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A U(2)LxU(2)r chiral theory of pseudoscalar, vector, and axial-vector mesons is proposed and
studied at the tree level. VMD is a natural result of this theory. The physical processes of normal
parity and abnormal parity have been studied by using the same Lagrangian leading to a universality
of coupling. Two new mass relations between vector and axial-vector mesons have been found.
Weinberg’s first sum rule and new relations about the amplitude of a, decay are satisfied. The
KSFR sum rule is satisfied reasonably well. The p pole in the pion form factor has been achieved.
The theoretical results for the processes p — 7w, w — 7w, a1 — p7, and 7y, T — pv, T — a1V,
7 = v, w = 7y, p = Wy, fL = prw, fL = PAW, p — WY, w — 7y are in good agreement with
the data. The mnw scattering lengths and slopes have been found to be the same as obtained by
Weinberg. In particular, the p resonance in the amplitude T of 77 scattering has been obtained
from this theory. Two coefficients of chiral perturbation theory have been determined and they are
close to the values used in chiral perturbation theory. This theory has dynamical chiral symmetry

breaking.

PACS number(s): 11.30.Rd, 13.25.—k, 13.75.Lb, 14.40.—n

Chiral symmetry is one of the most important features
revealed from quantum chromodynamics (QCD). Chi-
ral perturbation theory (CPT) is successful in describ-
ing many aspects of pseudoscalar meson physics [1,2]. It
has been well known for a long time that vector meson
dominance (VMD) [3] provides a fruitful mechanism in
understanding the electromagnetic properties of hadrons.
A chiral Lagrangian has been used to study physics
of vector and axial-vector mesons before the advent of
QCD [4]. Weinberg’s sum rules [5] of p and a; mesons,
and the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin
(KSRF') sum rule [6] of the p meson are also among ear-
lier works in this field. On the other hand, in Ref. [7] in
terms of large N, expansion 't Hooft argues that QCD
is equivalent to a meson theory at low energies. In prin-
ciple, all mesons should be included in this meson the-
ory. Of course, in chiral perturbation theory the effects
of other mesons have been included in the coeflicients
of the Lagrangian up to O(p*). As a matter of fact, in
Ref. [8,9] the authors have found that the vector meson
dominates the structure of the phenomenological chiral
Lagrangian. Various effective theories including p and a;
mesons have been studied in the past decade [10]. In Ref.
[11] a new realization of chiral SU(3)xSU(3)g symme-
try has been proposed, in which the light vector mesons,
as well as the pseudoscalar mesons, are intimately in-
volved. The Wess-Zumino Lagrangian [12] is an impor-
tant part of the effective meson theory. Witten [13] and
other authors [14,15] have generalized the Wess-Zumino
Lagrangian to include vector and axial-vector mesons by
requiring gauge invariance. In Refs. [14,16] the general-
ized Wess-Zumino terms have been used to study meson
physics, where abnormal parity is involved. In this pa-
per a U(2) xU(2)g chiral theory of pseudoscalar, vector,
and axial-vector mesons has been studied and we try to
unify the phenomenology of mesons within this theory
in the chiral limit. The paper is organized as follows:
(1) formalism of the theory; (2) definitions of the phys-
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ical fields; (3) new mass relations between p, a1, and w,
f1(1285); (4) VMD; (5) decays of p — 27 and w — 2m;
(6) pion form factor; (7) decays of a; — pm and a; — m;
(8) reexamination of Weinberg’s sum rules; (9) decays of
T — pv and T = ayv; (9) 7w scattering and determina-
tion of the coefficients of CPT; (10) decays of w — pm,
w — ym, p— y7, and 7 — yv; (11) decays of f;(1285);
(12) decays of p — 7y and w — ny; (13) large N, ex-
pansion; (14) dynamical chiral symmetry breaking; (15)
derivative expansion; (16) summary of the results.

THE FORMALISM OF U(2);xU(2)r CHIRAL
THEORY OF MESONS

In this paper only two flavors are taken into account
and we do not need to worry about the processes forbid-
den by the Okubo-Zweig-lizuka (OZI) rule. The 7’ meson
will not be discussed. Therefore, the U(1) problem is not
an issue of this paper. In flavor space the mesons are
coupled to quarks only. The background field method
is a convenient way of deriving an effective Lagrangian
of mesons. The ingredients of this effective meson the-
ory are pseudoscalar mesons (pions and u and d quark
components of 77), vector mesons (p and w), axial-vector
mesons [a; and f;(1285)], quarks, lepton, photon, and
W bosons. Using U(2);xU(2)g chiral symmetry and
the minimum coupling principle, the Lagrangian is con-
structed as

L=v¢()iv-0+7-v+eQy-A
+7 - avs — mu(z)|¢(z)
1
+'2‘m(2)(p$‘/’ni + wfwy + af“m’ + f“fu)
+1/_J(:B)ng7 ‘ W’lﬁ(:B)L + ‘CEM + ['W + Llepton’ (1)
where a,, = 'r,-a:', + fuy v = 'ripf‘ + wy, A, is the photon
field, Q@ = 2 + 3 is the electric charge operator of u and d
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quarks, W; is the W boson, and u = exp{iys(mim; + 1) };
m is a parameter. In Eq. (1) u can be written as

1 1
u=(1+7)U + 5(1+7)U", (2)

where U = exp{i(m7m; + n)}. Since mesons are bound
states solutions of QCD they are not independent de-
grees of freedom. Therefore, in Eq. (1) there are no ki-
netic terms for meson fields. The kinetic terms of meson
fields are generated from quark loops. Using the method
of path integration to integrate out the quark fields, the
effective Lagrangian of mesons (indicated by M) is ob-
tained:

exp{i / d4sz} - / [dq/z][dq/_z]exp{i / d‘*xc}. 3)

The functional integral is used and the quark fields are
regulated by the proper time method [17]. A review of
this method has been given by Ball [18]. This integration
can be done in Euclidean space (leaving out the photon
and W boson first):

LY =IndetD, (4)
where
D=v:90—1iy -v—1ivy-ays+ mu. (5)
Equation (4) can be written in two parts:
E%I = LRe + Lim,

Lre = 3Indet(D'D), Lim = SIndet(D/D),  (6)

D 1
=3 /¢ (2,,)132 @ + m?)"

XTe{(y-0 —iy-v+iy-ays)(y -0 —iy-v—iy-avs)+ 2ip- (0 — iv —iavys) + mvy - Du}™,

where v - Du = y*D,u and

Dyu = 9yu — i[v,, u] + i{a,,u}.
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where

Dt = —y .0+ iy -v—ivy-ays +mi,

4 = exp(—i)ys(Tim; + 7). (7)

From this effective Lagrangian it can be seen that the
physical processes with normal parity are described by
Lg. and the ones with abnormal parity are described by
Lim. In terms of Schwinger’s proper time methed [17] we

have
1 4 ood’T —_ptp
= — —_— 8
Re 2/d :cTrA —e , (8)

where the trace is taken in color, flavor, and Lorentz
space. Inserting a complete set of plane wave and sub-
tracting the divergence at 7 = 0, we obtain

te = 3555y [ 47 (2,,)D1‘r/ E

x(eTPMP — e8P (z — gy, (9)

where

D =v-04+'iy-p—iy-v—iy-ays+mu,
Dt=—v.8—iy-p+iy-v—iy-ays +mi,

Ao = p? + m2. (10)

In Ref. [18], the Seeley-DeWitt coefficients have been
used to evaluate the expansion series of Eq. (9). In this

paper we use dimensional regularization. After complet-
ing the integration over 7, the Lagrangian Lg. reads

(11)

(12)

To the fourth order in covariant derivatives in Minkowski space the Lagrangian takes the form

N, ,D D wrrt 1 N. D
[,Re-—(47r)2m 41"(2 )TrDUDU 3 (@n)? 4
- —-Tr{D,UD,U' + D,U'D,U}p"*

i N,
+2(4)’I‘r{DUDU D, UD,U}a"* + ——
N,
T 12(4m)2

1 i i i
+§m§(w”w# +pup™ + ayat + fuf*),

where

N.
6(4m)?
—~—Tr{D,UD*U'D,UD*U' + D, U'D*UD,U'D*U - D,UD, U'D*UD*U"}

D v
—y <2 - 5) {2wpw?” + Trpu p*” + 2 fu f*¥ + Tra,, o™’}

—<_TrD,D,UD*D"U"

(13)
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DU = 8,U —i[p,, Ul +i{au, U},
D“Ut = 8,,UT - i[pp,a Ut] - i{a#’ Uf}’

Wy = Ouwy — Gywy,

fuv = 0ufy — O fu,

Puv = Oupy — Oupy — ilpu, pu] — ilay, a.],
apy = Ouay, — 8yay —ilay, pu] — ilpu, a.],

D,D,U = 8,(D,U) —i[p,, D, U] + i{a,, DU},
D,D,U' =8,(D,U") —i[p,, DU - i{a,,D,U'}.

There is a correspondence between the schemes of reg-
ularization used in this paper and in Ref. [18]. Using
this correspondence and transforming the formalism of
J

2
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Ref. [18] to Minkowski space, it can be found that except
for the mass terms this formalism [Eq. (13)] is the same
as the one presented in Ref. [18].

