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I. INTRODUCTION

Direct analytical or numerical calculations of the
higher-order terms to the physical quantities in concrete
renormalization schemes provide important information
about the behavior of the corresponding perturbative ap-
proximations. However, there are also some other ap-
proaches to treat the problem of the extraction of cer-
tain information from the truncated perturbative series.
These approaches are the principle of minimal sensitivity
(PMS) [1] and the effective charges (ECH) prescription
[2], which is equivalent a posteriori to scheme-invariant
perturbation theory [3]. Of course, it is better to use
these approaches directly in the concrete orders of the
perturbation theory, as was done in QCD in Refs. [4-8].
However, if one adopts the point of view that these meth-
ods really pretend to the role of “optimal” procedures in
the sense that they might provide a better convergence of
the corresponding approximations in the nonasymptotic
regime, it is possible to try to go one step further and
apply the procedure of reexpansion of the “optimized”
expressions in the coupling constant of an initial scheme.
One can consider the residual (IN+1)th order term as the
estimate of the (IN+1)th order correction in the initial
scheme [1].

The reexpansion procedure was already applied for the
analysis of the perturbative predictions for (¢ — 2), in
QED [1, 9] (for related considerations see Ref. [10]) and
for estimates of the QCD corrections to definite physical
quantities. In these works, the quantities under study
are the Drell-Yan cross section at the O(aZ) level [11],
R(s) = owot(ete™ — hadrons)/o(ete™ — utp™), Ry =
I'(r — v, + hadrons)/T'(t — v,7.e), nonpolarized and
polarized Bjorken sum rules at the O(a?) and even O(a?)
levels [12, 13], and the singlet contribution to the Ellis-
Jaffe sum rule at the O(a3) order [14].

It is clear that the reexpansion formalism, which is
similar to the procedure used in Ref. [15] to predict the
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renormalization-group- (RG-) controllable In(m,/m.)
terms from the expression for (g — 2),, through the effec-
tive coupling constant @(m,/me.), correctly reproduces
the RG-controllable terms [1,16]. One can also hope
that it can give an impression about the possible values
of the constant terms as well. This hope is based on the
observation of the existence of a satisfactory agreement
of the results of application of the reexpansion procedure
in QED [9] and QCD [12, 13] with results of the explicit
calculations. It should be stressed that contrary to the
RG considerations of Ref. [15], the “optimization meth-
ods” deal with the full RG invariance of the quantities
under consideration, which produce additional equations,
relevant to the freedom of the choice of higher-order coef-
ficients of the B function. The solution of these equations
gives the possibility to define the sets of scheme invari-
ants [1] which are the cornerstones of the “optimization”
methods.

However, in definite cases the procedure of reexpansion
of the “optimized” results can run against some barrier,
which was overlooked in the process of some previous
applications [1,9, 10]. In the case of the analysis of the
perturbative series for (g — 2), this problem grows from
the noncareful treatment of the light-by-light scattering
graphs with the electron loop coupled to the external
photon line.

In Sec. II of this work we describe the basis of the for-
malism used by us. The exact expressions for the terms in
the reexpansion formulas are derived. It is demonstrated
that the estimates obtained using the reexpansion of the
ECH expressions are identical to the results of calcula-
tions of (N+1)th order corrections in the special scheme,
where all lower-order coefficients of the physical quan-
tities and the B function are defined in a certain fixed
scheme [in the case of QED the on-shell (OS) scheme is
usually used] and the (IN+1)th order coefficient of the
B function coincides with the (N+1)th order scheme-
invariant coefficient of the ECH 3 function .-

In Sec. III, using the information about the four-loop
coefficient of the QED S function in the OS scheme [17]
we generalize the considerations of Refs. [1,9,10] to the
five-loop level. We follow the proposals of Ref. [18] and
consider the light-by-light scattering graphs mentioned
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above separately in our RG-inspired analysis. We show
that this empirical improvement leads to more satisfac-
tory and thus more reliable estimates of the five-loop con-
tributions to (¢g—2), than in the case of the nonseparation
of the light-by-light scattering contributions.

