67 0.93 0.58 0.42
Ball (7) 0.5(1) 1.0(2) 0.5(2) 0.4(2)
BSW (4] 0.69 1.23 0.78 0.92

0.04419-9%1 + 0.014 (E653 [20]) .

tive discussion of the two QCD sum-rule methods). Fur-
thermore, we find form factors V' (¢%), A1(g?), A2(q?) that
increase monotonically with ¢®. This result is consistent
with that of {21], but partly disagrees with that of [7].

B. The semileptonic transitions I — K, K* and
B - D, D

We have already analyzed semileptonic D — K, K*
and B — D, D* transitions in [11,22]. The parametriza-
tion chosen in the present work and the refined treatment
of the ¢® dependence of form factors lead to somewhat
different results, which we shall present below and com-
pare with the most recent data. '

The CLEO Collaboration [23] has measured all four
D — K(K*)lv decays in one experiment, with results
that are in excellent agreement with previous measure-
ments. The predictions of our model (we have used the
value |V,,| = 0.9743) fully agree with these data, as the
following comparison shows:

TABLE III. Form factors for semileptonic B — =, p tran-
sitions at ¢ = 0,

A0 V() 41(0) __ As(0)
This work 0.27 0.35 0.26 0.24
Ball [7) 0.26(2) 0.6(2) 0.5(1) 0.4(2)
ABS {19] 0.28(6) 0.24(4)

‘BSW [4] 0.33 0.33 0.28 0.28
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_ [ 0.78 (this work) ,
f+(0) = { 0.77+0.04 (CLEO) ,

T(D - Kiv) = {

I'(D - K*lv) = {

and

DD K*ly)

R= — = =)
T'(D = Kiv)

9.60 x 101 s~ (this work) ,
(9.1+0.3+£0.6) x 10! s~! (CLEO) ,

5.50 x 101% s=1 (this work) ,
(5.7+0.7) x 10'° s™1 (CLEO),

0.57 (this work) ,
0.62 + 0.08 (CLEO).

The K* polarization as defined by the ratio of the longitudinal to the transverse partial widths is

Ti(D— K*lv)
T7(D = K'lv)

For the sake of completeness we give also our results at
g = 0 for the form factors that govern D — K,K*
transitions and compare them with former quark model
calculations in Table VI. While our predictions are in
agreement with the experimental results, given also in
Table VI, they partly disagree considerably with the re-
sults of [2,4,5,26]. In particular, the ratio R, which in
the older work is about a factor of 2 larger than the ex-
perimental value, is predicted correctly in the light-front
analysis. We have argued in Appendix B that the light-
front formalism which we use in this work is basically
different from the usual instant-form formalism. There-
fore, we expect that results obtained if the light-front
and if the instant-form approach is used can be quite
different. Only the BSW model of [4] can be compared

['(B — D*lv) = [29.9 &+ 1.9(stat) £ 2.7(syst) £ 2.0(lifetime)] x 10% s™1

1.326 (this work) , _
1.18+ 0.18 £ 0.08 (E653 [24}) ,
120+ 0.13 £ 0.13 (E687 [25]) .

at all with our RQM. But BSW caiculate the form fac-
tors V/(0), A1(0), A2(0) by taking matrix elements of the
transverse components of the currents, which in the in-
finite momentum frame formalism are “bad” operators,
and their determination in the BSW approach is consid-
ered even by Bauer and Wirbel [4] to be uncertain. This
is the origin of the discrepancy between the results of
the two models for D — K*, p transitions, since we de-
termine all form factors uniquely in the RQM by taking
only matrix elements of the plus components of the cur-
rents. This subtle point is of only minor importance for
B — D*, p transitions since m;, is large.

The semileptonic B — D, D* transitions are used to
measure V3. The CLEO collaboration [28] has recently
determined the partial width

(5.1)

based on the average of the LEP and CDF measurements of the lifetimes [29]

7+ = 1.68 1+ 0.12 ps,

Tgo = 1.53 £ 0.09 ps .

CLEO uses the HQET approach of [30] to derive for the CKM matrix element

|Ves| = 0.0362 & 0.0019(stat) & 0.0020(syst) + 0.0014(model} (HQET) .

TABLE IV. Decay rates for semileptonic D° — #%, p*
transitions in units 10*® s71. Listed also is the ratio of trans-
verse and longitudinal decay rates T’y and I'r. The value
|Vea| = 0.220 has been used to calculate the rates.

