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The effect of thermally excited mirror vibrations on length measurements using a laser interfer-
ometer gravitational-wave detector is calculated, and the number of vibrational modes which must
be included to predict the Brownian motion of the mirror surface relative to its center of mass is
estimated. These calculations account for both the full three-dimensional shape of the vibrational
modes of the mirrors and the spatial shape of the optical modes of the interferometer. A convergence
pattern for the number of modes which must be included in a complete thermal noise estimate is
found; all vibrational modes with acoustic wavelengths greater than the laser beam spot size must
be considered. When the full geometries of the mirror and the optical mode are taken into account,
the thermal noise power in the gravitational-wave frequency bandwidth for mirror and laser param-
eters relevant to the LIGO (Laser Interferometer Gravitational-Wave Observatory) interferometer
is approximately a factor of 6 larger than the noise obtained in earlier estimates which typically
considered only the lowest few modes. If mirror vibrational thermal noise was the limiting noise
source for the detection of some astrophysical sources, then this difference in noise power would

result in a factor of 15 difference in estimated detection rates for these sources.

PACS number(s): 04.80.Nn, 05.40.+j

I. INTRODUCTION

Gravitational-wave observatories, such as the Laser In-
terferometer Gravitational-Wave Observatory (LIGO) [1]
and VIRGO [2] facilities now being built, will use laser
interferometry to sense the small motions of suspended
test masses induced by gravitational waves. To observe
signals from astrophysical sources, background motion
of the test masses caused by local environmental forces
must be minimized. Once background noise from seis-
mic, acoustic, and electromagnetic forces is sufficiently
well suppressed, the main background arises from the
thermally excited motion of the masses, sometimes re-
ferred to as Brownian motion. The motion of the center
of mass of the test mass, typically referred to as suspen-
sion thermal noise, has been discussed in several recent
papers [3-5]. Here we concentrate on the internal vibra-
tions of the test mass, which cause the motion of the
mirrored surfaces relative to the centers of mass of the
test masses.

We have developed a method for calculating the op-
tical path length changes induced by mirror vibrations
and predicting the spectral distribution of noise in the
interferometer due to thermally driven vibrations [6] (see
also [7]). Here we present this analysis and its implica-
tions in detail. Previous estimates [8,9] of the thermal
noise in laser interferometers have only included the low-
est few vibrational modes of the mirrors and have esti-
mated the coupling between the vibrations of the mirror
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and the optical path length by only considering purely
longitudinal motion. In the calculations presented be-
low, the mirrors are treated as three-dimensional bod-
ies, and a convergence pattern for the number of modes
needed to describe the thermal noise accurately is found.
The vibrational thermal noise of the LIGO project’s first
generation full-scale interferometer and 40-m interferom-
eter at Caltech are investigated as examples; however the
method is general and can be applied to any interferom-
eter with suspended mirrors. We find both that more
modes must be considered to estimate the thermal noise
accurately and that many modes are more strongly cou-
pled to the interferometer than was previously thought.
The result is that the thermal noise due to mirror vibra-
tions is larger than previously estimated and may limit
the sensitivity of advanced gravitational-wave detectors.
Following Saulson [9], we assume that the losses in the
substrate material are independent of frequency. We be-
lieve this assumption to be consistent with current ex-
perimental results in fused silica [10], the preferred test
mass material for both optical and mechanical reasons.
Our method of calculation is independent of the specific
loss function chosen, but the absolute level of the esti-
mate of thermal noise is sensitive to the loss function.
The effect of mirror vibrations on the optical mode of
an interferometer and the implications for length mea-
surements are treated in Sec. II. We define a single pa-
rameter for each vibrational mode of the test mass, the ef-
fective mass coefficient, which can be used to parametrize
this interaction. Our method for calculating these coef-
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ficients was verified as described in Sec. III. Section IV
describes how thermal noise in an interferometer is cal-
culated as a summation over test mass modes and Sec.
V explains how physical parameters of the interferome-
ter affect the convergence of this sum. The sensitivity of
these thermal noise estimates to the position of the opti-
cal mode on the mirror is investigated in Sec. VI. Section
VII discusses how the results of these calculations can
be used to estimate thermal noise in real mirrors, where
deviations from perfect symmetry may cause mixing of
the vibrational modes. The implications of this work for
gravitational-wave detectors are discussed in Sec. VIII.

