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The expansion of a relativistic fireball is investigated analytically in the frame of relativistic
hydrodynamics with an ultrarelativistic equation of state ¢ =3P. Equations of spherical low with
Lorentz factors > 1 are reduced to a simple form, and we present their general solution. We
also get a particular solution, describing a thin spherical shell moving with ultrarelativistic speed—
the leading part of a relativistic fireball. A self-similar solution for the central part of the fireball
is matched with the outer shell solution, thus giving the general picture of expansion, which is
in good agreement with numerical results. The obtained solutions are related to early stages of
fireball expansion, appearing in y-ray bursts of cosmological origin and within multiple production

of particles.

PACS number(s): 47.75.4+f, 03.30.+p, 13.65.+i, 95.30.Lz

I. INTRODUCTION

The rapid release of a large amount of energy in a small
volume leads to the formation of a relativistic fireball,
where the temperature exceeds the rest-mass energy of
particles [1,2]. Such a release is expected in the cosmo-
logical model of y-ray bursts (GRB’s), where an energy
~ 10%! ergs is produced in a small volume comparable
to the volume of a neutron star with a radius ~ 10°% cm
[3,4]. The energy concentration in such a fireball is so
high (~ 10! g/cm3?) that in initial stages of expansion
it is always opaque and can be treated in the frame of
relativistic hydrodynamics [5,6] as an adiabatic expan-
sion into the vacuum. In the simplest case, the outflow
is spherically symmetric.

There are self-consistent analytical solutions for rel-
ativistic expansion into the vacuum, but only for plane
geometry. Namely, an approximate solution for the plane
ultrarelativistic case was derived in [7] and applied to the
initial outflow after multiple particle production. An ex-
act solution for the plane-parallel relativistic expansion
into the vacuum was obtained in [8]. Reference [9] treated
analytically the spherical problem of black hole evapo-
ration, where the matter expands initially “slowly” and
forms a sort of atmosphere, decelerating the following
motion. Thus no consistent analytical solution for spher-
ical expansion into the vacuum has been constructed so
far. In this work, we present an attempt of that kind.

A qualitative analytical and detailed numerical inves-
tigation of the fireball expansion as applied to the GRB
events has been done in numerous works [10-12,1,2]. The
results of numerical modeling show that after a short re-
arrangement phase, a spherically symmetric relativistic
fireball acquires a rather universal structure. Most mass
and energy are concentrated in a thin shell which moves
ultrarelativistically: nearly at the speed of light c. The
central density and temperature decrease with time much
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faster than those in the leading shell.

Collecting expanding matter into a shell is a purely rel-
ativistic effect and occurs because there exists a maximal
speed of motion c¢. This effect could be quantitatively
explained as follows. As long as the released energy is
much smaller than the rest mass of the object, Eq < M,
(we use units with ¢ = 1), expansion is nonrelativistic
and typically close to the self-similar regime [13]. At any
moment of time, density and pressure have domed radial
profiles (maximum at the center), while velocity linearly
grows from the center to the edge and is higher as the
value of E, gets larger. If we now formally apply this
nonrelativistic solution to the case Eq>> M, , we shall ob-
tain that most layers (except for the very central ones)
have velocities v>c even in the earliest stages of expan-
sion. This means that in reality all these layers will move
together with v~c, i.e., expand in the form of a shell.

Some processes leading to the appearance of the fire-
balls, such as multiple production of hadrons by electron-
positron annihilation! [14,15], contain stochastic ele-
ments, producing an uncertainty in the initial structure
of the fireball. In these cases, initial profiles of hydrody-
namic functions can be chosen only very schematically.
The best justification for any choice, however, is that the
following motion appears to be rather insensitive to the
initial profiles. As we mentioned above, numerical cal-

!The hadron outflow after e -e* annihilation would be

spherically symmetric, because both original particles disap-
pear, and information about initial anisotropy in their motion
is lost. Of course, the applicability of the hydrodynamic ap-
proach to such outflow is strongly restricted and is related
to huge initial energies. However, in a number of works (see
[14,15] and references therein), hydrodynamics is employed to
describe the earliest stages of hadron motion in this case.
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culations with different initial conditions have brought
out that, as t>> Ry (where Ry is the initial radius), the
fireball looks rather universal: an ultrarelativistic shell
and rarefaction at the center. We can expect, therefore,
that this structure is mainly determined not by the initial
conditions but by general properties of expansion; these
properties could be mathematically associated with the
basic structure of relativistic fluid equations.

In this work, we construct an analytic solution for adi-
abatic relativistic spherical expansion into the vacuum.
This solution consists of two parts. First, we derive
equations (linear first-order partial differential equations
with constant coefficients) of relativistic spherical flow
with Lorentz factors «v>> 1. A general solution of these
equations is presented in analytical form. We formulate
boundary conditions which allow us to get a particular so-
lution, describing an ultrarelativistically moving shell—
the main part of the relativistic fireball. Second, we con-
struct a self-similar solution of relativistic fluid equations
with arbitrary - and apply it to the expansion of the
matter between the center and the shell. Matching of
these two solutions gives the general picture of expan-
sion, which agrees with the results of numerical calcula-
tions [1,2]. Note that the outflow cannot be described
by a self-similar treatment alone, since the total energy
within each similarity solution diverges (see Sec. IV and
[15]), which actually means that the value of the initial
radius is important for the fireball structure.

In what follows, we consider spherical adiabatic flow
with an ultrarelativistic equation of state ¢ = 3P (e is
the energy density in the comoving frame, and P is the
pressure). Equations of conservation of momentum and
energy fluxes read [16]

8 2,2
(407 )+ 5 [(4v272+1) ]+ ”: =0, (@11
7] 2 (7] 2 8uvy?e
6t[(47 )e] + 3 (4vv%e) + — =0. (1.2)
Here, v is the hydrodynamic velocity, v=(1—v2)"1/2 is

the Lorentz factor, and we use units with ¢=1. Multi-
plying (1.1) by v and subtracting (1.2) we arrive at an
entropy (s = const x €3/4) conservation equation

5() + )+ 2yuere -

We can write separately the equation of the baryon
charge conservation:

0. (1.3)

0 1o} 2
a(’be) + E(U’)’Nb) + 7’)’1’Nb =0, (1.4)

where IV}, is the baryon charge density (excess of baryons
over antibaryons) in the comoving frame.

