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It is shown that in 2 + 1 dimensions a constant magnetic field is a strong catalyst of dynamical
flavor symmetry breaking, leading to generating a fermion dynamical mass even at the weakest
attractive interaction between fermions. The essence of this effect is that in a magnetic field, in

2 + 1 dimensions, the dynamics of fermion pairing is essentially one dimensional.

The effect is

illustrated in the Nambu-Jona-Lasinio model in a magnetic field. The low-energy effective action in
this model is derived and the thermodynamic properties of the model are considered. The relevance
of this effect for planar condensed matter systems and for (3 + 1)-dimensional theories at high

temperature is pointed out.

PACS number(s): 11.30.Qc, 05.30.Fk, 11.30.Hv, 12.20.Ds

I. INTRODUCTION

Recently there has been considerable interest in rela-
tivistic field models in 2 + 1 dimensions. In addition to
the fact that the sophisticated dynamics of these models
is interesting in itself, the models also serve as effective
theories for the description of long wavelength excitations
in planar condensed matter systems [1,2]. Also, their
dynamics imitates the dynamics of (3 + 1)-dimensional
theories at high temperature.

In this paper, we will show that a constant magnetic
field acts as a strong catalyst of dynamical flavor symme-
try breaking (generating fermion masses) in 2+ 1 dimen-
sions. We will in particular show that there is a striking
similarity between the role of the magnetic field in (2+1)-
dimensional models and the role of the Fermi surface in
the Bardeen-Cooper-Schrieffer (BCS) theory of supercon-
ductivity [3]: both of them enhance the interactions of
fermions in the infrared region (at small momenta) thus
leading to generating a fermion dynamical mass (energy
gap in the fermion spectrum) even at the weakest attrac-
tive interaction between fermions.

We note that necessity of a supercritical dynamics
(with an effective coupling constant g being larger than
a critical value g. > 0) for generating fermion dynamical
masses is a common feature of the dynamics in 3+ 1 and
2 + 1 dimensions [4]. As will be shown in this paper,
in 2 + 1 dimensions, a magnetic field reduces the value
of the critical coupling to zero. We note that the fact
that a constant magnetic field enhances fermion dynam-
ical masses in the Nambu-Jona-Lasinio (NJL) model [5]
has already been pointed out in Ref. [6]. However, what
we will show is not just that the magnetic field enhances
the dynamical mass created by the strong (supercritical)
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NJL interaction but that in 2+ 1 dimensions, it catalyzes
generating the mass even at the weakest attractive inter-
action. The essence of this effect is that in a magnetic
field, in 2 4+ 1 dimensions, the dynamics of fermion pair-
ing (relating essentially to fermions at the lowest Landau
level) is one dimensional (see Sec. II).

We stress that this effect is universal, i.e., model in-
dependent, in 2 + 1 dimensions. This point may be im-
portant in connection with consideration of this effect
in such condensed matter phenomena as the quantum
Hall effect [1] and high temperature superconductivity
[2]. Another, potentially interesting, application for this
effect may be in (34+1)-dimensional theories at high tem-
perature (quark-gluon plasma in a magnetic field, for ex-
ample); indeed, at high temperature, their dynamics ef-
fectively reduces to the dynamics of (2 + 1)-dimensional
theories.

As a soluble example we shall consider the NJL model
in a magnetic field, in the leading order in 1/N expan-
sion. We shall derive the low-energy effective action in
the model and also study its thermodynamic properties.

The paper is organized as follows. In Secs. Il and III
we consider the problem of a relativistic fermion in a
magnetic field in 2+1 dimensions. We show that the roots
of the fact that a magnetic field is a strong catalyst of
dynamical flavor symmetry breaking in 2 + 1 dimensions
are actually in this problem. In Secs. IV-VII we study
the NJL model in a magnetic field in 2 + 1 dimensions.
We derive the low-energy effective action and determine
the spectrum of long wavelength collective excitations in
this model. In Sec. VIII we study the thermodynamic
properties of the NJL model in a magnetic field. We
show that there is a symmetry restoring phase transition
at high temperature. In Sec. IX we conclude the main
results of the paper. In Appendices A and B, some useful
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formulas and relations are derived. In Appendix C the
reliability of the 1/IN expansion in this model is discussed.

II. DYNAMICAL FLAVOR SYMMETRY
BREAKING IN THE PROBLEM OF
FERMIONS IN A CONSTANT
MAGNETIC FIELD

In this section we will discuss the problem of relativistic
fermions in a magnetic field in 2 + 1 dimensions. We will
show that the roots of the fact that a magnetic field is a
strong catalyst of flavor symmetry breaking are actually
in this dynamics, which plays here the role similar to that
of the dynamics of the ideal Bose gas for an almost ideal
Bose gas in the theory of superfluidity [4].

The Lagrangian density in the problem of a relativistic
fermion in a constant magnetic field B takes the following
form in 2 4+ 1 dimensions:

1 .-
L=3 [¥, (%D, — m)¥], p=0,1,2, (1)
where the covariant derivative is

D, = 8, —ieAS™, AT = —Bzyb,;. )

Uop = (lL1)1/2
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In 2 + 1 dimensions, there are two inequivalent represen-
tations of the Dirac algebra:

;70 =03, ;)"1 = 7:0'1, ;)"2 = 1:0'2, (3)

and

7 = —03, ' = —ioy, 7%= —ioy, (4)

where o; are Pauli matrices.

Let us begin by considering the representation (3). The
energy spectrum in the problem (1) depends on the sign
of eB; let us first assume that eB > 0. Then, the energy
spectrum takes the form (to be concrete, we assume that
m > 0) [7]

E0=w0=mv

E, = tw, = +y/m? +2|eB|n, n=12,... (5)

(the Landau levels).
The general solution is

U(T) =) anpting(a) + D bl 00 (), (6)

where

exp(—iwot + ikx1) [w°é£) ] ,

Vwn + mwn(ﬁ)

1 1
- —i ; . . , >1, 7
Unp TAE exp(—iwnt + ikx) Tos [ —infar = mmwn1(€) ] n> (7)

Vw, — mwn(§)

1 . . 1
o = s it +iken) | Tt

Here wn(£) = (w1/227nl)~1/2¢=€/2H, (¢), H,(£) are
Hermite polynomials, ! = |eB|~*/? is the magnetic
length, k = 2#np/L, (p = 0,%1,%2,...), L, is the size
in the z; direction, and £ = z3/l + kl. As L; — oo, the
density of the states at each level n is |eB|/2r [7].

Thus the lowest Landau level with n = 0 is special:
while at n > 1, there are solutions corresponding to both
fermion (E, = w,) and antifermion (E, = —w,) states,
the solution with n = 0 describes only fermion states.

As eB — —eB < 0, the solution becomes

\I’(IL') = Z a"PUfz—p(w) + Z bILpu::lp(w) I (8)

where the charge conjugate spinors v¢ and u® are v¢ =
28T, u® = F2aT. Therefore at eB < 0, the lowest Lan-
dau level with n = 0 describes antifermion states.

If we wused the representation (4) for Dirac’s
matrices, the general solution would be given by
Eq. (6) with upp(z), vnp(z) being substituted by

], n>1.

(=1)"vp—p(—x), (—1)*upn_p(—z) [the factor (—1)" is in-
troduced here for convenience]:

¥(z) = chp(_l)n”n—p(_:’:) + Z d:[zp(—l)nunp(_x)-
| ©

We note that the mass term in the Lagrangian density
(1) violates parity defined by

P: (2% 2!, 2?) — 0,0 (2°, —2, 2?). (10)

However, if one uses the four-component fermions [8],
connected with a four-dimensional (reducible) represen-
tation of Dirac’s matrices,

0 _ g3 0 1 _ ia’1 0
K —(0 —03)’ 7 "( 0 -—ial)’

2 _ ia’z 0
y —( ’ *wz), (11)
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the mass term in the Lagrangian density
L= [T,y Dy —m) ] (12)
preserves parity defined now as
P: 0z, 2?) — %7371‘11(:1:0, -zt 2?%), (13)
where the Dirac matrix 3
eei(2)
The important point is that the Lagrangian density (12)

with m = 0 is invariant under the U(2) (flavor) transfor-
mations with the generators

(14)

To =1, T1=’Ys, T

where

1
= _7’.'737 T3 = 73’757 (15)

0 I
-Io)-
The mass term breaks this symmetry down to the
U(1)xU(1) with the generators Ty and T;.

We note that the four-component fermions appear in
low-energy effective actions describing planar condensed
matter systems with two sublattices [2]. Actually, usu-
ally they appear in the actions without the mass term,
and the important problem is to establish a criterion of
dynamical flavor symmetry breaking which may occur as
a result of interaction between fermions [4,9-16]. As was
already indicated in Sec. I, dynamical flavor symmetry
breaking in 2 + 1 dimensions usually takes place only at
a rather strong effective coupling between fermions.

