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We calculate the combined angular distribution of the final electron and of the two ¥ photons in the
cascade process pp — 3D, —x;+v1 (J =0,1,2)—(¥y,)+v,—(ete " )+y,+v,, where p and p are unpo-
larized. Our final result is valid in the pp c.m. frame and it is expressed in terms of the Wigner D’ func-
tions and the spherical harmonics whose arguments are the angles representing the various directions in-
volved. The coefficients of the terms involving the spherical harmonics and the Wigner D” functions are
functions of the angular momentum helicity amplitudes or equivalently of the multipole amplitudes of
the individual processes. Once the combined angular distribution is measured, our expressions will en-
able one to calculate the relative magnitudes as well as the relative phases of all the helicity amplitudes
in the processes 13D,—13P;+y, and 13P;—y+y, for the J =2 case. For the J =1 case, we can deter-
mine the relative magnitudes of all the helicity amplitudes as well as the cosines of all their relative
phases. The sines are not completely determined. If the sine of the relative phase between any two am-
plitudes is known, then the sines of the relative phases among other amplitudes can be determined. For
the J =0 case, there is only one helicity amplitude in each decay and that is fixed by our normalization.
We also present the partially integrated angular distributions in six different cases, which can all be ex-
pressed in terms of the spherical harmonics. We also calculate the angular distribution of the ¥ photon
in the process pp—3D, — 'S, +7 where again p and p are unpolarized. In this case, the angular distribu-
tion has a very simple form: namely W(8)=(1/V47)[ Yoo+ (V'5/14)Y,0(0)+ 2 Y 4,(8)], where 6 is the
angle ¥ makes with the p direction. So the observation of a ¥ photon with an energy of about 840 MeV
and with the above angular distribution can be used as a signal for the formation of the *D, state in pp

collisions.

PACS number(s): 13.40.Hq, 12.39.Pn, 14.40.Gx

I. INTRODUCTION

Recently we calculated [1,2] the angular distributions
of the decay products in the various decay schemes of the
singlet D state of charmonium directly produced in pp
collisions. The main interest in these calculations is that
the singlet D state of charmonium, even though it is
above the charm threshold, is expected to have a narrow
width since its decay into D+ D is forbidden by parity
conservation and its decay into D +D * or D*+D is for-
bidden by conservation of energy. But the singlet D state
has one drawback. By C and P invariances, p and p
should have the same helicities for the resonance forma-
tion of the !D, state in pp collisions. Now if we assume
that the constituent u and d quarks of the proton are
massless and they have the same helicities as the proton
then the formation of the ! D, state in pp collisions is for-
bidden in perturbative QCD since U A, V¥V, vanishes for

massless spinors when the helicity indices A; and A, are
equal. It is quite possible this helicity selection rule is
strongly violated in nature as is seen from the processes
Pp—,, 'P,, etc. It is interesting to note that the forma-
tion of the 3D, state in pp collisions is not suppressed due
to this helicity selection rule since C and P invariances
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now dictate that p and p should have opposite helicities
for the formation of the triplet D states of quarkonium.
Furthermore the triplet D state is also expected to have a
narrow width since its decay into D + D is also forbidden
by parity conservation and the predicted mass of 13D, in
the potential models is such that its decay into D +D * or
D*+D is also forbidden by the conservation of energy.
In fact, the predicted mass of >D, in most potential mod-
els lies very close to the singlet D state mass. In this pa-
per we study the angular distribution of the decay prod-
ucts of the 3D, state formed in unpolarized pp collisions
in the following decay schemes:

(1) pp—13D,—1%P;(J=0,1,2)+y,—(138,+7y,)
+7’1—*(e+e—)+?’2+7’1
and
(2) pp—13D,—>11S,+7 .

Our final expression for the angular distribution in each
case is valid in the pp c.m. frame or the >D, rest frame
and it is given in terms of the angles measured in that
frame. In process (1) the expression for the combined an-
gular distribution of the electron and of the two photons
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is given in terms of the angular-momentum helicity am-
plitudes in the individual processes 3D,—X;+7¥, and
Xs—¥+7,. Once the angular distribution is experimen-
tally measured our expressions will enable one to calcu-
late the relative magnitudes as well as the relative phases
of all the angular-momentum helicity amplitudes or
equivalently of the radiative multipole amplitudes in the
transitions 3D, —Y,+v, and x,—¥+7y,. For the J=1
case, we can only determine the relative magnitudes of all
the helicity amplitudes as well as the cosines of their rela-
tive phases. The sines of the relative phases are not com-
pletely determined. If the sine of one of the relative
phases is known, the sines of the others can be deter-
mined. For the J=0 case, there is only one helicity or
multipole amplitude and that is fixed by our normaliza-
tion. In the second cascade process
pp—13D,—11S,+7v, the normalized angular distribu-
tion of the photon has a very simple form without any
unknown amplitudes: namely,

1 V’5

= + ==
w(0)= Yoot 7,

= Ya0o(0)+ -

Y40(9) (1)

where 0 is the angle ¥ makes with the p direction.

The format of the rest of the paper is as follows. In
Sec. II, we derive the combined angular distribution of
Y1» Y2 and e~ in the cascade process,

pp—1°D,—x,;(J=0,1,2)+y,
P+, +y, e +e ) +y,+y, .

We express our result in terms of the orthonormal
Wigner D’ functions and show how the measurement of
this angular distribution enables us to obtain complete in-
formation about the helicity amplitudes for the J =2 case
and almost complete information for the J=1 case. In
Sec. IIl, we present the results for the partially integrated

J

—2>+2 —J>+J -1+
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angular distributions in six different cases. They can all
be expressed in terms of the orthonormal spherical har-
monic functions. We also show how the measurement of
these partially integrated angular distributions alone will
give a wealth of information on the helicity amplitudes.
In Sec. IV, we give the relations between the angular
momentum helicity amplitudes and the radiative mul-
tipole amplitudes in the decays 13D,—x;+vy, and
X;—v+v, (J=0,1,2). Finally, in Sec. V we derive the
strikingly simple angular distribution of the y photon in
the cascade process pp — 13D, —115,+7.