II. DESCRIPTION OF THE FORMALISM

Consider first the order O(a”) approximation of a
renormalization-group-invariant quantity

N-1
Dy = dga (1 + 2 dzal) ) (1)

=1

with a = a/n being the solution of the corresponding
renormalization group equation for the 8 function which
is defined as

da N-1 )
uza—uz = ﬂ(a) = ﬂoaz (1 + Z cia’) . (2)
=1

The coefficients d;,7 > 1 and ¢;,7 > 2 are scheme depen-
dent. In order to calculate them in practice it is neces-
sary to specify the scheme of subtractions of the ultra-
violet divergences. In QED the OS scheme is commonly
used. However, this scheme is not the unique prescrip-
tion for fixing the renormalization scheme ambiguities,
which affect the values of these coefficients. In both phe-
nomenological and theoretical studies other methods are
also widely applied.

The PMS [1] and ECH [2] prescriptions stand out
from various methods of treating scheme-dependence am-
biguities. Indeed, they are based on the conceptions
of the scheme-invariant quantities, which are defined as
the combinations of the scheme-dependent coefficients in
Egs. (1) and (2). Both these methods pretend to the
role of “optimal” prescriptions, in the sense that they
might provide better convergence of the corresponding
approximations in the nonasymptotic regime, and thus
allow an estimation of the uncertainties of the pertur-
bative series in the definite order of perturbation theory.
Therefore, applying these “optimal” methods one can try
to estimate the effects of the order O(a™*!) corrections
starting from the approximations D;}’t(aopt) calculated
in a certain “optimal” approach [1, 9, 16].

Let us follow the considerations of Ref. [1] and reex-
pand D;’\}’t(aopt) in terms of the coupling constant a of
the particular scheme

D" (aopt) = Dn(a) + 6DF a1, (3)
where
5D;)\/Pt = Qn(di,ci) _QN(d?pt»c?pt)v (4)

are the numbers which simulate the coefficients of the
order O(a™+1) corrections to the physical quantity, cal-
culated in the particular initial scheme. The coefficients
QN can be obtained from the following system of equa-
tions:

_HQ(DN + QNCLN+1) — O((I,N+2),
-

0

5o (Dn + QnaVth) = 0(aV+?), i>2, (5)
C;

where the parameter 7 = (o In(u?/A?) represents free-
dom in the choice of the renormalization point x. The
conventional scale parameter A will not explicitly appear
in all our final formulas. The system of these equations
can be solved following the lines of Ref. [1]. Let us
stress again that the difference between the “optimiza-
tion” equations and the RG approach of Ref. [15] lies in
the fact that the latter one deals with the first equation
from the system of Eq. (5) only. The quantities €2; can be
related to the scheme invariants p; in the following way:

pi=d + ] _1_ i Q(dy,...,di—15¢1,.05c-1). (6)
Note that the general expressions of the scheme invari-
ants p; and of the correction terms (2; can be defined
in different ways. Various definitions differ by scheme-
independent constant terms. We are choosing these cor-
related constant terms by imposing the condition that
the expressions for the scheme invariants p; are connected

with the coefficients cFCH of the ECH 3 function:

Bett(ascu) = Boakcn (1 +ciagcH + Y ciECHa’ECH)

i>2
(7)
as
pL= ?E_CT, (8)
where
D(agcn) = doagcn(a) - (9)

Concrete expressions for the invariants p; and thus for
the correction terms £2; can be derived from the equation

Best(agcH) = (%6}3—511,3(0)' (10)

We present here the final expressions, which are al-
ready known [1],

Q = dodi(c1 + dy), (11)
QB = dOdI(CZ —_ %Cldl - 2d% + 3d2) 5 (12)

and the new term which we evaluated:

Q4 = %2(303(11 + Czdz - 4Czd% + 2C1d1d2 - c1d3 + 14d‘;
—28d2d; + 5d3 + 12d,d3). (13)

These terms reproduce the RG-controllable logarithmic
contributions. In the case of the five-loop level one can
reobtain the QED results presented in Ref. [19]. We
discuss this point in more detail in the next section.