Let us now show that at m = 0 and B # 0, the dynam-
ical breakdown of the U(2) flavor symmetry takes place
already in the theory (12), even without any additional
interaction between fermions. In order to prove this, we
will show that in the limit m — 0, the flavor condensate
(0| Z¥|0) is nonzero: (0|T¥|0) = —|eB|/2~.

The condensate (0|TV|0) is expressed through the
fermion propagator S(x,y) = (0|T¥(z) ¥ (y)|0) :

7 =i’y %y = ( (16)

(018 [0) = ~ lim rS(z, ). 17)
|
(0| Tw0) = —(2W)3tr/d kS (k)

oo

tanh(eBs)
3 _ k2 k2
[ Y

— lim lim ——

dse

m oo
= — lim lim 5-3/2
A=r00o m—0 273/ 1/A2

= — lim lim
A—s00 m—0 2773/2

leB|
27’

[7r1/2|eB|l +0
m
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The propagator S is calculated [following the Schwinger
(proper time) approach [17]] in Appendix A. It is

S(z,y) = exp (ie /yfc Aj’“dz") S(z —y), (18)

~ o ds . 2
S(z) = /0 8(ms)372 exp [—z (Z + sm )]

X exp [—é (a:,,C"“a:u)}

X [(m + i'y“C,,,,a:” — g'y“F;jﬁta:”)

X (esB cot(eBs) — ?’y“’y"Fﬁl’ft)], (19)

where C* = gt¥ + ((F°*t)2)*"[1 — eBscot(eBs)]/B?,

Fgt = 9, A — 8, AT with AS™ given in Eq. (2). The

integral in Eq. (18) is calculated along the straight line.
The Fourier transform §(k) = J d3zet*=S(z) is

S = . . . tan(eBs
S(k) = A ds exp [—zsmz +iskZ — wsz(Bs.—):l
x{[k +m + (k*y* — k'7*) tan(eBs)]

x[1 4+ y'y?* tan(eBs)]} . (20)

Transferring this expression into Euclidean space (k° —
tks,s — —is), we find

Se(k) = / ds exp [—s(m + k2 + kzti@)]
eBs
X [( k“’)’” +m+ - (k2'71 - kl’)’z) tanh(eBs))
X (1 + ';71’)’2 tanh(eBs))] (21)
(v3 = —iv%, 71 = v, 72 = 72 are anti-Hermitian matri-
ces).

From Egs. (17), (18), and (21) we find the expression
for the condensate:

—sm? (3*1/2)(63) COth(eBs)

(3)]

(22)
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where A is an ultraviolet cutoff.

Thus in a constant magnetic field, spontaneous break-
down of the flavor U(2) symmetry takes place even
though fermions do not acquire mass (m = 0). Note
that in 3 + 1 dimensions the result would be (0|¥¥|0) ~
mlnm — 0 as m — 0. Therefore, this is a specific (2+1)-
dimensional phenomenon.

What is the physical basis of this phenomenon? In
order to answer this question, we note that a singular
1/m behavior of the integral in Eq. (22) is formed at
large, s — oo, distances (s is the proper time coordi-
nate). Actually one can see from Eq. (22) that the mag-
netic field effectively removes the two space dimensions
in the infrared region thus reducing the dynamics to a
one-dimensional dynamics which has much more severe
infrared singularities. From this viewpoint, the action of
the magnetic field in the present problem is similar to
that of the Fermi surface in the BCS theory [3].

This point is intimately connected with the form of
the energy spectrum of fermions in a constant magnetic
field. Equations (5), (11), and (12) imply that for the
four-component fermions, the energy spectrum is

Eo = ﬂ:wo = :i:m,

E, = tw, = £y/m?2 + 2|eB|n, n>1. (23)

The density of the states with the energy two = *m
is |eB|/2m, and it is |eB|/m at n > 1. As m — 0, the
energy Ey goes to zero and therefore there is the infi-
nite vacuum degeneracy in this case. The value of the
condensate (22) is equal to the density of the states at
the lowest Landau level. This implies that spontaneous
flavor symmetry breaking is intimately connected with
the dynamics of fermions at this level. In particular,
since this dynamics, described by one continuous variable
ks = —ik?, is one dimensional, we get a simple explana-
tion of the one-dimensional character of the dynamics
of flavor symmetry breaking in this problem. More pre-
cisely, the situation is the following. Using the identity
tanh(z) = 1—2exp(—2z)/[1+exp(—2z)] and the relation
18]

(1—@%wu@m(zf1)=§;Lﬂ@f, (24)

where L%(z) are the generalized Laguerre polynomials,
the propagator Sg(k) can be decomposed over the Lan-
dau level poles [19]:

. K2\, ... Du(eB,k)
SE(k)_ L exp (_‘_3—5[) ;( 1) k§+m2+2|€B|’n ’

(25)

with
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Do(eB,) = (m — kora) 11 ~ imrasen(eB)En (2,55

. k2
—[1 + iy172sgn(eB)] Ln—1 (zle—é—l) ]

kz
4(k k2y2)L} 2—L
+ ( 1’YI+ 272) n—l( 1€B|) ’ (26)
where L, = L% and L®,(z) = 0 by definition. Then
Eq. (25) implies that as m — 0, the condensate appears
due to the lowest Landau level:
s, €xp (—k3 /|eB])

= m leB|
0|¥¥|0) ~ —— = — )
(O ¥|0) 2773/dk k2 + m2 2

(27)

We would like to note that in 3 4+ 1 dimensions, the dy-
namics at the lowest Landau level, described by two con-
tinuous variables k3 and k4, is two din}ensional.1 Actu-
ally, the lowest Landau level pole in Sg(k) is in 3 + 1
dimensions:

~ 2 —_ —
SO(k) = —i exp( L1 ) m — kays — ks

- 1—1 .
eB]) Bk rmz (T 2)

(28)

The contribution of this level to the condensate is now

3 m A2 0 m—0
(0|2 T|0) ~ —|eB|ZF ln-T—n—z— +0(m°%) ) "= 0; (29)

i.e., there is no spontaneous flavor symmetry breaking in
a magnetic field in 3 4+ 1 dimensions.

In the next section, we will discuss aspects of sponta-
neous flavor symmetry breaking for (2 + 1)-dimensional
fermions in a magnetic field in more detail.

III. MORE ABOUT DYNAMICAL FLAVOR
SYMMETRY BREAKING FOR FERMIONS
IN A MAGNETIC FIELD

As was shown in the preceding section, the flavor con-
densate (0|¥¥|0) is nonzero as the fermion mass m goes
to zero. Although usually this fact is considered as a
firm signature of spontaneous flavor (or chiral) symme-
try breaking, the following questions may arise in this
case.

(a) Unlike the conventional spontaneous flavor (chi-
ral) symmetry breaking, the dynamical mass of fermions
equals zero in this problem. Is spontaneous flavor sym-
metry breaking “real” in this case?

(b) The vacuum |0) was defined as lim,,_,0 |0)m, of the
vacuum |0),, in the theory with m # 0. The vacuum

'The fact that a magnetic field reduces the effective dimen-
sion of the dynamics of the fermion pairing by two units was
observed earlier in the theory of superconductivity [20].
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|0) corresponds to a particular filling of the lowest Lan-
dau level. Indeed, at m # 0, in the vacuum |0),,, the
states with Eg = m > 0 are empty and the states with
Ey = —m are filled, i.e., the vacuum |0) = lim,,_,0 |0), is
annihilated by all the operators agp, dop and anp, bpp, Cnp,
dnp (n > 1). On the other hand, at m = 0, there is the
infinite degeneracy of the vacuum in this problem, con-
nected with different fillings of the lowest Landau level.
Why should one choose the filling leading to the vacuum
[0)? And is there a filling of the lowest Landau level
leading to the ground state which is invariant under the
flavor U(2)? One might think that the latter possibility
would imply that spontaneous flavor symmetry breaking

|
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can be avoided.