II. THE COMBINED ANGULAR DISTRIBUTION
OF v, Y2 AND e ™ IN pp —-—»3D2——->x_,+'}'1 (J=0,1,2)
—>¢p+y,+y, e tet+y,t+y,

In this section we will consider the cascade process

ﬁ()\«l)P()\«z)—>3D2('V)—>XJ(0')+7/1(,u«) (J=0, 1,2)
—(e (o)) +e (@) +v,()+y,(1n)

in the pp c.m. frame, where the Greek symbols after the
particle symbols represent their helicities except for the
stationary 3D2 resonance in which case the symbol v
represents the Z component of the angular momentum.
We choose the Z axis along the direction of motion of x;.
The X and Y axes of the right-handed coordinate system
are otherwise arbitrary. The probability amplitude for
the above cascade process can be written (within con-
stant) as a product of the matrix elements for the indivi-
dual processes. Only the helicities of the initial and the
final particles are observed. So we write the probability
amplitude as

Ty = 2 > 3 o D,(W)IBIB(A)p(A2)) pp{Xs(a)y ()] A1°D,(v))
o P
><D<¢(p)72(K)|E|xJ(a))DD(e_(al)e+(a1)|C|¢(p))D . )

We sum over the helicities of the unobserved particles in
Eq. (2). The symbols B, A4, E, and C represent the ap-
propriate transition operators. The subscript D attached
to the bra or the ket vector indicates that each individual
matrix element is evaluated in the 3D, rest frame. In the
first two matrix elements the D, rest frame is the same
as the c.m. frame of the two particles. In the last two ma-
trix elements {¥y,|E|x,;) and (e et |C|¢) this is not
the case. To avoid confusion, we should clarify what we
mean by the two-particle helicity states when they are not
in their c.m. frame. For example, the two-particle state
|¥(p)y,(k)) p defined in the *D, rest frame, which is not
the c.m. frame of ¢ and y,, has the following meaning.

First construct the two-particle helicity state
l¥(p)y,(k)) x, in the X, rest frame (which is the same as
the c.m. frame of ¥ and y,) according to the usual con-
ventions [3] with ¢ and ¥, having exactly equal and op-

posite momenta and helicities p and «, respectively.
Then,

[9()72(k)) p =UACDL XYYy, 3

where U, ( 4,B) is the unitary operator corresponding to
the Lorentz transformation A( 4,B) which takes the sys-
tem from the Lorentz frame where B is at rest to the
Lorentz frame where A is at rest. It is important to ¢ tri-
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fy this point since in general ¥ and y, do not have
definite helicities p and « in the 3D, rest frame. A similar
meaning also holds for the two-particle state
le “(a;)et(ay))p.

Let us now consider the matrix elements in Eq. (2), one
by one. First,

pCCDy(MIBIB(A)P(A)) p=(2vIB|p(6,4);A14,) ,  (4)

where p(0,¢) is the magnitude of the c.m. momentum of
P which is taken to be in the direction (6,¢) in the coordi-
nate system we have chosen. Using the usual expansion
[3,4] of the two-particle helicity state in the c.m. frame in
terms of the angular-momentum states we find

pCDy(MIBIB(A)p(A)) p=V'5/47B; 5 D3(4,6,—9) ,
(5)

where
A=A;—A, . 6)

Because of C and P invariances [3], the angular-
momentum helicity amplitudes B A,A, are not all indepen-

dent. We have

C I4

By, =~ Bip, =By -, - @

172
Because of Eq. (7)
Byi=—B,;=0
and
B__=—B__=0. (8)
Also we call
B,=V2B,_=—V2B_, . )

Next we consider the matrix element

p{xs(a)y (@) 413D, (v)) p =(p,(0,0,0);0u| 4|2v)
=v5/4r 4],D%,_,(0,0,0)
=V'5/4wA},8,,_,. (10

The C invariance is trivially satisfied in the process
3D,—x;+7,- The P invariance of the transition opera-

|
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tion leads to
A{m=(~l)’+1AJ_‘,_” . (11)

We label the (2J+1) linearly independent 4 amplitudes
as

A=Al =(—1Y*4l |, o=—J,—J+1,...,+J
(12)

with the restriction —2<v=0—u < +2. This would
mean that for J =2, o cannot take the value —2.

The matrix element for the process Y;—9+7,, in the
3D, and the y; rest frames are equal. That is,

p{Y(P)Y(OIE|x;(0))p
=, (WP ) UL Do, X VEUACD X)X s(0))
=1, VP A(KEx,(0)),, - (13)

In Eq. (13) we used the fact that the transition operator E
is invariant under Lorentz transformations: namely,

ULEU,=E . (14)
Using Eq. (13) we can now write
p (WP 0IElx,(0)) p=, (p'(6',¢');pk|ElVO ),
(15)

where p’ is the magnitude of the i three-momentum in
the x; rest frame or the ¥y, c.m. frame. Again using the
expansion [4] of the two-particle helicity state in the c.m.
frame in terms of the angular-momentum states we ob-
tain

p{W(p)y1(IE|x;(0))p
=V2J+1/4nEL D], (4,6',—¢) . (16)

The P invariance of the transition operator E leads to

E] =(—1YEL, . (17
We label the three independent E amplitudes as
E}=E]_, =(—1YEL_.,,, p=0,1,...,0. (18)

For the matrix element of the final process

Y(p)—e (a;)+et(a,) the situation is more involved.
We have

ple (ape(@)IClY(p)) p =y e (a)e T(ay)| UL CD,, 9)CULCD,,x WU A (x| ¥(p))
=,{e " (a))e T (@) | UL Dy, ¥)CU,CD,, ) UL CDy, ) UACD,,x ) UA (X1 ) 19(p) )y
= (e (a))e M (@) |CULCD,, ¥)UACDo,x U A (X)) )y - (19)

In the first equality of Egs. (19) we made use of the fact
that the single-particle state |/(p) ), was also part of the
two-particle state of Eq. (16). It was obtained by succes-
sively performing two unitary operations corresponding

to the two Lorentz transformations, the first taking the ¢
state from its rest to the X, rest frame and the second
taking it from the x, rest frame to the 3D, rest frame. In
the last equality of Egs. (19) we now make use of the fact
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that

UACDy X UA X5 $)=UACD2, ) U, (20)

is the unitary operator corresponding to a

pure rotation, usually called “Wigner rotation.” Using
Eq. (20) and the unitarity of U, Eq. (19) now leads to

D<e—(al)e+(a2)lcl¢([)))p
=y{e (a)e (@,)|CU IYi(p))y

= (e (a))et(@)|Ug, UL CUg |t(p)),

where Uy w

=¢.<e—(a1)€+(a2)|URWC|¢(P))¢ 21)

since

Uk CUg,=C . (22)

Using the expansion [4] of the two-particle helicity state
in terms of the angular-momentum states, we can write
the right-hand side of Eq. (21) as

ole (a)e™(ay)l URWC|¢(p))¢

3/47D} (Ry5'8,)C, o

3/47C, o D}o(4",6",—¢") , (23)

where
a=a,—a, (24)
and €, is a unit vector in the direction of e~ three-

momentum in the ¥ rest frame and R, is the (3X3) rota-
tion matrix and C a,a, 8T€ the angular-momentum helicity

amplitudes.

