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Atomic alchemy: Weak decays of muonic and pionic atoms into other atoms
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The rates of weak transitions between electromagnetic bound states, for example, (s+e ) -+
(p e )v» and the exclusive weak decay of a muonic atom into an electronic atom, (Zp, )
(Ze )v„P„arecalculated. For Z = 80, relativistic efFects are shown to increase the latter rate by a
factor of 50 compared to the results of a nonrelativistic calculation. It is argued that the conditions
for producing the muonic decay in neon gas (Z = 10), where the branching ratio for the decay
per captured muon is 1.7 x 10, can be realized using cyclotron traps, though the prospect for a
practical experiment seems remote. In lead the same ratio would be approximately 1 x 10
In addition to providing detailed information on the high momentum tail of the wave functions
in atomic physics, these decays of +ED bound states provide a simple toy model for investigating
kinematically analogous situations in exclusive heavy hadronic decays in quantum chromodynamics,
such as B —+ K'p or B ~ vrev.

PACS number(s): 36.10.Dr, 11.10.St, 13.20.He, 13.35.—r

I. INTRODUCTION

The calculation of the rate of a weak decay of a heavy
meson into an exclusive channel, such as B ~ pK' as
B ~ Dev, poses an important and challenging prob-
lem in nonperturbative quantum chromodynamics be-
cause all the complexities of strong interactions enter. In
this paper we study the simpler non-Abelian analogues
of these processes in atomic physics, the weak decays of
one electromagnetic bound state into another. In QED
the calculation can be done exactly for bound states at
rest and their motion can be systematically taken into
account. In both the non-Abelian and the Abelian case,
one is sensitive to the high momentum tail of the wave
functions, and, in fact, there are important relations be-
tween the two theories. It was shown that in high mo-
mentum transfer reactions the factorization theorems are
the same once one adjusts for the differing P function [1];
additionally, the heavy quark symmetries are the same
[2].

Thus, we consider transitions of the form

(7r+e ) -+ (p+e )v„,
(Zp ) m (Ze )v„v, .

The latter process is particularly interesting because
large values of the nucleus charge Z make the effective
electromagnetic coupling constant strong, thus suggest-
ing an analogy to the QCD coupling constant. In addi-
tion, the process may be experimentally accessible, albeit
with great difhculty, using cyclotron traps.

Because the atom remains in a bound state, but
the atomic or nuclear species is changed, we refer to
such processes as "atomic alchemy. " Other examples of
atomic alchemy are the decay of muonium to positron-

ium, (p+e ) ~ (e+e )v„v„andthe decays of mesonic
and hadronic atoms such as (vr Z) ~ (p Z)P„and
(E Z) m (pZ)pro. However, observation of the muonic
transition just mentioned is impractical because of its
tiny branching ratio with respect to the decay of the
muon into a free electron, and observation of the others
is impractical because of the high rate at which hadrons
are absorbed by the nucleus.

Another interesting class of "induced atomic alchemy"
occurs when a nucleus is forced to change its state be-
cause of external scattering, while an atomic electron re-
mains bound. The scattering may be due to neutron-
induced fission, nuclear Compton scattering, or photodis-
integration; the latter is particularly interesting for deu-
terium, p(d+e ) -+ (p+e )n. One can also study atomic
alchemy when a nucleus changes its state by an internal
process, such as P decay. Similarly, one might consider
the observed reactions K -+ (m.p, )v and (ddt) m (po.)n.

In this paper, we concentrate on the exclusive transi-
tion, Bq -+ B2 + X, where both B~ and B2 are bound
states consisting of particles (bqs) and (b2s), respectively,
and the transition proceeds by a weak decay b~ m b2+X.
To justify the calculations of the branching ratios given
below, we require that the lS state in B2 will be empty
to receive the particle b2, so that the Pauli principle
does not block the largest branch for the decay. We
also require that the rate at which the spectator absorbs
the particle bz, instead of allowing it to decay, is neg-
ligible. Both requirements are easily met in the decay
(m+e ) + (p+e )v„;however, in the decay of bound
muons, (Zp ) ~ (Ze )v„v„they can be met in prac-
tice only with great difhculty. These problems we address
in Sec. IV.

The basic features of atomic alchemy can be easily un-
derstood using nonrelativistic mechanics; the analysis is
similar to that for nuclear collisions involving capture of
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atomic electrons, as discussed, for example, by Migdal
[3]. We review the major points before plunging into the
full relativistic calculation. Because the weak decay oc-
curs over a time short compared to the period of an orbit,
we can use the "sudden approximation. " The probabil-
ity amplitude for the atomic transition then factors into
the free matrix element of the weakly decaying (moving)
particle times a form factor E(q ). This form factor is
just the overlap of the wave functions of the initial and
final states, which we write as @q and @2 In. the rest
frame of the initial state, E(q 2) is

d'k,
E(q ) = Wi(ki)02(k2 = m,.a,2v:i,2) .