In this section we will show that there is a genuine
realization of the spontaneous breakdown of the flavor
symmetry in the present problem. More precisely, we
shall show that this phenomenon satisfies all the crite-
ria of the spontaneous symmetry breaking phenomenon
established by Haag long ago [21]. We will also discuss
such related questions as the status of Nambu-Goldstone
(NG) modes and induced quantum numbers [22,23] in
this problem.

Let us begin by constructing the charge operators Q; =
1/2 [ d?z[¥1(z), T; ¥ (x)] of the flavor U(2) group. By
using Egs.(6), (7), and (9), we find

oo

Qo = Z (a:;paop - dE——de—P) + Z Z (ajzpa'np -

n=1 p

P

Q1= ZZ (a(T)de)_p - do_pagp) + 12
P

oo

Q=) (a;',pdf)_p + do_pao,,) +

V4 n=1

leB

Qs = 27r| s+3° (a’gpao,, + df,‘pdo_,,) +
p

where @np, Cnp, (bnp, dnp) are annihilation operators of
fermions (antifermions) from the nth Landau level and
S = LL, is the two-dimensional volume. Now we can
construct a set of the degenerate vacua

|01,92> = exp(iQ191 + 1Q292)|0> y (31)

where, we recall, the vacuum |0) = lim,;,—¢ |0),, is anni-
hilated by all the operators anp, bpp, Cnp, and d,p. As one
can see from Eq. (30), the crucial point for the existence
of the continuum set of the degenerate vacua is the first
sum, over the states at the lowest Landau level, in the
charges Q1 and Q3.

The presence of such a set of the degenerate vacua is a
signal of the spontaneous breakdown, U(2)— U(1)xU(1).
Note that the vacua |61,62) can also be constructed by
replacing the mass term m¥¥ by mU¥y, ¢, Ve, o,, where
Vg, 0, = exp(iQ1601 + iQ262) ¥, and then performing the
limit m — 0. Again, this is a standard way of construct-
ing degenerate vacua in the case of spontaneous break-
down of a symmetry.

One can check that different vacua |6, 62) become or-
thogonal as size L; in the x; direction goes to infinity.
For example,

oo
n=1

b.rrtpbnp + CILanP - dlpdnp) ’

Z (U«chnp — cILpanp + b:“pdnp — d:’Lpbnp) ,
P

Z (alpcnp + c:'wanp + bflpdnp + dlpbnl,) ,

P

oo
n=1

Z (alpanp - blpbnp - C:r:pcnp + d:r;pdnp) s
p

{0, 62]0, 65)| = H|cos9|
P
= exp(Ly /dklnlcos 0|), 6 =06,—0,,

and at 6 # 0 or m, it goes to zero as L; — oo ( the vacuum
|0,62 + w) = —|0,02)). It also goes to zero as the maxi-
mum momentum |kmax| = A ( A is an ultraviolet cutoff)
goes to infinity. As usual, this point reflects the fact that
spontaneous symmetry breaking occurs only in a system
with an infinite number of degrees of freedom. One can
check that in this case all states (and not just vacua)
from different Fock spaces Fg,¢,}, defined by different
vacua |01,602), are orthogonal. That is, different vacua
|61,02) define nonequivalent representations of canonical
commutation relations.
On the other hand, taking the ground state

|Q> = C/du(91,92,93)191,92), (32)

where dp is the invariant measure of SU(2) and C is a
normalization constant, we are led to the vacuum |Q)

which is a singlet with respect to the flavor U(2). In
fact, the set of the vacua {|01,02)} can be decomposed
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in irreducible representations of SU(2):

{161,62)} = {129)} . (33)

Why should we consider the vacua |61, 62) instead of the
vacua |Q(®)?

To answer this question, we consider, following Haag
[21], the clusterization property of Green’s functions. It
means the following. Let us consider a Green’s function

n k
G k) = <0 T[] Ai(z) [I Biws) 0>, (34)

i=1

where A;(z;), B;(y;) are some local operators. The clus-

terization property implies that when 7% — oo [r} =
(xi —y;)?] for all ¢ and j, the Green’s function then fac-

torizes as follows:

n

T[] As(=:)

=1

Gtk <0

k
0> <0 T[] Bi(v;) 0>. (35)

=1

The physical meaning of this property is clear: cluster-
ization implies the absence of instantaneous long-range
correlations in the system, so that the dynamics in two
distant spatially separated regions are independent.

The clusterization property takes place for all the
vacua |61,02). The simplest way to show this is to note
that the vacuum |6;,62) appears in the limit m — 0
from the vacuum in the system with the mass term
m‘Ilglg2 Wg,6,- Since at m # 0, the vacuum in this sys-
tem is unique, the clusterization is valid at every value
of m # 0. Therefore, it is also valid in the limit m — 0,
as far as the Green’s functions exist in this limit. In
connection with that, we would like to note that, in ther-
modynamic limit L;, Ly — oo, the vacuum |61, 02) is the
only normalizable and translation invariant state in the
Fock space Fp,4,. To show this, let us introduce the op-
erators an(k) = (L1/2m)Y%anp, ba(k) = (L1/27)Y/2b,yp,
en(k) = (L1/27)Y%cnp, and dn(k) = (L1/2m)Y%d,yp,
where k = 2np/L;,. They satisfy the commutation re-
lations [an(k),al,(kK')] = Onnd(k — k'), etc. There-
fore, though states of the form [T, a} (k) I1; d} (k;)|01,62)
have zero energy, they are not normalizable and, at
Siki+Y j k; # 0, not translation invariant.

On the other hand, the clusterization property is not
valid for all Green’s functions on the vacua |[Q2()). As an
example, consider the Green’s function

GW = (QT[T(x1) ¥ (2)][T (y1) ¥ (v2)]|2), (36)

where |Q2) is the vacuum singlet (32). Since the bilocal
operator ¥ (z1)¥(z3) is assigned to the triplet of SU(2),
the clusterization property would imply that

G® — (QIT[T (21) T (22)]|2(QUT (1) T (v2)]|2) = 0
(37)

2 (e )2 ;
as ry; = (x; — y;)? — oo. However, since

(QUT[T(21) T (22)]|2P) # 0,
(T[T (y1) 2 (v2)]|2) # 0, (38)
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where |Q(%)) is a state from the vacuum triplet, we see
that G® does not vanish as rizj — o0.

Thus the clusterization property does not take place
for the |Q(®) vacua.

This is a common feature of the systems with sponta-
neous continuous symmetry breaking [4,21]: an orthogo-
nal set of vacua can either be labeled by the continuous
parameters {6;}, connected with the generators Q; of the
broken symmetry, or it can be decomposed in irreducible
representations of the initial group. However, the latter
vacua do not satisfy the clusterization property.

All the Fock spaces Fyg,g,} yield physically equivalent
descriptions of the dynamics: in the space Fig,4,}, the
SU(2) spontaneously breaks down to Ugg,g,}(1), where
the Ugg, 9,3 (1) symmetry is connected with the generator
Q%% = exp(iQ16: + iQ202)Qs exp(—iQ101 — iQ202).
Are there NG modes in the present system? To an-
swer this question, let us consider the thermodynamic
limit L;, Ly — co. One can see that in every Fock space
Fyg,9,}, with the vacuum |6y, 62), there are a lot of “ex-
citations” with nonzero momentum k and zero energy
E created by the operators af (k) and df(k). However,
there are no genuine (i.e., with a nontrivial dispersion
law) NG modes: the energy E is E = 0 at the lowest
Landau level. Since the Lorentz symmetry is broken by
a magnetic field, this point does not contradict the Gold-
stone’s theorem.? This of course does not imply that
the existence of NG modes is incompatible with a mag-
netic field: the situation is model dependent. As will be
shown in Secs. IV-VII, even the weakest attractive in-
teraction in the problem of (2 + 1)-dimensional fermions
in a magnetic field is enough to “resurrect” the genuine
NG modes. The key point for their existence is that the
flavor condensate (0|Z¥|0) and the NG modes are neu-
tral, and the translation symmetry in neutral channels is
not violated by a magnetic field (see the next section).
We shall also see that the “excitations” from the lowest
Landau level (with quantum numbers of the NG modes)
in the problem of free fermions in a magnetic field can
be interpreted as “remnants” of the genuine NG modes
in the limit when the interaction between fermions is be-
ing switched off. Moreover, we shall see in Sec. V that
the vacua |01,62) constructed above yield a very good
approximation for the vacua of systems with weakly in-
teracting fermions in a magnetic field (in fact, it appears
that the role of the vacua |61, 62) is the same as that of
the 0 vacua of the ideal Bose gas for an almost ideal Bose
gas in the theory of superfluidity [4]).