II. EFFECT OF MIRROR VIBRATIONS ON
OPTICAL MODES OF AN INTERFEROMETER

The initial LIGO interferometer [1], shown schemati-
cally in Fig. 1, will consist of suspended mirrors forming
Fabry-Perot optical cavities. The cavities are arranged
along orthogonal axes to sense the strain induced by pass-
ing gravitational waves. The strain is manifested as ap-
parent displacements of the cavity mirrors, detected by
laser light which resonates in the optical cavities. Vibra-
tions of the mirrors constitute a noise background which
could mask or mimic a gravitational-wave signal.

We wish to find the displacements detected by the
optical system when the mirror surfaces are vibrating.
To solve this problem, we must consider the interaction
between two different types of modes: the mechanical
modes of the vibrating test masses, and the optical modes
of the electromagnetic field resonating in the Fabry-Perot
cavities.

The vibrational eigenmodes and eigenfrequencies of a
free right solid cylinder can be found by solving the equa-
tions of elasticity using an analytic series solution [11].
From the results of that solution, the amplitude of the
displacement of the mirror surface at each point, %, (p, 8),
can be calculated for the nth mode normalized to a fixed
energy U. Implicit in the mode shape @, is a time de-
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FIG. 1. Schematic view of a LIGO interferometer.

The optical modes of the interferometer can be de-
scribed by Hermite-Gaussian functions, ¥, [12]. The
interferometer typically operates with the transverse-
electromagnetic (TEMgo) mode %o on resonance. To
avoid interference between modes, the length of the in-
terferometer and the curvature of the mirrors are chosen
such that the TEMgo mode and other higher-order modes
cannot resonate simultaneously [13].

The optical mode experiences a phase shift upon re-
flection from a mirror excited in a particular vibrational
mode:
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k is the wave vector, and |E i, | is taken to be much less
than unity for all points on the mirror surface. This new
perturbed mode in the interferometer can be described
in terms of the unperturbed modes:

Y= Z Zcij'l/)ij ) (2)

Cij = / ¢fj¢oo€i2’;'ﬁ"(p’o)d0- (3)
s

The integral is an area integral over the mirror surface S.
Since only the TEMgo component of the perturbed light
resonates, the new resonating mode can be written as

Y = oo [1 + 42 / Yeothook - Gndo
S
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Each term of this expression can be easily interpreted.
The imaginary term contains the phase shift from which
the apparent length change Al, can be determined:

Al, = Ik"-l/ 7/’301/)00]_5 - Un(p,0)do . (5)
S

The second integral term describes the light which is scat-
tered out of the TEMgo mode. The apparent motion Al,
is generally different for different vibrational modes of the
mirror with the same energy.

To remove the dependence of the amplitude of the dis-
placements, i, on the energy normalization, it is conve-
nient to parametrize the coupling of each mode in terms
of an effective mass coefficient «,, defined as

U

1 2A72
smwiAl2

(6)

o, =

m and w, are the actual mass of the mirror and the
angular resonant frequency of the vibrational mode, re-
spectively. With this parametrization, the apparent mo-
tion of the illuminated mirror surface oscillating in a par-
ticular vibrational mode can be modeled as if it were
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a point mass of magnitude a,m vibrating with a reso-
nant frequency w, measured by an ideal one-dimensional
laser beam. The result of this mathematical procedure is
shown schematically in Fig. 2.

As an example, the mode shapes, resonant frequencies,
and effective mass coefficients of the first six axisymmet-
ric modes of a 10-cm mirror are shown in Fig. 3. A
10-cm mirror (used in the LIGO project’s 40-m interfer-
ometer) is a fused silica cylinder with a diameter of 10
cm, a length of 8.8 cm, and a mass of 1.6 kg. The effective
mass coefficients depend not only on the parameters of
the mirror, but also on the geometry of the optical mode
on the mirror surface. For all the calculations of this
paper, except in Sec. V where it is explicitly stated oth-
erwise, the laser parameters used with the 10-cm mirror
are those relevant to the 40-m prototype interferometer,
which has a spot size (the radius at which the intensity is
1/e? of its maximum) of 0.22 cm. The beam is assumed
to be centered on the mirror and in the TEMgo optical
mode, so that nonaxisymmetric vibrational modes do not
contribute apparent motion to the mirror surface. The
benefit of this choice of beam location is that the center of
the mirror is a node for all nonaxisymmetric modes, mak-
ing calculations much simpler by decreasing the number
of modes involved. The implications of moving the beam
spot off center are discussed in Sec. VI.