The Wigner-rotated unit vector R '8, can be obtained
in the following way. Let R represent the (4X4) matrix
whose spatial part gives the (3X3) matrix R mentioned
above. Then from the definition of URW in Eq. (20),

R=AT1C3D,, )ACD,, x;))A(X 5 ¥)

where the A’s are the (4X4) Lorentz transformation ma-
trices. Now we note that the electron is highly relativis-
tic in the 1 rest frame and its four-momentum vector Pe¢

(25)

can be represented to a very good approximation as

LN
Tip, = |37 |V T1/47V3/47C 0 By s,
RS B —IoH e
X 2 Ep:cha(¢”’9”a-‘¢”) 2 AauDap K
p I
5 —1,0,+1
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M
p, =—%(1,2,),

, 3 (26)
R _1Pe¢=A_1(XJ,¢)A-1(SDZ,XJ )A(3D2’¢)Pe¢
=A"Yx,¥)AT'CD,,x,)ACD,, )
—1/3
XATICD,, PP,
=A_1(X],¢)A_l(3D2,XJ)PeD , 27)

where P, is the four-momentum of e” in the 3D, rest

frame. From Eq. (26) we also have
M

¢ i
—2—( 1,Ry 16,,, ).

R “‘Pe¢= (28)

Combining Egs. (27) and (28) we get

M,
——(lR_l" )=A"Yx;,WATICD,, X, E, (L,ep) .

(29)

The spatial part of Eq. (29) gives, within a normalization
factor, the Wigner-rotated unit vector €=(R,! €y) in
terms of the angles (8”,4") which give the direction of
e~ in the *D, rest frame.

The helicity amplitudes Ct,,la2 of Eq. (23) are not all in-

dependent. The C and P invariances give

C P
a0 =C“2“1 :C_al_“z '

C (30)

We call the independent C amplitudes Cy and C,, where
Co=Cyi=C__,

If ete ™ is created through a virtual photon, C, can be
neglected compared to C, if the energy of the electron is
much larger than its restmass energy, which is true in the
present case.

Using Egs. (2), (5), (10), (16), and (23) we can write the
amplitude for the cascade process as

(3D

—2—>+2
(4,6, —¢") 3 8,,-,D0(¢,6,—¢)

= |7- |V +1/40V'3/40C, 0, B, 1, 2 ElDL(¢",6",—¢")

—J—+J

X z A Dip (9,6,

—¢')D%_,.(6,6,—¢) . (32)
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The angles (6',¢") giving the direction of ¥ and the angles (6"’,¢’’) giving the direction of R ,;lg,,, are measured in the
and the 1 rest frames, respectively. Later we will relate them to the corresponding angles (8,4’) and (8",¢") measured
in the D, rest frame.
When p and p are unpolarized, the normalized function describing the angular distribution of ¥,, ¥,, and e ™ is given
by
’ gy — 1 t/a 1241/ -2 41, - a0, k1t aazka"
W(0,4;6',¢';60",¢" )= N— > > > TA A TM Ay ) (33)

AA, a,a, MK

where N is a normalization constant so chosen that W integrated over all the angles will give the value one. After we
substitute Eq. (32) into Eq. (33) we have to perform the various sums. Before we do the sums we make use of the
Clebsch-Gordan series relation for the D’ functions, namely,

. . Jiti,
J J . ) PNl s ,
Dmllmzpmzim'2=., ‘Z ' )<1112m1m1l-7,m1+m1><11]2’"2m2|1,m2+m2)p,{, +m’mym} ? (34)
=TI
and the relation
DIt == DL (35)

Then we see that the various sums in Eq. (33) factor out, or in other words, the angular distribution function W be-
comes a product of four sums, one involving A, and A,, a second involving a; and a,, a third involving p, p’, and «, and
a fourth involving o, o', and u. The sums over A4, A, and a,, a, are trivial. The sums over p, p’, k and o, ¢’, u are per-
formed after we make the following change of variables:

d=p—p',

s=p+p', 36)
d'=o0—0o',

s'=o+o'.

We also notice that the terms for negative d, d’ are the compiex conjugates of those with positive d, d’. So in the sums
we can restrict ourselves to positive d, d’. The k and u sums lead to an expression for the right-hand side of Eq. (33)
which is given in terms of the linearly independent angular-momentum helicity amplitudes defined through Egs. (9),
(12), (18), and (31). After a rather long algebra we finally obtain the following expression for the normalized angular
distribution:

{024 02 01,20~ MinlyLy0) 0—>Min(L,,L,,3)

W(9,¢;9’,¢I;6”,¢”)= 3 S BL EYL 2 2 82"3142 2 L Lzy 1L L3(6 ¢’9, ¢, 9”,¢")
44) L 'L, L d’ d
(37
where
B, =—V'5(22;1—1|L,0)|B,|*, (38)
0,1
yL3=—\/§2(—1)“<ll;a—a|L30)|Ca|2, (39)
L,L 8410 El g El 4 L, Elte Bl o s'+d’ _ s'—d’
g2 AN=(—DV3I+ D |1-—— | 3 | —=————+(—1)" <Lh ,— qu>
2 &l 20 2 2 2 2 2
><<11;S+‘; —2 _ s_d —2 ‘L d) (40)
s'(d')y=d'\d'+2,...,20—d’,
) Al 4" AlT, Al
a§1L2(J)=(—1)"+11/5(2J+1) 1__‘12 2 S+d__‘_1_+(_1)1‘2__i_d__si
2 & 2 2 2 2
s+d s—d s+d—2 s—d—2
X<JJ, - L2d><22, — 2 |L1d>, 41)

s(d)=—(2J—d),—(2J—d)+2,...,+(2J—d).
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In the above equations the angular-momentum helicity
amplitudes B,, C,, E ;’ and A7 are given by Egs. (9),
(31), (18), and (12), respectively. We also use the normali-
zations

0—J —1-J
|B,[>=|Col*+|C,\I>’=3 |EJI*= 3 |4]’=1. 2
P o

The explicit expressions for the nonzero coefficients BL[’
Vi, €4 (D), and ag'"*(J) for J=0,1,2 will be given

later. Finally the angular function ‘3/2,},[“2% is defined as
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L,L,L L, L¥ L¥ L* L, L
172™3 1 2 3 1 2 3
Y * >=(DygDygd: Dy +Dyg' DyirDyip)

* *
+(—1 )Lz(DdLolDdL,z—d'D Sro
*
+Dgo Dy wD ) . 43)

The arguments of the Wigner functions DL‘, DL2, and
D" are (¢,6, — @) the direction of p with respect to x; in
the D, rest frame, (¢',6’, —¢’) the direction of ¢ in the
xy rest frame, and (¢”,8",—¢") the direction of the
Wigner-rotated e~ momentum in the 1 rest frame, name-
ly, R ,;1’e:¢, respectively.

