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Electroweak fermion-loop contributions to the muon anomalous magnetic moment
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The two-loop electroweak corrections to the anomalous magnetic moment of the muon, generated by fer-

mionic loops, are calculated. An interesting role of the top quark in the anomaly cancellation is observed. New

corrections, including terms of order G„um„m, /M~, are computed and a class of diagrams previously

thought to vanish are found to be important. The total fermionic correction is —(23~3)X 10 " which

decreases the electroweak effects on g —2, predicted from one-loop calculations, by 12%%uo. We give an updated

theoretical prediction for g —2 of the muon.

PACS number(s): 12.15.Lk, 12.60.—i, 13.40.Em, 14.60.Ef

The anomalous magnetic moment of the muon,
a„—= (g —2)/2, provides a precision test of the standard
model and potential window to "new physics" effects. The
current experimental average [1]

a'„"~'= 116592 300(840) X 10

is in good accord with theory and constrains physics beyond
the standard model such as [2,3] supersymmetry, excited lep-
tons, compositeness, etc. A new experiment [4] being pre-
pared at Brookhaven National Laboratory is expected to re-
duce the uncertainty in a'„""' to below ~40X10, more
than a factor of 20 improvement. At that level, electroweak
loop corrections become important and new physics at the
multi-TeV scale is explored.

To fully exploit the anticipated experimental improve-
ment, the standard model theoretical prediction for a„should
be known with comparable precision. That requires the con-
fluence of calculational effort involving very high order QED
loops, hadronic loop contributions, and even two-loop elec-
troweak effects. Indeed, the contributions to a are tradition-
ally divided up into

QED+ hadronic+ EW
p

The QED loops have been computed to very high order [5]

n '= 137.035 992 22(94); however, in either case it is well
within the ~40X10 ' experimental goal.

A recent reexamination [6] of hadronic vacuum polariza-
tion at the O(n/7r) level, utilizing e+e ~hadrons data via
a dispersion relation, gives

a"' """(vac.pol. ) =7023.5(152.6) X 10 (5)

a„' """(higher order vac. pol. ) = —90(5) X 10 ' (6)

and the light by light hadronic amplitudes [8,9]

a"' """(light by light) = 8(9)X 10

Altogether, one finds

(7)

Unfortunately, the uncertainty has not yet reached the hoped
for level of precision. However, it is anticipated [7] that on-

going improvements in e+ e —+ hadrons data near the p me-
son resonance [which weighs heavily in (5)] and theoretical
input in the higher energy region will significantly reduce the
uncertainty. Nevertheless, the goal of going below
~40X 10 " remains a formidable challenge.

The result in (5) must be supplemented by higher order,
O(cr/m), hadronic vacuum polarization effects [2,3]

A ~ n'I'
a = + 0.765 857 38(6) — + 24.0454(4) '—

2m

( i4 ( )5
+ 126.14(43) — + 930(170)

I ~l

where in the calculation of the 7. lepton loops we used
m, =1777 MeV. Employing a =137.0359895(61) rec-
ommended by the Particle Data Group [1]gives

2 2 II

EW 5 G~m 1 m
a (one loop) = — 1+ —(1—4s~) +0 z

= 195X10 (9)

Now we come to the electroweak contributions to a„, the
primary focus of this work. At the one-loop level, they are
well known [10—14]:

a = 116584 708(5) X 10 (4)

The uncertainty could be further reduced by a factor of 2, if
we chose to use n as determined from the electron g, —2,

where Gu = 1.166 39(1)X 10 GeV, M =Mu, or
M H;~~„and the weak mixing angle is defined by
sin Hu —=svr=1 —Mu/Mz. We can safely neglect the

O(m„/M ) terms in (9). Also, throughout this paper we ne-
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gleet terms suppressed by the factor 1 —4s~ whenever it
simplifies the expressions without affecting accuracy.

The one-loop estimate of electroweak effects is about five
times the anticipated experimental accuracy. Naively, one
would expect higher order electroweak contributions to be of
relative O(n/vr) and hence insignificant. However, an inter-
esting study by Kukhto, Kuraev, Schiller, and Silagadze [15]
(KKSS) found that not to be the case. They showed that
two-loop electroweak contributions are quite large and must
be included in any serious estimate of a or confrontation
with future experiments.

Including two loops and making the approximations men-

tioned above, a becomes

(b)

(d) (e)

FIG. 1. Fermion loop diagrams contributing to the muon anoma-
lous magnetic moment. Crossed circles denote interactions with an
external photon.