The effective mass coefficients of the first 100 axisym-
metric modes of a 10-cm mirror are plotted against their
respective resonant frequencies in Fig. 4. The effective
mass coefficients vary by several orders of magnitude,
reflecting the wide variety of mode shapes. There is,
however, a general trend toward lower effective masses
at larger resonant frequencies. To draw attention to this
trend, a dashed line representing o, o f,! is drawn.
This line is approximately the median effective mass co-
efficient in a given bandwidth. The significance of this
line will become apparent in Sec. V. This general trend
arises from the cylindrical symmetry of the axisymmet-

mirror mode: U(p,6,2)
frequency: w,

optical mode: y(p,6,2)
wave vector:

point mass on spring
mass: o,,m
frequency: @,

one-dimensional
laser beam N
wave vector: K

FIG. 2. Representation of the effective mass coefficient.
The effective mass coefficient, «, is the parameter which we
use to model the interactions between the optical mode of
the interferometer and a vibrational mode of the mirror as a
one-dimensional mass-spring system.

radius

56. kHz

a = 0.33

axis

FIG. 3. Mode shapes, resonant frequencies, and effective
mass coefficients of a 10-cm mirror.

ric modes, which dictates that the largest antinode of
motion in the axial direction is at the center of the mir-
ror, the position being sampled by the laser. When the
acoustic wavelength is shorter, this antinode will have a
narrower width and thus a larger amplitude for a given
energy. Hence the apparent motion of the mirror surface
sampled by the laser light can be relatively larger for
the higher-frequency modes, and the effective mass can
be correspondingly smaller. To illustrate this point, the
shapes of the mirror surface for four modes with small
effective masses are shown in Fig. 5 (these modes are
shown as solid circles in Fig. 4); notice that a relatively
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FIG. 4. The effective mass coeflicients as a function of
mode resonant frequency for a 10-cm mirror. The modes
shown in Fig. 3 are plotted as open squares; the modes shown
in Fig. 5 are plotted as solid circles. The dashed line corre-
sponds to 1/f.
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FIG. 5. The shape of the mirror surface for four
higher-frequency modes with small effective masses. (a)
f = 143 kHz, a = 0.013; (b) f = 173 kHz, o = 0.014; (c)
f =200 kHz, o = 0.021; (d) f = 262 kHz, o = 0.009.

small portion of the mirror around the center of the mir-
ror surface moves much more than any other spot.

Previous estimates (see, for example, [9]) of the cou-
pling between the vibrational modes of the mirror and
the optical path length of the interferometer considered
only purely longitudinal motion. In this case the mode
shapes can be described simply by

Un(2) = up sin (%:’_z) , )

where h is the thickness of the mirror. Such a model
predicts an effective mass coefficient of 0.5 for all modes.
This approximation gives a reasonable estimate of the
effective mass coefficients of some low-frequency modes
(e.g., the first few modes of Fig. 3). However, such a
model fails to predict the much lower effective masses
of some of the higher-frequency modes that are shown in
Fig. 4, and therefore this model underestimates the total
noise contributed by mirror vibrations.

To check the self-consistency of our three-dimensional
model, the approximations that went into its formulation
must be examined. The first assumption is that |k-@,| <
1. This line is approximately the same as requiring that
|I:|Aln < 1. Since we are supposing that the vibrations
are thermally excited, it follows from the equipartition
theorem that

Al, = kT /a,mw?2 , (8)

where kg and T are Boltzman’s constant and the tem-
perature, respectively. Hence at a temperature of 300
K, |k| - Al, is of order 1010 for the lower-frequency
modes shown in Fig. 3, clearly satisfying the require-
ment |k - @,| < 1.