If (6,4’) and (8”,4") represent the directions of ¥ and
of the electron in the *D, rest frame, they are related to
the angles (8',¢') and (6",¢’') by the relations

¢I =$l , (44)
~ B ~
cos' = ——21—2—~ (cos?T —1)== +cos8'V 1— B2V 1—(B,/B,)* +cos®&[(B,/B,*—B2] | . 45)
1—Bicos?®’ By
[
Since 0< 6’ <, sinf’ has to be positive and so it will be sinf”’ = +V'1—cos?0"’ = 1T , (52)
given by the positive square root m

sing’=v'1—cos26’ (46)

where cos@' is given by Eq. (45). In Eq. (45), B, is the pa-
rameter v /c of ¢ in the Y, rest frame and 3, is the v /c of
Xy in the 3D, rest frame:

M2 _M2
X ¥
Bi=—3——7 > @7
My +M;
Mj—M?
J
By s sl (48)
P2 M3+M3,

where M, is the mass of the 3D2~state. The angles
(6",¢") are related to the angles (6"',¢’’) measured in the
3D, frame by the relations

cos¢’ = # [7,B,5in8’ +cos@’ cosg’sind"'cosd”’

+cosf'singsind’'sind"’
—sin@'cosf"'y,] , (49)

7:, [cos¢’sind"'sing”’ —sing'sinf"’cosd’’] , (50)

sing’’ =

n 1 ’
cosf’' = —;[ —¥1Y2(B;+Bycosb’)
+y,(sinf’cosed’sinf"’ cosd’’
+5inf'sing’'sind"’sind"’)

+7.172(B1By+cos8 )cosf"’ ] , (51)

where
7' =[(7,B,8in0’ +cosB'cos¢’sind" cosd”’
+ cosG’sind)’sing”sina;" — sin9’cos§”7/2 )
+ (cos@sind'’sing"’ —sing’sind"cos¢’’ )* 1/,  (53)
n=[7172(1+BB,cos6’)
— v 1B,(sinf cosd’sind’’cosd’’ +sin8'sing’sind"’sing"’ )
—¥172(By+Bycosf’ )cosh" ] . (54)

The constants y; (i=1,2) are related to B; (i=1,2) by
the relations,

_ 1
V1-8
From Egs. (47) and (48),
2 2
M X, +My
2M, M,

"1 (55)

Y=

. (56)
M3+M

Y= 5ar ar
2MpM X
It is also useful to notice that, in Eq. (43),
DLo=Van/2L+1Y}, . (57

Finally the explicit expressions for the nonzero
coefficients in Eq. (37) are
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=lB1'2=1 ’
B=-V'%, (58)
B4=_'\/‘_% ’
Yo=1,
n=7—(|C [2—2|CylH) = ‘/— . (59)
J=0:
el=1,
1
W=V
a¥=1, (60)
a’=—1"3,
a'=—v/3
J=1
el=1,
egr=—V2 IEOIZ——IE 2
1
530=7[|E0l2_2|E1|2] ’
el'=—3/Im(E,E}) , (61)
eP2=—1,
e?=—3Re(EE}),
ao = >
ag' == [lA_,lz—zlA P+14,0%1,
Pa— 1
af’=V10/7 || d_\[*= | do]> =14,
A= —iV15/7V6 |Im( Ao 4% )+ VIEIm(A,Ag)
a§=VS/ﬂ|A_1P+|Ad2—|AJﬂ,
a?=V'15/7V'6 |[Re( Ay A*|)— —Re(A A3) |, (62
a3*=2V30/TRe( 4, 4*,),
a8° ‘/14[|A—1'2—4|A0|2+6I 1|2],
atl=—iV15/7[Im(AgA* ;) —V6Im(A,42)],

g’ = f[lA_1I2+8|A0|2+6|A1!2],

a?=V15/7[Re(AgA* )+ V6Re(A4,4%)],

a$2=Vv90/TRe( A4, A* ) .

1
e2=—v10/7 | |E,|*+ 5!15, |2—|E,|*

€)= ‘,[IEolz—zlEIPHEZI 1,

'=—3i[Im(E,E})—V2/3Im(E,E})],
s%2=—V5_/7[IEo|2—IE I>—I1E,I*1,
£2=—V15/7[Re(E,E} )—V6Re(E,E*)],
e22=2V30/TRe(E,E}) ,
e=iV6[Im(E,E$)+V3/2Im(E,E?)],
e=iV30Im(E,E}) ,

24 _

1
——E2—E2+—E2
€0 ‘/7lol |E, | 6'2'

e#=V15/7[V6Re(E,E% )+Re(E,E})] ,
24—\/90/7Re(E2E0 ),

884_ \/'171 [6IE0|2_4|E1 |2+|E2l2] ’

al=1,

al=—V5/14[| 4 _,|*+2| 4,1*+ | 4,1>—2| 4,]*1,

_— 1
o§t=—2V277 || 4\ P= 2| 4o+ 4, P~ 1| 4,2
1 1
a=v'10/7 IA_IIZ—EIAOIZ—IAIIZ—EIAZIZ

all=—3iV10/7 |Im(dgA* )+ —=TIm(4, 43)

V6
1 .
a%2=——[|A_,P—IAOIZ—IAIIZHA 1,
a§2=-\/'6 Re(AgA*,)——=Re(4, 4])

Ve

+Re(A,A47)

agz=§x/3[ke(A1A:1)+Re(A2Aa‘ s

3=2VT15/7 [Im(AgA* )+ —=Im(4,43)

V6

+%Im(A2A}‘)
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aB=5ivV6/TIm(A4,A}) ,

4V’5 1
a3 =— 3|4 P+ 2 Ao P 4, 2+ 4,2
a=—30 |Re(aya* )—71_6—Re(A1A3) (64)
1 *
_"‘Re(AzAl)
6
‘/_
ag4=—-2°—7—2 Re(A, A% )= SRe( 4, 4)
ago 1/7 |A~1|2_4lA0|2+6lA1|2_4|A2| !,

41 —

aM=—iV15/7[Im(AgA* | )—V6Im( A, A})
+2Im(d,41)],

V5
ap=— —[IA_1|2—8|A0|2+6|A1

12+8| 4,/|%]
a‘}2=~—[Re(A A*|)+V6Re(A;A5)—6Re(A,47)],

a32=£7[3 Re(AlAil)—%Re(AzAg)

L,L, L,L
Br s ag 21+ (= 1) 28,0114 (—1)28]

=L, + DL+ DL, +1) [ W(6,4;6,436",¢"Y 51  dadaran

where ‘.Vs‘}yL 253 5 defined by Eq. (43). If the angular dis-
tribution W is determined at sufficiently large number of
points, the integral on the right-hand side can be per-
formed numerically for all possible allowed values of L,
L,,L,,d,and d ! A close examination of the expressions

for B, 7L, ad L2 and ad Ik given by Egs. (58)-(64)

shows that this will enable us to determine not only all
the relative magnitudes of the helicity amplitudes but
also the cosines of their relative phases. For the J=2
case we can also determine the sines of all the relative
phases which will then uniquely determine all the relative
phases. For the J =1 case, the sines of the relative phases
are not completely determined. If the sine of the relative
phase between any two amplitudes is known, it will then
fix the relative phases of all the other helicity amplitudes.
We can also determine the absolute magnitudes of the
helicity amplitudes, once the branching ratios for the
different decays are known.