In conclusion, let us discuss the phenomenon of in-
duced quantum numbers [22,23] in this problem. As it
follows from Eq. (30), the vacuum |64, #2) is an eigenstate
of the density operator p:{soloz} = limgs 00 QgeleZ}/S with
a nonzero value:

2 As to a nonrelativistic analogue of the Goldstone’s theorem,
it has been proved only for translation invariant systems with
finite range interactions [24]. Systems in a magnetic field do
not satisfy this condition.
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{6165} _|eB| application of the constraints (42).
p3  '|01,02) = ‘2—71_‘|01’02>' (39) The effective action for the composite fields is ex-

Thus, there is the induced quantum number of the op-
erator pi?%} in the |6,6,) vacuum.? This fact is inti-
mately connected with the phenomenon of spontaneous
flavor symmetry breaking in this problem. Indeed, since
nglez} is one of the generators of the non-Abelian SU(2)
symmetry, its vacuum eigenvalue would be equal to zero
if the symmetry were exact and the vacuum were assigned
to the singlet (trivial) representation of SU(2). This is in
contrast with the case of Abelian U(1) symmetry: since
U(1) has an infinite number of one-dimensional represen-
tations, the vacuum can be an eigenstate of the charge
density p = lims_,o, @/S with an arbitrary eigenvalue in
that case.

Note that, since the SU(2) is spontaneously broken
here, it is appropriate to redefine the generator of the ex-

act Ugg,6,}(1) symmetry as Q§9192}=Q§o‘6’} —|eB|S/2m.

IV. THE NAMBU-JONA-LASINIO MODEL
IN A MAGNETIC FIELD:
GENERAL CONSIDERATION

In this and the following four sections, we shall consider
the NJL model in (2 4+ 1) dimensions. This model gives
a clear illustration of the general fact that a constant
magnetic field is a strong catalyst of generating a fermion
dynamical mass in 2 + 1 dimensions.

Let us consider the (2 + 1)-dimensional NJL model
invariant under the U(2) flavor transformations:

L=Z[¥%,iv"D,¥]

1
2

G - = -
+5 [(P2)* + (Tiys¥)* + (T 9)7] (40)
where D, is the covariant derivative (2) and fermion
fields carry an additional “color,” index o = 1,2,...,N.
This theory is equivalent to a theory with the Lagrangian
density

1
2
—_—— (02 + 724+ ’rz) . (41)

L=< [9,iv*D,¥] - T (0 +~4°1 +iv°m) ¥

The Euler-Lagrange equations for the auxiliary fields o, 7,
and 7 take the form of constraints:

oc=-G(I¥), 7=-G(Ty*Y), m=-G(Tir°¥).
(42)

The Lagrangian density (41) reproduces Eq. (40) upon

3Note that this fact agrees with the consideration in
Ref. [23].

pressed through the path integral over fermions:

1
I'(o,7,7m) = —=—

Ye dBz(o? + 72 + 7)) + I~‘(0', T,m), (43)

exp(il') = /[d\Il][d\Tl] exp {% /d?’x[\il, {iv*D,

—(o 4+~ + ivsﬂ)}‘l’]}

= exp{Trln[iv*D, — (0 + ¥*1 + iv°m)]},
(44)

ie.,
['(o,7,m) = —iTrln [i'y"D“ —(c+~y*T+ i757r)] . (45)

As N — oo, the path integral over the composite (aux-
iliary) fields is dominated by stationary points of the ac-
tion: 6I'/do0 = é6T'/é7 = OT'/éw = 0. We will analyze
the dynamics in this limit by using the expansion of the
action I' in powers of derivatives of the composite fields.

Is the 1/N expansion reliable in this problem? This
question appears naturally since, as was emphasized in
Sec. IT, a magnetic field reduces the dimension of the dy-
namics of the fermion pairing by two units. If such a
reduction took place for the whole dynamics (and not
just for that of the fermion pairing), the 1/N perturba-
tive expansion would be unreliable. In particular, the
contribution of the NG modes in the gap equation, in
next-to-leading order in 1/N, would lead to infrared di-
vergences. Just such a situation takes place in the (1+1)-
dimensional Gross-Neveu model with a continuous chiral
symmetry [25]. This phenomenon reflects the Mermin-
Wagner-Coleman theorem [26] forbidding spontaneous
breakdown of continuous symmetries in space dimensions
lower than two.

Fortunately, as will be shown in Appendix C, this is
not the case in the present problem. The central point is
that condensate (0| T ¥|0) and the NG modes are neutral
in this problem. As we shall see in Sec. VI and Appendix
C, this is reflected in the structure of the propagator of
the NG modes: unlike the fermion propagator, it has a
genuine (2 + 1)-dimensional structure. As a result, their
contribution to the dynamics does not lead to infrared
divergences, and the 1/N expansion is reliable in this
problem. This point is intimately connected with the
status of the space-translation symmetry in a constant
magnetic field. In the gauge (2), the translation sym-
metry along the xz; direction is broken (though it can
be restored by applying a certain gauge transformation).
Therefore, the momentum k; is a bad quantum number
for fermions and all other charged states [see Eqgs. (6)
and (7)]. However, for neutral states, both the momenta
k1 and ko of their center of mass are conserved quantum
numbers (this property is gauge invariant) [27]. In order
to show this fact in the gauge (2), let us introduce the
following operators describing space translations in first
quantized theory:
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18 p 18

P, = > = 7 B + QBz,, (46)

) 8a:1

where Q is the charge operator. One can easily check
that these operators commute with the Hamiltonian of
the Dirac equation in a constant magnetic field. Also,
the commutator [P, , Py,] is

[Pr,, Pr,] = —1QB. (47)
Therefore, the commutator equals zero for neutral states,
and both the momenta k; and k, can be used to describe
the dynamics of the center of mass of neutral states. As
we shall see, this point is important for providing the
(2 + 1)-dimensional character of this dynamics.

V. THE NJL MODEL IN A MAGNETIC FIELD:
THE EFFECTIVE POTENTIAL

We begin the calculation of I' by calculating the effec-
tive potential V. Since V depends only on the SU(2)-
invariant p? = 02 + 72 + w2, it is sufficient to consider a
configuration with 7 = m = 0 and o independent of z.
So now I'(0) is

I'(o) = —iTrln(iD — o) =

—ilnDet(:D — o),  (48)

where D = ~#*D,,. Since

Det(iD — o) = Det[y®(iD — 0)7°] = Det(—iD — o),
(49)
we find that
(o) = —%mm(ib — o) +In(=iD — o)]
— —%’I‘rln(f)z +0?). (50)

Therefore, f(a) can be expressed through the following
integral over the proper time s:

I'(o) = ——;—’I‘rln(ﬁ2 +0?)

= %/ d"”/ ?tr<wie—““y+””>|x>, (51)
where
le v ex
2 — D#D“ _ 57#7 F;wt
= D,D" +iey'y*B. (52)

The matrix element (z|e~*P*+*)|y) can be calculated

by using the Schwinger approach [17]. It is

4725
—is(D? 2 —iso? —18
(zle™* P HDy) = e (gl PuD |y)
x[cos(eBs) + v v?sin(eBs)]
— e—i§ —i(so’z—Scl)
8(ms)3/2
x[eBscot(eBs) + y'v%eBs], (53)
where
* € 1 v, ex v
Scl — GL A)‘Xtdz'\ _ E(w —y)u (g [ + ( Btz)
x [1 — eBscot(eBs)] ) (T —Yu- (54)

Here the integral f; A$*¥*dz? is taken along the straight
line.
Substituting Eq. (53) in Eq. (51), we find

—iso?
471'3/2 /d3 / 5/26 eBscot(eBs).