The second integral term of Eq. (4) which describes
the scattered light is of order 10720 of the light incident
on the mirror for the modes of Fig. 3. This is small com-
pared to the constant scattering due to microroughness
and figure errors in the mirror, which will be of order
1074-107%. However, the amplitude of the light scat-
tered by thermally excited mirror vibrations will be time
dependent, and so to estimate its importance we com-
pare its magnitude to another fundamental noise source
in the amplitude of the light—the quantum uncertainty
of the light power or photon shot noise. An order of mag-
nitude estimate of the frequency bandwidth of the mirror
modes (the full width at half maximum of the mirror res-
onances) is 10~3 Hz, and the laser light at the input of
the Fabry-Perot cavity is of order 1 W. The correspond-
ing shot noise in the light power at the input mirror is of
order 10711 W, whereas the fluctuations in this light due
to scattering from mirror vibrations are of order 1072° W.
Clearly the scattering term and all higher-order terms of
Eq. (4) can safely be ignored.

Another assumption is that the TEMoo component of
the distorted optical mode reflected from the vibrating
mirror surface still resonates in the Fabry-Perot cavity,
and that the light scattered into other modes does not.
This is true if the change in the resonant frequencies of
the optical modes of the cavity due to the vibrations of
the mirror is less than the linewidth of the cavity. The
frequency shift, Af = fAl/l, is of the order of 10~3 Hz
for the modes of Fig. 3, and the linewidth of the optical
cavity under consideration is of order 102 Hz, so the light
continues to resonate in the primary mode, and modes
which were previously separate from the primary mode
do not resonate.

III. VERIFICATION OF THE EFFECTIVE
MASS COEFFICIENTS

The numerical code used to calculate the effective mass
coefficients was subjected to a number of consistency
checks. The resonant frequencies were calculated using
a FORTRAN code largely provided by Hutchinson. The
calculated eigenfrequencies agreed with the theoretical
work of Hutchinson [11] and also with the experimental
work of McMahon [14] for the appropriate cylinder mate-
rials and dimensions. The mode shapes were checked for
self-consistency by comparing the elastic energy of defor-
mation in the mode to the kinetic energy in the mode
one-quarter of a cycle later:

/ (3Kuj; + pluix — 6iun)?)dV = / 1pwlii - ddV .
M M

(9)

K, p, é:;x, and p are the bulk modulus, shear modulus,
Kronecker delta, and the density of the fused silica. The
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integral is over the mirror volume M and the displace-
ment vector 4 is now evaluated over the entire mirror
volume. u; is the strain tensor, defined in terms of the
displacement vector as

1 (du; d
uik=§(u+—uk). (10)

Repeated indices are summed. The effective mass coeffi-
cients can also be checked against analytical calculations
in the one-dimensional limit where the mirror is made
very long and thin [Eq. (7)]. The effective mass coeffi-
cients of all modes in this approximation are 0.5. The
numerical code passed these basic checks.

A simple experiment was performed to verify directly
the calculation of the effective mass coefficients for modes
which have acoustic wavelengths much larger than the
beam spot size. In this case the laser spot can be approx-
imated by a point. These modes can be driven by gluing
a small magnet (with dimensions much smaller than the
acoustic wavelength of the mode) to the center of the
back of the mirror, which by symmetry has the same ef-
fective mass coeflicient as the front. Using a Michelson
interferometer to measure the mirror’s response to forces
applied by a current in a coil near the magnet, one can
experimentally infer the effective mass of the mode. The
apparent motion on resonance is

Qn &

F= " _F 11
2= omazl (11)

where Z and F are the root-mean-squared displacement
and force, and @, is the mechanical quality factor of the
resonance. The force is proportional to the current, I,
through the drive coils; therefore

Qn I
R (12)

a,

Such an experiment was carried out using one of the
10-cm mirrors, investigating the first five modes of Fig.

?) (measured)

(1/%)x(Qn/w

L 1 L L

0.2 0.5 1 5
effective mass coefficient (calculated)

FIG. 6. Comparison between calculated effective mass co-
efficients and the measured coefficients. The solid line is a
direct proportionality.

3. The resonant frequencies were found to agree with the
calculation within 2%; the mirror had a wedged shape for
optical reasons which made the thickness of the mirror
ill defined at the 1% level. Figure 6 shows a compari-
son of the measurement of the effective mass coefficients
for these five modes to the values of a,, calculated using
Eq. (12). The line on the figure indicates a fit to a di-
rect proportionality (the current to force ratio was not
calibrated independently). Figure 6 indicates that the
effective mass coefficients are an accurate way to model
the vibrational modes of a mirror, and that the numerical
code used in the calculations was functioning properly.