The angles in the expression of Eq. (37) are not all mea-
sured in the 3D, rest frame or equivalently the lab frame.
But they are related to the angles measured in the lab
frame through Eqgs. (44)-(56). Even though these equa-
tions may look formidable, once the angular distribution
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aP=iV10/7[Im( Ay A* ) —V6Im( A4, A})
—3Im(A4,4%)],
ad=—10ivV2/7TIm( A, A}),
ay=—5iIm(A4,4*,),

ot == 2114, 46| do[2+6] 4, P+ 4,71,
a‘f4=—¥[Re(AoA:1 )+1/3Re(A1A3')

+Re(A4,A47)],

att=— 10;/6

as —_SRC(A A—l)

[Re(A4,A*,)+Re(A4,48)],

Equation (37) together with the expressions for the
nonvanishing coefficients [Egs. (59)-(64)] give the angu-
lar distribution of the two ¥ phonons ¥, and ¥, and of
the electron as a function of the angles (6,¢), (6',¢’), and
(6"”,¢"). Equation (37) looks complicated only because it
gives the combined angular distribution of three parti-
cles. Nevertheless, it is useful. Since the result is ex-
pressed as a sum of products of the orthonormal Wigner
D’ functions, we can obtain the coefficient of the
Y 44 ¥ angular function as

(65)

-

is known in terms of the laboratory angles, they can be
easily expressed in terms of the angles (6,4), (6',¢'), and
(6",¢"") through a computer program generated with the
help of Eqgs. (44)-(56). This kind of transformation is
routinely done by experimentalists.

III. PARTIALLY INTEGRATED ANGULAR
DISTRIBUTIONS

In order to get further physical insight into the angular
distributions, we consider below, the partially integrated
angular distributions. They will look a lot simpler and
they can all be expressed in terms of the spherical har-
monics. From the partially integrated angular distribu-
tions alone we can get, for the J =1 case, all the informa-
tion we obtained for the angular momentum helicity am-
plitudes by considering the combined angular distribu-
tion of ¥,, ¥,, and e~ . For the J=2 case, we can only
get the relative magnitudes of all the helicity amplitudes
and the cosines of their relative phases from the partially
integrated angular distributions. To get all the relative
phases uniquely we have to consider the combined angu-
lar distribution of y,, 7,, and e~ . We consider six
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different cases of partially integrated results. In deriving
these results, we make use of the identities

[ aa [y [ Djn.(a,8,7)D}, (a.B,y)sinBdB

2

87
—msm#'sm’u'sjj” (66)

foz”da foz“dy J " Di (e, B,y )sinBd

8
‘zj—_{_T‘Smo‘Sm'osjo , (67

m THL* T
J, d¢fg D (6,6, —$)sin6d 0

= [ DL | .
J.7d¢ [ "D (6)sin0d6

=278y _srr0 [ _JrlldAL,M.(B)sianO. (68)
Case 1: We will integrate over (6',¢’) and (6",4").

Only the angular distribution of the y photon ¥, is mea-
sured. We obtain

W(6)¢)=fW(9,¢;6',¢';0“,¢”)dQ’dQ”

=_L_ — 1 20
\/ET Yoo(e) mao Yzo(e)

where 0 is the angle between 4 and ¥, in the °D, rest
frame. The coefficients a2° and a{’ have the following ex-

1

W)= —L_
="

Yoo(60)— v‘ [IEOI ——[E,I?

Since we already know |4 _,[, | 4|, and | 4,|, we can now determine (|E,|>—

determines |E,| and |E,|.
J=2:

i/ ) — 1 ’ 1—5_ 2 i 2__
w(e’) Vo Yoo(6')+ |Eo|*+ ZIEII

2
—-2—1(6|E0|?—4|E1 124+ |E,|?)

Also, IEOIZ-HEIIZ—HEZ

(14 _112=2[ 4,12+ 14,11 Y(0")

[E, |

3 1
|A—1'2—3|A012+[A112_Z|A2l2

5123
pressions for the J=1 and J =2 cases:
J=1:
a2=v10/7 |A~1|2——|Ao|2_|A112
(70)
af’=—— [IA_IIZ~4IA0|2+6IAII

Normalization gives

A _ P+ 401>+ 14,*=1.

J=2:
a?=v10/7 1A,lP——lelz—lAllL—lAzP
(71)
a3°=7—1TZ[|A_1]2—4|A0|2+6]A1|2—4|A2]2] .
Normalization, |4 _|*+|4,/*+]4,/*+|4,/>=1. For

the J =1 case, we can determine the magnitudes of all the
helicity amplitudes from Egs. (70) since there are three
equations and three unknowns. For the J =2 case, this is
not possible since there are four unknowns and only three
equations.

Case 2: We will integrate over (6,¢) and (6”,4").
Only the angular distribution of v, is measured:

W(G',¢')=fW(9,¢;9’,¢';9",¢")d9dﬂ" . (72)

We will write the results separately for the J =1 and the
J =2 cases.

(73)

LIE,|*). Since |E,|*+|E,|*=1, this

(| A_ P+2] Ao+ [ 4,12 —2] 4,|*)Y (0"

Y4(6) (74)

=1. Here, (w—§€') is the angle between x; and ¥, in the Y, rest frame. It is related to &', the

angle measured in the 3D, rest frame or the lab frame, by a Lorentz transformation glven by Egs. (45) and (46).

Case 3: We will integrate over (6,4) and (6’,¢’). Only the angular distribution of e

W(eu n fW(G ¢ 01 ¢;6"¢")de0’
- 1 " 1 2 2 ’
T | Yool )+——m(|Eo| 2|E )Y 50(6")
1 " 1 7
=7 |Yw(® )+ﬁ(lEolz—zlE,l2+!E212)Y20(0 )

is measured:

for J=1,

for J=2 . (75)

By measuring the partially integrated angular distributions of cases (1)-(3) we can determine the magnitudes of all the
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helicity amplitudes for the J =1 and for the J =2 cases.

We should mention that 6" is the “Wigner-rotated” angle of e ~ with the y; momentum, in the 1 rest frame. It can
be related to 8", the angle between e ~ and x; in the 3D, rest frame, by Eqs. (49)—(56).