II. EQUATIONS OF ULTRARELATIVISTIC
SPHERICAL FLOW

In this section, we derive hydrodynamic equations for
ultrarelativistic motion: v ~ 1, v > 1. In the next
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section, we apply these equations to the main part of the
expanding flow — the leading shell.

For any ultrarelativistically moving layer, its distance
& = t—r from the light surface (r =t) approaches a
constant [7]: d€/dt =1—v ~ 1/(292) < 1. This makes
¢ a suitable variable related to a Lagrangian coordinate.
Introduce the variables ({ = t—r, r) instead of (¢, r) in
Egs. (1.1), (1.2). After subtracting these equations from
each other and leaving the second one and the difference
of them, we obtain

66{47(1 v)—1] }+
;5[4'7 (1- v)z] (;97‘{[41)7 (l—v)—l]s}

8
+—v(l—-v)ye = 0.
r

8
4v'ye)+ vZE=0,

(2.1)

For the case of plane geometry, there exists an exact ana-
lytical solution [8], describing expansion into the vacuum
with arbitrary <. In the spherical case, the last terms in
(2.1) break this opportunity. So we use the approxima-
tion y>>1 similar to [7] with v ~ 1, (1—v) ~ 1/(2v3),
which gives

Oe

o 2 8 2  _
52+—(4fys)+—r—'ya-0,

9 (e Oe 4e 0
8{(72)+8r+ - o0
Similar approximate equations for the plane-parallel case,
treated in [7], do not contain the last terms of (2.2) (with-
out derivatives), which are of the main order in the spher-
ical case. We use here another procedure for finding an
analytical solution.

For spherical motion with -y — 00., the momentum and
energy equations (1.1), (1.2) are reduced to a divergent
form, leading to the relation v2& = const/r2. On the
other hand, at late stages of expansion with small pres-
sure, any element of matter expands uniformly in the
comoving frame, so that its thickness grows as hcom 7,
while in the laboratory frame, the thickness hjap of the
layer remains constant. Recalling that hcom = Yhiab , We
get the basic relations of ultrarelativistic spherical flow
(see also [7,1,2]):

(2.2)

yx T o, e o r* (2.3)

(in the plane case, v o« /7). To describe the particular
structure of the flow, we introduce the new functions

g =7/, & =ert (2.4)
and a new variable y = 1/r (instead of r). Substitution
of (2.4) into Egs. (2.2) reduces the main terms of the
type of (2.3) and yields

O¢e, 0(e19)

o¢ 4 8y =0,

2(6_1)_% — 0
% \ g dy ‘

Transferring in (2.5) to the variable 7 instead of €4,

(2.5)

4

€1 = €10 " , €10 is an arbitrary constant, (2.6)
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we obtain,

or 4 or dg

T 49l 29 ¢
o¢ 95y + Oy ’ (2.7)
dg 5 OT dg )
Y 1124220 — 492 =0
B¢ + 12g oy gay

Assuming that the Jacobian A = 9(7, g)/9(&, y) is not

equal to zero in the case of interest, we make the Legendre
transformation of Egs. (2.7), i.e., replace the functions
and variables. As a result, we get equations for £(7, g)

and y(7, g):

a 0 0
2+ ag g 6 + % _ o,
dg or (2.8)
Oy 2 35 543 ’
12g° — 4 =0.
ar T 129 5, T 195,
Using the variable ¢ instead of g,
g = goe®® , go is an arbitrary constant, (2.9)
and introducing the function
Yy Yy r
et — P = - 2.10
h 2g 2 gg e2¢ 2~2 ( )

instead of y, we come to a set of linear partial differential
equations with constant coeflicients:

— - 2 =0
z&p + 5+ 90 + 2y )
(2.11)
3% + 2.‘?_6_ + % =0
O¢ or or

This is a hyperbolic set of equations with the eigenvalues
F1/v/3 and the characteristics

T = ‘r—% = const ,
(2.12)
Ty = 'r+—£— = const .

V3

Using the pair of characteristical variables {z;, z2} in-
stead of {yp, 7}, we rewrite the set (2.11) in the most
compact form:

CH [ AV
0B e o] =

Equations (2.13) [or (2.11)] with the variables defined in
(2.4), (2.6), (2.9), (2.10), and (2.12) describe relativistic
adiabatic spherical flow with the relativistic factor v>>1.

A general solution of (2.11) can be obtained as follows.
Increasing the derivative order we get a separate equation
of the second order for £:

¢ ¢ 9%¢ o¢
(28 4228) - (Z6-42) <o a

(2.13)
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and exactly the same equation for y;. Both equations
are solved using the standard procedure of variable sep-
aration. Substituting their solutions into (2.11), we get
relations between the constants of integration and obtain
a general solution in the form

e=- [asi*{xa(@)g

= [ Bor2e0m(@)

B1/2 4 xo(a) gﬂz/z}da’
(2.15)

+ (362+2a) x2() gﬁ’/z} da.

Here, (51(a) and fB2(a) are the roots of the square equa-
tion 3(8%+28)+ (—a?+4a) = 0, while x;(a), x2(a) are
arbitrary functions determined by the initial and bound-
ary conditions. In the physical variables {t, r, €, v}, the
general solution can be written as

e = [ b (D) (D) e

[ oz (2
+ (362 + 2a) x2() (Z—)ﬁz} da .

(2.16)

For getting a particular solution, we use the set (2.13)
with characteristic variables z;, z2 . After differentiating
(2.13), we obtain separate equations of second order for
§(z1, z2) and for yi(z1, zz). Each of these equations
can be tranformed to the classical telegraphic equation

82 f('Tlv '7:2)

0z, 9z5 Zf(xl’$2) =0

(2.17)

and the same equation for the function f (z1,z2), where

= e_(1+ﬁ/2)m1e—(1—\/5/2):02£(:1:1,1172)7 (2.18)
f= e OtV3/D) 2= (1=V3/2) 22y, (3 3,).

The Riemann-Green function of Eq. (2.17) is [17]

R(z1,22; 7,74) = Io(y/(e1-24) (22—25)),  (2.19)
where Iy is the Bessel function of an imaginary argu-
ment. The relations along the characteristics z2 =const
and z; = const can be obtained by changing partial
derivatives in (2.13) to full derivatives and returning to
the variables (¢, y) from (2.10) and (2.12). These rela-
tions can be also reduced to

dy = —4go (1—\/5/2) e2¢df  (zy=const), (2.20)

dy = —4go (1+\/§/2) e?e d¢ (z1=comnst) . (2.21)

III. ULTRARELATIVISTIC SHELL

The outer part of relativistic fireball (the shell) con-
tains most of the matter and moves ultrarelativistically.
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We apply the equations of the previous section to de-
scribe the structure of the shell and must formulate the
initial and the boundary conditions.

