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A width difference of the order of 20% has previously been predicted for the two mass eigenstates
of the B; meson. The dominant contributor to the width difference is the b — cés transition, with
final states common to both B, and B,. All current experimental analyses fit the time dependences
of flavor-specific B; modes to a single exponential, which essentially determines the average B, life-
time. We stress that the same data sample allows even the measurement of the width difference. To
see that, this article reviews the time-dependent formulas for tagged B, decays, which involve rapid
oscillatory terms depending on Amt. In untagged data samples the rapid oscillatory terms cancel.
Their time evolutions depend only on the much more slowly varying exponential falloffs. We discuss
in detail the extraction of the two widths, and identify the large (small) CP-even (-odd) rate with
that of the light (heavy) B, mass eigenstate. It is demonstrated that decay length distributions
of some untagged B, modes, such as p°Ks, wKs, Df,*)iK('):F, can be used to extract the notori-
ously difficult CKM unitarity triangle angle . Sizable CP-violating effects may be seen with such
untagged B, data samples. Listing AT' as an observable allows for additional important standard
model constraints. Within the CKM model, the ratio AT'/Am involves no CKM parameters, only
a hadronic uncertainty. Thus a measurement of AT' (Am) would predict Am (AT'), up to the un-
certainty. A large width difference would automatically solve the puzzle of the number of charmed
hadrons per B decay in favor of theory. We also derive an upper limit of (|AT'|/T")g, < 0.3. Further,
we must abandon the notion of branching fractions of B, — f, and instead consider B (Bg( m = )
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in analogy with the neutral kaons.

PACS number(s): 14.40.Nd, 11.30.Er, 12.15.Hh, 13.25.Hw

I. INTRODUCTION

B physics has matured to the point that data sam-
ples of strange B mesons are currently being collected
both at Fermilab [1] and at the CERN ete~ collider
LEP [2-5]. More than 200 flavor-specific events and a
few dozen J /v ¢ events have been recorded. It is believed
that precision studies of B, mesons requires a distinction
between B, and B, mesons (henceforth denoted as “tag-
ging”) and superb vertex resolution so as to follow the
rapid oscillatory behavior dependent upon Amt. Then
the observation of C P-violating phenomena and the ex-
traction of fundamental Cabibbo-Kobayashi-Maskawa [6]
(CKM) parameters can be contemplated [7,8].

It may not be imperative to trace the rapid Amt oscil-
lations. Time-dependent studies of untagged data sam-
ples of B,’s remove the rapid oscillatory behavior depend-
ing upon Amt. What remains are two exponents eIzt
and e TH!, where the light and heavy B,-mass eigen-
states have an average lifetime of about 7, ~ 1.6 ps [9],
and are expected to differ by about (10-30)% [10-18].
This could be sufficient for observation of B,-B, mix-
ing (due to lifetime differences), CP violation, and the
clean extraction of CKM parameters [19,20]. Tagging
and time-resolving Amt oscillations would of course allow
many additional precision B, measurements (for reviews
see for instance Refs. [18,21,22]).

Lately there has been an emphasis on the predicted
large mass mixing:
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Am

T, = ( T )B, . (1.1)
The measurement of z, requires tagged B, data sam-
ples and superb vertex resolution for tracing the rapid
Amt oscillations [23]. The parameter z, may turn out
to be too large to be measured in the foreseeable fu-
ture [23-25]. There exists, however, another clear mea-
sure of B,-B, mixing, namely, a width difference AT be-
tween the B,-mass eigenstates. The estimate for AT'/Am
suffers from no CKM uncertainty only from hadronic un-
certainties [26,12,13,18]. Thus, large Am values that are
currently impossible to measure may imply values for AT
that are currently feasible. It may happen that a width
difference will be the first observed B,-B, mixing effect.