(27r) '

Here kq is the momentum of bq (see Fig. 1), and m„~2

and v„~2 are the reduced mass and the relative velocity
of the final state particles b2 and 8. The velocity v", i 2

is a function of q, the momentum transfer carried. by X,
which by conservation of momentum is equal to the recoil
momentum of Bq. We have

The physics of capture into a hydrogenic nS state is
controlled by the ratio of the change in nuclear velocity
to the atomic velocity Zn/n. Equation (6) suggests that
the highest rates for the transition of muonic to electronic
atoms will be found for heavy nuclei with (Znm&) 2 ) q 2.
For these atoms, however, Eq. (6) provides only a very
rough estimate for the form factor because relativistic
effects [mainly afFecting the wave function of the (Ze )
atom] become crucial and greatly enhance the transition
rate.

In the case of the transition (~+e ) ~ (p+e )v„,the
monoenergetic weak decay changes the species and veloc-
ity of the heavy particle serving as a nucleus. Since the
momentum transfer &om the pion to the muon is much
larger than either Bohr momentum, the integrand in the
form factor in Eq. (2) is dominated by those values of
kq for which either ki or k2 matches a Bohr momentum.
Both contributions turn out to be equally important, and
using for the 1Sstates the Schrodinger wave functions for
a Coulomb potential, we obtain for the form factor

Urel, 2
ki —q ki+

mph' m, e mred 2

E(q ) 2@g(r = 0)@2(m„gqv„t2) 16
~

In the decay (Zp, ) ~ (Ze )v„v„the argument k2 of
the wave function g2 is approximately k2 --kq —q. In
momentum space the muon wave function does not vary
much over the domain where the electron wave function
differs appreciably from zero. The integral in Eq. (2) can
therefore be approximated by

P = [E(q )] 256n /v„&2 5 x 10 (8)

Here v„~2 = (m2 —m„)/(2m m„) = 0.28, which is
small enough that our nonrelativistic treatment is jus-
tified. The probability for capture of the electron &om
the muonic decay is unfortunately very small:

(4)

For small Z the momenta of both the muon and the elec-
tron are nonrelativistic and the efFects of the finite nu-
cleus size are small; we therefore can use for @q and @2
the Schrodinger wave functions for a point nucleus. For
the 1S states

3/2

~(k)= '~
[1+a2k2]2

1
(i = 1,2), (5)

red, i Q

where a; denote the Bohr radii of the atoms. Because

@;(r = 0) = [~ma, ] ~, Eq. (4) becomes

s/2

E(q') = 81
(m~)

1

1+ q 2/(Znm„)~ (6)

x (q)

b, (k, ) (k, -q)

B,
s ( —k, )

FIG. 1. General diagram for a weak alchemy transition
Bq ~ Bq + X as discussed in the text. The momenta of
the particles are indicated in parentheses.

II. RELATIVISTIC ANALYSIS OF ATOMIC
TRANSITIONS

We now turn to a more detailed analysis which allows
us to treat decays such as (Zp ) -+ (Ze )v~v„where
for large Z the velocities of the bound constituents are
relativistic. In principle, the analysis requires a fully co-
variant description, such as the Bethe-Salpeter equation
or the light-cone Fock state expansion. In Ref. [4] such
a covariant description was given, but at the expense of
a somewhat artificial momentum-dependent mass for the
decaying constituent. While that description works well
when the decaying constituent is much heavier than the
spectator, it fails when the spectator is the heavier parti-
cle, because the high momenta of the constituents, which
prove crucial, are cut off [see Eq. (2.1) of Ref. [4]]. Here
we use a noncovariant description that is adequate for the
cases of interest, where the spectators in the initial and
final bound. states have small relative velocity, but where
the velocities of the particles bound to the spectators can
be relativistic. This description is particularly appropri-
ate for the transition (p, Z) -+ (e Z)+v~v, because the
mass of a nucleus is much greater than m, ~.