IV. SPECTRAL DENSITY OF THE THERMALLY
EXCITED MOTION

The root-mean-squared motion of a mode of the ther-
mally excited mirror can be calculated using the equipar-
tition theorem as in Eq. (8). At a temperature of 300 K,
Al, is of order 10716 m for the lowest-frequency modes
shown in Fig. 3. As a first approximation, most of
the energy of the motion occurs within a bandwidth,
Afn, around the resonant frequency, f,, defined by the
Q of the mode (Af, = fn/Qn). To get a more com-
plete prediction of the spectral density of the motion,
the fluctuation-dissipation theorem must be used [9,15].
The vibrational mode is modeled as a harmonic oscillator
with a complex spring constant:

—a,mw?E + a,mwl[l + ip, (w)]E = F, (13)

where the dissipation is parametrized by the imaginary
part of the spring constant and can, in general, be fre-
quency dependent. We refer to ¢, (w) as the loss function
because the fraction of energy lost in one cycle of oscil-
lation at frequency w is 2wp(w). The value of the loss
function at the resonant frequency is related to the Q
of the mode by ¢,(w,) = 1/Q,. From the equation of
motion (13) and the fluctuation-dissipation theorem, the
general spectral density of displacement due to thermal
excitation of the nth mode can be derived [9]:

Szn(.f) =

AnMw

akpT [ A () ] . (14)

(@? —w?)? + ek (w)

In this form, the spectral density is implicitly a function
of the frequency f in that the motion is described over
the usual 1 Hz bandwidth; however the function is writ-
ten explicitly in terms of the angular frequency, w = 27 f.
(This notation, although perhaps initially confusing, sim-
plifies the equation in that it eliminates an abundance of
2n’s.) The frequency band of interest for earth-based
gravitational-wave detectors (10 Hz to 10 kHz) is gen-
erally well below the resonant frequency of the lowest
vibrational mode of the mirror, in which case the total
thermal noise can be approximated by

k n
Se(f) = —atifg ') u()w) : (15)
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All of the parameters of Egs. (14) and (15) can be
readily measured or calculated except the loss function.
We infer an approximate value of ¢, (w) from the results
of several recent measurements. Measuring the loss func-
tion for a system with low dissipation can be extremely
difficult. What one generally relies on are measurements
of the loss function at the resonant frequency and some
dissipation model which predicts the general frequency
dependence. @ values of order 107 have been measured
for the vibrational resonances of the 10-cm mirror. Fur-
thermore fused silica oscillators with Q’s of order 107 and
resonant frequencies ranging from 1 Hz to 10 kHz have
been built [10]. These results all give a ¢,(w,) which
is of order 10~7 and approximately independent of the
resonant frequency. If one assumes that the loss func-
tion is the same for all of these modes, then these re-
sults are consistent with a loss function of fused silica of
p(w) =~ 107, independent of frequency. We adopt this
value of p(w) for the purpose of estimating thermal noise
for the remainder of this paper.

Our estimate of ¢ should not be taken as either the
fundamental level or frequency dependence of the dissi-
pation of fused silica, which is unknown at frequencies
near 100 Hz and at room temperature, but rather a sum-
mary of what has been observed thus far. The dissipation
depends on both the purity and the preparation of the
sample, and there is no strong reason to believe that the
dissipation could not be reduced if sufficient care were
taken.

V. ADDITION OF MODES

The total thermally excited motion of the mirror sur-
face at a given frequency can be predicted from the sum
of Eq. (15). This raises the question of how many modes
must be counted in the sum to achieve an accurate esti-
mate of the thermal noise. Figure 7 shows the cumulative
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FIG. 7. The contribution to the low-frequency thermal
noise of the modes of the 10-cm mirror with a 0.22-cm beam
spot. The line is the cumulative contribution and the Xx’s are
the individual contribution of the modes.

contribution to the thermal motion at 100 Hz from the
first 100 axisymmetric modes for the 10-cm mirror, tak-
ing ©(100 Hz) to be 10~ 7 for all modes. The line indicates
the cumulative contribution of all modes with resonator
frequency less than f, and the x’s indicate the individ-
ual contribution of each mode. The contribution of each
individual mode decreases with resonator frequency due
to the w2 term in the denominator of Eq. (15), but the
mode density increases linearly with frequency (the ax-
isymmetric modes form a two-dimensional system). Also,
there is a general decrease in the a,, terms in the denom-
inator in Eq. (15). The result is a cumulative contribu-
tion which increases almost linearly with the maximum
resonant frequency included. The approximate depen-
dence of the effective mass coeflicients on the resonant
frequency needed to give this relation is 1/f, plotted as
the dashed line in Fig. 4. More than 100 modes were
not included because of numerical precision errors in the
series solving the equations of elasticity when more terms
were added.