(5.2)

TABLE V. Decay rates for semileptonic B° = n ¥, p* tran-
sitions in units |Vis|® x 10'® 7. Listed also is the ratio of
transverse and longitudinal decay rates T’z and Uy,

(D° —xt) T(D°—pt) Tp/Tr (B — nt) T(B® = pt) /Ty
This work 0.80 0.33 1.22 This work 1.00 191 0.82
Ball [7] 0.39(3) .12 (3) 1.31(11)  Ball [7) 0.51(11) 1.2(4) 0.06(2)
BSW [4] 0.68 0.67 0.91 BSW [4] 0.74 2.6 1.34
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TABLE VI. Form factors for semileptonic D — K, K™ transitions at ¢° = 0. Listed also is the

ratio R = D(D — K*lv)/T(D — Klv).

f+(0) V{0) A1(0) A2(0) R
This work 0.78 0.66 0.43 1.04 0.57
ISGW [2] 0.8 .08 0.8 1.1 1.08
BSW [4] 0.76 0.88 1.2 1.3 1.14
KS [5] 0.7 0.82 0.8 0.8 0.96
AW/GS [26] 0.7 0.8 0.6 1.5 1.34
£687-93 [27) 0.59 % 0.05 0.46 £ 0.11 1.0 0.3
Expt. ave. [27] 0.75 + 0.03 0.56 = 0.04 0.40 = 0.08 1.1£0.2
Our model predicts the rate _ N, 3 212 2
B ma) = s [ EoROR)P g
I'(B - D*lv) = |V3|? x 25.33 x 102 571 (5.3) <L {(1 — z)m + zmg + __#Jiﬁ%} )
T My +m +mgq

and from the experimental partial width (5.1) we can
derive V.

|Vep| = 0.0344 £ 0.0023 (this work) , (5.4)

where the error is a combination of the different uncer-
tainties in (5.1). The values for Vg given in (5.2) and
(5.4) are obviously consistent, and the same is true for
the predictions of the models of ISGW [2], BSW [4], and
KS [5], giving |Vis| = 0.0348(23), 0.0369(23), 0.0340(23),
respectively. '

The vector to pseudoscalar ratio that we find compares
well with the CLEO and ARGUS data

2.64 (this work) ,

F(B i D*lv) = +1.1+1.0
B D) )| >Seees (OLEO) B,
29103753 (ARGUS [32]) .

Finally we list our values for the form factors that govern
B — D, D* transitions at g2 = 0:

£2(0) = 0.69, V(0) =081,

A1(0) = 0.69, A3(0) =0.64 .

In closing we note that the predicted rates for B decays
as given above depend very little on the value of the
parameter fg.

C. Radiative and pionic transitions D* — D-y,
D* — Dn, and B* — By

The rate for the decay V — P+ is given by

1 M2 — M2N?
7= —Otg%rp.,, (_u) .

3 iy (5.5)

We assume that the transition takes place between S-
state mesons, which have identical orbital wave functions.
The coupling constant gy py can be expressed in terms
of the loop integral I3(m, mg) which has been calculated
in {12) and is given by :

{5.6}
Using the parametrization of Sec. IV we obtain for the
respective coupling counstants
g+ Dty = Qels(me, m) + Qals(m, me)
=—0.30 GeV™! |
gp-opoy = Qols(me,m) + Quls(m,me)
=1.85 GeV ™',
(5.7)
g+ Bty = Quls(m,my) + Quls(ms, m)
=1.40 GeV™1,
gp-ogoy = Qala(m, my) + Quls(my, m)
= —0.80 GeV™1,
where (J, is the charge of quark q The rate for the decay
D* — D is given by Eq. (3.1) and the coupling constant

has been derived by means of a soft-pion theorem, with
the result given in Eq. (4.10}:

gD+ D+x0 = GD*0pO70 = .';';D“"D("rr"'/‘/§ =6.21.

Using the equations for the rates we finally obtain the
predictions of our model:

I[D*+ = (Dr)*] = 91.39 keV

T(D*t — Dty) = 0.56 keV ,

Teor(D**) = D"+ = (Dm)*] + T(D*+ — D*y)
= 91.95 keV ,

T(D*® - D%%) = 43.40 keV ,
L(D*® — D%) = 21.69 keV ,

Tiot (D) = [(D*° - D%2°) + T(D*® — D%)-
= 65.09 keV , (5.8)
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TABLE VII. Branching ratios in % for radiative and pionic
D" decays.