We begin with a relativistic treatment of the simple,
monoenergetic, two-body atomic transition (vr+e )
(p+e ) + v~. The relative velocity of the (vre) and (pe)
systems is only v, ~

——0.28, so one can simplify the kine-
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matics by assuming them to be at relative rest. We con-
sider only S-wave bound states, so the spin of the bound
state Bq is just the spin of the electron, and the final
bound state B2 is either a pseudoscalar or a vector parti-
cle with the corresponding well-known spin combinations
of the constituents. For example, the initial state Bq with
spin projection B is represented in its rest kame as

) S„,S;, = 2m~lq

the spin-averaged matrix element becomes

IMlz = 4&~xIV-~I'f.' m.'I&( q') I'm~lql
d3k

+(q') = .&~(k~)&2(k2)

(14)

(15)
dskg

I
Bl pB —0 R) —1/2m/

4k o kso
(2n. )

x 41(kl )aR (k& )b+ (ks) I0)

where we have used [see Eq. (11)] the approximation
4kzkz 4m', m~, . The two-body kinematics fixes the
momentum transfer lql to be

where ks ———kq, and k, = (k2 + m2)~~2 for (i = 1, 3),
and a+(kq) and b+(ks) are creation operators for the con-
stituents that act on the vacuum state IO). The state is
"covariantly" normalized in the volume V, so that

(Bg,p~ = 0, RIBS,p~ = 0, S) = 2m', Vh gs

Iql = (mg, —mg, )/(2m/, )
= (m —m2)/(2m ) .

The decay rate in this approximation is

(16)

d3k
if Igg(kg)l = 1 . (10)

m.' —m'
I' = "IMI2

16' m3

The matrix element for the decay (vr+e ) -+ (y+e ) +v„
is then written as

4G~V„g" /4m', mg,
2

d kz 4z(kz) 42(k2) S f m

(2vr) /2k,o /2k2o
"'

2

1 p5
Sr~ ur(g Yo vg(kl q$2
k', = Im'„+(k, —g']'~',

S„,= — 2m„lql y„+
I
1—1 + F o. ql

xi = (1 o) &2+ = (o 1) . (13)

We square the matrix element, sum over pseudoscalar
and vector final states, and average over the spin of the
initial state. Using

We use spinors normalized as u„(p)u,(p) = —6 (p)v, (pQ =
2mb„..

where f = 130 MeV is the pion decay constant, and
V„gis the relevant Cabibbo-Kobayashi-Maskawa (CKM)
matrix element. Here u (qg and v, (kz —

qQ are the Dirac
spinors of, respectively, the neutrino with spin r and the
muon with spin 8. The argument k2 of the bound state
wave function @z is given by k2 ——kq —(m„g2/m„)q.
Note that in S„,we have kept only the zeroth component
of the weak current since the pion is essentially at rest.
In the limit kq —q &( m„,only the large components of
the spinor need to be retained, and S„,takes the simple
form

To get an estimate of the errors made by using nonrela-
tivistic mechanics, we calculated the decay rate of a Bee
pion making the same approximations, i.e., just taking
the zeroth component of the weak current and retain-
ing only the large components of the Dirac spinor of the
muon. We find

pap prox Gs'I+~dl f m m„(m —m„)2
free (18)

This differs &om the rate calculated using relativistic me-
chanics only by the factor

(20)

Using the Schrodinger wave functions of Eq. (5) (with
Z = 1 of course) this is 4.51 x 10

III. RELATIVISTIC EFFECTS IN MUONIC
TO ELECTRONIC ATOM DECAYS

We now consider the transition (p, Z) m (e Z)v„v„
using with obvious replacements the same kinematics as
in Fig. 1. This is a close analogue to the hadronic de-
cay B + Dev. For simplicity we will take the nucleus
to be spinless. As we now consider a three-body de-
cay, we first discuss the range of the relevant kinematical
variables. Because the two constituents have extremely
different masses (especially if Z is large), it is useful to
write the masses m~, and m~, of the bound states B~
and B2 in the form

which indicates a possible error of about 30%. The
branching ratio for decay to the 1S state, obtained by
dividing Eq. (17) by the approximate form in Eq. (18),
].S
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m~, ——M + mi, where mi ——m& —Eb;„g,~,
m~, ——M + m2, where m2 = me Ebind, 2 ~ (21)

The Grst relation is exact, and the second introduces er-
rors only O(1/M). Then S," can be written as

Here M is the mass of the heavy nucleus. In the rest
frame of the decaying atom, the momentum transfer iq] to
the neutrino pair is kinematically restricted to the range

0 ( ]q] ( (m& —m& )/(2m~, )
= (mi —m2) + O(1/M) . (22)

For a given value of iq], the fourth component q as seen
in the rest kame and the square of the four-vector, q2,
are fixed:

q = (mi —m2) + O(1/M), q = (mi —m2) —q

(23)

Thus q lies in the range [0, (mi —m2) ]. The momen-
tum transfer i' is always very small compared to the
masses of the bound states, so the bound states can be
considered to be at relative rest; in this approximation
our formalism will still be covariant up to O(1/M) correc-
tions. Writing the relevant four-Fermi operator for muon
decay in charge retention form, the matrix element for
the transition reads