5G„m'I n~
a =— '1+C —.

3 S&2 2l

It is natural to separate the subset of the two-loop elec-
troweak contributions which contain a fermion loop

C= C erm+ C os

Parts of both C '~ and C "have been calculated by KKSS.
Denoting the noncalculated contributions by R& (for fermi-
onic loops) and by Rb (for the remaining diagrams) the
KKSS results can be written as

1S ~M,'~ 9 ~M,'~ SC"' = ln 2 ln 2 +1+—~'+Rf
5 (m j 5 Im) 15

49 ~Mz~
C "=——ln 2 +Rb.

15 (12)

The known parts reduce the electroweak contribution a by
about 24% (—46X 10 '), a significant decrease. A full cal-
culation of Rb is quite a daunting task because of the large
number of diagrams. It has been estimated by KKSS to in-
huence the correction factor C at the level of 10%.However,
only a full two-loop calculation will tell us if that is the case.

In the present paper we reexamine the fermionic loops
contributing to the two-loop electroweak corrections and cal-
culate R&. We find that a significant subset of diagrams has
been neglected in previous studies. In particular we find that
the large logarithms of the ratios of Mz and lepton masses
contributing to C" are cancelled by the corresponding
quark diagrams. We also obtain new relatively large nonloga-
rithmic corrections of O(m, /Mii, ) and O((m, /Mii, ) ) terms.

In our calculation we chose the ratio of muon and vector
boson masses as an expansion parameter in the calculation of
diagrams contributing to g —2. Such asymptotic expansions
have recently obtained firm theoretical foundation [16].After
the expansion we still have to perform two-loop integrals,
which however contain at most one mass scale. The calcula-
tion of such integrals is further facilitated by the integration
by parts method [17] and the symbolic manipulation pro-
grams written in FORM [18].In some cases we used packages
SHELL2 [19]and MiNCER [20] to check our results.

We use dimensional regularization with the dimension of
space-time equal D=4 —2e and neglect terms containing

yE and In4m p, which accompany the poles 1/a and vanish in

ferm 2
~C light ~ 23s~

(13)

In the third generation we can neglect only masses of 7.

and of the b quark. For the v. lepton loop we obtain

1
g Cferm

60s W
(14)

For the sum of all diagrams containing top and bottom
quark loops we find

the sum; this explains the appearance of logarithms of di-
mensionful quantities in the intermediate (divergent) results.

For the discussion of hadronic loops we use the following
quark masses m„=md=0. 3 GeV, m, =0.5 GeV, m, =1.5
GeV, mb=4. 5 GeV, m, =176 GeV. We perform the compu-
tations in the 't Hooft-Feynman gauge. The basic two-loop
diagrams with fermion loop contributing to muon g —2 are
shown in Fig. 1. In addition we have to consider diagrams
obtained by replacing vector boson propagators by corre-
sponding Goldstone bosons as well as mirror counterparts of
asymmetric diagrams.

Contributions of diagrams with a fermion loop connected
to the muon line via two charged bosons are shown in Figs.
1(a)—1(c). Isospin +1/2 fermions are denoted by u and the
isospin —1/2 fermions by d. We first consider the case when
fermions in the loop belong to the first two generations. Here
the masses of the fermions in the loop do not influence the
result very much and we neglect them. The ratio of the ne-
glected terms to the result is at most of the order of
(m, /Mii, )ln(m, /Miv)(0. 3%, with m, denoting the mass of
the charm quark =1.5 GeV. In Ref. [21] it has been argued
that the diagrams 1(a) and 1(b) vanish by virtue of Furry's
theorem. We find that this is not true even after adding con-
tributions of all fermions in a generation. Furry's theorem
consists in the observation that contributions of diagrams
with two different orientations of the fermion loop mutually
cancel. This is not the case for diagrams 1(a) and 1(b) be-
cause for every fermion Aavor interacting with the external
photon there is only one possible orientation of the fermion
line. Only those parts of the expressions which contain a
single y5 cancel out after adding contributions from the up-

type quark, down-type quark, and from the lepton.
Adding contributions of quarks and leptons we obtain for

a single light generation (we put the relevant Kobayashi-
Maskawa matrix elements equal 1)
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l3 m, ) 8 5 5
ACib =

2 2
—

3
—

4
+

2
In(m, Mw)

5sw Mw( 3 4'

m,————ln
12 2 (15)