It should be stressed that in the ECH approach dFCH =
0 for all ¢ > 1. Therefore one gets the following expres-
sions for the higher-order corrections in Eq. (3):

§D7°M = Q;(dy, 1), (14)



5D3ECH = 93(d1’d27clacz)7 (15)
6D4ECH = Q4(d1,d2,d3,01,62,63). (16)

One can understand from Egs. (6), (8) that the ex-
pressions for Qp and for the corrections 6 DECH in Egs.
(14)-(17) are the eract numbers which are related to the
special scheme. This scheme is identical to the initial
scheme at the lower-order levels and is defined by the
condition ¢y = c§CH at the (N+1) order, where ck-t
is considered as an unknown number. This means that
the correction coefficients § D are related to the initial
scheme only partly. However, it was shown in Refs. [12,
13] that in certain cases the numerical values of these
coefficients are in satisfactory agreement with the results
of the explicit calculations. A posteriori we consider this
fact as an argument in favor of the possibility of the appli-
cation of the reexpansion procedure in the cases discussed
by us.

In order to find similar corrections to Eq. (3) in the
J

do [1 4 5
PMS  PMS @ |1 pms FPMS2 _ 2 2
24 (d! )= 5 [eres - e - &
where
9 7
CEMS -8— (CECH + — 36 ) + O(aPMs)
_9 2 7 2
— d2 —+ Cg — d1 — C]_dl + _Cl + O(GPMS)
8 36
and

1 1
CISDMS =4 (d3 =+ 563 - 02d1 - 3d1d2 + 2d§) + 561 (dz + c2 + 3d Cldl + —

The expressions for Egs. (19)—(21) are the pure num-
bers, which do not depend on the choice of the ini-
tial scheme. We will show in the next section that in
the case of the consideration of perturbative series for
(9—2),. the numerical values of Q4(dFM3, cFMS) are small
and thus the a posteriori approximate equivalence of
the ECH and PMS approaches, which follows from the
small value of Q5(dfMS,cPMS) and from the condition
Q3(dPMS, cPMS) = 0, is preserved for the quantity under
consideration at this level also.

In certain considerations we will need to use a gener-
alization of the expression for €2, to the case when the
intitial perturbative series is starting from corrections of
order O(a?) with p > 1:

DR =doa? [1+ Y dia" | . (22)

i>1
In this case the expression for the correction terms reads

p+1

QP =22 d,d? + dodycs. (23)

The correspondmg correction related to the PMS-
improved expression was originally obtained in Ref. [1].

ANDREI L. KATAEV AND VALERY V. STARSHENKO 52

Nth order of perturbation theory starting from the PMS
approach [1], it is necessary to use the relations ob-
tained in Ref. [20] between the coefficients d*™S and

cPMS (3 > 1) in the expression for the order O(aPMS) ap-
prox1mat10n DPMs (apms) of the physical quantity under
consideration:

1 (N-2i—1
dFMS=i+1< N-1 )CfMSwLO(“PMs)’ (17)

where ¢tMS = ¢;. Using now Eq. (17) it is possible to

find the following additional correction terms in Eq. (4)
which result from the application of the PMS approach:

_d c?
92(‘1st7 fMS (11 L ’
Q3 (dFMS, ;M%) =0. (18)
The expression for Q4(dfMS, cPMS) derived by us is more
complicated:
cgms . T (19)
648 1|’

(20)

108 ) + O(apMs) (21)

It differs from Eq. (23) by the additional small contribu-
tion
p
_Qgp) (dFMS’Cf’MS) _

5'(—p+—1)doci. (24)