(55)

I'(o) =

Therefore the effective potential is

V(p) = o +V(p)

2G
2 oo
P N ds _,.»
=26 T 1o /1/Az 5572° eBs coth(eBs), (56)

where p? = 02472472, and now we introduced explicitly
the ultraviolet cutoff A.

By using the integral representation for the generalized
Riemann zeta function ¢ [18],

/°° dss*~le P coth s = I'(u) [21 ¢ (#v ﬂ) B~ “]

(57)

which is valid at ¢ > 1, and analytically continuing this

representation to 4 = —1, we can rewrite Eq. (56) as

=3[

_V2 (_lﬂ 1) 212}+O(1/A) (58)

2’ 2
where the magnetic length [ is I = [eB|~'/2 and here we
introduce the dimensionless coupling constant

g= NéG. (59)
T
We recall that {(x, %) is defined as
B _ <~ __ 1
2) = 5 o
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at p > 1 [18].
Let us now analyze the gap equation dV/dp = 0. It is

A p ® ds _, .z
W_.Z = o732 /1/Az ;?/—26 * eBscoth(eBs), (61)

which can be rewritten as

2A1 (-;- - %) + V2p¢ (— 1+ -i) + O(1/A).

(62)
As B — 0, we recover the known gap equation [14]:
1 1
2
= pA <__ - _) . 63
P 7= g (83)

It admits a nontrivial solution only if the coupling con-
stant g is supercritical, g > g. = /7 [as Eq. (41) implies,
a solution to the gap equation, 0 = &, coincides with the
fermion dynamical mass, & = mgqy,|. We will show that
the magnetic field changes the situation dramatically: at
B # 0, a nontrivial solution exists at all g > 0. The
reason for this is that the magnetic field enhances the
interaction in the infrared region (large s): at B # 0,
the integral in Eq. (61) becomes proportional to 1/p as
p— 0.

We shall first consider the case of subcritical g, g <
ge = /7, which in turn can be divided into two subcases:
(a) 9 < gc and (b) g — g.—0 (near critical g). Assuming
that |6]] € 1 at g < g., we find, from Eq. (62),

_|eBlgvT
2A(gc — 9)° (64)

Since Eq. (64) implies that the condition |5| < 1 fulfills

at all g satisfying (g. — g) > ]E—B;lﬁ, the relation (64) is
actually valid in that whole region.

Note the following interesting point. Equation (42)
implies that mgy, = (0|0|0) = —wg/NA(0|¥T|0). From
here and Eq. (64) we find that the condensate (0¥ ¥|0)
is (0|¥¥|0) = —N|eB|/2n in leading order in g; i.e.,
it coincides with the value of the condensate calculated
in the problem of free fermions in a magnetic field [see
Eq. (22)]. This point implies that at small g (weakly
interacting fermions) the |6;,602) vacua constructed in
Sec. III are good trial states for the vacua of the problem
with interacting fermions. This point also explains why
the dynamical mass mgay, in this problem is an analytic
function of g at ¢ = 0: indeed, the condensate already
exists at g = 0.

At g. — g £ 4/|eB]|/A, introducing the scale m* =
A(1/g —1/g.), we get the equation

Qi
IZ

Mdyn =

2m*l l+\/_<<1 (@ +1) (65)

which implies that in the near critical region, mgayn is

Mayn = & ~ |eB|/2. (66)
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Thus in the scaling region, with g. — g S 4/|eB|/A, the
cutoff disappears from the observable mgy,. This agrees
with the well-known fact that the critical value g. = /7
is an ultraviolet stable fixed point at leading order in 1/N
[14]. The relation (66) can be considered as a scaling law
in the scaling region.

In the supercritical region, at g > g., the analytic ex-
pression for mgyn can be obtained at weak |e B|, satisfying

the condition 4/|eB]| /mg;,)n < 1, where mg;,)n is the solu-
tion of the gap equation (63) with B = 0. Then, using
the asymptotic formula [18]

¢(2,9) g 5 o0

we find, from Eq. (62),

=0 ((;;)n l:l +

i.e., mayy increases with B. The numerical study of
Eq. (62) shows that mgy, increases with B at all values
of g and B.

A striking fact is that, unlike the gap equation (63)
with B = 0, the gap equation with B # 0 does not
have the trivial solution o = 0. Indeed, Eq. (56) implies
that dV/do|,—0 = dV /do|,—o, and then we find from
Eqgs. (41) and (44) that

Mdyn (68)

(eB? .
12(m{) )4 |’

dyn

|mn—mwmmuJ——N”m

#0 (69)
[see Eq. (22)]. Thus, despite the spontaneous character
of the U(2) symmetry breakdown, there is no trivial so-
lution (stable or unstable) in the magnetic field at all
values of g.

VI. THE NJL MODEL IN A MAGNETIC FIELD:
THE KINETIC TERM
IN THE EFFECTIVE ACTION

Let us now consider the kinetic term L, in the effective
action (43).

The U(2) symmetry implies that the general form of
L:k is

n uv

F,
Ly = (auPJ uPJ) + N

(pJ Oupj )(pi upl)a (70)

where p = (o, 7,7) and F}*, F§" are functions of p? =
0%2+72+72. To find the functions F{*, and F}”, one can
use different methods. We used the method of Ref. [28].
The derivation of £y is considered in Appendix A. Here
we shall present the final results.

The functions F{* and F3" take the form F/ =
gHY i FYY = gt F3'" where
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F?O_L<7c(3 (p1)? +1)+(pl) )
FIl—F2 - 1
161r( 5 (pl) +1)+(pl) )

11 22 (Pl)4 3 (Pl)2
F=F 87T|:\/§C(2 2 +1)

+V2(pl)%¢ (l i’—’l—)—+1) +2pl—(pl)"1]

;b

(71)

(we recall that the magnetic length I = |eB|~1/2).

We would like to emphasize that, as follows from Eq.
(71), the propagator of the NG modes in leading order in
1/N has a genuine (2+1)-dimensional form. We shall see
in Appendix C that this fact is crucial for providing the
reliability of the 1/N expansion in this problem (physi-
cal reasons for the (2 + 1)-dimensional character of the
dynamics of the neutral NG bosons are considered in the
next section).

Now, knowing the effective potential and the kinetic
term, we can define the energy spectrum (dispersion law)
of the collective excitations o and 7,x.

VII. THE NJL MODEL IN A MAGNETIC
FIELD: THE SPECTRUM OF THE
COLLECTIVE EXCITATIONS

We begin by considering the spectrum of the collective
excitations in the subcritical, g < g., region.

At g. — g > +/|eB|/A [where |5]| < 1, see Eq. (64)],
we find from Eqs. (70) and (71) the dispersion law for
the 7 and © NG (gapless) modes:

_99cleB|*?
\/_A( e — )
[see Eq. (64)]. As the interaction is switched off, g —
0, their velocity, v = gg.(g9. — 9)~*+/|eB|/2AZ%, becomes
zero, and we return to the dynamics with spontaneous
flavor symmetry breaking but without genuine NG modes
discussed in Sec. III.

In order to define the “mass” (energy gap) M, of the
o mode, we note that

d*v
do?

B, = V2(31) (k)2 = ®)V2  (12)

_zl

3/2/ ds+/s exp[—(a1)%s] coth s

—szrl [ﬂc(z,((’;) +1)+(al) ] (73)

[see Eq. (56)]. Then we find from Egs. (70), (71), and
(73) that

o=0

4727
8 c
Mg \/_(g g)AI B,1/2 (74)
99:¢(3)
at g — g > 4/|eB|/A. As g — 0, the 0 mode decouples
(My — 00).

Thus the dynamics in the problem of a relativistic
fermion in an external magnetic field emerges from this
model in the limit when the interaction between fermions
is switched off. The attractive (g > 0) interaction “resur-
rects” the NG modes and they acquire a velocity v ~ g.

Let us now consider the near critical region with g. —

< 4/|leB|/A. From Egs. (70) and (71), we find that

E. . = f(al)(k*)/?, (75)

where
e ) e )
(76)

Since in this near critical (scaling) region the parameter
7 is & ~ |eB|Y? = 171, we conclude that the cutoff A
disappears from the observables E, and E, in the scaling
region.

In the same way, we find from Egs. (70), (71), and (73)
that

M? ~ |eB] (77)

in the scaling region.