The imaginary Lagrangian [Eq. (6)] describes the phys-
ical processes with abnormal parity. The generalized
Wess-Zumino Lagrangian should be derived from Lp,.
The mass terms of the vector and axial-vector fields are
part of Lre [Eq. (13)] therefore, if we take the vector and
axial-vector fields as gauge fields technically Ly, would
be locally U(2); x U(2)g gauge invariant. We can com-
pute L, without the vector and axial-vector fields first,
then add these fields into Ly, by requiring gauge invari-
ance as in Ref. [13]. Differentiating Lim [Eq. (6)] and
inserting a complete set of plane waves we obtain

_.1 de 2 2 2 - -1t
0Lim = & Tr{[p* + m* — 8° — 2ip- 0 — m(y - Ou)]”"D'6D

(2m)P

—[p? + m? — 8% — 2ip - 8 + m(v - 84)]"* D6 D1},

where D and Dt are given in Eqgs. (10) without the vector and axial-vector fields. From this formula an expansion

which is similar to Eq. (11) is obtained as

dPp

_1 .- 1 2 . n(_ o .
m = [ Gmyp 2 Gy e O + 2ip-0 4 mly U (=0 iy p+ mimbu

—[8% + 2ip- 8 — m(y - @)™ (v - 8 + iy - p — mu)mdi}.

Nonzero terms come from n = 4 and in Minkowski space we have

0L1m = 48NCe“”“ﬂ’I‘x‘auUU*B,,UUfaaUUTaﬁUUTJUUT.

2

In order to finish this variation a new parameter 7 has to be introduced and U is a function of z,y, 2,¢, and 7. When
7 =1, U becomes physical. The expression of Li, at n = 4 is just the form of the Wess-Zumino Lagrangian given by

Witten [13]:
_iN,
T 24072

LIm

As pointed out by Witten [13], the boundary of the inte-
gral is a five-dimensional disk and the Minkowski space is
the boundary of the disk. Following Ref. [13] the vector
and axial-vector fields can be added to the Lagrangian
by trial and error. In Ref. [14] the Bardeen form of the
anomaly [19] has been accepted and an arbitrary constant
in their formula has been chosen to be one. The authors
of Ref. [14] claim that their Wess-Zumino Lagrangian
with spin-1 fields agrees with Witten’s expression [13]
except for an inadvertently omitted term. Therefore, the
Wess-Zumino Lagrangian with spin-1 fields is obtained
from the Lagrangian [Eq. (1)] and it is the leading term
of L1, in derivative expansion.

All the vertices of the meson physical processes of nor-
mal parity can be found from Lg. [Eq. (13)] and all the
vertices of abnormal parity can be derived from Ly,,. Lre
and Ly, are derived from the same Lagrangian [Eq. (1)].
On the other hand, the meson fields are coupled to corre-
sponding bilinear quark fields in the Lagrangian [Eq. (1)]
and both the meson vertices of normal parity and abnor-
mal parity can be found by bosonizing the bilinear quark
fields of these couplings in terms of the quark propagator
determined by Eq. (1). In this paper both methods ob-

/ dSzetvPrTrd, UUS, UU8,UU85UUTUTT.

f

taining the vertices will be employed and it will be shown
that the vertices obtained by different methods are the
same.

DEFINING PHYSICAL MESON FIELDS

In Eq. (13) there are divergences. The theory studied
in this paper is an effective theory and it is not renor-
malizable. In order to build a physical effective meson
theory, the introduction of a cutoff to the theory is nec-
essary and the cutoff will be determined in this paper.

We define
F?* N. ,D D
s = “r(z2-2 14
16 (dm)2 " 41‘( 2)’ (14)
8 N. D D 1F?
22 Qe Zpfog_ )=, 15
9= 3(an)2 4F( 2) 6 m? (15)

The relationship between the cutoff and F2, g will be ex-
plored. From the kinetic terms of the meson fields in Eq.
(13) we can see that they are not physical. The physi-
cal meson fields can be defined in the following way that
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makes the corresponding kinetic terms in the standard
form:

52 n— 217

™= —m, —

.f1r fn ’
1 1

p—=p, w—o —w, (16)
g g9

where f, and f, are pion and 7 decay constants, and in
the chiral limit we take fr = f,. Use of these substitu-
tions leads to the physical masses of p and w mesons

1
m2 =m?2 = —m2. (17)
g
We can also make a transformation to a; and f; fields:

) 1 ; 1
at, = =a’, f.— ~f.. 18
® gu ® gll ( )

However, there are other factors for the normalizations of

axial-vector fields. In Eq. (13) there is mixing between
a;, and 8,m; , f, and 9,n. In the chiral limit the mixing

F2
29 #¢

®

)

comes from the first term of Eq. (13). The transforma-
tion

af‘ — a,f‘ — cO, (19)

is used to erase the mixing. In the chiral limit, ¢ is de-
termined by canceling the mixing term

F2

29
=29 20
m§+§; (20)

There is a similar mixing term between f,, and 8,7 and
the transformation

f u = f n Cau"l
is used to cancel the mixing term. In the chiral limit, c
of this formula is the same as in Eq. (20). From the term

N,
¢ v puryrt
6(4n)? TrD,D, UD"D*U

of the Lagrangian [Eq. (13)], in the chiral limit another

term related to the normalization of a,ft field is found,
which can be written as

1 . . . X
57257 (Ouol — B,0) (9#a™ — 8¥a™). (21)

By combining this term with the kinetic term of aft in
Eq. (13), the physical a}, field is defined as

1
. 1 1 Tz [+ i
CLL—)E(l‘—W) a:‘—g W (22)

In the same way, we obtain the physical f, field
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1
1 1 T2 c
fu— 7 (1 - W) fu— g dum- (23)

After the transformations [Eq. (19)], in order to make
the pion kinetic term in the standard form, in the chiral
limit the following equation must be satisfied:

F? 2¢\? 1 2
?(1—;> +§m262=§". (24)

Equation (24) makes the kinetic term of the 1 meson
field in standard form too. Equations (20), (24) can be
simplified as

fx

= 2gm?2’

?_; (1 - 35) =1 (26)

NEW MASS FORMULAS OF VECTOR MESONS
AND ITS CHIRAL PARTNERS

(25)

In the Lagrangian [Eq. (1)] the vector mesons and
axial-vector mesons are chiral partners. However, it can
be seen from Eq. (22) that vector and axial-vector meson
fields behave differently. Because of Eqgs. (22), (23), in
the couplings of axial-vector fields to others there is an
additional factor (1 — 1/2w2¢2)~1/2,

The physical masses of vector mesons are defined by
Eq. (17). For the masses of axial-vector mesons there are
three contributors: the mass term in the Lagrangian [Eq.
(1)]; the contribution of the first term of the Lagrangian
[Eq. (13)], which is %:4; and the normalization factor

(1- ﬁ)"l. By putting all these three factors together
we find the a; mass to be

1 , F? 2
(1* 2r292)ma: @ T

In the same way, we obtain the mass formula of the f;
meson:

(27)

1 , F? 2
(1= g ) mi = G 2%
If we ignore the mass difference of p and w mesons from
these two mass formulas we obtain

ms = Mmyg. (29)

The deviation of this relation from physical values (m, =
1.26 GeV and my = 1.285 GeV) is about 2%.

In the chiral limit, there are three parameters in this
theory, which can be chosen as g, fr, and m,. We could
take fr and m, as input and choose

g=0.35 (30)

to get a better fit. The couplings in all the physical
processes described by Lr. and L, are fixed by g and
c. This is the universality of coupling in this theory.
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VECTOR MESON DOMINANCE (VMD)

The formalism of VMD can be derived from the La-
grangian [Eq. (1)]. Before this paper the Nambu-Jona-
Lasinio Lagrangian [20] was employed to simulate many
properties of VMD [21] and in Ref. [22] a linear o model
was used to unify many properties of the VMD by com-
puting various constituent quark loops and working in
the chiral limit. In these studies [21,22] the vector mesons
and pions are coupled to the quarks and these couplings
play the key role in obtaining VMD. The Lagrangian [Eq.
(1)] of this paper is different from Refs. [21,22]. In this
theory the mesons are coupled to the quarks too and the
VMD is expected in this theory by the same reason as
in Refs. [21,22]. Comparing with Refs. [21,22], the cou-
plings between the mesons and quarks are determined in
a different way.

From Egq. (1) it can be seen that except for the kinetic
term of the photon, photon and vector mesons always
appear in the combinations

1 1 1 1

Epg + EGA‘“ Ew,‘ + geAu. (31)
Therefore, the interaction of the photon with other fields
can be found from the interactions of p® or w with other
fields by using the substitutions

1
pg — —2-egAu,

1egA“. (32)

w”-—)6

Incorporating the photon field into the Lagrangian [Eq.
(13)], from the kinetic terms of p° and w mesons in the
Lagrangian we obtain

2
1 1 1
~2 {6,, (p?, + -2—eo_qA,,> -0, (Pg + 5%9!‘%) } ,
2
1 1 1
-1 Oul|wy + geogA,, -0, wu+geggA” . (33)

In order to make the kinetic term of the photon field in
standard form, it is necessary to redefine the photon field
and the charge to be

1 1
5e2g2\ "7 5e2g2 ?
A, = (1 + 108 ) A, e —e (1 + 108 )

e()A# — EAM- (34)

From Eq. (33) the couplings between the photon and
vector mesons are derived:

le

—-F, v 8 V_al/ )
2F," (Oup. Pu)
1le
_if—wFuV(auwv = Oywy), (35)

where

5169

1
=9, - = 9. (36)

The ratio of - to f% is 1: %, the same as the quark

model. The comparison between theoretical and experi-
mental values of f, and f, can be found in Table I. The
photon-vector meson couplings shown by Eqs. (35) are
just the ones proposed in Ref. [23]. On the other hand,
there are interactions between p and w mesons with other
mesons; in general, these interactions can be written as

PG + M.