The thermal motion of the mirrors does not actually
diverge, but convergence of the series depends upon the
beam spot size. As an example, the initial LIGO inter-
ferometers will use mirrors with a diameter of 25 cm, a
thickness of 10 cm, a mass of 10 kg, and a spot size of
2.2 cm on the vertex mirrors (the mirrors closest to the
beam splitter). Figure 8 shows the convergence for an
initial LIGO vertex mirror at 100 Hz with the same dis-
sipation as in Fig. 7. Figure 8 also shows the convergence
for a 10-cm mirror with the same 2.2-cm size spot. The
dot-dashed vertical lines on the figure indicate the fre-
quencies at which half an acoustic wavelength becomes
equal to the diameter at which the laser beam intensity
is 1/e of its maximum. At this frequency the displace-
ment of the modes, i(p,#), begins to cancel in the phase
integral of Eq. (4), resulting in larger effective masses

fy 1h
Ml

1
0 100 200 300
resonant frequency (kHz)

0

thermal noise contribution at 100 Hz (107* m?/Hz)

FIG. 8. The cumulative contribution to thermal noise of
both the 10-cm (dotted line) and the LIGO 25-cm (solid line)
mirrors with a 2.2-cm beam spot. The vertical dot-dashed
lines indicate the frequencies at which an acoustic wavelength
is of order. the beam spot size for both transverse (left line)
and longitudinal (right line) waves.
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and smaller contributions to the thermal noise. The first
vertical line applies to transverse acoustic waves, and the
second applies to longitudinal acoustic waves. Each mode
is a combination of both transverse and longitudinal mo-
tion, and the sum levels off in the region between those
two frequencies.

The thermal noise has the following pattern of conver-
gence: the contribution increases approximately linearly
with the largest resonant frequency included until the
laser beam spot diameter becomes comparable to half an
acoustic wavelength. At that frequency the thermal noise
sum levels off. In all, of order 100 or more (depending
on the geometry of the mirror) modes must be included
in order to describe the thermal noise accurately; this
number if far more than the few modes used in previous
simpler models. Once this pattern of convergence was
established, it was verified numerically for several mirror
and spot size combinations.

Figure 8 also indicates that mirrors of different geome-
tries can have significantly different thermal noise levels.
Typically more modes can contribute to thermal noise for
larger mirrors and fewer modes can contribute for larger
spot sizes. One should be cautioned, however, that the
10-cm mirror would be inappropriate for use in a full
scale (km length) interferometer. Since the radius of the
prototype mirror is only twice the spot radius, the op-
tical loss at the edge of the mirror would be too great.
Also, in determining the shape of the mirrors one must
consider that the light passes through the vertex mirrors;
therefore the optical loss in fused silica could restrict the
allowed thickness of the mirrors. Optical requirements
thus give additional constraints on the geometry of the
mirrors.

The convergence pattern of the sum in Eq. (15) is in-
dependent of the loss function as long as all of the modes
have the same loss function. This is because the rel-
evant parameter for predicting the thermal noise is the
loss function evaluated at the frequency of interest, in our
case 100 Hz, and not the Q of the resonance, which could
depend on the resonator frequency for an arbitrary loss
function. The linear increase in the low-frequency ther-
mal noise as more modes are included does depend some-
what on the geometry of the mirror in that the axisym-
metric modes are a two-dimensional system. To meet
this criterion, both the mirror diameter and its thickness
must be greater than the laser spot size. This criterion
is met.in most realistic applications.