Let us turn to the supercritical region with g > g.. The
analytic expressions for E, », and M2 can be obtained for
small |eB| = [~2, satisfying the condition |5!| >> 1. Then,
using the asymptotic formula (67) for zeta functions, we

find, from Egs. (70), (71), and (73),

By, = (1 _ ﬁ) (k2)Y/2, (78)

M? = 65° (1 - g@) , (79)

where & is given in Eq. (68). These relations show that
the magnetic field leads to decreasing both the velocity
of the NG modes (it becomes less than 1) and the mass
(energy gap) of the o mode.

Let us indicate the following interesting point inti-
mately connected with the (2 + 1)-dimensional charac-
ter of the dynamics of the neutral NG modes. The
(2 + 1)-dimensional character is reflected in that the ve-
locity vz = OF,./0k is not zero. As follows from
Egs. (72), (75), and (78), the velocity v, . decreases
with mgy, = & and becomes zero [i.e., the dynamics be-
comes 0 + 1 dimensional] when mgy, — 0, i.e., when the
interaction is switched off (¢ — 0). The reason for this
is clear: since at g = 0 the energy of the neutral sys-
tem made up of a fermion and an antifermion from the
lowest Landau level is identically zero, its velocity is also
zero. This fact in turn reflects the point that the motion
of charged fermions in the z,-z, plane is restricted by a
magnetic field. On the other hand, at g > 0, there are
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genuine neutral NG bound states (with the bound energy
AEg + = 2mgyn — Ex rlk=0 = 2mgyys). Since the motion
of the center of the mass of neutral bound states is not
restricted by a magnetic field, their dynamics is 2 + 1
dimensional.

Let us now discuss the continuum limit A — oo in more
detail. As is known, at B = 0, in this model, an interact-
ing continuum theory appears only at the critical value
g = gc = /7 (the continuum theory is trivial at g < g.)
[4,14-16]. Therefore, since at g < g., in the continuum
limit, there is no attractive interaction between fermions,
it is not surprising that at g < g., the dynamical mass
Mayn ~ gleB|/A disappears as A — oo.

At B = 0, the continuum theory is in the symmetric
phase at ¢ — g.—0 and in the broken phase at g — g.+0.
On the other hand, as follows from our analysis, in a
magnetic field, it is in the broken phase both at g —
go— 0 and g = g. + 0 (though the dispersion relations
for fermions and collective excitations p are different at
g—>g.—0andat g - g.+0).

Up to now we have considered four-component
fermions. In the case of two-component fermions, the
effective potential V; is V2(0) = V(0)/2, where V(o) is
defined in Egs. (56) and (58). However, the essential new
point is that there is no continuous [U(2)] symmetry (and
therefore NG modes) in this case. As in the case of four-
component fermions, in an external magnetic field, the
dynamical fermion mass (now breaking parity) is gener-
ated at any positive value of the coupling constant g.

Va,u(o) =V(o) + Vﬁ,u(a)

w |27\ g 3

2n3

ZE[_A_<ﬁ_1>02_L§ (_%,(01)24_1)__”_}
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The NJL model illustrates the general phenomenon
in 2 4+ 1 dimensions: in the infrared region, a mag-
netic field reduces the dynamics of fermion pairing to
one-dimensional dynamics (at the lowest Landau level),
thus catalyzing the generation of a dynamical mass for
fermions. A concrete sample of dynamical symmetry
breaking is of course different in different models.

VIII. THERMODYNAMIC PROPERTIES OF
THE NJL MODEL IN A MAGNETIC FIELD

In this section, we will study the thermodynamic prop-
erties of the NJL model in a magnetic field. In particular,
we will show that there is a symmetry restoring phase
transition at high temperature.

Our goal is to determine the thermodynamic (effective)
potential in the NJL model in a magnetic field. Although
we are mostly interested in studying the system at finite
temperature 7" and zero chemical potential p (i.e., at
equal densities of fermions and antifermions), we shall
derive the effective potential V , (o) (at the leading order
in 1/N) at arbitrary values of 8 = 1/T and p.

Since in the leading order in 1/N, the effective poten-
tial V(o) = Vﬁ,u(a)lﬂ — oo s given by a sum of one-

=0
(fermion) loop dia,gra;rtns, the thermodynamic potential
is, in this approximation,

2 202

_NLB'?_'{ In(1 + e A1) 4 2 i In (1 + e'ﬂ(\/‘@—")) +(u— —M)} (80)

[see Eq. (58)]. Here the sum is taken over all the fermion
and antifermion (with g — —u) Landau levels; the factor
|eB|/2m describes the degeneracy of each level. The re-
lation (80) is derived (in the framework of the imaginary
time formalism [29]) in Appendix B. We also show there
that it can be rewritten as

o? N ®odt 2,2
VB’”(G)=E+WL me ( ")cotht

<0 [%uﬂlﬁrt (?)] , (51

where @, is the fourth Jacobian theta function [18].

Henceforth we will consider the case of zero chemical
potential corresponding to equal densities of fermions and
antifermions in the system. In this case, the thermody-
namic potential Vg = Vg ,|u=o is

k=1

B
+23 In (1+e‘ﬁvaz+%)}. (82)
k=1
We solved numerically the gap equation
dVB(O’)
—=—2 =0. 83
o (83)
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The main result is that at T' = T, ~ mgy, (actually at
T = T, =~ Mgyyn/2), there is a symmetry restoring (second
order) phase transition (see Figs. 1 and 2). The phase
diagram in the B — T plane is shown in Figs. 3 and 4.

We recall that there cannot be spontaneous breakdown
of a continuous symmetry at finite (' > 0) tempera-
ture in 2 + 1 dimensions [the Mermin-Wagner-Coleman
(MWC) theorem [26]]. This happens because at nonzero
temperature the dynamics of a zero mode in (2 + 1)-
dimensional field theories is two dimensional. As a re-
sult, strong fluctuations of would-be NG modes lead to
vanishing order parameter connected with a spontaneous
breakdown of a continuous symmetry. In the NJL model
with a finite temperature (both at B = 0 and in a mag-
netic field), the MWC theorem manifests itself only be-
yond the leading order in 1/N. One plausible possibility
of what happens at T' # 0 beyond the leading order in
1/N is the following. The dynamics of the zero mode in
this model is essentially equivalent to that of the SU(2) o
model in two-dimensional Euclidean space. As is known,
the SU(2) symmetry is exact in the latter model and, as
a result, the would-be NG bosons become massive excita-
tions [30]. Therefore it seems plausible that in the (2+1)-
dimensional NJL model in a magnetic field, the SU(2)
symmetry will be restored at any finite temperature, and
the dynamically generated mass mgyn of fermions will
disappear.

The question whether this, or another, scenario is real-
ized at finite temperature in this model deserves further
study.

IX. CONCLUSION

The main result of this paper is that a magnetic field
is a strong catalyst, generating a fermion mass (energy

0.0106
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0. 009 eB=0. 1
T=0. D&
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FIG. 1. The thermodynamic potential V3 as a function of
o at different temperatures at subcritical g: g/g. = 0.9. All
quantities are measured in 4 = A/g. units: Vg — aVs/ud,
eB — eB/p% o — a/p.
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FIG. 2. The thermodynamic potential V3 as a function of o
at different temperatures at supercritical g: g/g. = 10>. All
quantities are measured in g = A/g. units: Vg — 7Vs/u?,
eB — eB/u?, o = a/p.

gap), in 2+ 1 dimensions. It would be worth considering
the present effect in (2 + 1)-dimensional effective theo-
ries describing high temperature superconductivity and
the quantum Hall effect where a magnetic field is an im-
portant ingredient of the dynamics. In connection with
this, we note that in some models of high temperature
superconductivity of Ref. [2], the energy gap in the elec-
tron spectrum results from electron hole (i.e., fermion-
antifermion rather than fermion-fermion) pairing. Also,
using the four-component spinors in these models reflects
the presence of two sublattices in high temperature su-

9/9.=0. 9

0. 04 S

0. 02

J Y e —— S N ———
0. 00 0.02 0. 04 0. 06

FIG. 3. The critical line in the eB — T plane separating
the asymmetric (A4) and symmetric (S) phases at subcritical
g: g/gc = 0.9. All quantities are measured in 4 = A/g. units:
eB — eB/u*, T — T/p.
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g/ge = 1.1. All quantities are measured in 4 = A/g. units:
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perconductors. Another, potentially interesting, applica-
tion of the present effect may be in (3 + 1)-dimensional
field theories at high temperature. Since at high tem-
perature, their dynamics effectively reduces to that of
(2 + 1)-dimensional theories, it might happen that in a
magnetic field, at high temperature, fermions (quarks in
quark-gluon plasma, for example) acquire a dynamical
mass and NG excitations appear.