Decay mode This work CLEO [30]
DY DFy 0.61 1.1+1.4:£1.6
D*t - Dtg0 30.97 30,8+ 0.4 +0.8
D't 5 D%t - 68.42 68.1+1.0+1.3
D™ — D% 33.33 36.4+23:£3.3
D™ o D%° 66.67 £3.6+23+3.3
and

T(B*™ = BTy} = 0.420 keV ,

T(B*® = B%) = 0.142 keV . (5.9)
The D* lifetimes have not been measured yet, but our
predicted D*¥ lifetime is close to the experimental up-
per limit Ty (D*F) < 131 keV [33]. We compare the
resulting branching ratios for D* decays with the respec-
tive data from the CLEQ Collaboration [34] in Table VII.
Again the predictions of our model are in agreement with
the data.

VI. CONCLUDING REMARKS

The relativistic quark model, based originally on the
light-front formalism, has been extended to the treatment
of decay processes with a timelike momentum transfer,
and has been combined with a soft pion theorem. This
approach enables the calculation of coupling constants
and form factors for a great variety of decay processes
involving heavy mesons. The crucial step, the determi-
nation of the parameters of the RQM, in particular the
values of the constituent masses of the ¢ and b quarks, is
accomplished by making use of the duality of the VMD
and the RQM approaches in the analysis of the transi-
tions B,D — «. The ¢* dependence of the form fac-
tors provided by the RQM is different from that in the
usual pole approximation. We have compared our pre-
dictions with a large body of data for decays of D and
D* mesons, and found agreement without exception at
the present level of accuracy of the data. It seems that
properties of heavy mesons can be analyzed in a sim-
ple and consistent manner in the framework provided by
this relativistic quark model. We think that such a phe-
nomenological method has significant advantages as an
alternative to the heavy-quark effective theory, in partic-
ular in view of indications [35] that charmed and even
beauty mesons may not be heavy enough for the HQET
to permit reliable predictions.
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APPENDIX A: GENERALIZATION OF THE
VMD MODEL (GVMD)

The form factor fi(g?) for the decay B® — ntiv is
dominated at ¢ = g%, by the B* pole and has the
form given by Eq. (1.3). We have argued that this form
has only a limited range of validity. We expect a more
extended range of validity if the idea of VMD is gen-
eralized by including the effect of B* radial excitations.
This assumption leads to the generalized vector meson
dominance (GVMD) formula

GVMD/ 2y _ On '
f+ (Q)_ijm’

n=1

(A1)

where M, is the mass of the nS-state meson B and

Oy = \/igB;Bfr*' fB,‘, /Ms ¢ (Az)
Analogous equations hold for I — « transitions.

In order to calculate the coupling constants gg. g» and
fB: from Eqs. (3.5), (3.6), and (4.2), we use harmonic-
oscillator wave functions for the orbital n§ states, which
have the form

&, = NpHap_1(2)e % 1%z (A3)
for n = 1,2,3,..., where H,, is a Hermite polynomial
and 22 = p?/Biom- The normalization factor N, is
determined by the normalization condition (2.10). The
value of Byom for B, B*(D,D*} mesons and its radial
excitations is fixed for a given parameter set (mg, fp).
The n = 1 §-state wave function of Eq. (A3) is different
from the ansatz chosen in Eq. (2.10), except for mesons
composed of equal mass quarks; in that case the two
representations are equivalent. However, the coupling
constants and the values of f,.(¢?) and its derivatives at
¢% = 0, calculated for the purpose of this appendix on the
basis of Eq. (A3) are only slightly different from those
calculated on the basis of Eq. (2.10), and our conclusions
are practically independent of the representation chosen
for the wave function.

In order to calculate the quantitative consequences of
the GVMD model we need at least approximate values
for the masses of the radially excited states. In [36] a
relativistic quark potential model has been used to de-
scribe the mass spectrum of mesons, and the masses of
the first radial excitations of B* and D* are found to be
M>(25) = 5.93 GeV and M,(25) = 2.68 GeV, respec-
tively. Once the masses M, and M, are known, one can
estimate the masses of the higher states by means of the
mass formula for the relativistic harmonie oscillator

My = v/m? + 0} + /md +wi,
“’721+1 = L.;.,Zz + const .