S,"„=(4m', m~, ) u, (B2,pe, )T u~(Bi, 0)., (30)

where T" may be derived using Eqs. (26), (28), and (29).
By repeatedly using the Dirac equations

~'u„(B„.o) = u„(B„.o),
u, (B2)pBq) f = u, (82) pBq) + O(1/M),

and dropping terms q", which vanish when contracting
with the neutrino tensor N„ofEq. (25), we arrive after
some not completely straightforward algebra at

T" = Fi(q )p"L+ F2(q )p"R+ I's(q )y" L
mp

+F4(q2)p" R .
mp

Here L = (1 —ps)/2, and R = (1+ps)/2, and the form
factors E;(q2) are given as

d3k
~.(q') = " "',~.(k.)~; (k. - q)

where

4Gp
M,„= /4m', mp, N„S,"„,

2
(24)

with

X
+4kiek20(kio + m~)(k~0 + m, )

1 —p5N„=u(&„„)&„v(&„.),

d3k
@i(ki)@2(ki —q)

" '

1 —ps u„(p;ki)xp"

(25)

(26)

hi = (ki + m„)(k2 + m, )

+q [(1 —C) (k, + m„)—C(ko i m, )]
+(B—C)(q )' —A,

h2 ——(C —B)q —2A,

hs ——[(1 —C) (ki + m„)+ (B —C)q ]m„,

0ki = .'+ (k, —qg' . (27)
h4 —[C(k20 + m. ) —(B —C)qo]m,„.(34)

S —b„,S,(„,b„l„, (28)

and then by rewriting the Kronecker b's in terms of the
spinors for the bound states and their constituents:

The muon spin r and the electron spin 8 are just the
spins of the bound states Bq and B2. In general a Wigner
rotation [4] must be used to relate spins in two diff'erent
&ames, but here the rotation is essentially unity because
the velocity of B2 relative to Bi is small.

We seek an expression for M,
„

that is correct to zeroth
order in 1/M. This is found most easily by first writing
the trivial identity

The quantities A, B, and C are

q'k,' —(ki . qg' 3(ki q)' —q'k,'
2q 2 '

2(q 2)2

ki q

g
2 (35)

The form factors E; may seem noncovariant, because af-
ter the integration d ki the variables q and ]q] remain
as well as the square of the four-momentum q . But the
form factors were derived in the rest kame of Bi, so q
and ]q] are functions only of q according to Eq. (23).

In terms of the quantities introduced, the matrix ele-
ment can be written in the suggestive form

h„,„=[2mgy, (ki + m„)] u„,(p; ki)u„(B„O),
8„,= [2m&, (kz + m, )] u, (B2', pa, )u»(e; ki —

qg .
(29)

4GF
Map = u(p~ ) Yl Lv(&~. )u~(»». )

(36)
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The calculation of the decay rate, difFerential in the momentum transfer lql, is now standard. Expressing the bound
state masses m~, and mi3, in terms of M, mi, and m2 as defined in Eq. (21), one obtains

It (lql)
dlql 12vr3

K(lql) = [q + 2(mi —m2) ](Fi + F~ ) + [4(mi —m2) —q ](F~ + I'4)
m p

2 m g 7712
6q +i+2 + 2 +3+4 + (+i +2) (+3 +4)m' mp

where the I', are the form factors defined in Eq. (33).
Note that mq and m2 enter only through their differ-
ence; this is clear &om the decomposition (21), which is
invariant under the change of variables M ~ M + A and
m. wm- —A

The wave functions that enter the form factors F, in
Eq. (33) are plotted in Figs. 2 and 3 (solid line). For
comparison we have also drawn the wave functions for a
point nucleus. The finite size of the nucleus affects the
muon 1S wave function at high Z, as shown in Fig. 2.
The finite size also affects the ultrarelativistic momentum
tail of the electron 1S wave function, as shown in Fig. 3.
The calculation of these wave functions is discussed in
detail in the Appendix. Briefiy, we have approximated
the shape of a nucleus of atomic number A as a homo-
geneously charged sphere of radius To ——1.3A ~ fm. In
position space we solve the Dirac equation inside and
outside r0,' the condition that these solutions match at
r = ro determines the ground state wave function. We
then take its Fourier transform.