Assume that both the leading and the trailing edges of
the shell can be treated as free boundaries, i.e., the edges
with the vacuum. For the leading edge, the assumption is
valid as long as the ambient density and pressure can be
neglected. As for the inner boundary, we actually assume
that the central part of the flow (inner with respect to the
shell) contains comparatively small energy and entropy,
and this flow cannot essentially effect the motion of the
shell. This assumption agrees with the following results
of our treatment and with numerical results [1,2] as well.

Free boundaries -correspond to the characteristics of
fluid equations. We solve here a boundary problem in the
variables z;, z2, avoiding initial conditions in the (¢, r)
plane, which means that we choose boundary functions
on two time-dependent spherical surfaces. Note that we
thus consider an evolved expansion at t > Ry with the
structure of the fireball, shaped by the expansion process
itself. So really the boundaries should be mathematically
produced by the basic structure of the outflow equations,
i.e., to coincide with the characteristics.

We specify boundary conditions along z; =const =0
and z2 = const = 0 and solve Eq. (2.18). Here, the
constants are taken equal to zero; as a whole, we can
choose them arbitrarily by redefining the free coefficients
€10 and go in (2.6), (2.9). For f(zy, x2), the problem
can be formulated as

0% f 1,
81:1 (9$2 - Z f =0 ’
fla:I:O fl(z2) ) (31)
flzgzo fz(xl) )

where the functions f; and f, present the boundary
conditions:  f1(0) = f2(0). This is a characteristic
Cauchy problem [17,18], which can be solved by a stan-
dard tecnique of Riemann-Green function (2.19), giving

f(z1, z2) = f1(0)Io (VZ122)

“* d f1(x5)
+/0 = To(

1 d fo(x]
+/0 %II)IO( (z1—z)) 2 ) dxi .

zy (z2—xh) ) dzy

(3.2)

The same solution is valid for the function f with bound-
ary functions fi(z2) and fa(x1). Let us specify the
boundary functions f;, f2, fl, and fz.

The leading edge of the shell is associated with the
boundary z; =0, i.e., 7 = ¢//3, while the inner edge
is represented by the boundary z;=0,i.e., 7 = —¢/V/3.
Formation of the cavity inside the shell and vacuum out-
side implies a condition of decreasing energy density € to
zero on both boundaries. We get then, from (2.4), (2.6),

1 €1 1. ert
= —-Iln— = —= In— 1 3.3
T ;I - 1 p_— > (3.3)

at 1 -0 or z2 -0 .
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At the outer boundary we have
o =V3r>1, :1:2=‘r+%=27>>1 (3.4)
and, at the inner boundary,
o =—V3r>1, x1=7—%=27>>1. (3.5)

From relations (2.6), (2.9) we get the connections on the
outer boundary,

el — o7 ¥/V3 _ 1 , €= eTTe/V3 _ 2T ’
(3.6)
g= goe\/ng , €1 =¢€10e 2*2 at z; =0
and, on the inner boundary:
e%? = e‘r+tp/\/§ =1, sl = e‘r—zp/\/§ — €2T
(3.7)
gzgoe—\/gm1 , €1=¢€0e ™ at z2 =0.

Let us suggest that the matter at the outer edge ap-
proaches the speed of light ¢, and so we choose, for this
boundary,

€ =€ =ta + Lae™

where €51, €., and k are constant parameters defined
below. Solving (2.21), we have, for the outer boundary,

zéaya.e_’czz ) ya=k£‘t‘2‘~
5=k

In order to have decreasing y (increasing r) on the outer
edge, y ~ gy1 ~ e(V3—k)za , we must choose k > /3,
what implies €, <0, y, <0 (y; must be positive). This
means, according to (3.8), that the difference (t—7) for
this edge increases with time, tending to the constant
value £,1, when v rapidly approaches c.

As for the trailing edge, we assume that expansion of
the innermost layers of the shell approaches a self-similar
character. In the next section, we construct this self-
similar solution in detail. Here it is enough to note that
the (7, t) dependence is reduced to the dependence on

one variable
-1
T 3
= (1 S
t ( + 7')

in any self-similar relativistic problem, since there exists
a dimensional parameter of the speed of light. The inner
boundary can be characterized by the fixed value of 7g;:
1
€y = b = — — 1.
Nfit

This implies dy = —(d5:/€2) d€ to be substituted into
Eq. (2.20) and thus yields

=0, (3.8)

(1)

Y1 =y (3.9)

n = (3.10)

(3.11)

L

1/2
—290 (2__\/5)] . (3.12)

E=E® —geVin/r | g = [
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Formally, there is also a trivial solution £ = const, but
it corresponds to y=1/r =const and is not the case of
interest when we consider expansion. Definition (2.10),
together with (3.11) and (3.12), gives

_ (2 _ O8 eV3m —
Y1 yl 290 5(2) -

Having in mind that the self-similar regime and, hence,
relation (3.11) should be approached asymptotically at
sufficiently great times ¢>> Ry (where Ry is the initial
radius of the fireball), which corresponds to ¢ @) >1 as
z1>>1 [see (3.5)], we can treat (3.12) as the main-order
term of the solution and take £ in the form

@ = eV /2 4og, .

Here, £ is an arbitrary constant, negligible when com-
pared to the first term (as z1>>1). As we argue below,
boundary relation (3.14) with &1 #0 could be more sen-
sible physically.