We have given the coupling constants and expansion pa-
rameters for a fixed value of the parameter set (mg, fp)
for B, B* in Table VIII and for D, D* in Table IX.
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TABLE VIII. Coupling constants gg. g0, fB; and expan-
sion coefficients @, for nS-state mesons B, for the RQM pa-
rameter pair (ms, v2fs) = (4.64 GeV, 170 MeV).

n 1 2 3 4 5 6
V2fes [Mn (MeV) 185 202 219 227 235 240
g8 w0 15.06 —4.42 2.23 —1.35 0.90 —0.63

Can 0.74 -0.21 0.11 —0.06 0.04 —0.03

Although the inclusion of excited states manifests as
an effective damping of the monopole form factor, this
contribution is not sufficient to account for the behavior
of f+(g?) for small values of g>. We expect the GVMD
model to work more reliably close to the B* or D* pole,
where the effect of the generalized form (A1) can be inter-
preted as a correction of the monopole form (1.3), which
is given by

FYVR() = (- (- @M
+O({(1 - ¢*/M)™)] (Ad)
where
n==3 1—%} : (A5)

n==2

If Eq. (A5) is compared with the interpolating form (4.1)
one finds the relation

k= G(M7) . (A6)
‘We have compared the results obtained for both sides of
Eq. (A6) using Egs. (4.3) and (A5), respectively, for dif-
ferent sets of heavy-quark parameters. For {my in GeV,
V2fg in MeV) =( 4.625,155), (4.64,170), (4.635,185),
(4.635.200) we find £ = 1.1, 1.2, 1.2, 1.3 and G(M?) =
0.8, 1.2, 1.6, 2.0, respectively. For {(m.,v2fp) =
(1.433,190), (1.445,200), (1.452,210) we find = = 0.43,
0.44, 0.45 and G(M?) = 0.21, 0.47, 0.73, respectively.
Evidently the two methods agree only for

V2fg ~ 170 MeV and v2fp =~ 200 MeV .

The precision that is required in order to have the
GVMD quantity « agree with G{M?) and the sharp val-
ues for the parameters obtained in this manuer might
be surprising. However, when « and G{M7) have been
calculated above for different sets of heavy-quark param-

\

TABLE IX. Coupling constants gp, pro, fpy and expan-
sion coeflicients a,. for nS-state mesons D}, for the RQM pa-
rameter pair (me, v2fp) = (1.445 GeV, 200 MeV).

n 1 2 3 4 5 6
V2fp: /M, (MeV) 248

247 256 255 3257 256
gD} Dr® 6.06 —2.01 107 -0.67 045 -0.32
en 1.06 —0.26 012 —0.07 004 -0.03
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eters, the values of the meson masses M, have been kept
fixed. We expect that if the dependence of M, on the
heavy-quark parameters would be accounted for correctly
then x and G(M?) would possibly match over a wider
range of parameters, and in particular G(M3?) would de-
pend less sensitively on the parametrization.

APPENDIX B: WHAT IS SPECIAL ABOUT THE
LIGHT-FRONT APPROACH AND THE
CONDITION gt = 07

The matrix element for the transition between two
pseudoscalar mesons is given by

(P 1uq|P') = Ry

‘We shall discuss the matrix element (B1} under the con-
dition ¢* > 0 and in a frame that is defined by

(B1)

Pr=M, P, =0,

Pt =M — gt Pl =—q, . (B2)

Pl _k2 pll
a)
=N

b)

FIG. 3. One-loop diagrams which are ordered with regard
to the evolution of the plus components of the momentum
lines. They represent the hadronic structure of the amplitude
for the weak transition between two mesons.
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The matrix element was expressed in Eq. (2.1) in terms
of the form factors fi(g?) and f_(g*) which can be re-
lated to its light-front components. If we use

R, =Rq, (B3)
we find
fi(@®) = m*;( t — Rgty,
F-(¢®) = R+ 7 (R — Rg¥) . (B4)

2M

The matrix element {Bl} can be represented by the
two diagrams of Figs. 3(a) and 3(b), which are ordered
with regard to the evolution of the plus components of
the momentum lines (from left to right). It is possible to
draw four additional diagrams, whose contribution van-
ishes, however, due to the conservation of the plus com-
ponents of the momenta at each vertex. The evaluation
of the first diagram, Fig. 3(a), is straightforward, since
the meson vertices have the usual g§ structure which can
be expressed in terms of the respective wave functions.
We choose the following variables for the internal quarks:

R, (4a) = 16 3

where Q2(p”, p') is given by Eq. (2.13) and
4B By = M}?
In the notation of [11] the trace S, is given by

S, = tr{vs(

2 Ft —_—
dy/dp Q" ") M w19

(?2
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kY =yP'*, ki) =yPl+7p,

H 1 H 1 H
k1+:$P +, kl_L=:1:PJ_+p_L,

kf = (1~2)P"F, kay =(1—-2z)P) —p ,

where

Pl=p —(1-y)P +(1—-=)P},

y=1—(1-a)P"t/P't,
and the ranges of the momentum fractions 2,y are
OSQ’SI, yOSyS]-,

with yo = ¢*/P’'*. The kinematic invariant masses are
given by

2 ” 2 2
Mlzpr_'l'ml P+ my
1] 1— Y 1
n 2 "2 12
M2 = + My P+ mz
£ .

l—2z

The contribution of the first diagram, Fig. 3(a), to the
matrix element (B1) is

’
yBiB; S, (B5)

m3)*/My?