From the kinematics [see Eq. (22)] it is clear that the
muon 1S wave function is tested to momenta the order
of m„.As shown in Fig. 2, relativistic effects are moder-
ate. However, the finite size of the nucleus enhances the
low momentum part of the muon wave function, which is
fortunate because for lower momenta the electron wave
function is large, and so the overlap increases. The elec-
tron 1S wave function is also tested up to momenta the
order of m„and so the ultrarelativistic tail of the Dirac
wave function is important. As shown in Fig. 3 the finite
size of the nucleus diminishes the tail, and so the overlap

with muon wave function decreases. For a nucleus with
Z —80, we find that the two effects associated with the
finite size of the nucleus balance remarkably, giving ap-
proximately the same branching ratio (defined below), as
the calculation using a point nucleus.

Using the same approximations, we also calculate the
&ee-electron decay rate I', r„,for (Zp ) decays. We
write the mass of the bound state Bi as m~, ——M+jm„,
so that pm„is the total energy of the muon [see Eq. (22)].
We find

Ie free I p (L )
d3k mp

(38)

A10 e I I I l I I I
l

I I I
l

I I I
l

I I ~
l

~ I ~

I

where I'o = G2&m„/(1927r3) is the decay width of a &ee
muon, and (L ) can be interpreted as the mean inverse
Lorentz factor representing the slowing of the muon de-
cay rate due to its orbital velocity. Numerically, we
have (L, ) = 0 96, fo.r Z = 80 and A = 200; and
(L ) = 1.00, for Z = 10 and A ( 20. For Z = 80 and
A = 200, numerically p is 0.91; for a point nucleus with
Z = 80 note that p and (L i) are significantly smaller,
p [1 —(Zn)2]i~2 = 0.81 and (L i) = 0.85. The branch-
ing ratio for the decay of a bound muon to produce a 1S,
instead of a free, electron in the final state is obtained
by numerically integrating the spectrum in Eq. (37) and
then by dividing by F, r„,as given by Eq. (38). Using
Dirac wave functions, the results for Z = 80 are

0.8

I

q) 0.6

0 4

0.2

I
I I ~ I

I
I I I I

I
~ ~ I I

I
I

Fin. nucl. (Dirac)
Point. nucl. (Dirac)

chrhdinger)

=zoo)

10 '

10 ~
(0

10 3

10 4

10 ~

00 50 100 150
k IMev]

800 80 40 60 80 100 120
k [Mev]

FIG. 2. Schrodinger and Dirac wave functions (multiplied
by lkl) for a (Zp ) atom with Z = 80.

FIG. 3. Schrodinger and Dirac wave functions (multiplied
by lbl) for a (Ze ) atom with Z = 80.
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(Zp ) m (Ze )v„v, 3.59 x 10 s (finite nucleus, A = 200),
(Zp, —

) ~ ge —v„v, 3.60 x 10 s (Point nucleus) .

We note that the finite size of the nucleus leaves the
branching ratio essentially unchanged. The effect of the
finite size will be even smaller for smaller Z, so we can
calculate the branching ratio for Z = 10 using the Dirac
wave functions for a point nucleus. We get

(Zp ) m (Ze )v„v,=248x 10
(Zp —

) m Ze —v„v,

(point nucleus, Z = 10) . (40)

To demonstrate the increase in the branching ratio due
to the Dirac wave functions, we also show the branching
ratio calculated using the Schrodinger wave functions for
a point nucleus:

(Zp ) ~ (Ze )v„v, 6.98 x 10 ~ (Z = 80),
(Zp )~ge v„v, 1.85xl0 (Z=10).

(41)

The relativistic enhancement for Z = 80 is a remarkable
factor of 50.

In Fig. 4 the decay distribution dl'/d~q], normalized
to unit integral, is given for Z = 80. For illustration we
also give the spectra predicted using the Schrodinger and
Dirac wave functions for a point nucleus. Comparing the
latter two curves shows that relativistic effects cause the
spectrum to peak at higher momenta. However, the finite
nuclear size causes the shape of the spectrum to narrow
again. This can easily be understood by looking at the
muonic wave function in Fig. 2. In Fig. 5 the same
distribution is shown for Z = 10; as might be expected
both relativistic effects and the effect of a Gnite nuclear
size are small. Transitions of the form (Zp) ~ (Ze) +
vv have as their signature a bound state recoiling with
a large momentum the order of m„. The momentum
distribution for heavy atoms (Z = 80) peaks at about 20
MeV as seen in Fig. 4.

0.05
Fin. nuci. (Dirac)

IV. PROSPECTS FOR EXPERIMENTAL TESTS

Prospects for an experimental test of atomic alchemy
are very dim but not hopeless. While the branching ratio
is too small to detect (vr+e ) atoms, it may be detectable
for muonic atoms. To see it one must prepare a sample
of (Zp ) atoms with no electrons in the 1S state, and
prevent electrons &om refilling the 1S state over the 1
ps lifetime of the muon. The increase in the calculated
branching ratio with Z [see Eqs. (39) and (40)] would
argue for high-Z experiment; however, as Z increases, the
atomic nucleus no longer remains a passive spectator but
absorbs muons at an increasing rate. Using the measured
rates of Ref. [5], for neon and lead, we find the branching
ratios with respect to the total rate at which 1S muons
disappear are

(Zp, ) + (Ze )v„v, 1.70 x 10 s (Z = 10),
(Z&

—
) ~~ 970x10 ~ (Z=80) .