As a result, using (2.19), (3.8), (3.9), (3.13), (3.14) we
get the following relations for the boundary functions:

.fl(mZ) = (€a1 + €a e—kmz)ew(l—\/ﬁ/Z)wg

2—v3) &eV3 ™ /2. (3.13)

(3.14)

3 _ —(14+k—+/3/2) z2
T = GaUlYa € )

fi(z2) €ay (3.15)

fo(x1) = &e™™ + Epe (VD

fa(@1) = (2-V3)&e™
The conditions of function matching f;(0) = f2(0) and
f1(0)=72(0) determine the constants
¢ = (2-V3) &/va (3.16)

£a.1 — &1 = §a = €0

-l

Here, one of the constants, £,; > 0 or &; < 0, can
be chosen arbitrarily. At the same time, their differ-
ence & is uniquely defined and determines the char-
acter length within our solution; see also Sec. VI and

VII. Below we treat two versions: (§a1=0, §0=|§b1])

and (§0=€a1, &n1 =0)

The first variant could be sensible for the following rea-
sons. As we take boundary condition (3.8) with z > 1
[see (3.4)], the distance £() between the light surface
(r=t, i.e., £ =0) and the leading edge of the shell re-
mains nearly constant and equal to £,;: Our solution
does not describe the variation of this length throughout
expansion (from the initial value —1). Really, any shift
between the light surface and the leading front could be
physically established, in the main, at the earliest stages
of expansion ¢t = Ry, when our treatment does not hold.
So within our asymptotical solution for ¢t > Ry, we
could specify the light surface coinciding with the leading

2—v3 k—+/3
2+f k
(3.17)
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boundary and take £,; =0. In this case, & is associated
with the shell thickness hgpen in the laboratory system.
The value of hghen remains nearly constant during ex-
pansion (see Secs. VI and VII) and can be represented
therefore within our treatment.

If we accept the second variant with &,; =0, the inner
boundary conditions approach the self-similar character
as directly as possible. But in this case, we must actually
expect that £, determines simultaneously the thickness
of the shell, which is constant and can be described by our
solution, and the shift £(1) | which is formed at t =~ Ry
and cannot be described by our solution. A particular
choice of £,; and &,; could be done by fitting the ex-
act initial-stage solution (¢t = Rg) with our solution for
evolved motion. We do not need, however, this operation,
beacuse our results are insensitive to this choice: All La-
grangian distributions coincide, while spatial profiles are
only shifted with respect to each other.

The solution (3.2), (3.15) gives a complete description
of the expanding shell and is characterized by four pa-
rameters: €19, €0, 05t, and k.

Spatial profiles of hydrodynamic functions at any mo-
ment of time ¢ can be found from the equation

(3.18)

which just expresses the definitions £ =t —r and y =
1/r. As soon as the values £ and y are specified as
functions of z; and z2 by means of (3.2) and (2.18),
Eq. (3.18) gives the relation between z; and z;. We
can, for example, take a range of values z; and obtain
the corresponding values of z» by solving (3.18). The
sets of four variables z;, =2, £, y completely determine
the solution for the ultrarelativistic shell. Using (2.12),
we can change variables in the solution from (z;, z2) to
(7, ), so that (2.18), (2.10) give

2
—27 ra r —2T
fr) =€, flrg) =gz e (319)
Finally, using definitions (2.6), (2.9),
e =2 [£ . e L (3.20)
€10 T /90
we find solutions in the form
= T4/ f/f ) € = €1090 % . (3.21)

IV. SELF-SIMILAR SOLUTION
FOR RELATIVISTIC SPHERICAL FLOW

In this section, we construct a self-similar solution of
relativistic fluid equations with arbitrary -. Later we
shall use this solution to describe the central part of the
relativistic fireball. We take the self-similar variable and
self-similar functions in the form
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£ N,
n=1, v=Vm), e=2E@m, No=-2Ny().

(4.1)

Here, & [ergcm™ 3], Ny [cm™ 3], m, and n are ar-
bitrary constants. The variable 7 varies from 0 at the
center to 7max <1 in the outermost layers. In terms of
(4.1), fluid equations (1.1), (1.2), (1.4) are reduced to

n dV _ 1-V?2 8V —3mn— (8 —3m)qpV? (4.2)
Vdnp 4V 3(V-n)2-(1-9V)2 "’ '
n_ d(y*€)

(B3m—4)V? — (Z2m~s) v + (32@—4) nV® —m
- 3(V—n)?2 - (1-nV)? ’

daV
n_dNy) _ _@TmV Ay

YNy dy V—n (4
The Lorentz factor is expressed by v = (1—v?)"1/2 =
(1—=V?2)~1/2_ The particular case of this solution, with
V =15, m = 4, is described in [15]; in this case, Eq.
(4.2) becomes an identity and two other equations are
reduced to the quadratures. Such a self-similar problem,
with equations analogous to (4.2)—(4.4) (with somewhat
different notations), is presented also in [19]. However,
the author of [19] does not consider expansions at n—1
(see below) and does not indicate and comment on the
crucial fact that the total energy and entropy diverge in
this limit. Note that the last fact necessarily calls for
another, not a similarity, treatment for the outer part of
the outflow.

The denominators on the right-hand sides of (4.2)-
(4.3) become equal to zero when

V—n' _ b
1-nV V3

i.e., at the characteristical surface, which moves by a sim-
ilarity law (7= const) with the sound speed relative to
the matter.

We look for solutions with zero velocity at the center.
The corresponding asymptote at n—0 is

(4.5)

Ve Tin, ExEn™, NoxNo™iR, (46)
where the parameters £ and N, are defined as follows.
Within the expansion (4.6) these parameters are free.
Note, however, that the self-similar equations (4.2)—(4.4)
are invariant with respect to the scaling of the functions
€(n) and N,(n) by constant factors. It means that dif-
ferent values of £ and AN, only redefine arbitrary coef-
ficients & and Mg in (4.1); so we accept

E = N, =1 (4.7)
Assuming that the number of baryons at =0 is a finite
nonzero value, we take
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n = 3m/4 (4.8)

Correspondingly, the energy density and baryon concen-

tration at the center decrease with time as
e(r=0)=Et™™ ,  Nyp(r=0) = Nyt ™% . (4.9)

A self-similar solution for V' (n) and £(7n) is completely
determined by only one parameter — the index m (when
passing to physical values, we should specify also & ).
V(n) for the different m is displayed in Fig.1. Charac-
teristics (4.5) are shown by dashed lines.