The implications of measuring a nonzero AT’ would be
far reaching. Not only would B,-B, mixing be demon-
strated, but Am would perhaps be well estimated. The
estimate would combine the predicted ratio Am /AT with
the more traditional approaches [24] to optimize our
knowledge on Am. A reliable estimate or measurement
of Am allows not only the extraction of the combination
of decay constant and bag parameter (Bp, f,) [10], but
even the planning of a multitude of CP-violating mea-
surements and determinations of CKM parameters with
tagged B,-data samples [18,21,22]. (Conversely, if Am
were to be observed first, valuable information on AT
would be available. In the long term, measurements of
both Am and AT allows us to probe the hadronic uncer-
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tainties arising in AI'/Am.) Some of the central points
of this article follow. First, a nonvanishing AT enables us
to observe large C P-violating effects and to cleanly ex-
tract CKM parameters (for instance «) from much more
slowly varying time evolutions of some untagged B,-data
samples.

In contrast, the traditional methods that use B, decays
require tagging and the ability to trace the rapid Amt
oscillations. It is easy to explain why such measurements
are possible for nonzero AT' with some untagged data
samples. Consider the creation of a B,. The B, state
can be written as a linear superposition of the heavy By
and light By eigenstates of the mass matrix. Because
the two eigenstates have different lifetimes, suitably long
times can be chosen where the longer lived By is highly
enriched, |[By) = p|B,) — q|B,). Time is the tag here,
in analogy to the neutral kaons.

Consider now any B, mode f that can be fed from
both a B, and B,, and where the two unmixed ampli-
tudes ((f|B,) and (f|B,)) differ in their CKM phase.
Those modes then could harbor observable C P-violating
effects. Further, it will become clear (by the end of
this article) how to determine the CKM-phase differ-
ence. For instance, the CKM angle v can be deter-
mined from the untagged p°Ks, wKgs data samples if
penguin amplitudes are negligible. Penguin diagrams
may be sizable, in which case v can be determined from
untagged D,(,*FK ()% data samples. This last determina-
tion assumes factorization for the color-allowed processes
B, » DT K&+, D&Mt

To those who object to this factorization assumption,
we offer the extraction of v without any theoretical input
from the untagged D°¢, EOdJ and D p¢ data samples.
D2, denotes that the D° or DO is seen in a CP eigen-
mode, such as 7°Kgs, KTK~, ntn~. Clearly all those
above-mentioned processes (and many more) could show
sizable C P-violation effects, which we discuss.

Second, a large width difference would solve rather
convincingly the charm deficit puzzle in favor of the-
ory [28-31] because B(b — c¢s) R (|AT|/T)p,. Third, if
hadronic effects could be controlled and understood, fp,
could be extracted from a measurement of AI'. Fourth,
one would not be allowed to speak about branching frac-
tions of an unmixed B, to any final state f, but rather
one would have to discuss B(Bg(r) — f).

The derivation of a reliable upper limit for
|AT|/T < 0.3 is also of some importance, because it in-
forms us about the optimal size of such effects. Estab-
lishing a nonvanishing width difference is thus important,
because of all the above-mentioned reasons.

Bigi et al. suggested the use of the J/v¢¢ and DF (v
data samples to extract the width difference [16,17]. This
article reviews and refines that suggestion and discusses
other determinations of AI'. What is intriguing is that
AT could be measured from currently available data sam-
ples with more statistics, which are the untagged, flavor-
specific modes of B,. Such B, modes time evolve as the
sum of two exponentials [12,8]:

G DL G DL (1.2)
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A one parameter fit for AI' determines the width differ-
ence. The average width I" of B, is well known. It can
be obtained essentially from a one parameter fit of the
time evolution of that same (untagged, flavor-specific B,)
data sample to a single exponential exp(—I't) [32]. Alter-
natively one can either use the prediction that I' equals
the By width to sufficient accuracy [16,17], or one can
obtain I' from the average b-hadron lifetime determined
in high energy experiments. Several additional methods
for extracting the width difference will become available
in the future. This article discusses a few of them. A
careful feasibility study will be reported elsewhere [32].

This report is organized as follows. Section II reviews
B,-B, mixing phenomena. Section III lists a few rami-
fications of a sizable difference in widths, and derives an
upper limit of (|AT'|/T")p, < 0.3. Section IV discusses
time evolution of B, mesons and finds that any rapid os-
cillatory behavior depending on Amt cancels in untagged
data samples. Suggestions for the experimental determi-
nation of AT'; CP violation, and CKM parameters with
untagged B, samples can be found in Sec. V. Section VI
concludes.