(42)

Despite the increased capture rate, the increase in the
yield per 1S inuon near lead (Z = 82) remains a factor of
570 due to the large relativistic enhancement. Neverthe-
less, we shall examine a possible experiment using neon
gas, instead of, say, xenon, because the most is known
theoretically and experimentally about the lighter gas,
and because the same diKculties, although of a different
scale, are present in both.

On paper, the conditions for observing atomic alchemy
in neon can be realized by injecting and capturing 5
keV muons in a cyclotron trap [6] containing neon gas
at a pressure of 10 Pa. Muons of this energy injected
into the trap's magnetic Geld will lose energy as they or-
bit and will come to rest in 1 ps (adopting estimates in
[6]) and be captured by a neon atom. The muons cascade
rapidly to the 1S state, ejecting almost all of the atomic
electrons. In neon the mean number of electrons remain-
ing in the K shell has been measured [7] to be between
0.07 and 0.68 (to be compared with 2) by the time the

0.04
I)
~ 0.03

t ~0.02

C
'U

0.01

Point. nuci. (Dirac)-

Point. nucl.

0.3

~ 0.2

C

t Cf

~ 0.1
C0

(Z~-) ——) (Ze-) v, v„
(Z= io)

er)—

00 20 40 60
Iql [Mev]

80 100

FIG. 4. Decay spectrum dl'/d~qg, normalized such that
f dl'/d~qgd~qg = 1, for Z = 80. The solid line is obtained
by using Dirac wave functions which take into account the
finite size of the nucleus. The dashed (dashed-dotted) line
corresponds to pointlike Dirac (Schrodinger) wave functions.

00 5 10
IqI [MeV]

15

FIG. 5. Decay spectrum di'/d~qt, normalized such that
f dl'/d~qgd~qg = 1, for Z = 10. The solid (dashed) line corre-
sponds to pointlike Dirac (Schrodinger) wave functions.
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muon has fallen to states with principal quantum number
n = 5, in agreement with simple estimates [8] of 0.25; the
number remaining will diminish somewhat more as the
muon continues to the 1S state. Total ionization of an
atom has been observed in the cascades of antiprotons in
atoms as heavy as krypton [9]; total ionization of neon
by muons is however less probable because of the lighter
muon mass and its weak binding energy. Nevertheless, in
neon the electron K shell will often be vacant to receive
the electron from the muon decay. At the low pressure of
10 Pa, the time taken for the ion (Nep)s+ to capture an
electron is also ~ 1 ps (using estimates [8] for the veloc-
ity of the ion, 10 cm/s, and for the cross section for
electron capture of Ne + on Ne, 3 x 10 cm ). Most
of the captured muons will decay before the electron K
shell can refill and block desired decay; furthermore, only
31' of the muons in the 1S state will be lost to muon
capture [10].

Such a scheme involves scaling existing cyclotron traps
from operating pressures [7] 5000 Pa down to 1 Pa.
An application of Liouville's theorem shows that the ra-
dial and axial distribution of the particles in space when
they come to rest is determined only by their radial and
axial spread where they enter the trap, provided only
that the rate at which the particles slow is small com-
pared to the orbit frequency in the trap [6]. Once the
particles are in the trap, lowering the gas pressure in-
creases only the time it takes for them to come to rest.
However, existing schemes for injecting particles into the
trap rely on choosing the particles initial orbit to miss a
moderator for the first few critical loops after they pass
through it; after that they have slowed too much in the
target gas ever to hit it again. Despite this difhculty, cy-
clotron traps have captured antiprotons when operated
at gas pressures well below 10 Pa [6]. Such a scheme is
much harder to work with injected muons, instead of an-
tiprotons, because the muons being unstable cannot be
stacked and cooled and so the emittance of the injected
beam is much larger. Whether muons can be successfully
injected in such a low-pressure trap at a rate as high as
10 s, a rate which the high-pressure traps are expected
to achieve [7], is a technical problem beyond the scope of
this paper.