VI. EFFECTS OF MOVING THE BEAM
OFF CENTER

The numerical calculations described in the previous
sections assumed that the laser was in the TEMgo mode
and was centered on the mirror. This configuration puts
the resonant spot at an antinode of all axisymmetric
modes and a node of all nonaxisymmetric modes. By
moving the beam off center, the contribution of the ax-
isymmetric modes is decreased and the contribution of
the nonaxisymmetric modes is increased. Figure 9 shows
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FIG. 9. The thermal motion of a LIGO 25-cm mirror as a
function of position on the mirror with 420 modes included.

the effect of moving the beam off center on the LIGO 25-
cm mirror. 420 modes with circumferential order (num-
ber of nodal lines across the center; axisymmetric modes
are order 0) of up to six were included, 60 modes each of
circumferential order 0, 1, 2, 3, 4, 5, and 6. These modes
included most of the modes with resonant frequencies be-
low 100 kHz (approximately the maximum frequency at
which one-half an acoustic wavelength is equal to the spot
diameter). The thermal noise is computed using the same
parameters as in Sec. V (the laser beam spot size was 2.2
cm). Numerical precision errors prevented more modes
from being included; only 60 axisymmetric modes were
included to avoid giving those modes too much weight.

The figure shows that except for spots quite near the
edge, the thermal noise estimate is relatively insensitive
to the exact location of the beam. The thermal noise
power varies by 13% across the face of the mirror (an
amplitude variation of only 6%). Since the motion of
any spot on the mirror surface contains different contri-
butions from each of the mechanical modes, the motion
sampled by the light appears to be insensitive to exactly
which combination of modes is sampled. It is not clear
whether the small variation seen across the mirror sur-
face is real or whether it is an effect of including only a
finite number of modes. We hypothesize that if all modes
were included, then once the laser beam is more than a
few spot diameters (or few acoustic wavelengths of the
highest-frequency resonator modes) from the edge of the
mirror, the mirror surface would effectively appear to the
laser to be an infinite plane with all points having similar
amounts of motion. Other interferometer details, such as
noise in the alignment of the mirror [16], are likely to put
much more stringent requirements on the positioning of
the beam on the mirror.

VII. APPLICABILITY OF RESULTS TO
REAL MIRRORS

Actual interferometer mirrors differ from ideal right
solid cylinders. As mentioned in Sec. III, the mirrors
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are wedge shaped for optical reasons. The surface might
also be slightly curved. The mirrors are not completely
free but are suspended as pendulums by fibers. To define
the point of contact between the fiber and the mirror
and to prevent rubbing, there may be attachments glued
to the mirror, shown in Fig. 10. Furthermore, in order
to apply forces to control the orientation of the mirror
or to keep the TEMgo optical mode on resonance in the
interferometer, there may be magnets attached to the
mirrors.

These differences can be described as perturbations to
shape and boundary conditions of a right solid cylinder.
Such perturbations can cause mixing of the modes [17],
making the effective mass coefficients difficult to calcu-
late. This problem becomes particularly severe for modes
with high resonant frequencies, where the mode density
is large (the mode density increases as the resonant fre-
quency squared for a three-dimensional system). How-
ever, the results of Sec. VI indicate that the total ther-
mal noise at low frequencies is relatively insensitive to
the exact position of the laser on the mirror, or, put an-
other way, the noise power is insensitive to exactly which
combination of modes is sampled. Therefore we believe
that it is reasonable to expect that the effects of such
perturbations cancel when summed over a large number
of modes so that the unperturbed calculation is expected
to give a good approximation to the total noise power at
frequencies far from the mechanical resonances.

Not only will the mechanical modes of the mirror differ
from those calculated here assuming an ideal right cylin-
der, but also the optical modes of the Fabry-Perot cavity
will differ from ideal Hermite-Gaussian optical modes.
These deviations will be primarily caused by imperfec-
tions of the mirror surface. Such perturbed optical modes
can be described in terms of their own orthonormal ba-
sis or can be expanded in terms of the Hermite-Gaussian
orthonormal basis, and then the formalism outlined here
can be used to estimate the thermal noise. The effect of
a distorted optical mode would be to adjust the effective
mass coefficients of the axisymmetric mechanical modes
and, if the distortion were not cylindrical, to allow other
mechanical modes to couple to the optical path length.
Once again, we believe that since our results are insen-
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FIG. 10. Schematic view of a mirror with fiber attachments
and magnets.

sitive to which modes are sampled, there would not be
a strong dependence of the thermal noise power on the
optical mode shape.