Therefore, in addition to the direct coupling of the pho-
ton and p meson [Eq. (35)] another type of interaction
between photons and other mesons can be found by the
substitution [Eq. (32)]

e e
—AMO 4 A5,

fo M foH

The complete expression of the interaction between the
isovector photon and mesons is

e 1 .. .
7 {—5F“ (Oupl — Bup))) + A“Jﬂ}- (37)
This is the exact expression of VMD proposed by Sakurai
[3]- In the same way the isoscalar VMD is obtained:

—e— {—}—F“V(auwu - au"-’u) + A#J“‘:} : (38)

fo L 2

The reason leading to the explicit expression of VMD
in this theory can be manifested in another way. In
the Lagrangian [Eq. (1)] the vector mesons are coupled
to the quark vector currents. As mentioned above, the
meson vertex obtained from Lg. can be obtained from
the bosonization of the quark vector currents. It is well
known that in QCD the electric current takes the form
of

FQuh = 3P + 5P

which is in the Lagrangian [Eq. (1)]. The electric current
% Q7Y can be bosonized in this theory. In Ref. [24] we
have developed a method to find the effective currents in
the case that only pseudoscalar fields are taken as back-
ground fields. In this paper this method is generalized
to include vector and axial-vector mesons. From the La-
grangian [Eq. (1)] the equation satisfied by the quark
propagator is obtained:

. 1
{z'y -0+ ;'y cv(z) + - a(z)ys — mu(z)} sr(z,y)
= 54(“’ -v), (39)

where a,, is defined by Egs. (22), (23). In the momentum
picture we have

se(@9) = yg [ Lve P Par(@p). (40)
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Equation (39) becomes
. 1
{27-3+7 ‘p+ E’y-v(w) +v-a(z)ys —mu(z)}

xsp(z,p) =1. (41)

Equation (41) is solved

sp(z,p) = 8% D _(-)" ({Z’Y -0+ 57 -v(z)

52

The leading terms of Eq. (44) are obtained at n = 3 and
the effective currents take the forms
(Prayu) = g8°pp, + gip,  (DVut) = g0%w, + g5t
(45)
In obtaining the first term of Eqgs. (45), Eq. (15) has

been used. In Eq. (45) j and j have been defined as
the rest parts of the currents and j;; will be evaluated

explicitly below. From Eq. (1) it can be seen that jﬁ

n=0 n couples to pz and j;; couples to w. Therefore, these two
) 0 currents are the currents mentioned in Egs. (37), (38).
il a,(z)'ys}sF ) ’ (42) After getting rid of total derivative terms we have
where - 1 1 .
eA*(PQy, ) = f—{-——z—FﬂV(a‘pr —Oupu) + A“]ﬁ}
o _ Y p—mi P
T me “ 1] 1
+— {~§F"”(6,‘w,, —Oyw,) + A“j;’}.
In terms of Egs. (40), (42) the bosonization of quark fo
electric current is done in the following way: (46)

(B (@)Qrutp()) = %(1/)(:1:)7-37“1&(:8)) + %('I/—J(:E)')’,ﬂ/)(.’v)), This is the same as Egs. (37), (38).

THE DECAYS OF p - i, w — nwr, AND KSFR

(D(@)T3vu(z)) = —i Trrsyusr(z, ), SUM RULE

In this theory the pion is associated with s [see Eq.
(W (@)Vup(z)) = —i Tryusp(z, ). (44)  (1)] and only even numbers of 5 involved in prm vertex

TABLE I. Summary of the results.

Experimental Theoretical
Ifr 186 MeV Input
m, 769.910.8 MeV Input
M 138 MeV input
my 547.4510.19 MeV Input
g 0.35 Input
me 781.9440.12 MeV 770 MeV
Ma 1230+40 MeV 1389 MeV
my, 1282 + 5 MeV 1389 MeV
7 form factor Consistent with p pole p pole
Radius of 7 0.663+0.023 fm 0.63 fm
9oy 0.116(1 £ 0.05) GeV? 0.104 GeV?
oy 0.0359(1 + 0.03) GeV? 0.0357 GeV?
T'(p — nm) 151.2 £ 1.2 MeV 135 MeV
INw — nw) 0.186(1 £+ 0.15) MeV 0.136 MeV
I'(a1 — pm) ~400 MeV 325 MeV
I'(ay — =) (640+246) keV 252 keV
¢(ay — pm) —0.11 + 0.02 —0.097
T(T — a1v) (2.42 £ 0.76) x 10712 GeV 1.56 x 1073 GeV
L(T — pv) (0.495 £ 0.023) x 1072 GeV 4.84x10712 GeV
L(7°® = vv) 7.74(1 £ 0.072)eV 7.64 eV
a (form factor of 7° — ) 0.032+0.004 0.03
INw — 7y) 717(140.07) keV 724 keV
T'(p — ©) 68.2(1+0.12) keV 76.2 keV
(w — ) 7.43(1+ 0.02) MeV 5 MeV
L'(f1 — prm) 6.96(110.33) MeV 6.01 MeV
B(f1 — nrw) (10D % 1.15x1073
I'(fi = yrm) 18.5 keV
B(p — vn) (3.84+£0.7) x 107* 3.04x107*
B(w — 1) (8.3+2.1) x107* 6.96 x 10™*
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occur. Therefore, the vertex of pmm can be found from
Eq. (13), which is

2 2 2¢\?
C = Zeipptmi0 b —" |4n?e2 - (1 - =
prTmw ge ikP; TjOuTk 7r2gf7% l e g

Xeijkpfa,,ﬂ'ja#,,ﬂ'k. (47)

In deriving Eq. (47), Eq. (26) has been used. For the
decay of p — 7w the mesons are on mass shell and in the
chiral limit Eq. (47) becomes

Lp1r1r = fprwfijkpf';ﬂ—jauﬂ'ka

2 2
Jonm = 3{1 + %—2 [(1 - %) —4#262] } (48)

The choice of g = 0.35 makes
2
fp1r1r = ; (49)

Using Eq. (48) we obtain

I'(p— nw) =

3
2 2 2
I 4
=m, (1 - 7;"") =135 MeV. (50)

The experimental value is 151 MeV and the deviation is
about 10%. The KSFR sum rule [6]

1
9oy = '2'fp1r7rf1% (51)

is the result of current algebra and PCAC (partial con-
servation of axial vector current). From Eq. (35) we
have

1
oy = igm,z,. (52)
Substituting Egs. (49), (52) into the KSFR sum rule we
obtain
f2
g?=2-%, g=0342. (53)
mp
Comparing the value of g with Eq. (30) it can be seen
that the KSFR sum rule is satisfied reasonably well.
In the chiral limit, the mixing between w and p is
caused by the electromagnetic interaction. The La-
grangian of this mixing is

1 1
L; = —ZegF‘“’(a,Lp,, — 8upu) — =egF" (Ouw, — B w,).

12
(54)
The mixing angle is found from Eq. (54):
2m o 02m2
sin26 = 32 9 g,
0 =1.74°, (55)

where m2 = (m2 + m2). The decay width is

p*3 mz
[(w — 7m) = sin®0T(p — 7)) — —2 =0.136 MeV,

(56)

where p* is the momentum of the pion when the mass
of p is m, and p is the momentum of the pion when
the mass of p is really m,. The experimental value is
0.186(1 £ 0.15) MeV.

PION FORM FACTOR

According to VMD [Eq. (37)], the vertex of wn~y con-
sists of two parts: direct coupling and indirect coupling
through a p meson. The Lagrangian of direct coupling
can be found either from Eq. (13) or by substituting
o’ — ?e;A in Eq. (48):

fonn

fo

Lpny =€ €3k AP0, T . (57)

Because of the coupling —%f% v (0#p¥ — 0¥ p*) the indi-
rect coupling of w7y is proportional to g2 (g is the photon
momentum); therefore the charge normalization of 7+ is

satisfied by I;;u = 1. The Lagrangian is
1
L=~ T {F"™ @upy — o)} + Ly + Lomr: (58)
p

The pion form factor is found to be

Fr(q®) = (59)

.
1—
ra

VMD results in the p pole in the pion form factor [25].
The radius of the pion is

V/(r?); = 0.63 fm. (60)

The experimental value is 0.663 & 0.023 fm [26].

DECAYS OF A, — pr AND =y

The decay a; — pm is a process with normal parity. In
the chiral limit, this vertex is derived from Eq. (13):

['al—->p1r = eijk{Aa:;iju"rk + Bafp;-la,wﬂk},
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1
2 1 [ F2 m2 2¢ 3 2¢
=—|1-z— Y s - — T 7w "FPa) = 5 o5 o - T °
A f"( zﬂ_zgz) {gz +2ﬂ_2g2 g(p Pp + Pr - Pa) 277292(1 g)p pp}

-1
_2(, 1 ‘[ F? LM 2 |
- fr 27r2g2 gz 271-292

3 2c 2 _ 2
w25 ok o)

The three expressions of A in Eq. (61) have different
uses in this paper and in obtaining the last two expres-
sions of A, Eq. (27) has been used. The width of the
decay is calculated to be 326 MeV which is comparable
with data [27]. From Eq. (61) it can be seen that there
are s wave and d wave in this decay. The ratio [28] of
these two waves obtained in this theory is

___A ___ pmae
s _ _lpz e (mp+ Bp) e = —0.097
- 2 ! = —0.097.
d 3T AN+ SrrEy) 5 mePs
(62)

The quark model [29] predicts that ¢ = —0.15, while the
experimental value is —0.11 + 0.02 [30].