III. APPLICATIONS TO (g — 2),

It is well known that the expressions for anomalous
magnetic moments of the electron a. = (g — 2)./2 and
muon a,, = (g —2),/2 are known at four-loop order from
the results of calculations of Ref. [21] and Refs. [22,
23] respectively. The three-loop correction to a. is now
known with more accuracy than previously [24]. Com-
bining the currently available information about the co-
efficients of the perturbative series for a. and a, we have
the expressions

ae = 0.5a — 0.3294789...a% + 1.176 19(21)a®

—1.434(138)a?, (25)
a, — a. = 1.09433583(7)a® + 22.869 265(4)a®
+127.55(41)a?, (26)

where the expansion parameter a = /7 is related to the
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+ + + ... +...
e n
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fine structure constant a and the last term in Eq. (26)
is the result of the most recent calculations of Ref. [23]
stimulated by the work of Ref. [17]. Combining Eq. (25)
with Eq. (26) we arrive at the following approximate
expression for a,:

a, = 0.5a + 0.765 85a” + 24a® + 126a* + O(a®). (27)

The order O(a®) correction to a, is only partly known
[22]. Our aim will be to try to estimate the existing
uncertainty due to the totally noncalculated order O(a®)
contribution to Eq. (27) using the reexpansion procedure
outlined in the previous section.

It is known that in the OS scheme the coefficients
of the corresponding perturbative series depend on the
large In(m,/m.) contributions starting from the two-
loop level. The parts of these effects are governed by
the RG method [15, 25] (for a recent application of the
RG method to a,, see Refs. [26,19]). However, there are
also certain In(m, /m.) contributions, which are not gov-
erned by the RG method. They are associated with the
light-by-light-scattering electron loop insertions coupled
to the external photon line. These contributions appear
first in the three-loop graphs, which were subsequently
calculated numerically in the works of Refs. [27,22] and
recently evaluated analytically in the work of Ref. [28].

In view of the different origin of the lower In(m,/m.)
contributions we divide all diagrams into two classes.
The first class contains all diagrams with an external
muon vertex and dressed internal photon lines (see Fig.
1). As well as in Ref. [22] we will not include the dia-
grams with electron loops to which four internal photon
lines are attached. However, we will include four-loop
diagrams typical to a. but with substitution of the ex-
ternal electron vertex to the muon one. The second class
of diagrams includes diagrams with an electron light-by-
light scattering subgraph, to which three and four inter-
nal photon lines are attached (see Fig. 2). Let us stress
that all In(m,/m.) terms of the diagrams contributing to
the first class are totally controlled by the RG method,
while in class (II) only part of these contributions is gov-
erned by the RG technique.

In accordance with our classification we represent the

+

FIG. 1. The diagrams which are included
in the set (I).

expression for a, in the form
a = D 1 a. (28)
The concrete contributions to Eq. (28) read
ag) = d(()l)a(l + dgl)a + dgl)az + d‘gl)a,3 +--4),  (29)
a® = dPa®(1 + dMa +diMa? + - ). (30)

Note that the coefficients d; (¢ > 1) contain the RG-
controllable In(z) = In(m,/m.) terms. Indeed, the cor-
responding contributions to a, are governed by the RG
equation

o o
(mZ 53 + ﬁ(a)%) a‘(},ll) =0, (31)

where (B(a) is the QED (3 function in the OS scheme,
which is defined as
da it2
m? gy = A(@) = 3 fia . (32)

i>0

From our point of view, the separation of all diagrams
into the two classes mentioned above is respected by the
property of the RG invariance. At least we do not know
any arguments why the sums of the diagrams which be-
long to the class (I) and to the class (II) should not obey
the RG equations separately.

The coefficients of the QED [ function in the OS
scheme are known at the four-loop level [17]. They have
the form

fo=13,
h=1,
By = _% — —0.42,
By = (% _ %34(2) + gg(z)ln(z) - 24(3))%
— _0.571. (33)

Thus, the related coefficients ¢; = 3;/80 (¢ > 1) read

[

+... FIG. 2. The diagrams which are included
in the set (II).

a) b) c)
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c1 = 3/4, ca = —1.26, c3 = —1.713. Let us write down
the asymptotic expansions of the coefficients of the con-
tributions a, as

d) = By,
dPd{¥ = B, + C;In(z),
dPd" = B3 + C31n(z) + D3 In?(z),
dPd{") = By + C4In(z) + Dyln?(z) + E41n®(z),
dPd = By + CsIn(x) + Ds In?(z) + Es In®(z)