Case 4: We will integrate over (8",¢"’), the direction of the final electron. The combined angular distribution of the
two photons v, and y, are measured:

W(6,4;6',6")= [ W(6,8;6',4;6",¢")d Q"

1 0243 0,2,-2] of ZO*M'"(Lsz’” LL, 2 RelY* (6.) ® )
= € a elY, , )Y ') . (76
2 b LEZ ° z C O RL L, (68 1,4(6,60)

Using Egs. (58)-(64), we now express the right-hand side of Eq. (76) in terms of the helicity amplitudes. We consider
the J=1 and the J =2 cases separately.
(a)J=1:

(14_11P=2] 451>+ 4,12)Y (8"

(6,46, ¢") = —— [1—‘/47/5
16

1
|Eo|2_"2—|E1 |2

—% 47r/5(|A._1|2——;‘|Ao!2”‘1A1|2)Y20(9)

+i77l(|14—1 12+ dol>— 1 4,12)Y,(0)Y (")

+ 12‘;5” Re(AoAil)—vl—gRe(AlAg) Re(Y3(6,6)Y,,(6,4'))
+8‘/73"Re<A A* )Re(Y3(6,4)Y,(6',¢")— 4‘/—(|A_1P~41A 12+6] 4,1%)Y 4(6)
+87’T 415 ‘IEOIZ——IEIIZ (| Ay [248] Ag|>+6] 4,11 Y 4(0)Yy(6')
+%6/13 ursOIZ——uz,l2 (Re(AgA* ) +VERe( A, A3 )IRe( Y2 (6,8)Y,,(6',6'))
+—8—‘?—’T |Eol* =B, |* |Re( 4, 4% Re(¥2,(6,6)¥ s ewpn} 77)
(b) J=2:
w(6,4;0,¢')= 172[ \/F/”S(IEOI2 —IE P—IE, 1)1 4 _ [P +2] o2+ 4,12—2] 4, 1) Y,(6')
— VTGP 41E P+ 1B, ) |14, =2 o+ 4, P 4512 | Y6
2V’5

__‘/,T ]A_1|2——| A012—|A,]2——|A2|2 Yzo(e)—

IEol2 |E1|2_|E2|2]

X (] 4 -1 12— Aolz— | A1|2+|A2IZ)Y20(9)Y20(9')

20V'6

+49

T |E0|2+%|E1l2 |E,1? | [Re(AgA*,)—- I-Re(A A3)+Re(A,AT)

XRe(Y3(0,6)Y,,(6,4'))

40V'6 1

+ 496” |E0{2+3|E1|2—lE2|2)(Re<AIA:I)+Re(A2A5))Re(Y;2(9,¢)Y22(6',¢'))
8v’5

+ g7 (61EoP—4|E P+ E, ) IA_1|2+§-!A0!2—IA1P+%IA2|2 Y20(0)Y0(6")
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+%%1r(6|E0|2—4|E1l2+ |E,|?)

Re(AgA* )—%Re(AlAg )——é—Re(AZA’l")

XRe(Y3(6,8)Y,,(6',¢"))

4+ 307 _ (61E0f2—4|E,|2+|E2}2

* ’ '
73 Re(Y5(6,4)Y;,(6',4")

Re(AlAil)—%Re(AzAa‘)

8V5m
147

22
=1 T A_|>—4| Ay|>+6| 4,12—4| 4,]*) Y, (0)—

|Eo|>+— IEJ2 |E2|2]

X(IA_,I2~8|Aol2+6lAllz+8|A2I2)Y40(0)Y20(6’)+%

1
,Eo|2+EIE1 |2_|E2|2]

X(Re(AgA* )+ V6Re(A; A )—6Re( A, A} )Re(Y2(6,4)Y,,(6,8')

,‘/_
+8°4% |E0!2+%|E1|2—-IE212 Re(Ad, A* )——Re(A 43) [Re(Y1(6,4)Y(6,4))
V2
+ §x47;(6|E0|2—4|El|2+IEZIZ)(|A_1|2+6|A0|2+6|A1|2+|A2|2)Y40(0)Y40(9’)
,‘/_
+ AT (61 Eo P~ 4|, "+ | Ey [P)(Re( 4, A% )+ VE6Re(A, A5 )+Re(4,41))
XRe( Y41(9,¢)Y41(6,;¢ )
‘/_
+ Sgoxj;’(6|E0|2—4|E,12+1E2|2>(Re(A,A:I>+Re<A2A5 DRe(Y3(6,8)Y 4, (6',))
40”(6|E0|2—41E1|2+|E2|2>Re(,4 A% Re(Y2(6,8)Y43(6',¢")) (78)

In Eqgs. (76)-(78), the angles (0, ¢) represent the direction of p with Z axis chosen along the ¥; momentum. We can also
take this as the direction of ¥, in the *D, rest frame with the proton moving along the Z axis. The X and Y axes are ar-
bitrary. The angles (6',¢’) represent the direction of ¥ in the ), rest frame. They are related to the direction of ¥ in
the lab frame, namely (&’,¢'), through Egs. (44)—(46). The angles (8',4') in the lab frame can be determined by measur-
ing the direction of ¥, or by measuring the total momentum of e ~ and e * in the lab frame. By measuring the partially
integrated angular distributions in cases (1)—(4) we can determine the magnitudes of all of the E and the A helicity am-
plitudes as well as the cosines of the relative phases among the 4 amplitudes. For the J =1 case, we can determine the
magnitudes of all the A4 and the E helicity amplitudes by just measuring the partially integrated angular distributions in
cases (1) and (2). For the J =2 case, however, we need the partially integrated angular distributions in cases (1)—(4).

Case 5: Here we will integrate over (6,¢) or the direction of ;. We will only measure the combined angular distri-
bution of ¥, and e . We obtain

W(o,¢:0",6")= [ W(0,4;6',4;6",¢" )sin0d 6d b
0,20 270—>Min(L;,L,,J) L,L, OL, 2

1 —’}
= >
87TL2 g 2 @ R, T DL, + 1)

Re{Y, 4(0',¢")Y, 4(6",¢")} . (79)

Using Eqs. (58)—(64) we now express the right-hand side of Eq. (79) in terms of the A and the E helicity amplitudes.
We consider the J =1 and the J =2 cases separately.
(a)J=1:

1 1—V'ar/5

ﬁ/<e',¢';o",¢">=1 (1 A_;12—=2] Ao)*+] 4,11 Y(8)

1
LA A

F Va3 Eg[2—2|E, ) Y0 (6") — ‘/§”(|A_1|2—2|A0|2+|A112)Y20(9')Y20(9")
27 R e(E\ES )| A_(2—2] Ag)*+]| A, Re( ¥, (', 6) Y5, (8",6™) (80)

52
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(b) J=2:
=2 ’ ’’ "y — 2 ’
w(o',¢4';6",¢")= 1+7v5w |Eq 2+ —|E1|2—-|E2|2 (JA_ 12+2| Ao+ 14,12—2] 4,|2)Y,,(6")
3 1
~37 Va(6|Eo|?—4|E |+ |E,|?) IA_112—5|A0l2+|A1I2—z|A2l2 Y4(6')

2\/517'

+V 21 /5(|Ey|2—2|E | |1*+ | E,|2) Y 0 (6")+ (|1Eo12—|E,1?—|E,|?)
X(|A_ |124+2] 4o|>+ ] 4,1>—2| 4,]>)Re( YZO(O’)YZO(G”))