In the outer part of the self-similar solution n~1, Egs.
(4.2)—(4.4), have a node with V ~ 1, and all solutions
come to this point; see Fig. 1. Introducing

§=1-n>0, 6by=1-V >0,  (4.10)
we get an approximate form of Eqgs. (4.2), (4.3) near this
point (4, oy < 1):

dV _ dby 466y — (3m —4) 4%
dn  dé 2(62 — 466y + 62)

n ( 1% v) (4.11)
1. d(v%€) . (2m—4)§ - (Tm—12) 6y

E ds 2 (02 — 460y + 0%)

with y~1/+4/28y . There are two corresponding asymp-
totes. The first is

dy ~ Vié, £ ~ &6 (bx1), (4.12)

where V) is the positive root of the square equation
2V2 +3Vy(m—4) — 2 =0 and oy is determined by the
relation a; = 2 [4—m + (2m—4)V1] / [(3m—4)V;1 — 4],
while &; is arbitrary and can be found, for any m, by

1.0

0.8

0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Self-similar velocity V(n) for solutions with dif-

ferent m [see (4.1)] (solid lines); from top to the bottom:

m =8> M1, M = Me1 = 4+4/+/3 (bold line), m = 5,

m =3, and m = me2 = 4—4/+/3. Dashed lines show the

characteristics (4.5). Critical solutions m = mc,1,2 approach

the outermost point (n=1, V =1) along the characteristics:
with the inclinations V/n = 2F+/3.
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numerical integration of the self-similar equations; inte-
gration starts from (4.6), (4.7).
We should distinguish two critical solutions with

4
44+ —

V3

which reach the outermost point (n =1, V =1) along
the characteristic curves (4.5): with the inclinations
Vi = 2F /3. As we show below, a critical solution
with m = me1 = 4 + 4/v/3 will be of special inter-
est for our problem; in Fig.1, this case is shown by a
bold line. Critical solutions separate different types of
self-similar solutions, starting from (4.6), (4.7). As long
as Merpg < M < Mep, integral curves come to the point
(n=1, V =1) in accordance with (4.12) and describe
completely subsonic cases. On the contrary, solutions
with m > m¢; and m < m2 cross the characteristics
(4.5), which makes these flows supersonic in the outer-
most part. If m >me,1 , integration typically approaches
the second-type asymptote near the leading point:

m = mc,-l,z (413)

Sy ~ Vb, €~ 8™, yx~ (4.14)

1
§v/2V,
at 6 € 1, where V, and &; are free and also can be

found numerically.
For the critical solutions, we have dy ~ (2:F\/§)5 and

v~1/4/2(2Fv3)8 as §—=0. An expansion of the type
(4.12) for £(n) should be obtained from (4.2), (4.3) with
account of the next-order terms, since the numerator and
denominator in the second equation of (4.11) vanish in
this case. As a result, we have §y ~ (2F+/3)§ — (4F
5/3/2)6% and

o —25F2V8
cr 32:’:\/3

for § € 1, m = m,. For the upper sign, we have
thus aj.; =~ 3.821; numerical integration, beginning
from (4.6), provides: &;.r ~ 0.034. For the lower sign,
Qger >~ 1.512.

Thus self-similar flow is determined by two quantities:
the index m and the dimensional constant £ which gives
only scaling; see (4.1).

All outer asymptotes show that the total energy within
0 < n <1 diverges for any m, and so a self-similar so-
lution cannot ultimately describe the fireball expansion,
but could be joined to another solution for the outermost
part of the flow.

E ~ E167 % (4.15)

V. CENTRAL EXPANSION

In analogy with the nonrelativistic case, we assume
that expansion between the center and the leading shell
is self-similar. The particular form of the similarity so-
lution [i.e., m and & in (4.1)] should be specified by
matching the already given solution with the ultrarela-
tivistic shell—in accordance with our initial assumption
that it is the shell motion which determines the central
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expansion, and not vice versa.

We fit the outer solution for the shell with the inner
self-similar solution along the ultrarelativistic character-
istic #» = 74+¢/v/3 = 0 and at the similarity point
7 = nat; see (3.11). The matching conditions are [see
(2.4), (2.6), (2.9), and (4.1)]

€ _ar &
v =ry/goe’ =~v(n), s=%fe4 =T—7:€(n), (5.1)
T=—9/V3, n=nmng=1/1+0s). (5.2)

These conditions completely determine the self-similar
solution

4 g, = S0 7 0)
\/5_, gg/\/g g(nﬁt) ’

m = 4 + (5.3)

where £(n=mng:) and v(n=mng:) are found by integration
of the self-similar equations.

Recalling (4.13), we see that our self-similar solu-
tion appears to be the critical one: m = m¢1 (bold
line in Fig.1); i.e., it corresponds to the unit Mach
limit and approaches the characteristic curve at n = 1.
This is connected with the choice of the characteristic
T = —p/+/3 as the inner boundary for the relativistic
shell. We may expect that a critical self-similar solution
with m = me 2 = 4 — 4/4/3 would be fitted with the
shell solution if the characteristic 7 = ¢/ v/3 was chosen
as the inner boundary of the shell, but such a solution
is not self-supported, because the energy density in the
shell would drop faster than at the center, leading to a
dissolving of the shell [see (5.6)].

As we consider 7gy~1 for the narrow ultrarelativistic
shell, we can employ the expansion (4.15) for g < 1
in (5.1) and thus express analytically the constant &£g:

1 ~V -2 aa-%
[4-2v3] 7 e b

Eo ~
0 glcr

(5.4)

Let us consider the matching point in more detail. Us-
ing (5.1) with an arbitrary 7, one can find the curve
T(p) within the self-similar solution. For the outermost
part of the self-similar solution, expansion (4.15) reduces
this curve to 7 o« —a; ¢, whose inclination does not
coincide with 7 = —/4/3 at the inner characteristic of
the ultrarelativistic shell. Thus we have a weak disconti-
nuity at the matching point. Note, however, that if our
self-similar solution could overcome sound velocity and
approach the second-type asymptote (4.14), there would
be

exe ™ xx £ x 8™ oy o e(MTP = b0/ V3
(5.5)

for m = me;1 = 4+4/+/3, which just gives the relation
T = —p/+/3. Thus our self-similar solution also repro-
duces this regime; the interval of transition to this law is
degenerated into a point.

In accordance with (4.9), the energy density and
baryon concentration at the center drop with time ac-
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cording to the laws

o
t4+4/v3

No

e(r=0) = PN

Ny(r=0) = (5.6)

which is faster than inside the shell (e ct™%, N, oct™3).
This is because the center is related to the minimum
of the energy distribution, and expansion of the central
caverne additionally decreases € and N, as the shell
moves outwards. The total energy within self-similar flow
(0<n<mg:) diminishes with time as t3-™.

VI. BASIC PARAMETERS OF THE SOLUTION
AND NUMERICAL RESULTS

Our solution for the relativistic fireball is determined
by the quantites £o, €10, d5¢, and k. Let us consider how
these values are related to the input parameters of the
problem: the released energy Ey and the initial radius
Ry.