+Fs In*(z) (34)
and
d(()n) =By,
dMWa{™ =B, + C,In(x),
A = By + CsIn(z) + Ds In(z). (35)

The coefficients C;, D;, E;, F; and C;, D; can be related
to the coefficients of the 8 function using either the RG
considerations of Refs. [15,25, 19] or the explicit expres-
sions for the coefficients Q; and QEP ) in the corresponding
reexpansion formulas [see Egs. (11)—(13) and Eq. (23)].
The results of the corresponding analysis have the form

Cs = 20 B, (36)
Cs =48B; + 2631 B4,
D3 = 4ﬂ331, (37)

C4=6080B3 + 461 B2 + 2(3; B;,

D4 =128} B, + 108,53, B,

E,=833B4, (38)
Cs =80BoB4 + 661 B3 + 402 B2 + 2033 B,

Ds = 2433 B3 + 2803051 B + 632 B1 + 120032 B1,
104

Es =3283B; + —3—535131,

Fs = 1682B,, (39)
Cy =683,B1,

C3=80¢B; + 63, B1,

Note that in the case of the diagrams of set (II) the cor-
responding coefficients By, Bz, and Bj contain the con-
tributions of the In(z) terms that are noncontrollable by
the RG method.

Let us first discuss the applications of the procedure
of Sec. II to the diagrams of set (I). In this case the cor-
rection terms Q-4 reproduce all In(z) contributions
presented in Eqgs. (34). Moreover, one can get from the
reexpansion procedure the exact values of the constant
terms B; (¢ > 3) which do not depend on the In(z) terms.
In the case of the application of the ECH-improved vari-
ant of the OS scheme these constant terms are defined
by the conditions

Bi = Qi—l(dgsa d1057 Ty d?—SZ’ C1y ey c?——sZ)

=Qi_l(Blos,...,Bi_l,cl,...,C?_Sz). (41)

Similar terms which arise from the PMS-improved ex-
pressions can be obtained after taking into account the
additional small scheme-independent contributions de-
rived in Sec. II.

Concrete values of the coefficients By, B9S, BYS are
known from a comparison of the results of the RG-
inspired analysis with the results of the analytical and
numerical calculations [22]. The coefficient B; = 0.5 is
of course well known. The asymptotic expression of the
coefficient Bz, derived in the limit m./m, — 0, can be
found in Ref. [22]: BYS = —25 + oY = —1.022923.
The value of the coefficient B9S = 2.741 was obtained
in Ref. [22] after subtracting the contributions of the
light-by-light scattering graphs of the set (II) and of the
RG-controllable contribution of Eq. (34) from the ex-
pression for the three-loop correction to a,.

In order to determine the value of the coefficient BPS
we used the expression

BYS = aff’) - Afls) (vy) = CsIn(z) — Dy In?(z) — E4In®(x),
(42)
where C4, D4, and E4 are determined by Egs. (38) and

the value of Af,s)('y'y) ~ —116.7 is the sum of the eighth-
order contributions of the diagrams with electron light-
by-light scattering subgraphs [22]. The numerical value
of the coefficient BYS is thus BY® = —7.74.

In order to study the predictive abilities of the reexpan-
sion procedure described in Sec. II we present in Table I
the numerical results of our estimates of the coeflicients
B; (i > 3) and compare them with the exact results for
B$S and BSS presented above.

One can see that the reexpansion procedure used by us
reproduces well enough the values of the coefficients Bj
and By (it gives the correct sign and predicts the order
of magnitude of these coefficients). Therefore, we hope
that the estimate of the five-loop constant term Bs is also
rather realistic. Notice also the sign-alternating charac-
ter of the results of the estimates presented in Table I.
This feature has something in common with the expecta-
tion that the RG-improved QED series for the Euclidean
physical quantities should have sign-alternating behavior
[29].