9t Mz 5)
AC,'(d) (e) = —— ln 2 + —,

5( m

9 Mz 8 11
ACfe™(p,) = —— ln 2

——~2+—
5 (

m' 27 18)
(16)

in agreement with [15]. In that reference one also finds a
formula for the 7. lepton which can be generalized for all
fermions sufficiently heavier than the muon and lighter than
the Z boson

18 2 Mz
b, C,'(d)(f) = —I3fgfl ln 2

—2
mf

(17)

In practice this formula can be used for all quark loops ex-
cept for the top quark, for which we find

We computed O(Mii, /m, ) and O(M~/m, ) corrections to
this formula. Those terms turn out to have small coefficients
which render them numerically insignificant. The singular
terms m, /e will be canceled by renormalization of the W
boson mass present in the one-loop electroweak contribu-
tions to muon g —2.

We now consider the diagrams with a photon-photon-Z
coupling induced by fermion loops shown in Fig. 1(d). For
electron or muon in the loop we obtain

I 3
—2s~I 3 +2sii,

15s~c gr
(20)

top loop discussed above. The second line summarizes the
corrections to the dominant effect from the electron, muon,
and from the top quark. Numerically we obtain
Aa&~d~= —14.4X10 " in contrast with the value given in
[21,15] Aai(d)(e ~,)= —25.6X10 ".This reduction of the
correction is caused by the cancellation of the
Mz-dependent logarithms. We stress that the Mz which is
still present in the main part of (19) is caused by the large
mass of the top quark and suppression of its contribution.

To summarize this part we note that the large numerical
value of the sum of diagrams 1(d) is generated by large mass
splittings among the fermions. This is the main difference
between our result and the result of [15]:imagine a model in
which all fermions had equal masses, then the sum of the
three leptonic contributions discussed in [15]would be equal

3XAa&&d&&„&, whereas we find that the total correction due
to 1(d) would vanish. We believe to have found a qualita-
tively new type of the top quark effect: it is namely the
extremely large mass of the top quark which determines the
shape of the main part of the formula (19), although the
numerical value of m, is completely irrelevant. What is im-
portant is that Mz/m, (&1.

We now discuss the remaining diagrams, neglected in
[15]. In the diagram 1(e) we have to distinguish two cases,
again treating top quark separately. For the light fermions we
find, in contrast to the diagram 1(d), that the logarithmic
factors are suppressed by extra powers of mf/Mz, we retain
good accuracy by taking massless fermions. We find

Mz)2 2 m, l
AC, '(d) (r) =

2
—+ —ln

m (3 5 Mz)
(18)

This contribution becomes sizable after adding the top quark
effect. For all fermions together we find

In Ref. [15] the total fermionic two-loop effect on muon

g —2 was estimated by summing only electron, muon, and
r contributions to diagram 1(d). It has been concluded that
the source of large corrections are logarithms of ratios of
these light fermion masses to the mass of the Z boson. Such
treatment is incomplete and misleading. We can see from the
formula (17) that the sum over all fermions (see discussion
in [3]) in the first two generations leads to the cancellation of
Mz-dependent logarithms, due to the no-anomaly condition

XfI3fgf 0. This pattern no longer holds for the third gen-
eration; here, due to the large mass of the top quark, its
contribution is suppressed by a factor Mz/m, . This leads to
the appearance of the logarithm of Z boson mass in the sum
of all contributions to 1(d)

3 2 4 2 16 4

where we neglected terms O(Mz/m, ) which proved to be
small.

In the remaining diagrams we have a scalar particle cou-
pling to the fermion loop, and therefore we only consider top
loops. If the Z boson in the diagram 1(d) is replaced by the
neutral Goldstone boson we obtain

18 (m„meMz) ~

AC" = ——ln
5 (mmm) m m

16 8
''(~)( )(') =

z
(22)

8 Mz(2 2 m—5+ —m. + 2' —+ —ln 215 mi (3 5 Mz
(19)

The first line of (19) gives the dominant contributions of the
diagram 1(d) from all fermions. We note that the mass of the
top quark is absent in this part reflecting the suppression of

Finally, there is the diagram 1(f) containing the Higgs boson.
It is the only non-negligible contribution of the Higgs boson
among two-loop fermion diagrams. We consider three cases,
depending on the hierarchy of masses of the top quark and
the Higgs boson. For MH(&m, we get
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104 16 m,
~C1(f) ( ) 45 15 2

H

~ha„= —2.1X10 " (for MH=60 GeV).