The quantity & [see (3.17)] determines the character
length of the problem and is associated with the shell
thickness hgpen in the laboratory frame. As follows from
our calculations, this thickness remains nearly constant
during expansion: The maximum of energy density is
reached at £~§&y, while ~ 80% of the fireball entropy is
concentrated in the outer layer 0 < £ < 2£,. Thus we

define
b5t 2
— 1+
go 2—+/3 (

As k > /3, the second term in parentheses is smaller
than the first term, and so hghen nearly does not depend
on k and can be given by

5ﬁt 2 Jﬁt
Pghell > 4/ — ~ 34— .
hell V Jo V 2—+3 V go

Numerical calculations [1] have shown that the thickness
of the ultrarelativistic shell is approximately equal to the
initial radius Ry of the fireball. It seems clear that within
our treatment these lengths hghen and Ry are also orig-
inally connected with each other and with the shift &,.
Really, the outflow cannot be ultimately described by a
self-similar solution since there exists the initial radius
of the problem. Respectively, the self-similar part of our
solution breaks in the outer layer of the corresponding
thickness and should be matched with the shell solution.
Within the matching procedure, we actually need the
shifting length £o in order to fit the light surfaces (r = t)
of the shell solution and of the self-similar solution, be-
cause the last does not know about both lengths. So we
also can assume that hgpen is roughly equal to the initial
radius: hgpen ~ Rp.

Note that the result hgnhenn =const is not an artifact of
our construction. On the contrary, the shell solution is
applied to the outer region £ < dg¢t o t, widening with
time.

hshen = 2&o =

2—v3 k—+/3
i3k ) (6.1)

(6.2)
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The product (e1090) specifies the scale of energy and
is determined by total energy of explosion Ey. At the
same time, €19 alone does not influence the form of all
physical distributions since original fluid equations (1.1)-
(1.3) are linear with respect to ¢ (or €3/4). The total
energy is expressed as

few hshent
eng—4'rd£ .

t
Ey = 471'/ 726r2d'r o~ 47rg(,510/
0

(6.3)

Within all solutions, the integral over £ is almost univer-
sally proportional to hgnhen with the factor 1.2-1.4. The
comoving entropy s per unit volume is s = sqe~ 37 /r3
(s + 0 =const), so that the entropy S(r) inside a layer
with radius 7 can be written as

S(r) = 47r/ ysridr = 47rso\/g_0/ e’ dr; (6.4)
0 0

below we use S as a Lagrangian coordinate. The total
entropy of the fireball is Sy = S(r=t), and the last inte-
gral, in the limit » = 0-t, is also proportional to hgnen
with nearly the same factor 0.21-0.23. For a convenient
presentation of numerical results in the figures, we take
hshenn = 1; i.e., treat 7, t, £ in units of the shell thickness.

The particular value of 65y <1 (at fixed hgpen) plays
no principle role in physical distributions, but it is con-
nected with the scale of Lorentz factors. Really, for any
moment of time, we can specify the average bulk Lorentz
factor of the fireball as the value y(§) = 7o related to
the maximium of the laboratory frame entropy sip(€),
since most of the expanding material is concentrated
here. The corresponding quantities o = ¢| s1ap—max and
To = 7'|mb:max are nearly constant at late time for each
solution; see (7.5), (7.7). So the average Lorentz factor
can be given by

Yo = Vgpp=max = V9o€°L. (6.5)
The parameter go can be expressed from (6.1) lead-
ing to o =~ 385; e€¥°t/hshenn- Thus dg¢ determines the
coefficient within linear growth of o with time [and
within linear widening of the shell’s comoving thickness
Rcom = hshenyo o t, if we roughly define the comoving
frame as moving with the Lorentz factor (6.5)].

The character scale of « is evidently associated with
the original ratio Fo/Mp of the released energy to the
fireball rest mass. Within the ultrarelativistic equation
of state accepted so far, we actually consider the limit
Eo/My — oo, and this ratio falls out from our treat-
ment, leaving v scale free. The value of dg; could be
chosen, therefore, for the reasons of optimal fitting of
our solution with the solutions for the following stage of
free expansion, where the average « saturates at Eo/Mp
[1].

Power indezx k is connected with the particular initial
conditions — primarily, with the structure of the initial
rarefaction wave. If we assume that this structure does
not differ significantly from the plane-parallel one (corre-
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sponding to k=+/3), then k would only slightly exceed
V3. Note also that, as k — /3 , the dependence of &g
(6.1) and of all profiles upon k nearly vanishes, which
makes this limit most universal.

We could add that, as follows from (5.4), (6.1), and
(6.3), the dimensional constant & of the the self-similar
solution is rather insensitive both to k and dg,. This
agrees with the basic idea of the self-similar solution, that
the self-similar flow forgets about the particular initial
conditions.

As a specific example, we consider the case

8 = 1072 E=1++V3/2; (6.6)

fitting with the self-similar solution is carried at v =~

107"
10 ™
107"
0™
107"
10"
10 77

10 7

10~ T

0.0 0.2 0.4 0.6 0.8 1.0

10 7
Siab
10 ~®

10 ~°

vl vl ol vl ol

10 P T T

0.0 0.2 0.4 0.6

FIG. 2. (a) Distribution of the comoving-frame entropy
density s over the Lagrangian coordinate S at consequent
moments of time; see Sec. VI. (b) Laboratory-frame entropy
density sjap over the Lagrangian coordinate.
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13. The main results of the calculations are presented
in Figs.2-5. In Figs. 2 and 3 we show the distributions
of entropy density s and sjap and of the Lorentz factor
~ over the Lagrangian coordinate S(r) at consequent
moments of time.

Comparison with numerical results [1] shows good
qualititative and satisfactory quantitative coincidence.
Laboratory-frame distributions look not so flat as in [1],
but in Sec. VIII, we modify our solution to get better
agreement and to account for different initial energy dis-
tributions. Spatial profiles s(§) and s15p(§) for the mo-
ment ¢ = 10* are displayed by solid lines in Fig. 4 [with
€a1=0 in (3.15)] and are similar to the numerical results
of [2]. Figure 5 shows the corresponding dependences
z2(1) (solid lines).

Spatial distributions in the laboratory frame strongly
depend on the choice of hgnenp. We are interested, how-
ever, mainly in the comoving-frame values, in terms of
which all physical processes inside the fireball can be de-
scribed most easily.