The vertex of a; — 7y is obtained by substituting Eq.
(32) in Eq. (61):

Loy sy = “63jk{Aa;Au7Tk + Ba;fA”aﬂuwk},
_1
2 1 [ F? 2
A= 21— o L e
fﬂ_ 27.r292 gz zwzgz

2c 3 2c 2 2
Fral Do o) o

where ¢ is the photon momentum and A is obtained from
Eq. (61). Before presenting the numerical result, we will
prove current conservation in the case of the real pho-
ton. In order to have current conservation the following
equation should be satisfied:

A(¢*=0)= %mﬁB. (64)

The left-hand side of this equation can be written as

1
2 1 T2 2c 1 2 2
7 (1) {<“?)(“W)’”a‘mp
1 2c 2
- (1_;> ma}. (65)

By using the mass formula [Eq. (27)] and the expression

(61)

of ¢ [Eq. (25)], it can be found that the left hand of the
equation [Eq. (65)] is just %mﬁB. Therefore, current
conservation in the process of a; — 77y is satisfied. The
decay width of a; — 7y is computed to be 252 keV. The
experimental value is 640 + 246 keV [31].

Using Lgre the decay width of a; — 37 can be calcu-
lated. It is found that the branching ratio is 5 x 10~%

which is consistent with data 0.003 + 0.003 [32].

REEXAMINATION OF WEINBERG’S SUM
RULES

From chiral symmetry, current algebra, and VMD
Weinberg has found the first sum rule [5]:

2
e (66)
where
<0 li%%ﬂﬁ\ p§> = gpendis,
<0 ‘1/;%’7;/751/1‘ a§> = ga€0ij. (67)

Assuming an additional condition [5], Weinberg’s second
sum rule has been derived:

9a = Gp- (68)
Equations (66), (68) and the KSFR sum rule together
lead to m2 = 2m2 which is not in good agreement with
the present value of m,. The theory presented in this pa-
per can be considered as a realization of chiral symmetry,
current algebra, and VMD. In this theory, the isovector
vector and isovector axial-vector currents in Eq. (1) are
the same as the ones in Eqgs. (67). Therefore, g, and g,
can be evaluated explicitly. Using Eqgs. (40), (42) the
following expressions are found:

1
- Ti 1 2 1 B
<¢5'm751/)> = —59m; <1 - ngz) ay+-o,

<"/;%'Yu'l/)> = —%gmipf‘ +---. (69)
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We obtain
1 5
gP = —Egmpv

1
1, 1 \°
o397 (=)

The relation (68) is not satisfied and m2 = 2m2 is not
confirmed by this theory. This is the reason why the mass
relation [Eq. (27)] obtained in this paper is not the same
as the one of Ref. [5]. However, Weinberg’s first sum
rule [Eq. (66)] only depends on chiral symmetry, VMD,
and current algebra. Therefore, it should be achieved in
this theory. Substituting g, and g, [Eq. (70)] into the
left-hand side of Eq. (66), we obtain

9 > mf, 1 -
z‘mv{l“m—z (1-55) }
Substituting the mass formula [Eq. (27)] and Eq. (26)
into Eq. (71), indeed Weinberg’s first sum rule is satis-
fied. The factor (1 — ﬁ)_% plays an important role in
this theory.
In Ref. [33] two new formulas for the amplitude of a; —

pm in the limit of p, — 0 have been obtained from the
Ward identity found by Weinberg [5]:

(70)

(71)

9afrA(my) = 295(mg — m2),

IofrA(mg) = 2ga(m] — m}), (72)
where A is the amplitude of a; — p7 in the limit of
pr — 0. It needs to be checked if these two relations
are satisfied in this theory. In the limit of p, = 0 the
amplitude A [Eq. (61)] of a; — pm can be written as

2 (F?2 k2 1\ "%
A(kz) = f_ﬂ- {"g—z' + 2,".292} (1 - 27,.292> - (73)

Using Eq. (73) and the mass formula [Eq. (27)], the two
relations [Eq. (72)] are indeed satisfied.

THE DECAYS OF 7 — pv AND a,v

The decay widths of 7 — pv and a;v can be calculated
in terms of the two matrix elements (67), (70)

1
Jw 1 2 Fz
_Jw 1— -
4 g ( 27r2g2) (g2 +

w1l 1 -3 i i iv vy, gw 1l i
+===g (1 —) (Oua;, — a,,a#)(aﬂw — VW) — —EgW#]a“,

- 2mw2g2

om2g2 e
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T

2
G? 2 zm3 mf, mf,
F(T—)pu)=§;cos 0g”R§ 1———"7?: 1+2;1—2—
=4.84 x 10713 GeV,

G? 2, 2am3 m; ? m;
-S?COS Ggam 1-—- m——i 1 +2W

a T

= 1.56 x 10713 GeV. (74)

I'(r = a1v)

I

The experimental values are (0.495 + 0.023)10712 GeV
and (2.42 £ 0.76)10~13 GeV for 7 — pv and 7 — ayv,
respectively.

These calculations can also be done in terms of the
effective Lagrangian [Eq. (13)] of mesons, in which the
couplings between the mesons and W bosons are deter-
mined. In the chiral limit, the # — W coupling is found
from the first term of the Lagrangian [Eq. (13)]:

F? 2c -
~if (1 - ?) GuwOumW} = —fzgwa,m,-Wi“. (75)
From > decay, fr is determined to be 186 MeV.

Like the photon, from the Lagrangian [Eq. (1)] it can
be seen that W bosons always appear in the combina-
tions either p, + Z2g(a W, +72W2) or a,, — L2 gl (W +
7:W2). The W boson fields of Eq. (1) need to be nor-
malized:

1
2

2
W = (1 + 2g2g4ﬂ) w,

2
Guw — (l +2g2‘_q4ﬂ) Jw, wau — wa,,.
Like VMD, the coupling of p — W is obtained:

w 1 i % v vYATE
9 2 (8,0, — B,pL) (BPW — QWkY.,

13 (76)

When the p is on mass shell the coupling becomes g,. Of
course, like VMD, there is direct coupling between the
W boson and other mesons:

1 .
Lo = gWis™.

13 (77)

The axial-vector part of the interactions of the W boson
with mesons is derived to be

2) aLWi“ - g—;”— ,,Wiua,,vri

4 (78)

where j* is defined as isovector axial-vector current, and a; fields couple to this current. Using the mass formula
[Eq. (27)], it can be seen from Eq. (78) that the coupling a; — W is just go [Eq. (70)].
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ww SCATTERING AND DETERMINATION
OF PARAMETERS OF CPT

The pion is nearly the Goldstone boson associated with
the dynamically broken SU(2)LxSU(2)g chiral symme-
try which is a symmetry of QCD in the limit m, q — 0.
7w scattering has been studied by Weinberg, using a non-
linear chiral Lagrangian [34]. The modern study of nw
scattering utilizes chiral perturbation theory [2,35]. In
the present theory the 77 scattering is related to an even
number of factors of 7s; hence, the Lagrangian of this
process can be found from Eq. (13). As discussed in Ref.
[36] the pion mass term can be introduced to the theory
by adding the quark mass term —¢ M1 (M is the quark
mass matrix) to the Lagrangian [Eq. (1)]. According to
Ref. [36] the pion mass term obtained from the quark
mass term is

% PmETe(U —1). (79)
The ;, (k1) + 7, (k2) = 7, (p1) + 7, (p2) scattering am-
plitudes are written as

Tjygasiniz = A(8,6,1)05,5,05 4,
+A(t, 5,u)0i, 5,855, + A(u, ¢, 8)8i, 3,055, (80)
|
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where s = (k1 + k2)%, t = (k1 — p1)?, and u = (k1 —
p2)?. In the center-of-mass frame s = 4m2 + 4k?, t =
—2k2(1 — cosf), u = —2k2(1 + cos@), where k is the pion

momentum and 6 is the scattering angle. The partial
wave amplitudes are defined as

1
T (s) = # / 1dcost9Pl(cost9)TI(s,t,u),

T® = 3A(s,t,u) + A(t, s,u) + A(u,t, s),
T = A(t,s,u) — A(u,t, s),
T? = A(t,s,u) + A(u, t, 5). (81)

At low energies, the partial wave amplitudes can be ex-
panded in terms of the scattering length af and slope

b{:
I kz : I kz I
RCTI (S) = (m) ((Ll + ;rl—z—bl) .