~yky + m2)ys(vhy + mi ). (vky + mi)}

and all quarks are on their respective mass shells. The light-front components of §,, in the system of reference (B2)

are

s+ = 2M’{y[Ma'2 — (=) + 2 (0

+
+Ha-9) [+ 04

81 = ~2q) [M}? — (m) ~ m2)?] + 29,

+(m’1 - m;.')z - q2 M’ (M

12 _ M:2) P”+ (Muz MHZ’) _ (ml H)2:| } ,

MH 2

MI2) +

— (m} —m2)?]

(B6)

(mi —m2)® + Mg? ~ (m} — ma)?

P"+ (Mu2 an)} . (B?)
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For g% = 0 the expression for f.(q?) resulting from Egs.
(B4), (B5), and (B6) coincides with Eq. (2.12). More-
over, in this case the contribution of the diagram of Fig.
3(b) vanishes, again due to the conservation of the plus
component. Thus fi(g?) can be calculated straightfor-
wardly from the diagram of Fig. 3(a) only when ¢t =
(and therefore ¢ < G). This condition is clearly cru-
cial for the calculation of form factors in the light-front
formalism.

In order to illustrate the role of the process represented
in Fig. 3(b), we consider the transitions B - 7 and
D — =, for which M’ » M", and values of g2 close
to g2, = (M’ — M")2. 1t is commonly believed, that
for high positive values of ¢* the form factor fi.(g?) is
dominated by resonant structures. The descriptions of
the same process by a valence quark picture and by a
VMD picture are quite complementary, but the light-
front formalism provides some insight into how the two
pictures are linked. At ¢*> = g2, the contribution of
the diagram in Fig. 3(a) to the form factor f,({¢%) is
very small, since ¢* = M’ — M" at ¢* = ¢2,,,, and the
value of yp = g+ /M’, the lower limit of the interval over
y in Eq. (BS), is then close to 1. For a quantitative
comparison we have calculated fi(g*) at ¢ = g2, for
B° — wFep, and quote its value together with the result
obtained from the interpolating VMD formula (4.1}

2 _ | 0.24 (diagram 4a) ,
ﬁ@mﬂ—{lam(vmm.

For the numerical evaluation we have used the parame-
ters given in Table I and in (4.8) and (4.10).

Obviously the dominant contribution to the form fac-
tors for large values of ¢° must be due to the diagram of
Fig. 3(b). Unfortunately its evaluation is hampered by
the fact that the vertex for the outgoing meson cannot
be expressed directly in terms of a valence quark wave
function. One of the quark lines must first be “turned
around” by the exchange of one or more gluons. In lowest
order this process corresponds to the two-loop diagrams
of Fig. 4: the gluon emitted by either the light spectator
quark or the heavy-quark creates a ¢g pair such that a
wave function can be used at the vertex for the outgoing
meson,

However, the treatment of explicit gluon exchange be-
tween constituent quarks goes beyond the valence quark
picture, which is the basic assumption of the approach
used in this paper. Moreover, a perturbative treatment
would not be expected to be adequate. In particular the
diagram of Fig. 4(b) belongs to the subset of graphs
which are characterized by the exchange of gluons be-
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q
M
P ] P tr
a)
q
P 3 P 1]
b)

FIG. 4. Two-loop diagrams for the same process as in Fig.
3.

tween those constituents, which annihilate into the cur-
rent. The summation of this subset of diagrams would
be expected to generate the resonant structures which
dominate the form factor f..(¢?) for large positive values
of ¢2, according to the generalized VMD relation which
we have used.

Obviously, the calculation of the form factor fy(g*)
from the diagram of Fig. 3(a) in the framework of the
light-front formalism under the condition ¢¥ = 0 is basi-
cally different from the corresponding calculation in the
instant-form formalism [in the latter case Fig. 3(a) repre-
senits a timé-ordered diagram]. A comparison might serve
as an illustration: The former is the light-front analog
of the nonrelativistic calculation of the photodisintegra-
tion of the deuteron using Siegert’s theorem [37], while
the latter is analogous to the calculation without using
Siegert’s theorem.
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