It would be interesting to check the realization of this
effect in (2 + 1)-dimensional theories in lattice computer
simulations. Note that the recent computer simulations
of the (2 + 1)-dimensional NJL model [16] show that the
1/N expansion is quite reliable, at least at N > 12.

The essence of the present effect is that in a constant
magnetic field, the dynamics of fermion pairing is one di-
mensional: the pairing takes place essentially for fermions
at the (degenerate) lowest Landau level. This implies the
universal character of this effect in 2 + 1 dimensions.

In this paper, we considered the dynamics in the pres-
ence of a constant magnetic field only. It would be in-
teresting to extend this analysis to the case of inhomo-
geneous electromagnetic fields in 2 + 1 dimensions. In
connection with this we note that the present effect is in-
timately connected with the fact that in 2+1 dimensions,
the massless Dirac equation in a constant magnetic field
admits an infinite number of normalized solutions with
E = 0 (zero modes); more precisely, the density of such
solutions is finite. One may expect that the same effect
will take place for any electromagnetic field configura-
tion in which the density of zero modes is finite. As we
have known recently, the program of the derivation of a
low energy effective action in (2 + 1)-dimensional QED
in external electromagnetic fields has been developed in
Ref. [31].

APPENDIX A

In this appendix, we derive the expressions for the
fermion propagator and for the kinetic term L; in the
effective action.

In the coordinate space, the fermion propagator is

')

= @D+ m). [ da(a expl-is(rm? + D),
(A1)

S(z, ='b+ 2 (T |————=—
(@) = @D+ m). (=] =~

where D = v*D, and D, is the covariant derivative in
Eq. (2).

The matrix element (z|e )|ly) can be calcu-
lated by using the Schwinger (proper time) approach [17].
It is

—ia(m2+f)2

e %
8(ms)3/2 €
X (eBs cot(eBs) + ’71’)’2633), (A2)

(mle—is(m’+f)’)|y) — i[Sc1—sm?)

where

z 1 ( ( Fext)Z)#V
— ext g A _ _ vy
Scl €L AA dz 4s (:L’ y)u l:g + B2
X (1 —eBs cot(eBs))] (r—9y)p- (A3)
Here the integral is calculated along the straight line.
From Egs. (A1) and (A2), we find the expression (18)
for the fermion propagator.

Let us now consider the derivation of the kinetic term
(70) in the low-energy effective action:

py nv

F, F.
Ly = N?(aup:iavp:i) + N%f(pjaupj)(loiaupi)s
(A4)

where p = (0,7,7) and F}"”, F3" depend on the U(2)-
invariant p* = 62 +72+n2. The definition T, = [ d3z L,
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and Eq. (A4) imply that the form of the functions F{*,
F!” is determined from the equations:

82Ty,
N—-l
60 ()60 (0) |7=5emss
= —(F{" + 2F}") 8,0,8°(z), (A5)
Tz
—1 52rk
dm(x)dmw(0) |zzsensg
= —F -8,0,8%(x). (AS6)
T2w=0

Here 'y is the part of the effective action (43) containing
terms with two derivatives. Equation (43) implies that
I'y, = T'x. Therefore we find from Eq. (A6) that

N1 3. pov 52fk
T2 /d T 5n(z)dm(0)
-1 27
= ——N / Bzt 7T
2
(henceforth we shall not write explicitly the condition

v .
om(z)dm(0)
7 =m =0, 0 = const). Taking into account the definition
of the fermion propagator,

wy
F" =

(A7)

iS™ ' =iD — o, (A8)

we find from Eq. (45) that
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52F , | y
Sr (@) (0) —itr(5(z, 0)iv°S (0, 2)ir")

= —itr(S‘(z, 0)ir®5(0, z)i»ﬁ)
_ / dBkd3q
=7 e

[the functions S(z) and S(k) are given in Eqgs. (18)—(20)].
Therefore,

i 3 928
N /(g ’;3tr (S’(k)z'y Bksa(:) iy ) (A10)

In the same way, we find that

eit=tr (5 (k)ivS(k + 9)ir°)
(A9)

wy
Fi

iN“Y f &%k | (s, 0%25(k)
2 (zn)str(s %) or, 0k,

_ N7 &k 825 (k)
T4 (2m)3 (S(k)ak dk,

823(k) . o
ok, 0k, " |

Taking into account the expression for S(k) in Eq. (20)
(with m = o), we get

v 1 v

—S(k)iy (A11)

9%5(k o ;s
W)T;TC% = 2il4/ dttexp (R(t)){o (1 + nv*v2T) + 3k°4°(1 + ny'%T) — k*v*(1 + T?)
0
L2t (k)20 (1 + 1y'9PT) + 20t (k)4 (1 + my T — 212 ()% (k") (1 + T}, (A12)
825 (k) P 1,2 i i 2 j 3 2
—— = —24l dtT exp (R(t)){o (1 + nv'v°T) — k*v*(1 + T%) — 2K°v7 (1 + T*)
OkiOkI o
+E°Y° (1 + ny'°T) — 2T (k7)o (1 + my'y°T)
—2iT12 (k7)2 k%% (1 + nyy2T) + 2T (k%)% k*~* (1 + T%)} (A13)
[
(3,7 = 1,2; there is no summation over j), where FOO — _ 13/2 /'°° & .\n/}’):"re_(a-l)ﬁ‘r [(al)z'r cosh 7
n =sgn(eB), T =tant, 4 ° St
R(t) = —it(al)? + it(k®)% — il%k>T . (A14) 3
+—cosht + ]
2 1nh'r
Equations (20), (A10), and (A11) imply that nondiag-
onal terms F{"” and F3'" are equal to zero. The diagonal ! 1 3 (ol)?
terms are determined from Egs. (20), (A10)—(A13), after = — (—C(", + 1) + (a.l)—a) , (A15)
rather long, although routine, calculations: 8m\v27\2" 2
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F° = 12’”3/2/ drr3 cotht
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1
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F211 :F222
2 oo
_ l(al) drr— 12— (e)r coth7(1 — 7 coth7)
4m3/2 0

- (BG T

l
+V2(ol)? (1 @ | 1) + 20l — (al)-l) . (A18)
Here [in addition to Eq. (57)] the following relations were

used [18]:
1_,—-B8T

> rrle —u B
f =2 PW)FC(”‘l’E)
-p¢ (P'a §)1|’ u>2, (A19)

® ru—le—BT

/ T 1e™PT coth? rdr = B7HT () + / ———dr,
0 0 sinh® 7
©>2, (A20)
oo _pu—1_—0Bt _ © _pu—2,—0BT1
/ TH e ZCOtthTzlJI 1/ T : e2 dr
) sinh® T 2 0 sinh® 7
oo _u—1_—0B1
B[ e s,
2 Jo sinh® 7
(A21)

APPENDIX B

In this appendix we shall derive the thermodynamic
potential V3 , in the NJL model (40); here 8 = 1/T is
an inverse temperature and p is a chemical potential.

As is well known [29], the partition function

Zp,u = Tr[exp(—BH')] (B1)

is expressed through a path integral over fields of a sys-
tem (here H' = H — p [ ¥4°¥d?z, H is the Hamiltonian
of the system). In the NJL model (40), (41), the path
integral is

Zs, = / (4] d%][dodr][dr] exp { / 2 / P

[\Il(zS + pé®) T — Gp]} (B2)
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where p? = 02 +72+72, S is the fermion propagator (18)
with m replaced by o +~37 +iv°7, and while the fermion
fields satisfy the antiperiodic boundary conditions
\Illt:() = _‘I’|t=—iﬂ7 ‘illtzo = _‘i,lt:—iﬁ’ (B3)
the boson fields satisfy the periodic boundary conditions.
In order to calculate the thermodynamic potential
Vs,u(p), it is sufficient to consider configurations with
7 =7 = 0 and o = const. Then the potential is defined
as

exp{-,evﬁ,ﬂ [ / dzz]} = / [dP][dT]
X exp {z‘A_w dt/dzx

3(:q—1 0 1 5
<[aGs e im0 - Lot}
(B4)
At the leading order in 1/N, this potential defines the
thermodynamic properties of the system.