The Lagrangian of w7 scattering derived from Eq. (13)
contains two parts: direct coupling and p meson ex-
change. To the leading order of chiral perturbation, the
amplitudes obtained from direct coupling (with an index
D) are

(82)

2c

2
) - 4c{| (6k* — 2k*cos?8)
g

2
2
_° (1 - %) [—@k‘* + 4kt + 4%];;4(1 + coszo)] },
g g g

16 | 1 6c 2|3
A(s,t,u)p = F{gf: (1 - ;) (2m?r + 3k2) + 55 |:;r——2' (1
4 2 ! 8
c
- _ == k4 _ k4 2
(@n)? (1 7 ) (10 2k*cos*0) + @n)?
A(t,s,u)p = %—g{%fﬁ (1 — 9—;) (—2m2 — 3k® + 3k?cosf)

2c

2
213
+c_2 [_2 (1 — ;> — 402:| [—-3k4 + k*cos?0 — 6k4c050] —
g

4
4 2c 4 4042 4
(@2 (1 7 ) [—2k* + 2k®cos®6 — 8k*cosl)]

2
+(£—1-i—)—2- (1 - —22) [%(—-2]94 — 2k*cos?0 + 4k*cosf) + (—k® + k®cosh)?

g

2 4 4 4. .2
+-—(5k% + 2k®cosf + k" cos®0) | ».
g

Equation (26) has been used in deriving Eqgs. (83). The
amplitude A(u,t,s) can be obtained by using the sub-
stitution of cos@ — —cosf in A(t,s,u). The amplitudes
from p exchange are obtained by using Eqs. (48), (49),

8 2m,2r + 3k2 + k2cos6

A(s,t =
(s,t,u)p g% m2 + 2k2 — 2k%cosf
8 2m2 + 3k2 — k2cosf
g% m2 + 2k? + 2k%cos6’
2
Alty5ru), = 16 k*cos@

g2 m2 — s+ im,[(k)
8 2m?2 + 3k% — k2cosf
g% m2 + 2k2 + 2k2cosf’

-16 k%cosf
g% m2 —s+im,I'(k)
8 2m?2 + 3k2 + k2cosf

T g2 m2 4 2k2? — 2k2cosf’

A(u,t,8), =

(84)

where I'(k) is the decay width of the p meson:
2 k3

k)= — —. 85

()= 53 ez (85)

For kinematic reasons the decay width of the p meson

appears only when the virtual momentum squared of p
is equal to s.

The scattering lengths and slopes are found from direct

coupling [Egs. (83)],
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m2 6c
b2 I T 1— —
0 2w f2 g’
2
1 my 6c
a 1—-—, 86
and from p exchange [Eq. (84)] we obtain
a0 = 2m?2 0_ 3m2 o2 = — m2
7 mg2m2’ ° ng?m2’ ° wg?m32’
3m?2 m2
=" al= —" . 87
0 2wg?m2’ o 2mwg?m? (87)

Numerical calculation shows that in these quantities the
contribution of p exchange is dominant; for instance, the
contribution of p exchange to al is ten times more than

the one from direct coupling. Adding Egs. (86), (87)
together and using Eq. (25) we obtain
a0:7m72r 0=m72r a2=_m12r b2:_m12'r
° 7 8nf2 0 wfF 0T 4mfP T omf
2
1 My
= . 88
a; 67l'f3 ( )

These are just the scattering lengths and slopes obtained
by Weinberg [34]. In Egs. (86), there are terms with
the factor of § obtained from the shift a, — a, — cd,m.
Because of Eq. (25) these terms are canceled by the cor-
responding terms obtained from p exchange. These can-
cellations lead to Weinberg’s results in this theory. As
a matter of fact, the cancellation is the result of chiral
symmetry In the Lagrangian [Eq. (1)], there is a term

3md(aua” + v,v*) introduced by chiral symmetry and
due to this term, c [see Eq. (25)] has m2 in the denom-
inator of the expression [Eq. (25)] which leads to the
cancellation. All these quantities are only related to the
zeroth and the second orders of derivatives. The scatter-
ing lengths and slope a3, a2, and b} are obtained from
the terms with the derivatives at fourth order:

m2 2m?
1 s
b = = 3f4( 0036)+—m;§,
4 4
0 my, 4m,|.
a2 = 15 y7 (0.0337) +1 wg?md’
4 4
2 my 2m;
= ——(0.0207) — ——. 8
o2 107r3f,‘§( 0207) 15wg2m4 (89)

In these quantities [Eq. (89)], the contributions of p ex-
change are ten times more than the ones from direct cou-
pling. Therefore, p meson exchange is dominant, ar 1
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TABLE II. The pion scattering lengths and slopes.
Experimental Theoretical
ad 0.26 £ 0.05 0.16
b3 0.25 4+ 0.03 0.18
a? —0.028 £ 0.012 —0.045
b3 —0.082 £+ 0.008 —0.089
al 0.038 £ 0.002 0.030
b1 5.56 x 1073
aj (17+3)x107* 7.84 x 107
a3 (1.3+3)x107* -3.53 x 1074

numerical results are listed in Table II.

It is well known that chiral perturbation theory [2,35]
describes w7 scattering reasonably well. In particular,
the parameters of chiral perturbation theory can be cal-
culated by the present theory. In addition to f, and m,
there are two other parameters appearing in 77 scatter-
ing [35]:

L= %ﬁ(aﬂvaw*)z
+%2-’I‘r(6“U8,,UT)’I‘r(6“U8"U"). (90)

The amplitudes T3 and TZ are determined by £4 [35]:

o _ 203+ ay

201 +
2\2 1 2
T, —W(S—‘lmn) ) an_Fi

2 _ —
I = 307 /3 (s

(91)

From the amplitudes [Eqs. (83),(84)] [to O(k*)], we ob-
tain

0 1

—_ 2\2
T2 = m(s - 4mﬂ_) (0.00698),

T} = -3 01 7 (s — 4m?2)?(0.00656). (92)

The two parameters in Eq. (91) are determined to be

1 = —0.0068, a = 0.0070. (93)

They are compatible with the values of CPT [35],

, = —0.0092, a; = 0.0080. (94)
The same values of a; and a3 can also be found by com-
paring T¢, T, and T} of Ref. [35] with the corresponding
combinations of Egs. (83), (84). The numerical calcula-
tion shows that the contribution of p exchange to a; and
a3 is higher than the one from direct coupling by two
orders of magnitude. The contribution of p exchange to
T3 and T# can be obtained from Eqs. (84):

o_ __ 4 44 q2____ 2 a4
27 15mg?mi 7 72 15mg2m}

Then from p exchange only we have

4
11/ _p007.

—Q = Qg =
492 m}
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Using the decay width of the p meson [Eq. (85)], we 1of 10f
obtain 0.8 0.8
92 ost 06 —
fr T £ o4k 04 22
=y = 3 = . '
mp(1— )i 02} o2f
4 00 00
0 00 0 00
This is just the expression presented in Ref. [9]. In the wk T a ook
present theory the reason for p dominance is the con- osk 1 02k
sequence of cancellation between the original pion and —_ ' 0
the pion obtained from the shift of a, — a, — c¢8,7. On =0T “o4r ofl
the other hand, the energy dependence of the amplitudes — o4 -osr s
[Egs. (83),(84)] can be predicted by the present theory. o2r . 17°%r ’
The amplitudes A(t, s,u), and A(u,t,s), [Eq. (84)] pre- 005200 400 600 800 1000 "0 200 400 600 800 1000
dict the resonance structure of p(770) in the channel of 030 —— 0.00 — .
I =1and! = 1. The experimental data [37] clearly 025} H-0021 D)
shows the p(770) resonance in the amplitude T}. The 5o o2or 1-00al t ﬁ -
comparison between theoretical predictions and experi-  O.15F J-006L + )
mental data are given in Fig. 1, which shows that |T}| T otoF -0.08) e
is in good agreement with data and T, ReT?Z, and ReT? g‘gg L e ] 0" N
agree with data well. However, this theory does not pro- 0 200 400 600 800 1000 "0 200 400 600 800 1000

vide an imaginary part for 7 and the experimental data
shows that there is an imaginary part in 79. On the
other hand, the data shows (Table II) that the theoret-
ical predictions of a3 and b3 are lower than the exper-
imental data. Therefore, in the channel of I = 0 and
I = 0 something is missing in this theory. In Ref. [38] the
0%+ fo(1300) meson has been introduced to the effective
meson theory to improve the theoretical value of aJ. The
f0(1300) meson can be introduced to the Lagrangian [Eq.
(1)]; however, this is beyond the scope of this paper.

w — pr AND OTHER RELATED PROCESSES

In the 1960s, Gell-Mann, Sharp, and Wagner [39] used
the coupling of w — pm to compute the decay rates of
w — 7y and 7° — 4y in terms of VMD. The Syracuse
group [14] has used the generalized Wess-Zumino action
to study these processes.

In the process w — pm, only the pion is associated
with «s in this theory. Therefore, the vertex of the decay
w — pm should be found from Lj;,. On the other hand,
in the Lagrangian [Eq. (1)] the interactions between the
w meson and others are given by the term %w“zﬁ’y,ﬂ/).
The quark vector current can be bosonized by the quark
propagator [Eq. (42)] and the vertices related to the w
field can be derived. In above sections we have used this
method to derive the formula of the VMD [Eq. (46)] and
the expressions of g, and g,. The results are the same as
J

7 D
(Pyud) = @m)P / (pzd_ 22)4’&%‘(7 ‘p—mi)y-D(y-p—mi)y-D(y-p—mia)y D(y-p—mi),

E (MeV)

FIG. 1. Energy dependence of n7 scattering amplitudes.

the ones obtained from Lg.. Now we use this method to
find the interaction vertices between w and other mesons.
In Ref. [24] we have used the quark propagator without
vector and axial-vector mesons to calculate the effective
baryon current %(1;’)’“1/)) and it has been found that the
current found in Ref. [24] is just the topological current
induced from the Wess-Zumino term. As in Ref. [24], the
current (1-y,%) can be bosonized by equation

(Y1) = ——% / dPp Try,sp(z,p). (95)
(27)
The leading terms come from n = 3. After a lengthy
and very careful derivation it is found that except for
the term g8%w, in Eq. (45) all other terms with even
numbers of 5 in Eq. (95) cancel each other. This is
consistent with the fact that in the two flavor case, the
w field is a flavor singlet. Except for the kinetic term, w
field does not appear in Lg. [Eq. (13)] which describes
the processes with normal parity. Using Eq. (42) and
taking n = 3, we have