To see the alchemy transitions, once made to occur,
is also diKcult. The signature for the transition is the
appearance of 2oNes+ ions with a distribution dN/dq
extending to momenta the order of m„.These ions are
difBcult to distinguish &om F + ions, made also with
a momentum of m~ by interval conversion. Nor will it
be easy to extract any ions for analysis, because in neon
at a pressure of 10 Pa a bare ion can fm.y only 1 mm
before capturing an electron, and the gas pressure cannot
be lowered much without letting the muons in the trap
decay in flight before they can be captured.

We have examined so far only the decay of a bare (Zp)
ion to a bound state. It is easy to estimate the decay rate
when the electronic 1S state of the ion remains partly or
wholly filled, either because electrons are captured from
nearby atoms before the muon decays, or because (at
high Z) the cascading muon fails to eject all the atomic
electrons. When there is one electron in the K shell the

rate is halved. When the K shell is full the electron &om
the muon decay will populate the L shell; we expect the
rate for decay to a vacant L shell to be 1/8 of the
rate for decay to a vacant K shell, based on naive 1/ns
scaling. This estimate assumes that the only role of the
K electrons is to Pauli-block the 1S state, and this is
approximately true. For the probability that one electron
in the 1S jumps to any other state when the nuclear
charge changes from an efFective charge of Z —1 to Z is,
in the sudden approximation,

Z'(Z —1)' 3
1 —

~
= = 0.008 in Ne,

and the probability that it jumps when a nucleus of
charge Z acquires a recoil velocity v is [16]

v —4 (2v l'
1 — 1+

Znc (Zocp

which is only 0.024 at the maximum recoil velocity of a
neon nucleus and is certainly negligible when averaged
over the velocity spectrum. In principle, promoting one
of the original 1S electrons to the 2S, to free the 1S state
to receive an electron from the muon decay, is a path with
an amplitude that interferes with that for the muon to
decay directly to the 2S; in practice, however, the efFect
is negligible.

V. CONCLUSIONS

We have calculated relativistically corrected rates for
some weak transitions between electromagnetic bound
states. For (Zp) atoms and for large Z, the rate of these
transitions and also the shapes of the spectra depend
drastically on relativistic corrections; these corrections
enhance the rate by a factor of 50 for Z = 80. The QED
analysis of these alchemy transitions illustrates some of
the physics of the relativistic wave functions that must
invariably enter the QCD analysis of the corresponding
exclusive electroweak decays of hadrons.

An experimental measurement of atomic alchemy,
while conceivable for the favorable transition (Zp, ) ~
(Ze )v„v„seemsa remote prospect.
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APPENDIX: DIRAC WAVE FUNCTIONS

In atomic alchemy (Zp) w (Ze)v&v~ the electron
wave function is probed at momenta the order of m~.
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Schrodinger wave functions are not appropriate and the
Dirac wave functions [11] must be used. Recoil correc-
tions due to the Gnite nuclear mass are extremely small,
so the Dirac wave functions for an electron in the Beld of
an infinitely heavy nucleus will describe adequately the
high momentuin tail of the electron (and muon) wave
function. At large Z the Bohr radius of the muon 1S
st;ate is less than the nuclear radius, so the effect of the
Rnite size of the nucleus on the muon wave function must
obviously be included; the effect of the finite size is also
important on the high-momentum tail of the electron 1S
wave function.

We sketch how the momentum-space wave functions

@i(k) and @2(k) that appear in the form factors in Eq.
(33) are extracted from the usual four-component Dirac
wave functions in position space. Because everything can
be worked out analytically for a point nucleus, we de-
scribe this case erst.

1. Point nucleus

4(k) = J d e4(e)exp( —ik e), (A1)

f(k)i 0 I

Cp(k) = k = iki, (A2)

with
N

f(k) = (sinp+ akcosp), (A3)

From the literature (e.g. , &om [ll] on p. 55) we take
the (four-component) ground state wave function in po-
sition space, @„i z i~2 ~ iy2 (r, 0, P). For brevity we
write this as 4(x). Taking the Fourier transform, we

get the wave function in momentum space:

g(k) =
2 2 2 i &2{[1+(1+p)a k ]sinp —pakcosp), (A4)

a=, p = gl —(Zo.)2, p = parctan(ak) N = 2~+ I'(1+ p)
1 a~(l + p)

mZQ! I'(1+ 2p)
' (A5)

Here m denotes the reduced mass of the system, which we
take to be identical to that of the muon or the electron
because we work to lowest order in 1/M. The corre-
sponding energy eigenvalue is then E = mp. For Z = 80
the numerical value of p is 0.81.