2‘/76”(Re<E E3)—V6Re(E,E¥ )| A_ |*+2] 4,1>+|4,>—2]| 4,|%

XRC( Y21(6’,¢’)Y21(9”,¢”)) 8v31T

Re(E,EZ )| A_ |2+2| 4,12+ 4,12—2] 4,]%)

X Re Y22(9',¢')Y22(9”,¢"))“%‘/Z_/Sﬂ

4 1
|E0|2+‘3‘IE1 |2+€!E2|2 ]

| AP S Ao+ 41— ] 45 |Re(Yi(6,8)Y3o(67,47)

8\/ 67'r

(V6Re(E,E%)+Re(E,E?)) |A_112——|A |2+|A1|2———|A212

XRe( Y (0,4')Y,,(0”,4"))— 16—”Reurz LEX)

3 1
Ay P= 2 P+ 4, = 1 4,2

XRe(Y 4, (6',8")Y,5,(6,8")) (81)

In Eqgs. (80) and (81) the angles (6",¢') give the direction of ¥ in the ), rest frame, with ¥; momentum in the 3D, rest
frame (lab frame) taken as the Z axis. They can be related to the angles (§’,4’), the direction of v in the 3D, rest frame
or the lab frame, through Eqs. (44)—-(48). The direction of v in the lab frame can be measured by measuring the total
momentum of e ~ and e " in the lab frame or by measuring the direction of y, in the lab frame. The angles (68",¢") give
the direction of Wigner rotated e ~ in the 1 rest frame. They can be related to the angles (8",4"') which give the direc-
tion of e ~ in the >D, rest frame by Eqs. (49)—(56).

Case 6: Here we will integrate over the angles (6',¢') to obtain the combined angular distribution of ¥, and e~
alone. We have

W(6,4;6",¢")= [ W(6,4;6,4";6",4")d Q2" . (82)
We give the results for the J =1 and for the J =2 cases separately.
(@) J=1:
~ 1 5. = 1
W(6,$;0",¢")= 1= =Var/5 || A P— =1 4o1>—| 4,1 | ¥,0(6)
46", (W[ 2 4, P= S04, | Yo

~% A7 /9| A _{|>—4| Agl?+6]| 4,[2)Y 41(6) {1+%(|E0|2—21E1[2)\/417-/5Y20(8")

1
(47)?

97

1
5 Im(A,A45)

75}

Im(E,E$ )(Im(AgA*,)—V6Im(A, A} ))——%Re(ElEg NRe(AogA*,)

Im(AdyA* )+

'Im(E E})

1 1
—JRe(E,ES) Re(AoA,)—=Re(4; 45)

XRe(Y3;(6,6)Y,,(6",4"))

+%\/§1T

+V6Re(A; AL)) (Re(Y1,(6,8)Y,,(6",¢")) (83)
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(b) J =2:
W(6,4;6",¢")= (4 v [1——\/47/ |A_112———|,40|2~|,41|2——|Az|2 Y,0(0)

—% 47/9(| A _,|*—4]| 4,4]*+6| A,12—4|A2|2)Y40(6)l

+ Va7 B 21E, P+, ¥ 0(0)

1
+
(477)?

9V10/7(Im(EE¢ )—V2/3Im(E,E}))

s |

1
X (Im(A4, A_1)+7_—Im(A Ag)— —Im(A 2 A7)

372

- % V3(Re(E,E$ )—VERe(E,EY))

x Re(AoA:,)—Vl_gRe(AlAgHRe(AzAr)

+v10/7(Im(EE} )+V'3/2Im(E,E?))

1 1
X [Im( Ao 4 )+ =Im( 4, 43)+Im(4, 47)
—%\/15/7(\/3Re(E1E5 )+ Re(E,E?))

X Re(AoAf_l)_

‘/IBRe(A A)— Re(A AY) ]

XRe(Y3,(6,8)Y,,(8",6"))

m

 3V/35

[401/45/7Re(E2E0 J(Re(A; A%,)+Re( A, 48))
+15V5/7Im(E,E& Im( A, A3 )— —v 5/7Re(E,E})

X |Re(d, 4%, )—%Re( 4,42) | [Re(Y3,(6,8)Y,,(6",6"))

31/—
X(Im(AgA*;)—V6Im( A, A3)+2Im(A,4}))

[3\/ 15/7(Im(EE§ )—V'2/3Im(E,E}))

——;—V§727(Re(E,Eg )—V6Re(E,E}))
X(Re(AgA* | )+V6Re(Ad, A3 )—6Re(A4,4}))
+%1/_15—/7(Im(E1E3‘ )+V3/3Im(E,E? )
X(Im(AgA*;)—V6Im( A4, 43)—3Im(A,A4}))

—%V10/7(1/3Re(E,E3 )+Re(E,E}))

X(Re(AgA* | )+V6Re(A, A3 )+Re(A, A7)
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__4m_ |60 = .
vz |6 I/ TRe(EEY)
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Re(AlAil)—%Re(AzAg)

—10V15/7Im(E,E% Im( A, A2 )—-17—8\/15/7Re(E2E3 )

X(Re(AlAzl)JrRe(AzAg))]Re(Y:2(9,¢)Y22(9",¢"))] .

In Eqgs. (83) and (84), the angles (0,¢) represent the
direction of p in the >D, rest frame with Z axis chosen
along the Y, momentum. We can also take 8 to be the
angle between p and the y, photon in the *D, rest frame
which we assume to be the same as the lab frame. The
angles (0",¢'') represent the Wigner-rotated direction of
e” in the 9 rest frame. They are related to the angles
(6”,4") which represent the direction of e~ in the lab
frame through Egs. (49)-(56).

A close examination of the partially integrated results
in cases (1)-(5) shows that we can determine the magni-
tudes of all the helicity amplitudes as well as the cosines
of their relative phases by just measuring these angular
distributions alone. We can determine the relative mag-
nitudes of all the A helicity amplitudes for the J =1 case
by just measuring the angular distribution of y, alone,
namely case (1). By measuring the angular distribution of
v, also [case (2)] we can determine the relative magni-
tudes of the E helicity amplitudes also for J =1. For
determining the relative magnitudes of all the A and the
E helicity amplitudes for the J =2 case we need to mea-
sure the angular distributions in cases (1)-(3), namely
the angular distributions of ¥,, v,, and e, separately.
By measuring the combined angular distributions of y,
and y, (case 4) and of ¥, and e~ (case 5) we are able to
determine all the Re(E,E") and Re(4;4/) for both
J =1 and J =2 cases. They, in turn, enable us to deter-
mine the cosines of all the relative phases of the 4 and of
the E helicity amplitudes. By measuring the combined
angular distribution of y; and e~ we are also able to get
some information on the products, Im(E;E* )Im( 4, 4/*),
as is seen from Egs. (83) and (84). But it is not enough to
determine all the sines uniquely. In fact, we can show
that if we know the sine of one of the relative phases, the
sines of the other relative phases can be determined for
both J =1 and J =2 cases. For the J =2 case, we can
determine the sines of all the relative phases uniquely, by
measuring the combined angular distributions of the
three particles, v, ¥,, and e . For the J =1 case, how-
ever, this is not possible. For the J =0 case, there is only
one helicity amplitude each for both 3D,—Y,+7; and
Xo—Y¥+7v,. They are fixed by our normalization. So
there is nothing to be determined for the J =0 case.