(23)

The final result for the fermion loop effect on muon

g —2 is obtained by adding the contributions given by Eqs.
(13)—(15), (19), (21), (22), and (27) and the contribution of
the Higgs boson diagram ACi'tf) (t) given by approximating
Eqs. (23)—(25). Our final formula is

For the case of MH))m, we observe stronger suppression of
this amplitude

18 (m„m Mz) 3 m,C" = ——ln
5 (mdm, mb) m m, 16 swMw

m, 24 8 8
ACfe™(t)= — —+ —7r + —i ln —1iP) M 5 15 5 I m

i 2
7

10sw

~ha = —1.6X10 " (for Mff=300 GeV).

(24)
(28)

In order to estimate the size of the Higgs diagram in the case
of similar top and Higgs boson masses we put m, =MB. In
this case we find

AC, 'P)(t) = ——1 — C12
5 3 I3/

(MH=m, )

~Aa = —1.2X 10 (25)

e G
(1—5),

SWMW
(26)

where 5 is determined by studying electroweak corrections
to the muon decay width. Because we are interested in ferrn-
ion loops, only quark and lepton corrections to the 8' propa-
gator need be included. They induce the following counter-
term which cancels the divergences we encountered in the
charged boson diagrams [Eq. (15)] and the Z boson vacuum
polarization [Eq. (21)]

where C12 is the Clausen function [22]. The contribution of
the Higgs boson is small and we approximate it by
—1.5(~1.0) X10 ".

A few words are in order to explain why several diagrams
with neutral bosons have been omitted in Fig. 1. Diagrams
with two scalar bosons (HH, HG, G G ) coupling to the
muon line are at most of the order m /Mz. The remaining
diagrams (e.g. , ZH) are either exactly zero, or are suppressed
by the vector coupling of the Z boson to the muon (factor
1 —4sw)

Some large two-loop corrections can be absorbed in the
one-loop result if it is parametrized in terms of G deter-
mined from the muon's lifetime. This corresponds to the re-
placement of bare parameters

Cferm 50(6) (29)

which means that the correction to muon anomalous mag-
netic moment a„ from the fermion loops is
—(23~3)X10 ii. The theoretical uncertainty has several
sources: the unknown mass of the Higgs boson, uncertainty
in the masses of the light quarks which pararnetrize the had-
ronic effects, and the large experimental error in the present
value of m, . Finally, higher order three-loop contributions
remain unknown. Altogether we estimate these effects to
yield an uncertainty at the level of 3 X 10, more than an
order of magnitude below the predicted experimental preci-
sion.

Including the fermionic two-loop corrections and partial
two-loop bosonic effects, we obtain the updated theoretical
predictions

This is our main result which replaces the old estimate of
C" given in (12). We dropped all terms suppressed by
negative powers of m, . We checked explicitly that their nu-
merical impact is negligible.

The O(m, /Mw) term in Eq. (28) is related to the p pa-
rameter that appears in the ratio of weak neutral to charged
current amplitudes and comparisons of the W— and Z
masses. It can be viewed as an induced correction brought
about by our renormalization of the one-loop Z contribution
in terms of G, a charged current parameter. We also note
that except for their incomplete cancellation in the anomaly
diagrams of Fig. 1(d), no other effect of the two light ferm-
ion generations resides in our final result.

For the numerical evaluation of the remaining terms
which contain the weak mixing angle we take sw=0. 223.
We obtain

8 4~
Cct 2 + p 2 1 —2sw+ —sw'

sw 5swcw i

3 m,'i 1 1
2 2 2 +2 ' 5 ~z

4sw Mwi 2a 2

a = [152(3)+0.45Rb] X 10

a'"= [116 591 802(153)+0.45Rb] X 10 ' . (30)

79
+ 1nM ——lnmw 10 60 (27)

What remains is to compute Rb and lower the hadronic loop
uncertainty. Work on both is in progress.
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After completing this calculation we learned about Ref.
[23],which contains an analysis of quark contributions to the
diagram in Fig. 1(d). For the light quarks their numerical
result obtained using the chiral perturbation theory is the
same as our evaluation using constituent quark masses. The
large difference between their final evaluation of the fermi-
onic loops and our result is due to diagrams of Figs. 1(a)—
1(c), 1(e), and 1(f), which were not considered in [23].
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