VII. APPROXIMATE RELATIONS AND THE
LIMITING SOLUTION AT t > Rsnen

Here, we present the aproximate forms of our solution
which significantly simplify the treatment, giving results
very close to exact ones.

First, we can use approximate relations for Bessel func-
tions Ip in (3.2). Our exact results show that the argu-
ments of Bessel functions never exceed 1: At fixed ¢, the
curve zz(xy1) is always close to the boundary axes z; =0
and z,=0; see Fig.5. Hence, we can use the expansion
Iy(z) ~ 1+22/4 at small z:

zy (2 —xh)

Iy(4/z1 (2—xh)) ~ 1 + 1 ,
(7.1)
, (z1—z7) =2

Io( ($1—$1)$2) ~ 1 + —4-——-—,

1 t=10°
10° ]
5x1o‘5

] t=10*

—IlI||||ll]ll!ll!ll|||llllllll]lll|l|l|||||l||lll|]

0.0 0.2 0.4

S

FIG. 3. The bulk Lorentz factor v over the Lagrangian
coordinate.
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which gives

flz1,z2) = fi(z2) + f2(x1) — f1(0) (1 +

+2 [Ty + 2 [ e dsf
1] 0
(7.2)

-’131-732)

and the same relation for f with fi(z3) and fa(z1).
Introducing here the specific boundary functions (3.15),
one can take the definite integrals and present a solu-
tion in algebraic form. Our calculations confirm that
the profiles obtained by using (7.3) and those with exact
expressions for Ip absolutely coincide in the graphics.
Moreover, if we take Iy =1 throughout solution, so that

(a)

S

3x107"

2x107"2

10-—\3

L0 B B B 0 A e o |

| LI S S S S S S S S S S B B B B B Sy N B B B B B B B B

§

o

(b)

U
a
o

107°

5x107"°

DL S S B S B B B B S S Bt O B B S B S e e e |

o

LIS L (N B e L L N B A A D R B B e

2.0 é— 1.5 1.0 0.5 0.0

FIG. 4. (a) Spatial profile of the comoving-frame entropy
density at the moment ¢ = 10* (solid line). Dashed curve
presents the case Ip = 1 [see (7.3)] and coincides with the ap-
proximate analytical solution (7.6) (b) Spatial profile sian(§)
at ¢ = 10* within ultrarelativistic shell (solid line). The
dashed curve presents the case Iop = 1 [see (7.3)] and coin-
cides with the approximate analytical solution (7.6).
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FIG. 5. Dependences z2(z1) [these parameters are defined
in (2.12)] within the shell solution for the same moments of
time as in Figs. 2 and 3 (solid lines). The dashed curve shows
approximate solution (7.6).

f fi(z2) + fa(z1) — f1(0) ,

f fi(z2) + f2(z1) — F1(0)

this produces the difference in spatial profiles not more
than a few percent in comparision with exact I (see
Fig. 4, where approximate curves are given by the dashed
lines); corresponding distributions over Lagrangian mass
coordinates (Figs. 2,3) are undistinguished.

Second, Eq. (3.18), giving the relations between all
physical values for ultrarelativistic shell at any moment
t, is worth reducing to

Q

(7.3)

Q

£(z1, z2)

7 + 1 — ty(z1,z2) = O

(7.4)
when we account for the fact that £ < t at late times
for most part of the shell, i.e., that the shell is narrow.
Really, our profiles obtained by solving (3.18) and (7.4)
are undistinguished at t/Ro > 10/8g:. Equation (7.4)
places the functions £ and y in different terms and only
in numerators, which is convenient for calculations and
especially for analytical estimates. In particular, (7.4)
gives dy = d€ /t2 (t=const), to be employed when we
determine the points of maximal temperature, entropy,
and energy density inside the shell:

dr _3dT —dp _2dT —dp _1
| Toe 246 sy oy
(7.5)

at t = const; the maximum of 7}, is specified by the
relation dr=d¢ . Maximums of all the comoving—frame
values are defined by one relation, since these values are
connected by exact power laws £ oc s%/3 oc T?.

Thus for any fixed moment of time, spatial profiles
within ultrarelativistic shell can be described by Egq.
(7.4) where all terms are expressed via algebraic relations
(2.18), (3.15), (7.2) [or even (7.3)].
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And finally we derive a very simple approximate
asymptotical form of our solution at ¢ >> hghen >~ Ro.
In this limit, we have r =~ t for most layers of the shell;
ie., Eq. (3.18) [or (7.4)] is reduced to y =~ 1/t — 0
(note that we take r and ¢ in units of hghen). This im-
plies f =~ 0. Taking for simplicity Ip=1 and expressing
f from (7.3), (3.15), we see that the functions z; and
Ty are asymptotically connected as

e~ (1+k—v3/2) =2 1 — e™ (7.6)
In Fig. 5, curve (7.6) is given by a dashed line, and one
can see that exact curves are really very close to this
limiting behavior at late times. Spatial profiles obtained
with (7.6) coincide with the dashed curves in Fig. 4 [as we
take Ip=1 in f=0 for getting (7.6)], while correspond-
ing distributions over Lagrangian coordinates (Figs. 2, 3)
coincide with exact ones.

Using (7.6) and taking 1/t =~ 0 in (7.5) we can find
analytically the maximum points of the hydrodynamic
functions. In practice, the point of interest is the max-
imum of sy.p. It is related to the main part of the ex-
panding gas, and so the corresponding value ¢ = o
determines actually the average bulk Lorentz factor of
the fireball [see (6.5)], whereas T = 7o determines the
character temperature. After transformations, we obtain

Yo = é (In [cm/(cm—l)] - lncm) s

2 1+k—+/3/2
(7.7)
o = In [cm/(cm—l)] Ine,,
T 2(1+k—+3/2) 2
where
cm = 1 \/5_1 L (78)

+ .
V3+1 1+k—+/3/2

For our numerical example k = 1 + /3/2, this gives
wo = 0.816, 19 = 0.597 (calculations with exact I, give
0.77 and 0.594).