It is of great advantage that we expressed all the angu-
lar distributions in terms of orthonormal functions such
as Wigner D’ functions and the spherical harmonics. Be-
cause of this feature of our results, we can get the
coefficients of these functions, which are bilinear func-

tions of the angular-momentum helicity amplitudes, by
just doing a numerical integration of the measured angu-
lar distributions.

IV. THE RELATIONSHIP BETWEEN
THE ANGULAR-MOMENTUM HELICITY AMPLITUDES
AND THE RADIATIVE MULTIPOLE AMPLITUDES

The A helicity amplitudes describe the D, -y, +v,
(J=0,1,2) transition and the E helicity amplitudes de-
scribe the transition x; —¢¥+v, (J=0,1,2). For J =0,
there is only one independent helicity amplitude in each
transition. On the other hand, for J =1, there are three
helicity amplitudes in *D,—Y,;+y; and two in
Xs—Y+7v,. Finally for J=2, there are four independent
angular-momentum helicity amplitudes in D, —x;+7,
and three in x¥;—19+7v,. The number of independent
helicity amplitudes is also equal to the number of radia-
tive multipole amplitudes present in these decays. The
relationship between the helicity amplitudes and the mul-
tipole amplitudes are given by [5,6] the orthogonal trans-
formations

172
A= > a 2k+1 (kJ;—1,0]2,0—1) ,
Max(k=[2—J|;1)
172 (85)
EJ:JileJ _Z_kil_ (kllphllJp) J=0.1.2
Pl R 2+ 5 ’

where a]/ and e} are the radiative multipole amplitudes in
3D, —>x;+y, and ¥ ;j—¥+7v,, respectively. Since the
transformations of Egs. (85) are orthogonal:

Sl4;P=3lall*=1,
o k

(86)
SIEIP=3 lefl?=1.
P k

The decay process *D, — X>+ 7, is especially noteworthy.
There are four multipole amplitudes E,, M,, E;, and M,
in this case as there are four independent angular-
momentum helicity amplitudes. In principle, we can cal-
culate all these multipole amplitudes from the experimen-
tally measured combined angular distribution of y,, ¥,,
and e~ . In any potential model of quarkonium if we
work out the radiative transition operator to relative or-
der v?/c?, there are no terms whose rank is above three.
So the M, multipole amplitude is zero to order v?/c? in
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any potential model. So by measuring the M, amplitude
one can test the approximate nonrelativistic naturc of
quarkonium and the validity of the potential models.

V. THE ANGULAR DISTRIBUTION OF THE PHOTON
IN THE PROCESS pp 13D, —»11So+v

Next we turn to the angular distribution of the photon
in the cascade process

pp—13D,—11S,+y .

The predicted mass [7] of 13D, state of charmonium in
the nonsingular potential model of Gupta et al. [8] is
around 3826 MeV. So the above y photon will have an
energy of about 840 MeV. The calculation of the angular
distribution of the photon in the above process is very
straightforward. The amplitude for the process

17(7&1 )p(lz)—*iaDz('V)—)lSo"{"’}’(,u)
can be written as

+2
T'l}flA2= 2 <7(,u)’ ISOI A I3D2(V))

v=—2
X (3D,()|B|p(A)p(A,)) . (87)

Both of the above matrix elements are calculated in the
3D, rest frame or the pp c.m. frame. We will choose the
Z axis along the direction of the ¥ momentum in the 3D,
rest frame. Then Sy(7,) will be along the negative Z
axis. The X and Y axes are otherwise arbitrary. The an-
tiproton p will have its momentum in the direction (6,¢).
Then

CD,()|BIp(A)p(Xy))=(2v|B|p(6,);1,1,)
:‘/5/47TB)\,1A2D%A(¢’67 _¢) ’
(88)
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As before, by C and P invariances of the transition opera-
tors and the transformation properties of the states under
C and P we obtain

c
B3, =" Bap, »
P 91
B’H}"z = _B_}‘l—}‘Z ’
We call
B,=V2B,_=—V2B

—+

By=V2B,,=—V2B,,=—V2B__=0, (92

P
A,=A_,(u=%1). 93)

We will call
A|=A_|=A4 . (94)

Substituting Egs. (88) and (90) into Eq. (87) we obtain

T4, = 5B“A D%,(4,6,—¢) . (95)

If N is the normalization constant the normalized angular
distribution function of the photon will be given by

1 +1/2 1
where w(e, ¢)_NZ AEA 2T, TS sz
2 M
A=A —A,, (89)
(y(u),m.| 41°Dy(v)) =(p'(0,0,0);u0| 4 |2v) Y
=Ny 2 IBMI EIA IZDZAD . (96)
— * T Khy
=V'5/4w A, D?,(0,0,0)
5/4mALS,, . (90)  Using Eqgs. (34) and (35), Eq. (96) reduces to
J
W(0,4)= 15;" 2 [BH|2<—1)*2|A| et 2 ' (22:0—p|LOY(22,A—A|LOYDE" (6,6—4)
SN A(2,2,L)

97
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In Eq. (97),
+1/2
BL= 3 By |X(—1D*22A—A|L0)
A,

=—|B, |2(22;1—1|L0)—|B_ |*(22; —11|L0)

=_.%|B,|2(1+(v—1)L)<22;1—1|L0>

=—|B,|*(22;1—1|LO) , (98)

where in the last line L is always an even integer. Also,
+1
ap,=3, |A“|2( —1¥(22;u—ul|L0)
u

=—|A41%(22;1—1|L0)—]| 4]2(22; —11|LO)
=—|A41214+(—1)5)(22;1—1|L0)
=—2|4|2(22;1—1|LO) , (99)

where in the last line, L is again always even. Substitut-
ing for the Clebsch-Gordan coefficients and choosing the
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normalization constant N such that W(6,¢) integrated
over 6 and ¢ will give the value one, Eq. (97) will simpli-
fy to
1 & 8
W(0,p)=—F—= [ Yoo+ —Y(0)+—Y s
6,¢) vas Yot g 20(6) 21 40(0) (100)

where 6 is the angle between ¥ and p in the pp c.m.
frame. This strikingly simple angular distribution of the
photon with no unknown coefficients can be used as a sig-
nal for the formation of the triplet D state in unpolarized
Pp collisions. In other words the confirmation of a ¥ pho-
ton of energy around 840 MeV and with the above angu-
lar distribution will confirm the discovery of the 3D, state
of charmonium in pp collisions.
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