II. PREDICTIONS FOR B;-Bs MIXING

This section collects a few pertinent mixing formulas
from the general treatment reviewed in Chap. 5 of Ref.
[13]. An arbitrary neutral B,-meson state

a|B,)+b|B,) (2.1)

is governed by the time dependent Schrédinger equation

£(5)-m(5)= (o-29) (3) - o

Here M and I are 2 x 2 matrices, withM = M+, T =I't.
CPT invariance guarantees My; = My and I'y; = Tas.
We assume CPT throughout and obtain the eigenstates
of the mass matrix as

I

—=0
| BL)=p|BJ)+ q|B,), (2.3)
=0
| Ba) =p|B,)— q|B,), (2-4)
with eigenvalues (L = “light,” H =“heavy”)
i
peg=mrE — 5 Trm. (2:5)

Here my g and I'L g denote the masses and decay widths
of By, g. Further, define

I't+Tw

ApEpH—uLEAm—%AI‘,FE (2.6)

Within the CKM model, the dispersive M;; and absorp-
tive I';, mass matrix elements satisfy [10,13]

| M1z | > T2 |, (2.7
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and thus [10,13]

Am =~ 2 I M12 I . (28)

M, is by far dominated by the virtual ¢ intermediate
state and

M, = —c&} . (2.9)
Here
&=V ‘/q*a

and c is a positive quantity under the phase convention

(2.10)

CP|B,)=+|B,). (2.11)
The coefficients g/p satisfy
q —Ap
e 2.12
P 2(Miz — 3T12) (212)
The CKM model predicts
‘gl =14+0(1073-107%). (2.13)
p
The width difference is precisely [13]
AT = MZ_F}?_) . (2.14)

Am

Modes that are common to B, and B, contribute
to I';2 and thus determine AT, see Eq. (2.14). The
most dominant modes are governed by the CKM-
favored b — ccs transition, with the CKM-suppressed
b — ctis, ucs, uis processes playing a minor role [10].

Box diagram calculations [10,11,15,17] yield a negative
AT

AT

T ~ (-0.2) .
In addition, Ref. [15] employed an orthogonal approach
of summing over many exclusive modes governed by the
b — c€s process. Denote by I'} (b — cés) [[—(b — cés)]
the CP-even [CP-odd] rate governed by the b — cés
transition of the B, meson. Reference [15] finds that
T4 (b — cés) dominates I'_(b — ccs), and again a width
difference of ~ 20% results:

(2.15)

Ty (b—ces) > I'_(b— ccs),

Ty(b— cés) —T'_(b— cés)
Ty(b— ces) +T_(b— ces)
Ty(b— ccs) —T'_(b— ccs) ~0
T .

Significant portions of the b — ¢€s transition, such as
B (r)— =)+ B+ p*) -4 =)Er)

. = D' DKX,Dt~D;”’", D" D5’ ¢, Ze'E; 7,
were not considered, however. Whereas the superscript
(r) denotes either the particle or any of its resonances,
D;‘" denotes D, resonances above the s-wave D, and
D? mesons. The theoretical uncertainties in those pre-
dictions are so large that a vanishing width difference,
although unlikely, cannot be ruled out.

= 0.97,

2. (2.16)
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CP-violating effects of B, decays governed by the
b — ccCs transition are tiny. Neglecting CP violation,
the heavy and light mass eigenstates also have definite
CP properties, [33]

Tg=T_, ITp=T,. (2.17)

The identification [Eq. (2.17)] will be seen from yet an-
other viewpoint later on in Sec. VB. The box diagram
calculation and the orthogonal approach of summing over
many exclusive modes both predict the same sign for AT'.