As is known [29], in the formalism of the imaginary
time, the thermodynamic potential V3, can be obtained
from the representation for the effective potential V', at
T =0 and g = 0, by replacing

d3k ; d?k
(2m)3 ﬁ Z / (2m)?’
k® = dwp + 5 wp = '—3—(27& +1) (B5)

[wn = Z(2n + 1) follows from the antiperiodic conditions
(B3)]: Then, using the representation for the effective po-
tential in Sec. IV and the expression (20) for the fermion
propagator, we get

o? N _[Tdt,

X0y (27rt — 14z7rt ;2 )

—t1* (o’ —p )cotht

(B6)

where

O, (ult) =2 i e T(+3) cos ((2n + 1)u) (B7)

n=0

is the second Jacobian theta function [18].
By using the identity [18]

iNY? e w1
@2(u|7') = (;) e_’F®4 (;’ - ; 5 (B8)

where

O4(ulr) =142 Z(——l)"ei’mzr cos(2nu)

n=1

(B9)

is the fourth Jacobian theta function, one can rewrite the
relation (B6) as



52 DYNAMICAL FLAVOR SYMMETRY BREAKING BY A MAGNETIC...

o? N . * dt _ 1202 ﬁ ’
Vou(o) = 2G + 21?*7'513/0 32° #7 cotht@, [ B gt 4t (

N * dt n 22 . 32n?
W/O oY) cothtZ( 1)" cosh(pg n) - exp[ (ta’l gz )

=V(o) +

where V(o) is the effective potential (56).

Thus we have derived the representation (81) for the
thermodynamic potential. Let us show that it is equiva-
lent to the representation (80).

By using the series

oo
cotht =1+2 z e %tm

m=1

Vup — V in Eq. (B10) can be

(B11)

the expression for V,‘,g =
rewritten as

V#,ﬁ 7rl2,3 Z( 1)"M I:e_ﬁan (B12)

/ 2m
+2m2=:1exp( —Bon 1+( NE )]

Here we also used the relations [18]:

o v/2
/ dzz”lexp <_[_3 —’YJ?) =2 (E> K. (2v/B7),
o T Y
K, (2) )27, (B13)

where K, (z) is a modified Bessel function.
Since

Z( Y

an —oz'n

e P = —In(14e 2

+2e P cosha), (B14)

we find that

N
V“’ﬂ = —é-;r—Bl—Z{ 111[1 -+

+2 i In [1 4o PR

e~ 27 4 2¢7P% cosh(uB)] (B15)

+2¢ PV b cosh(uﬂ)] }

D7} (k) = D3 (k)

™

N 1 oo
473/2] /du/
0 (1]

X |:(1 — exp[R(s,u)]) ((crl)2 coshs +
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(B10)

=1

[

It is now easy to check that the expression for the ther-
modynamic potential Vg , = V+Vp , coincides with that
in Eq. (80).

APPENDIX C

In this appendix we analyze the next-to-leading order
in 1/N expansion in the (2 + 1)-dimensional NJL model
at zero temperature. Our main goal is to show that the
propagator of the neutral NG bosons m and 7 have a
(2 + 1)-dimensional structure in this approximation and
that [unlike the (1 + 1)-dimensional Gross-Neveu model
[25]] the 1/N expansion is reliable in this model.

A review of the 1/N expansion in (2 + 1)-dimensional
four-fermion interaction models can be found in Ref. [14].
For our purposes, it is sufficient to know that this per-
turbative expansion is given by Feynman diagrams with
the vertices and the propagators of fermions and com-
posite particles o, m, and 7 calculated in leading order in
1/N. In leading order, the fermion propagator is given
in Egs. (18)—(21). As follows from Eq. (41), the Yukawa
coupling of fermions with o, 7, and 7 is gy = 1 in this
approximation. The inverse propagators of o, 7, and «
are [14,28]

Dpl(z)=N (%63@) + itr[S(z,0)TpS(0, rc)Tp]) ,

(C1)

where p = (o,7,7) and T, = 1, T, = +3, and T,
iv%. Here S(z,0) is the fermion propagator (18) with
the mass mgyn = & defined from the gap equation (62).
For completeness, we write down the explicit expression
for the Fourier transform of the propagators of the NG
bosons:

exp [—s(al)?]

1 cosh s

) — 2(lko)?(1 — u?)

sinh s

x cosh s exp[R(s,u)] + 31°k? exp[R(s, u)]

X | cosh su — usinh sucoths + ——2T (cosh su — cosh s)) ,
3sinh® s
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where

12k?2 cosh s — cosh su
2 sinh s

R(s,u) & Z(lko)z(l —u?) —
(C3)

Actually, for our purposes, we need to know the form of
these propagators at small momenta only. We find, from
Egs. (70), and (71):

D, (k) = Dy(k) = = 2 (oK — 0K, (1)

where

re0=(2)" [ (3G 1) v
(C5)

[see Eq. (76)].

The crucial point for us is that, because of the dy-
namical mass mgqyn, the fermion propagator is soft in the
infrared region [see Eq. (25)] and that the propagators of
the 7 and 7 (C4) have a (2 + 1)-dimensional form in the
infrared region [as follows from Egs. (70) and (71) the
propagator of o has of course also a (2 + 1)-dimensional
form)].

Let us begin by considering the next-to-leading correc-
tions in the effective potential. The diagram which con-
tributes to the effective potential in this order is shown
in Fig. 5(a). Because of the structure of the propaga-
tors pointed out above, there are no infrared divergences
in this contribution to the potential. [Note that this is
in contrast with the Gross-Neveu model: because of a
(1 + 1)-dimensional form of the propagators of the NG
bosons, this contribution is logarithmically divergent in
the infrared region in that model, i.e., the 1/N expan-
sion is unreliable in that case.] Therefore the diagram in
Fig. 5(a) leads to a finite, order 1, correction to the po-
tential V' (we recall that the leading contribution in V' is
of order V). As a result, at sufficiently large values of N,
the gap equation in next-to-leading order in 1/N in this
model admits a nontrivial solution g # 0. Since the po-
tential depends only on the radial variable p, the angular
variables 6 and ¢ [p = (pcos 8, psinf cos @, psinsin p)],
connected with the 7 and 7, appear in the effective La-
grangian only through their derivatives. This in turn
implies that the 7 and 7 retain to be gapless NG modes
in the next-to-leading order in 1/N.

Let us now consider the next-to-leading corrections to
the propagators of these NG modes. First of all, note
that in a constant magnetic field, the propagator of a
neutral local field ¢(x), D, (z,y), is translation invariant,
i.e., it depends on (z —y). This immediately follows from
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c) d)

FIG. 5. Diagrams in next-to-leading order in 1/N. A solid
line denotes the fermion propagator and a dashed line denotes
the propagators of o, 7, and = in leading order in 1/N.

the fact that the operators of space translations (46) take
the canonical form for neutral fields (the operator of time
translations is :0/8¢ for both neutral and charged fields in
a constant magnetic field). The diagrams contributing to
the propagators of the NG modes in this order are shown
in Fig. 5(b). Because of the dynamical mass mqyy in the
fermion propagator, this contribution is analytic at k, =
0. Since at large IV the gap equation has a nontrivial
solution in this approximation, there is no contribution
of O(k®) ~ const in the inverse propagators of 7 and .
Therefore the first term in the momentum expansion of
this contribution has the form C;k2 — C;k?, where C;
and C; are functions of &, i.e. the propagators take the
following form in this approximation:

D, (k) = Dy(k) *2° —%ifz(az) [ (1 - ]—bél(m)) k2
- (fz(al) - %éz(&z)) kZ]_l.

(Cs)

[see Eq. (C4)].

Because of the same reasons, there are also no in-
frared divergences either in the fermion propagator [see
Fig. 5(c)] or in the Yukawa vertices [see Fig. 5(d)] in this
order. Therefore at sufficiently large values of N, the
results retain essentially the same as in leading order in
1/N.

We believe that there should not be any principal ob-
stacle to extend this analysis for all orders in 1/N.
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