(96)

where v-D = iy-8+ é’ym +7v-avs [a, is defined by Egs. (22), (23)]. In the calculation of Eq. (96) we use dimensional

regularization. However, there is one term in Eq. (96),
7 dPp
(2m)P

el . . D~ - . D~ - . D~ -
(ZW)DTWM pY-Dvy-py-Dv-py-Dvy-p,

(97)

which has divergence and contains «5. Therefore this part of the integral needs special treatment in dimensional
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regularization. We use the ’t Hooft—Veltman prescription [40] used to treat the triangle anomaly to calculate this

integral. We define

p=p+gq,

where p has only four components in the four-dimensional space and q is defined in D —4 dimensional space. According

to Ref. [40] p and q observe equations

Y PYs = 57 D

Y qYs = V57 - q-

Following these treatments the integral is computed. The final expression for (¢y,%) is

1 - N,
g ) =T Gy

4
enuaﬂw“’l‘r{ 347 l: Vyaag + O, (aqvg) — ta,aqag — —aa[pg,p,,]]

2 1
_E(Vmaﬁ — GyaUg) — g(V,,aag + a,,avg)}

4 Ne
(47)%g 3

L {2(13 U)UH(DLU)UH(DgU)UT — g— ety — ~30vas

3i 3z
+ = VealU(DpUY) ~ UN(DpU)] — —aualU(DU") + Uf(DﬂUn}, (98)
¥lﬁ?re Vva :' vPa _bapf/ _é}iprg Pa]y Via = Oupa — Oapy — g[Pw pa] - 3[0.,,, aa}y and a, — (1 - ‘27};‘7)—%‘111 —co,m.
1S expressmn can be slmp 1ned as
Lot () = w0, + e _2owves, va UUtEUUB,UU
g # “7 (4m)%g3 #
N. 2 7
vaf t t
+ {@n)? gz—:“ 0w, Tr {E[aﬁUU (pa + aa) — OUU(pa — aa)]
2 ¢ 2
—E(pa +aa)U(pg — apg)U" - 2P (- (99)

This formula is exactly the same as the one obtained by
Kaymakcalan, Rajeev, and Schechter [14] and by Witten
[13]. In Eq. (99) all the couplings are fixed by g and c.
This is the universality of coupling in this theory.

The interaction Lagrangian of wpm is derived from Eq.
(99):

N
9% fr

which can be used to study related processes. Using the
vertex of w — my obtained by the substitution pg —
%A# in Eq. (100) the decay width is calculated to be

"B, w, pt dpm, (100)

pr‘rr =

I'w — ymw) = 724 keV.

The experimental value is 717(1+0.07) keV. In the same
way, we obtain the vertex of p — my by the substitution
wy = £ A, in Eq. (100). The decay width calculated is

I'(p° = 7%) = 76.2 keV.

The experimental data are 68.2(1 £ 0.12) keV.

m® — v is an evidence of the Adler-Bell-Jackiw

r

anomaly [41]. This process is a crucial test of the present
theory. According to VMD, the w%yvy vertex should be
obtained by using the substitutions [Eq. (32)] in Eq.
(100):

- ifs’“’“’ﬁwoE’,iA,,a,,,Aﬁ,

™

(101)

Lo syy =

which is the expression given by the Adler-Bell-Jackiw
anomaly [41]. The decay width obtained from Eq. (101)
is

2 .3

m.
s f—éf (102)

L(x% = yy) =
which is the result of the triangle anomaly. The numeri-
cal result is 7.64 eV and the data is 7.74(1 + 0.072) eV.
If one of the two photons m°® — ~« is virtual, accord-
ing to VMD, there are vector meson poles in the decay
amplitude. The amplitude is written as

2a 1 2 1 2
{1+— . — }, (103)

M_ﬂf,, 2m2 —gq 2m2 — g2
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where ¢ is the momentum of the virtual photon. Since

g? is much less than the mass of the vector meson, the

form factor takes approximate form

1 4 1 4 q°
2\ __ —_
F(Q)—1+§m,2)_qz §mf,—q2_1+am20’
2
1 1
a="m(_2 4 = ) =003
2 \mZ m?

(104)
The data are a = 0.032 % 0.004.
In w — 77w, aside from the process wpm and p — 77

there is direct coupling wwmnw which is derived from Eq.
(99):
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2 6c2  6¢
£w7|'1|'1|’ =——|1 — T
ngf,?( T 9)
Xe“uaﬁé‘i]‘kwﬂa,,ﬂ'iaaﬂjaﬂﬂk. (105)
In both the Lyrrr and L, ,n there is a factor of 7%2
Therefore, qualitatively speaking, this theory predicts a
narrower width for w decay. Using the formula of ¢ [Eq.
(25)] and the value of g it is found that

14— — — = —0.083.
g g
The last two terms come from the shift a, — a, —

cO,m and there is very strong cancellation. Using Egs.
(49),(100),(105) the decay width is obtained:

1 L2 L
N = mrm) = oo [ datdg(m Pl - B 72)°)

1 1 1

X {3fw37r + pr‘lrfp1r7r (
where
2 6c2  6¢ N,
w3r = T 5 a3 1 T T T |>» wpr = 5 o
Jus ywzf,?( T y) Joor = Tagag.
(107)
and ¢ = (p — p;)?, p is w momentum and p; is pion

momentum. We obtain

I'(w — 37) = 5 MeV.

If only w — pm and p — 7w are taken into account the
width of w — 37 is 5.4 MeV. The experimental value is
7.43(1£0.02) MeV. From this study we can see that the
process of w — pr is dominant in the decay of w — 37, as
proposed by the authors [39]. The direct coupling of w —
37 is responsible for about 20% of the decay rate. The
agreement between theoretical and experimental decay
rates of 7° — 4v, w — wy, and p — 7y shows that
w — p7 obtained in this theory is more reliable. However,
at the tree level due to the cancellation, f, 3, is too small
and has the wrong sign. Therefore, corrections from loop
diagrams and terms with higher order derivatives to f,3x
are needed.

DECAYS OF THE f,(1285) MESON

In this theory the f;(1285) meson is the chiral partner
of the w meson [see Eq. (1)]. The decay of f; — 4«
consists of two processes: direct coupling f; — pmm and

2
q; — m;zw Ub

5 ) (106)

—m2
m2Z g3

)}

f1 = a1m — prm. The f; meson is associated with s [see
Eq. (1)]; hence odd numbers of «5 are involved in these
two processes. Therefore, the vertex of the decay f; —
prw cannot be found in Eq. (13) and should be found
in the Wess-Zumino Lagrangian with vector and axial-
vector mesons. In this paper the method used to find
the effective Lagrangian of these processes is the same as
the one used to study the decays of the w meson. From
the Lagrangian [Eq. (1)] and normalization of the f;
meson the vertices of the f; decays can be found from
the formula

C; = L (1 ;)_i Fuldyuvsh). (108)

g\ 2m2g?

The bosonization of (¢7,75%) can be carried out by using
the equation

—1

(Pyuvs) = W/d[’p’l‘rvwsw(z,p)- (109)

Substituting Eq. (42) into Eq. (109) the flavor singlet
axial-vector current of mesons can be achieved. Because
of the fact that only odd numbers of 5 are involved in
f1 — pmm, we are only interested in the terms with the
antisymmetric tensor. The leading terms with antisym-
metric tensor appear at n = 3. As in the case of the
w meson the divergent terms can be treated by the pre-
scription provided in Ref. [40]. Finally, the terms with
g#¥B in the effective Lagrangian [Eq. (108)] take the
form
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1
N, 1 T e
Li= ’@fé?y(l—zrz—ga) e i TE@Viavs — uatp)

iN, 1 :
< - uvafp _ T+ t
+3 2(4m)? (1 o2 2) € fuTr{—0,(8,UU dﬂ + 3o, U Udﬁ)

~2(8,UU8,UUd} + 8,UtU8,UUd5)

i
g

1
—g-—z(sz;de;dg +2Utd}Udzd; + djdZd; + dfdfd})}.

(df Oadf + d; Bady +2UNd[Udody + 2Ud, Utdedf —20,UUdSd} — 20,UtUd  dy)

(110)

For the definitions of df, see Eq. (117). From this Lagrangian, the same conclusion as Ref. [16] is reached, that the
decays of f; — pp and ww are forbidden. Therefore, the f; meson cannot decay to two real photons. This is Yang’s

theorem [42].

The Lagrangians of the decay of f — a17 and f — pnw are derived from Eq. (110):

4N, 1
T T T o A2 r o 1
ﬁf 1 3(4,,r)2.)¢-1r g2 (

Lipnn =

In both Lfprr and Lga,~ there is a factor of ;lg There-
fore, this theory predicts a narrower width for f — prn.
On the other hand, the factor of 1 — %9 in L¢pnyn is very
small; hence the process f — a;m® — pnw is dominant
over the decay of f — pmm. Using Egs. (61), (111) the

decay width is calculated to be

['(fy — prm) = 6.01 MeV. (112)
The experimental value of the decay width is 6.96(1 £
0.33) MeV. The prediction of I'(f; — prw) is in agree-
ment with data.