Taking now into account the numerical value of the
RG-controllable terms in Egs. (34), (39) we arrive at the
following estimate of the five-loop contributions of the
diagrams of set (I) into a,:

al9(1) = BYS +8.55

=50.1 (ECH)
=502 (PMS). (43)
TABLE I. Estimated values of the coefficients B; for the

diagrams of set (I).
Order BPS B;(ECH) B;(PMS)
i=1 0.5 — —
=2 —1.022923 — —
1=3 2.741 1.326 1.396
1 =4 —7.74 —5.48 —5.48
i=25 — 41.6 41.7
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This estimate is almost nonsensitive to the concrete re-
alization of the method of optimization. Notice also the
effect of the reduction of the value of the RG-controllable
five-loop contributions presented in Refs. [19,17],

al(I) = BYS + 83, (44)

which was obtained from Eqgs. (39) using the value of the
constant term BPS = —2.503(55) given in Ref. [22]. The
difference between this value and the value BYS = —7.74,
which follows from Eq. (42), is explained by two facts.
First, it is necessary to use the corrected expressions ob-
tained in Refs. [17, 23] of the certain four-loop graphs
contributing to a,. Second, it is necessary to add to the
value of BYS of Ref. [22] the negative constant terms due
to the four-loop graphs typical to a. but with a substi-
tution of the electron vertex and internal electron loops
for the muon ones. This contribution was missed in Ref.
[22] while deriving the expression for BS. As is known
from Ref. [30] the addition of the negative contributions
of the five-loop graphs containing vacuum polarization
insertions on fourth-order vertex graphs to the positive
contributions of the five-loop diagrams with vacuum po-
larization insertions in the second-order graph, as calcu-
lated in Ref. [19], leads to strong cancellations. Com-
parison of the RG-controllable contributions of Eq. (43)
with the ones of Eq. (44) indicates the same pattern. The
origin of this cancellation is the same, namely, the inclu-
sion in the considerations of the diagrams with vacuum
polarization insertions to the eighth-order vertex graph.
Our final estimate of Eq. (43) should be also compared

with the conservative estimate af,w) = £140 of the RG-
controllable contributions, given in Ref. [22].

Let us now discuss the applications of the outlined pro-
cedure for the estimates of the five-loop contributions
of the diagrams with the light-by-light scattering sub-
graphs of Fig. 2. The most precise value of the coefficient
d(()u) = By = 20.94792... is known from the results of the
analytical calculations of Ref. [28]. The numerical result

for the sum of the corresponding four-loop graphs reads
[22]

dMa{™ = 116.7. (45)

Using now Egs. (23), (24) we arrive at the following
numerical estimate of the sum of the corresponding five-
loop graphs:

a{}%)(I1) = 520.8 (ECH)
=525.2 (PMS), (46)

which includes the contribution of both RG-controllable
and non-RG-controllable In(z) terms.

Our estimate of Eq. (46) should be compared with the
result

a(l®) = 570 + 176(35), (47)

where the first contribution comes from the exact cal-
culations made in Ref. [22] of the diagrams belonging
to the set of the light-by-light-scattering diagrams with
2 one-loop electron vacuum polarization insertions into
the internal photon lines (see Fig. 3). The second contri-
bution to Eq. (47) comes from the estimates of Ref. [31]

m

FIG. 3.
in Ref. [22].

The example of the five-loop diagram, calculated

of the tenth-order diagrams depicted in Fig. 4 which were
not calculated in Ref. [22]. These diagrams are formed
by the insertion of the two-loop electron loop into the
internal photon line of the lower light-by-light-type dia-
gram. In order to understand the uncertainties of this
estimate of Ref. [31] better it is useful to write down a
RG relation analogous to Egs. (35) for this set of dia-
grams separately. Notice that this contribution should
be proportional to the two-loop coefficient of the QED
B function (which is determined by the graphs inserted
into the internal photon line). Using this observation we
arrive at the relation

a(1) (Fig. 4) = Ba(Fig. 4) + 6B510; In(z). (48)

The main contribution to the estimate of Ref. [31] comes
from the In(z) term. Indeed, it has the numerical value
6B1061In(x) = 167.47. This expression should be com-

pared with the estimate af‘w)(Fig. 4) = 176 £ 35 given
in Ref. [31]. One can see that this estimate is relevant
to the RG-controllable contribution only. However, from
the reexpansion procedure we conclude that the contri-
butions noncontrollable by the RG methods might be
non-negligible [see Eq. (43)] and might affect the final
numerical value of the diagrams belonging to this set. In
order to study this guess in detail it is of interest to calcu-
late the diagrams of Fig. 4 explicitly. This calculational
project is rather realistic [32].