Attachments can also add dissipation to the system
and may decrease the @’s of the mirror by large factors.
This additional dissipation may affect each mode differ-
ently and can be frequency dependent. An example of
such a dissipation mechanism which has been studied in
detail is resonant coupling between a suspended cylinder
and its suspension wires [18]. Any additional damping
mechanism which affects each mode differently in some
systematic manner will alter the convergence pattern of
Sec. V. The additional dissipation from attachments can
likely be minimized by using careful experimental tech-
nique. These and other surface losses will generally cause
less additional dissipation in mirrors which have larger
ratios of volume to surface (or contact) area, such as
those to be used in the full scale interferometers.

VIII. CONCLUSION

We have developed a detailed model of the thermally
excited vibrations of an interferometer mirror. The cou-
pling of each mode to the interferometer has been ex-
plicitly calculated, and a convergence pattern determin-
ing the number of modes which must be included in the
model has been found. Because the coupling between
mirror vibrations and optical path length is quite strong
for certain high-order vibrational modes, all modes with
acoustic wavelengths greater than the laser spot diame-
ter must be considered for an accurate estimate of the
thermal noise.

This new estimate of the thermal noise level indicates
that vibrational thermal noise may affect the sensitivity
of advanced laser interferometer gravitational-wave de-
tectors. The noise level shown in Fig. 8 for a LIGO
25-cm mirror, corresponding to a displacement noise of
5 x 10~2° m/+/Hz or a strain noise of 1.3 x 10~23 Hz~1/2
at 100 Hz with all four mirrors included, lies between the
“initial” and “advanced” detector noise levels of [1]. Vi-
brational thermal noise was not included in [1] because
it was previously believed that this noise could be made
smaller than other noise sources in the detectors.

This method of estimating the noise can be compared
to previously used methods which did not account for
the geometry of the mirror or the laser beam. For direct
comparison we take Saulson’s example [9], which con-
sidered a mirror 10 cm in radius and 16 cm thick. This
mirror has approximately the same mass as the LIGO 25-
cm mirror. Saulson chose the length and radius to min-
imize the thermal noise from the two lowest-frequency
modes. ¢(w) was assumed to be 2.5 x 10~7 and inde-
pendent of frequency. Saulson’s thermal noise estimate,
using only the two lowest-frequency modes and assuming
an effective mass coefficient of 0.5, was (using his units)
S2(f) = (2.5 x 10734 cm?) x (1/f) [19]. Applying our
method of calculation and using his parameters, along
with the LIGO laser spot size of 2.2 cm, we arrive at
Sz(f) = (1.5 x 10722 cm?) x (1/f). (This thermal noise
level, when adjusted for the differing loss functions, is



52 THERMALLY EXCITED VIBRATIONS OF THE MIRRORS OF . .. 585

within 25% of the thermal noise estimate for the LIGO
25-cm mirror; in addition to thermal noise requirements,
optical and fabrication considerations determined the ge-
ometry of the LIGO mirror.)

This more accurate model gives a thermal noise power
that is larger by about a factor of 6. The significance of
this factor can be determined by comparing the internal
vibrational thermal noise levels to other noise sources
and by determining the change in the expected event
rate. Saulson’s estimate for the internal vibrational ther-
mal noise was slightly above the published “advanced”
LIGO noise goals. However, if one assumes a more op-
timistic loss function which has been achieved in some
samples (3 x 1078) [20], then the resulting vibrational
thermal noise level would be approximately the same as
the “advanced” LIGO goals. The extra factor of 6 in
noise power that results from our more complete calcula-
tion changes the level of vibrational thermal noise from
being near the “advanced” detector goals to being sig-
nificantly above the “advanced” detector goals. If vibra-
tional thermal noise limited the sensitivity to a particular
gravitational-wave source, and this calculation indicates
that it might, then a factor of 6 in noise power would
result in a reduction in the event rate by a factor of 15.

The noise levels discussed here should not be taken as

the final estimate of thermal noise, but they do indicate
that the goals of the “advanced” interferometers likely
require test masses with lower dissipation than was pre-
viously thought. The estimate of the dissipation, ¢(w), of
107 at 100 Hz was based on several recent experiments
and reflects the levels of dissipation which have already
been achieved. Data obtained so far probably do not rep-
resent the fundamental level of dissipation in fused silica,
which is unknown. Meeting the thermal noise goals of ad-
vanced gravitational-wave detectors will require a better
understanding of the dissipation in fused silica (or devel-
oping a better mirror material) and an improvement in
the loss over what has been achieved thus far.
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