In another decay of the f;1(1285) meson, f — nnm
[excluding ao(980)7], even numbers of 75 are involved.
Therefore, the effective Lagrangian of this decay should

_% 3
aNe 1 (1 ! ) (1 - 2—°> 0.7104f,{8"nd, ;8" m; + 28,m0" ;8" m;},

Cpprm = —e 21 2
frmm 3(4m)2f3 g 272g2 g

where the factor 0.7104 is from the mixing between 7
and 7, 0.7104 = —‘}—3-((:050 —v/2sinf), and § = —10°. The
numerical result of the decay width is

I'(f - nmm) = 27.5 keV. (114)

Theoretical prediction of the branching ratio is 1.15 x
10_3$1 + 0.13) and the data of the branching ratio is
(107%)%. In principle, the meson a¢(980)[1~(0**)] can
be incorporated into the Lagrangian, and then the decay
of f — aom can be studied. However, this is beyond the
scope of the present paper.

Using VMD and Lfpxr, the decay width of f — y&m
is computed:

- 2292

-1
4N, 4c 1 ’
s (05 (1) i) -t
™

-1
1 X .
) s"”"ﬁf“(?,,w’aaafg,

(111)

r

be found from the Lagrangian Lg. [Eq. (13)]. Of course,
the vertex of fymm can also be derived from Eq. (108)
and it should be the same as the one obtained from Eq.
(13). The calculation shows that in the Lagrangian Lgre
the term at the second order in derivatives,

F2
16 TP UD*UT,

does not contribute to this decay. The effective La-
grangian of this decay comes from the terms at the fourth
order in derivatives which have a factor of -(ﬁ)r There-
fore, this theory predicts a narrow width for the process
f1 — nmr. In the chiral limit, the effective Lagrangian is
obtained from Eq. (13):

(113)

[
I(f - ynm) = 18.5 keV. (115)

In this theory the decay of f; — virtual photon +p in-
volves loop diagrams whose calculation is beyond the
scope of this paper.

THE DECAYS OF p — ny AND w — nv

According to VMD, the decays of p — 7y and w — ny
are related to the vertices npp and nww in which odd
numbers of 75 are involved and these vertices cannot be
found from Lgre [Eq. (13)]. From the Lagrangian [Eq.
(1)] it can be seen that the interaction between the 7
and other mesons can be found from



5180 BING AN LI 52
2 - Substituting the solution [Eq. (42)] into Eq. (116) L, is
Ln = —-?;0.7104m77(1/)751/)), obtained. The leading terms come from n = 4. We are
_ _ D only interested in the terms containing the vertices nvv,
(Pys9) = a')_D /d p Tryssr(z, p). (116) which are found to be
J
2 af + + + Ne vaf + +
(Pysp) = (47r)2 Gmge‘“’ Tr(F,,D,Dg + F,,DiDg) + — (@)’ Gmge“ Tr(D; D, Fl s+ D, DJF;)
N,
vaf + +p- —-p+p-p+
Wa——e“ Te(D; D, D;Dg + D, DD, Dg),
_1
. 2
D:‘:-—B—zdi df =v,Fa a, — 1—; a, — cl,nw
p T g TR pw T UM (23] (] 27r2g2 (] 2201
FE =08,dF —0,d; - [df, d]. (117)

The vertices of npp and nww are obtained from Egs.
(117):

8 Ne e
Lave == 3¢ a2 e**P0.71047(0,. %, 0P
+3ku3awg). (118)
Using VMD we obtain
8¢ N,
— vaf
Lopy = “af. (47r)2 e***B0.710470,,0%0, As,
8¢ N,
Lony = e*vB0.7104 L0 A 11
N T Sefy me O 04mOuOads. (119)

The decay widths of p — 5y and w — 77y are calculated:

T(p — ny) = 46.1keV, B(p — n7v) = 3.04 x 1074,
T(w — n7y) = 5.87 keV, B(w — 77) = 6.96 x 10™%.

(120)
The experimental data are
B(p = nv) = (3.8+£0.7) x 1074,
B(w — 7v) = (8.3+£2.1) x 107 (121)

Theoretical predictions are in good agreement with the
data. For n — ~+, in addition to n — pp and n - ww, the
process 7 — ¢¢ also contributes. We will study n — v
in another paper in which the strange flavor is included.

After the study of these physical processes, three prob-
lems of this theory should be discussed. They are loop
diagrams, dynamical chiral symmetry breaking, and mo-
mentum expansion.

LARGE N¢ EXPANSION

According to 't Hooft [7], in the large N, limit QCD is
equivalent to a meson theory at low energies. Therefore,

large N. expansion plays a crucial role in the connection
between QCD and effective meson theory, even though
we do not know how to derive the Lagrangian of effec-
tive meson theory from QCD directly. In the present
theory the large N. expansion plays an important role
too. The quark fields in the Lagrangian [Eq. (1)] carry
colors. In order to obtain the effective Lagrangian of
mesons from the Lagrangian [Eq. (1)], the quark fields
have been integrated out by path integral methods. Af-
ter this integration the trace in the color space generates
the number of color N,. The parameter m of the La-
grangian [Eq. (1)] is O(1) in the large N, expansion.
Equation (14) determines that F2 is of order N,, hence
f= is of order O(v/N,.). The coupling constant g, defined
by Eq. (15), is O(v/N.). After normalization, the physi-
cal meson fields, pion, 7, p, w, a1, and f; are all of order
O(v/N.). It should be pointed out that the original form

of the factor (1 —

axial-vector meson is (1 —

1., . .
ﬁ)_i in the normalization of the

ng_f)_%' Therefore, this fac-
tor is of order O(1). The masses of mesons are of order
O(1). Using all these results, it is not difficult to find
out that all the vertices of this paper are of order N, and
it is obvious that the meson propagator is order of O(1).
Therefore, the order of magnitude of a Feynman diagram
of mesons in large N, expansion is given by

NNo—Np (122)

where N, is the number of vertices and NN, is the num-
ber of internal lines. Equation (122) tells that all tree
diagrams are of order O(N.); hence, they are leading
contributions. A diagram with loops is at higher order in
large N, expansion. For instance, a diagram of one loop
with two internal lines is of order O(1). Therefore, the
large N, expansion is the loop expansion in this theory.
In this paper all calculations have been done at the tree
level. Most of the theoretical predictions are in agree-
ment with data. This success can be viewed as a support
of the large N, expansion. In other words, the large N,
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expansion provides a good argument for the success of
the theory at the tree level. However, it would be better
to raise all the calculations done in this paper to one loop
level to test the theory and the large N, expansion. In
this paper we only present the calculations done at the
tree level.

DYNAMICAL CHIRAL SYMMETRY BREAKING

The parameter m in Eq. (1) is associated with the
quark condensate which is defined as

O(2)w()[0) = -(z—j)f / dPpTx(0]sr (2, p)|0). (123)

At the tree level, using Eq. (42) we obtain the relation
between m and the quark condensate:

(0% (@) () [0) = 3mg? (1 + -—1—) L (29

2n2g2

This is u and d quark condensate. Nonzero quark conden-
sate means dynamical chiral symmetry breaking. There-
fore, there is dynamical chiral symmetry breaking in this
theory. On the other hand, the quark mass term — M1
can be introduced to the Lagrangian [Eq. (1)], where M
is the mass matrix of w and d quark. Using Eqgs. (40),
(42) and removing a constant, the leading term in quark
mass expansion is obtained:
- i
—(Yp M) = @n)D /de TrMsp(z,p)
1

= = (mu + ) OF10)

The pion mass [Eq. (79)] obtained from this equation is

(125)

m2 = =2 (m + ma) 0110, (126)

Detailed discussion of masses of pseudoscalar mesons can
be found in Ref. [36]. Equation (126) is a well known for-
mula obtained by the theory of chiral symmetry breaking
proposed by Gell-Mann, Oakes, and Renner [43], and by
Glashow and Weinberg [44]. Equation (126) shows that
the quark condensate is negative; hence the parameter
m is negative too. The parameter m is determined from
Egs. (15), (25), (26),

m = —300 MeV, (127)
and from Eq. (124), we obtain
(0|h9|0) = —(241 MeV)3. (128)

The quark mass is determined to be
My + mgqg = 23.5 MeV,

whose current value is 15.5 £+ 2.2 MeV [27]. As pointed
out in Ref. [45], the determination of the absolute value
of quark mass is model dependent.
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DERIVATIVE EXPANSION

This theory is an effective meson theory at low ener-
gies. Like the chiral perturbation theory [2], the deriva-
tive expansion (to be accurate, covariant derivative ex-
pansion) has been applied. It seems that the derivative
expansion works in the studies presented in this paper.
The calculations of decay widths are good examples. If
the terms at the second order in derivatives in the La-
grangian [Eq. (13)] contribute to the decay of a meson,
the decay width of this meson is broader. p decay and
a; decay are two examples. If only the terms at the
fourth order in derivatives contribute to the decay, the
decay width is narrower. The reason is that in the de-
cay amplitude there is a factor of 1%2 The predictions
of narrower widths for the decays, w — 3n, f — pnm,
and f — nrm, support this argument. From Table II it
can be seen that the scattering lengths and slopes (a3,
b3, al, a2, b2), which are obtained from the terms at the
zeroth order or the second order in derivatives, are much
greater than a3, aZ, and b which are from the terms at
the fourth order in derivatives.