VIII. FAMILY OF FIREBALL SOLUTIONS

We can easily modify the above treatment to get a
whole family of fireball solutions, where different solu-
tions are related to different regimes of initial energy de-
position. We redefine the inner boundary conditions for
the ultrarelativistic shell in a more general form than
(3.14) and take

£(2) = §b1 + &be.—'ﬂ i )

introducing a new free parameter 3. Our previous solu-
tion (Sec. III) with £(?) o t corresponds to 8 = —1/3/2,
and this is the minimal possible value of 3, because the
inner boundary of the shell should not approach the cen-
ter; so £() should not grow faster than linearly with
time. Positive § would mean that we originally as-
sume constant laboratory-frame thickness of the shell
hshen =~ &p1 . Equations (2.20), (8.1) lead to

(8.1)
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__ﬁtﬁ
I

instead of (3.13). Thus the two last relations of (3.15)
would be replaced by

v = ybpe P, (8.2)

fa(z1) = Epr e~ ATV3/Dm1 4 £ o= (BH14V3/2)m 53)
8.3
fz(ml) — ybEbe_(ﬁ’LHﬁ/z)“ .

For the leading boundary, we again use Egs. (3.8), (3.9)
and, correspondingly, the first two relations of (3.15); y,
is given in (3.9), and we take £;; = 0 for the reasons
discussed in Sec. III. Matching of boundary functions at
1 =x3=0 specifies the parameters

f = 28 = — 2

= — . 8.4
Ya 1+ yb/ya ( )

The boundary problem (3.1) is determined therefore
by the length &1, which is evidently of order of hghen
(for >0, &1 ~ hshen ) and two power indices k > V3
and 8 > —+/3/2. Both indices could be associated
with the initial energy distribution: k mostly with the
rarefaction wave, whereas B could be related primarily
to the central structure and describe different physical
situations. In practice, the values 8 = 3-5 give the best
agreement with numerical results of [1]. In this work,
initial distribution of energy is taken steplike, and La-
grangian distributions within evolved expansion are also
flat. Large 3 > 5 seem to correspond to the case where
the initial energy is maximal at the center, and these
solutions could reproduce the results of [2]. On the con-
trary, our previous solution with minimal 8 = —/3/2 is
likely to represent the limiting situation, where primarily
the outermost envelope of the initial object is accelerated,
forming a fireball; this variant could be especially rele-
vant to GRB models.

In Fig. 6, we display the distribution of the laboratory-
frame entopy over the Lagrangian coordinate inside the
shell [analogue of Fig.2(b)] for 3 =5, k=1+/3/2.

The dimensional solution is specified also by the pa-
rameters €19 and go from (2.6) and (2.9). The product
(e10 go) gives the scale of energy related to the explosion
energy FEj, just similarly to our previous solution. The
constant go (with 7, ¢ taken in units of hghen) is asso-
ciated with the scale of the outflow Lorentz factor; see
Eq. (6.5), which also holds here, and the following discus-
sion. Thus go could be detemined by matching with the
following free-expansion solutions.

The approximate asymptotical form of new solutions
at ¢ >> hghen ~ Ro, similar to (7.6), reads

e~ (1+k—v3/2)2s _ | _ o—(B+1+V3/2)m (8.5)

The maximum of sj,, can be approximately calculated
by using (7.7) with more general c,, instead of (7.8):

o — 14 V3—11+p8++3/2
m V3+1 14+k—+3/2

We again assume that the central part of the fireball

(8.6)
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FIG. 6. Laboratory frame entropy density siab over the
Lagrangian coordinate within the shell-solution of Sec. VIII
with 8 =5, k=14 3/2.

expands in a self-similar manner. Below we consider only
the case 8 > 0 with £ ~ const = £; . The self-similar
coordinate 75, , where we join a similarity solution to the
shell solution, now quickly tends to 1 with time:

Eb1
t

T t'—b

4 ; (8.7)

so that dgy = 1 — ngy = &p1/t is automatically small at
late t. The matching procedure demands that the energy
density and Lorentz factor in this point vary with time,
following the shell solution [see (2.4)]:

vy xt, € oc t7 . (8.8)
Introducing possible self-similar asymptotes at 1—n =
é = 6gy <K 1, we see that any supersonic expansion (4.14)
satisfies these conditions, and direct fitting implies

;Y3 f;r;_(‘lﬂ/ﬁ) = & & (2 Vz)z/ﬁ7

€1099 (89)

where the shell-solution parameters are placed on the
left-hand side, while parameters of the self-similar so-
lution on in the right. If we assume that the last ones
should not explicitly depend on the shifting length &, ,
we again obtain

4
m = 44+ — =

V3

IX. CONCLUSIONS

Mer1

(8.10)

We have derived an analytical solution describing
spherical expansion of a highly relativistic fireball into

4391

the vacuum. This solution presents an intermediate
asymptote within the whole process of the fireball out-
flow. On the one hand, we consider evolved expansion
with ¢ > Ro (where Ry is the initial radius), which
allows us to separate the shell solution and self-similar
solution. On the other hand, our treatment is related
to the early stages of expansion when the fireball is hot
and dense: We use an ultrarelativistic equation of state,
assume that the flow is adiabatic (optically thick), and
neglect the ambient material and corresponding shocks.

Our solution can be presented mathematically in a very
simple approximate form [see (7.6), (8.5)] and thus al-
lows us to make any physical estimates for this stage of
expansion as well as to treat the resulting analytical dis-
tributions as the initial conditions for the following mo-
tion. It seems also very possible that a similar treatment
with an approximate account of the particle rest masses
could provide a self-consistent fitting with the next-stage
solutions, because the final free expansion can be again
described analytically.

We have constructed this solution primarily in the con-
text of the GRB models, but it may be also applied
to the hydrodynamic stage of particle outflow, resulting
from electron-positron annihilation into hadrons. Within
the last process, original particles disappear and the sys-
tem loses information about initial nonsymmetry, which
makes the following expansion of the secondary particles
spherically symmetric and initial distributions for the
secondary flow uncertain; our boundary-problem treat-
ment (avoiding initial conditions) could be especially ap-
plicable to this case.

We may also assume that our solution could be ex-
tended to the cases of nonspherical expansion (typical
for colliders, for cosmic ray interaction with the atmo-
spherical particles, etc.) — to the stages when the out-
flow acquires conical character. For example, as shown
in [7], relativistic outflow starting from ~ plane geome-
try, evolves to conical expansion, with the angle distri-
butions established in the transition phase. If tangential
heat fluxes become smaller than radial ones, angle distri-
butions are more or less fixed (and not spherical), while
radial profiles could be roughly described by spherical-
type solutions with different total energies in different
directions. However, this question calls for special con-
sideration.
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