The Dirac wave function for a bound state of course
projects onto plane waves of both positive and negative
energies; the latter waves correspond to antiparticles. We
therefore define the relevant wave function (to be used in
calculating the form factors) by the projection on positive
energy plane waves. Thus we expand 4(k) in terms of
spinors u„(k)and v„(—k), writing

e(k) = ) A, (k)
(") +B,*(-k)" ( ")

/2ke +2ko

d3k

, .).$1A.(k)i'+ IB-(k)i') =1
r

(A8)

I

Here A (k) is the probability amplitude to find an elec-

tron with momentum k and spin r in the at;om, while

B„(—k) is the probability amplitude to find a positron
with momentum k and spin r; the latter amplitude arises
&om the creation of e+e pairs on the nucleus. Be-
cause the wave function in position space is normalized
as Jd x@+(x)4(x) = 1, the Fourier transform is au-

tomatically normalized as j[dsk/(2vr)s]4+(k)4 (k) = 1.
Therefore A (k) and B„'(—k) are normalized so that

k2+m& .

If j, = 1/2 we get

A+i(2(k) =

A qg2
——0,

B+ij'(—k) =— ko + m (ki + ik2)
2ko k

f(k) —g(k) i,k

(ko+ m )

(A6)

(A7)

The integral j[d k/(2vr) ] Q„iB„(k)i gives the proba-
bility to find a three particle Fock state (e+e e ) in the
atoin. Even for Z = 80 this &action is tiny (= 0.2%), so
we only consider the one-Fock contribution characterized

+

by A„(k).We mention that if we consider the atom with

j, = —2, we get A+iy2(k) = 0, and A i~2(k) is identical

to A+ig2(k), given in Eq. (A7) for j = +2. The wave

function denoted in the text as @(k) is therefore given in
the relativistic case by

@(k) = A+i)2(k) .

B*i(2(—k) = f(k) —g(k)
i

Because the coefBcients H„are very small, the effects of
antiparticle production are small, and we get essentially
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the same form factor as we would have gotten had we
naively computed the simple overlap of the wave func-
tions in position space.

2. Finite-size nucleus

f(")I 0 I

-- (15
(r) „'I0 I )

(A10)

where the constant N is chosen such
that J' dsr4'+(r)4(r) = 1. The radial equations for f
and g are

f'(r) —[E+m —V(r)]g(r) = 0,

g'(r ) + g(r) + [E —m ——V(r)]f (r) = 0,r (All)

which are solved separately in the two regions r & ro and
r & ro for an arbitrary constant E & m. In the outer
region r & ro there is (up to an overall constant) exactly
one solution (f, g) that is square integrable at r = oo. It
is given by (see Landau and Lifschitz [13])

As usual (see, e.g. , [12]), we model a nucleus of atomic
number A as a homogeneously charged sphere of ra-
dius ro —— 1.3A. / fm; numerically ro — 7 fm for
A = 200; Inside the sphere the potential has the form
V(r) = —(Zn/ro)(3 —r /ro)/2, and outside we have
V(r) = Zn—/r In t.he notation of Landau-Lifschitz [13]
we write the four-component Dirac function Ci(r) as

f (r) = Qm + E exp( —Ar) r~ '(Q, + Q2),
g(r) = —y'm —E exp( —Ar)r" '(Q, —Q2),

f ZnE
Qi ——U

I p —,2p+ 1, 2Ar
I

A

Zaml & Zc E
Q2 ———

I

1 —
I

U
I
p+1—,2p+ 1, 2Ar

I

A J q A

A = gm —E2, p = gl —(Za)2 . (A12)

The hypergeometric function U is defined and discussed
in detail in Chap. 13 of Ref. [14]; it is also related to
Whitaker functions, which are numerically accessible in
the CERN library.

In the inner region (r & ro) a simplified solution for
the (massless) electron has been obtained by Khriplovich
[15]; however, the substantial mass of the muon requires
a more complete treatment. It turns out that the Dirac
equation has (again up to an overall constant) exactly
one solution (f, g) that is square integrable at r = 0; in
the present case it has a Taylor series expansion around
r = 0. While f starts as a constant, g begins with a term
linear in r. The coeKcients of the power series expansions
of f and g may be defined recursively.

The inner and outer solutions must satisfy the match-
ing condition

(f/g). .. = (f/g). .., (A13)

in order to be solutions of the complete equation. This
can only hold for certain values of E; these are just the
eigenvalues. For Z = 80 and A = 200 the lowest eigen-
values for E = 0.908m„and E = 0.811m, for the 1S
states of the muon and the electron, respectively.

The Fourier transform O(k) is then defined and written
in terms of f(k) and g(k) precisely as in Eqs. (Al) and
(A2). Proceeding through the same steps as for a point
nucleus, one finally gets the wave function g(k) [compare
with Eq. (A9)] in a numerical form. This wave function
is shown for the (Zp) and the (Ze) atoms in Figs. 2 and
3, respectively.
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