This theory is an effective theory and it is not renor-
malizable, as mentioned above. Therefore, a cutoff of
momentum has to be introduced into this theory. Equa-
tion (15) can be used to determine the cutoff. Using a
cutoff instead of dimensional regularization, Eq. (15) is
rewritten as

Ne o (142 CUY QR
(amz mi) TIT & T 16m? 87"

2
(129)
Using the values of m and g, we obtain

A =1.6 GeV. (130)

Derivative expansion is a momentum expansion and A
is the maximum momentum. The momentum expansion
requires that the momentum must be less than A. The
masses of p, w, a1, and f; are less than A. However, there
is a physical case in which momentum expansion is not
suitable. In 7w scattering there is a p resonance in the
scattering amplitudes [Eq. (84)]. At very low energy the
momentum expansion has been applied to w7 scattering
amplitudes; however, in the region of p resonance the
momentum expansion is not working because it destroys
the resonance. Therefore, we do not apply the momen-
tum expansion to resonance amplitudes in this paper.

SUMMARY OF THE RESULTS

To summarize, the results achieved by this theory are
as follows. VMD is revealed from this theory. Weinberg’s
first sum rule and new relations about a; meson decay
are satisfied. The KSFR sum rule is satisfied reasonably
well. New mass relations between vector and axial-vector
meson are found. Weinberg’s 7m scattering lengths and
slopes are obtained. This theory provides a mechanism
of the p meson dominance in w7 scattering. The ampli-
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tude of 7° — v obtained by this theory is exactly the

same as the prediction of the triangle anomaly. This the-
ory unifies the description of the physical processes with
normal and abnormal parity and the universality of cou-
pling is realized. The effective Lagrangians used to treat
the processes of abnormal parity are exactly the same as
with the ones obtained from the gauging Wess-Zumino
Lagrangian with vector and axial-vector mesons. The re-
sults of w7 scattering have been shown in Table II and
Fig. 1. Other results are listed in Table I.

As mentioned in the paper, many of the studies have
been done separately before. The theory studied in this
paper provides a unified description of meson physics at
low energies. In this unified description universal cou-
pling in all the physical processes has been found and
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the inputs are the cutoff A, m (related to quark conden-
sate), and p meson mass in the chiral limit and the quark
mass in the phase space. Some of the results are new, for
instance, the mass relations [Eqgs. (27),(28)], the expres-
sion of g, [Eq. (7)] and g, # ga, etc. This theory has
dynamical chiral symmetry breaking which is an impor-
tant feature of nonperturbative QCD.

ACKNOWLEDGMENTS

The author wishes to thank G.P. Lepage for helpful
discussion and to thank T. Barnes, E. Swanson, and

A. MacKellar for help. This research was partially sup-
ported by DOE Grant No. DE-91ER75661.

[1] R. Dashen and M. Weinstein, Phys. Rev. 183, 1261
(1969); L.-F. Li and H. Pagels, Phys. Rev. Lett. 26, 1204
(1971); P. Langacker and H. Pagels, Phys. Rev. D 8,
4595 (1973); S. Weinberg, Physica A 96, 327 (1979); H.
Georgi, Weak Interactions and Modern Particle Physics
(Benjamin, Palo Alto, 1985); J. F. Donoghue, in Effective
Field Theories of the Standard Model, Proceedings of the
Workshop, Dobogoko, Hungary, 1991, edited by Ulf-G.
Meissner (World Scientific, Singapore, 1992), pp. 3-18.

[2] J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, 142
(1984); Nucl. Phys. B250, 465 (1985); B250, 517 (1985);
B250, 539 (1985).

[3] J. J. Sakurai, Currents and Mesons (University of
Chicago Press, Chicago, 1969).

[4] J. Schwinger, Phys. Lett. 24B, 473 (1967); J. Wess and
B. Zumino, Phys. Rev. 163, 1727 (1967); S. Weinberg,
ibid. 166, 1568 (1968); B. W. Lee and H. T. Nieh, ibid.
166, 1507 (1968).

[5] S. Weinberg, Phys. Rev. Lett. 18, 507 (1967).

[6] K. Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 186,
255 (1966); Riazuddin and Fayyazuddin, Phys. Rev. 147,
1071 (1966).

[7] G.’t Hooft, Nucl. Phys. B75, 461 (1974).

(8] G. Ecker, J. Gasser, A. Pich, and E. de Rafael, Nucl.
Phys. B321, 311 (1989); G. Ecker, J. Gasser, H.
Leutwyler, A. Pich, and E de Rafael, Phys. Lett. B 223,
425 (1989).

[9] J. F. Donoghue, C. Ramirez, and G. Valencia, Phys. Rev.
D 39, 1947 (1989); J. F. Donoghue and B. R. Holstein,
ibid. 40, 2378 (1989).

[10] See review article by Ulf-G. Meissner, Phys. Rep. 161,
213 (1988), and references therein.

[11] H. Georgi, Phys. Rev. Lett. 63, 1917 (1989); Nucl. Phys.
B331, 311 (1990).

[12] J. Wess and B. Zumino, Phys. Lett. 37B, 95 (1971).

[13] E. Witten, Nucl. Phys. B223, 422 (1983).

[14] O. Kaymakcalan, S. Rajeev, and J. Schechter, Phys. Rev.
D 30, 594 (1984).

[15] Chou Kuang-Chao, Guo Han-ying, and Wu Ke, Phys.
Lett. 134B, 67 (1984).

[16] H. Gomm, O. Kaymakcalan, and J. Schechter, Phys. Rev.
D 30, 2345 (1984).

[17] J. Schwinger, Phys. Rev. 93, 613 (1954).

[18] R. D. Ball, Phys. Rep. 182, 1 (1989).

[19] W. A. Bardeen, Phys. Rev. 184, 1848 (1969).

[20] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345
(1961).

[21] M. K. Volkov, Sov. J. Part. Nucl. 17, 186 (1986).

[22] T. Hakioglu and M. D. Scadron, Phys. Rev. D 43, 2439
(1991); M. D. Scadron, Phys. At. Nucl. 56, 1595 (1993);
R. Delbourgo and M. D. Scadron, Mod. Phys. Lett. A
10, 252 (1995).

[23] N. Kroll, T. D. Lee, and B. Zumino, Phys. Rev. 157,
1376 (1967).

[24] Bing An Li and Mu Lin Yan, Phys. Lett. B 282, 435
(1992).

[25] M. Gell-Mann and F. Zachariasen, Phys. Rev. 124, 953
(1961).

[26] E. B. Dally et al., Phys. Rev. Lett., 48, 375 (1982).

[27] Particle Data Group, L. Montanet et al., Phys. Rev. D
50 1173 (1994).

[28] M. Feinat, Z. Phys. C 48, 681 (1990).

[29] N. Isgur, C. Morningstar, and C. Reader, Phys. Rev. D
39, 1357 (1989).

[30] ARGUS Collaboration, H. Albrecht et al., Z. Phys. C 58,
61 (1993).

[31] M. Zielinski et al., Phys. Rev. Lett. 52, 1195 (1984).

[32] R. S. Longacre, Phys. Rev. D 26, 82 (1982).

[33] Bing An Li, “Revisit of Weinberg’s Sum Rules,” Report
No. UK/95-02, 1995 (unpublished).

[34] S. Weinberg, Phys. Rev. Lett. 17, 616 (1966).

[35] J. F. Donoghue, C. Ranirez, and G. Valencia, Phys. Rev.
D 38, 2195 (1988).

[36] Bing An Li, Phys. Rev. D 50, 2243 (1994).

[37] N. Cason et al., Phys. Rev. D 28, 1586 (1983); V. Srini-
vashan et al., ibid. 12, 681 (1975); L. Rosselet et al.,
ibid. 15, 574 (1977); A. Belkov et al., Pis'ma Zh. Eksp.
Teor. Fiz. 29, 652 (1979); [JETP Lett. 29, 597 (1979)];
B. Hyams et al., Nucl. Phys. B73, 202 (1974); E. Alek-
seeva et al., Zh. Eksp. Teor. Fiz. 82, 1007 (1982) [Sov.
Phys. JETP 55, 591 (1982)]; Pis’'ma Zh. Eksp. Teor. Fiz.
29, 109 (1979) [JETP Lett. 29, 100 (1979)]; W. Hoog-
land et al.,, Nucl. Phys. B89, 266 (1974); J. Baton et
al., Phys. Lett. 33B, 525 (1970); 33B, 528 (1970); J.
Prukopet et al., Phys. Rev. D 10, 2055 (1974); D. Cohen
et al., ibid. 7, 662 (1973); S. Protopopescu et al., ibid. 7,
1979 (1973); E. W. Bein et al., Phys. Rev. Lett. 30, 399
(1973); N. Durysoy et al., Phys. Lett. 45B, 517 (1973).



52 U(2), XU(2) CHIRAL THEORY OF MESONS 5183

[38] M. Lacombe, B. Loiseau, R. Vinh Mau, and W. N. Cot- R. Jackiw, Nuovo Cimento A 60, 47 (1969).
tingham, Phys. Rev. D 38, 1491 (1988). [42] C. N. Yang, Phys. Rev. 77, 240 (1950).

[39] M. Gell-Mann, D. Sharp, and W. G. Wagner, Phys. Rev. [43] M. Gell-mann, R. J. Oakes, and B. Renner, Phys. Rev.
Lett. 8, 261 (1962). 175, 195 (1968).

[40] G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189  [44] S. L. Glashow and S. Weinberg, Phys. Rev. 20, 224
(1972). (1968).

[41] S. L. Adler, Phys. Rev. 177, 2426 (1969), J. S. Bell and  [45] J. Gasser and H. Leutwyler, Phys. Rep. 87C, 77 (1982).