It is also interesting to understand deeper the uncer-
tainties due to other diagrams which are included neither
in the “optimized” estimates of Eqs. (43), (46) nor in
the estimates of Eq. (47). These diagrams, depicted in
Fig. 5, form a new class of diagrams, which cannot be
touched by the RG-inspired analysis. Indeed, one can
hardly expect that any resummation procedures dealing
with light-by-light-type graphs with three internal pho-
ton lines will be able to give the estimate of the light-
by-light-type graph with five internal photon lines. The
expressions for the In(z)-terms the non-controllable by
the RG-method for this type of graphs can be read from
the considerations of Refs. [33]. The result was used in
Ref. [31] where the following estimate of the diagrams of

m

FIG. 4. The five-loop diagram, estimated in Ref. [31].
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m

FIG. 5. The five-loop diagram, estimated in Ref. [31],
which cannot be estimated by the approach considered in this
work.

Fig. 5 was presented:
a{!% (Fig. 5) = 185 + 85. (49)

Combining our estimates of Egs. (43) and (46) with the
ones of Eq. (49) we get the final result of applications
of the reexpansion procedure supplemented by the esti-
mates of the diagrams of new structure which are not
touched on by this method:

a{l®) ~ 750. (50)

Let us stress again that the new ingredient of our anal-
ysis, which distinguishes it from previous applications of
the reexpansion procedures in QED [1,9,10], is the sepa-
ration of the considered initial diagrams into two classes,
one of which consists of the diagrams relevant to the ef-
fects of “new physics,” discussed in more detail in Refs.
[34, 33]. This procedure finds its support in the theoret-
ical considerations of Ref. [18].

Moreover, we checked that in spite of the good agree-
ment of the application of the reexpansion procedure to
the nonseparated sixth-order expressions for a, with re-
sults of eighth-order calculations [9], the straightforward
application of Eq. (13) to the nonseparated eighth-order
approximation of Eq. (27) results in the uncomfortably
large tenth-order estimate a,(}o) ~ 2160. It is possible to
understand that the reason for the success of the appli-

cation of the reexpansion procedure to the nonseparated
sixth-order approximation is connected to the fact that
the use of Eq. (12) (and more definitely its last term)
gives for the eighth-order light-by-light-type term the es-
timate af,s)(fyy) = 3dod1d2(vy) = 6a£4)a§f)('y'y), which is
known to be in good agreement with the results of direct
numerical calculations [22]. However, at the next level
of perturbation theory the expression for the correction
term 4 of Eq. (13) has a more complicated structure
and thus the resulting nonseparated estimates turn out
to be uncomfortably large. ,

Another interesting question is connected to the prob-
lem of the comparison of our estimates with the results
of the recent applications of the Padé resummation tech-
nique to the perturbative series for a,, [35] and a,—a. [35,
36]. It should be stressed that in their analysis the au-
thors of Refs. [35, 36] did not consider the light-by-light
scattering graphs separately. Note also that the coeffi-
cients of the corresponding Padé approximants depend
on the In(z) terms. In spite of the fact that our results
for a, are in qualitative agreement with the results of the
applications of the Padé resummation method, namely,
a{l® ~ 656 [35] and a{'® = 705(275) [36], it is interest-
ing to try to understand the predictive abilities of the
Padé resummation methods better. Clearly, this prob-
lem is connected to the necessity of a more detailed un-
derstanding of the relations of the Padé results to the
ones obtained using the RG-inspired analysis. Note that
the Padé resummation methods are not able to analyze
the problem of reproducing the structure of the RG-
controllable In(z) terms.
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