III. CONSEQUENCES OF SIZABLE (AT')p,

A large width difference AT' would have impor-
tant implications for several areas of the standard
model [20]. We discuss only a few consequences such a
AT measurement would make. First, within the CKM
model, Am/AT' has no CKM ratio and can be esti-
mated [26,12,13,18]. Whereas Am is given by the ma-
trix element of a local operator, the width difference is
obtained from the matrix element of a nonlocal operator
[10,11]. This difference may cause a significant uncer-
tainty in predicting Am/AT. If QCD corrections are
neglected, vacuum saturation employed and the approx-
imation mp, = my used, one obtains [26,12,13,18]

Am -2 m? h(mi/M%)
AT = 3rm m2

where [34]

_3y(1+y)
4 (1-y)?

2

h(y) =1 {1 + 1_?;2 ln(y)}. (3.2)
It is imperative to estimate Am/AT as reliable as is
presently feasible [11,27,17]. If the error does not turn
out to be too large, then a measured AT implies an
allowed range for Am, or vice versa (depending upon
which measurement comes first). If the ratio Am/AT
could be reliably calculated, then |V;4/V;4|? could be de-
termined by combining the measurement of (AT') g, with
the By4-By mixing parameter (Am)p, [35]. The ratio
(Am/AT) g, could become another standard model con-
straint.

Second, we have previously shown how to extract an-
gles of the unitarity CKM triangle from time-dependent
studies of B, and/or By [36], assuming a vanishing width
difference. If a nonzero (AI')g, were to be found, those
studies would have to be modified. We are confident that
the angles of the unitarity CKM triangle can still be ex-
tracted from those correlations. The demonstration of
this fact goes beyond the scope of this article, however.

Third, a large width difference would solve the so-
called puzzle of the number of charmed hadrons per
B meson n. by yielding a lower limit on B(b — cé€s),
which we will demonstrate. Theoretically, we expect
ne ~ 1.3 [28-31], whereas the current world average



is 1.11 £ 0.06 [37]. We wish to review the theoretical
arguments for n. ~ 1.3. Because rare processes, such as
b — wu transitions or penguin-induced decays, are negli-
gible, the b — ¢ transition almost always occurs:

Bb—oc)=1. (3.3)
The number of charmed hadrons per B meson is thus
given by

ne~ 1+ B(b— cés') . (3.4)
Here s' (and d' below) denotes the weak eigenstate
s’ = dsinfc + scosfc (d' = dcosfc — ssinfc) and
sinf¢c =~ 6c =~ 0.22 is the Cabibbo angle. A reliable esti-
mate (or measurement) of B(b — cés’) thus determines
ne. A parton model calculation, which includes QCD
corrections for a finite charm mass, obtains [38,31,30]

B(b— cés) = 0.3 £ 0.1. (3.5)

The large error arises from the uncertainty in quark
masses and from scale and scheme dependences.

It is therefore gratifying to note that B(b — c¢€s) can
be estimated in a complementary fashion without making
any assumptions as to how b — c¢s hadronizes. We only
assume that almost always b — ¢ transitions occur and
that the ratio I'(b — c@d')/T'(b — cev) can be reliably
estimated. The branching ratio of b — c¢s follows [29]:

B(b — c&s) ~ |Ve|? (1 -~ 3" B~ ctv)
4
—~B(b— cﬁd’))

= |Vo.|? (1 - > B(b—ctv)
£

_T(b - cad')

TG 5 cer) B(b — ceu)) , (3.6)

[Veo? = 1 — 62. (3.7)
The quantities on the right-hand side of Eq. (3.6) are all
well known and thus B(b — ccs) is estimated reliably, as
we proceed to show. The highly involved a; corrections
for the b — cud' rate for a massive charm have been
completed recently by Bagan et al. [39]; see also earlier
work [38]. The ratio

T'(b— cad')

-m]j—)=37]QCD%3X1.35

(3.8)

is thus well known theoretically [31], and the semileptonic
branching fractions have been measured [40,41]:

B(B — Xev) = (10.7 % 0.5)%, (3.9)
B(B = Xuv) = (10.3 + 0.5)%, (3.10)
B(B —» X71v) = (2.8 + 0.6)%, (3.11)
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> B(B - Xtv) = (23.8 £ 0.9)% . (3.12)
]
Putting it all together, we estimate
B(b — ces) = 0.31, (3.13)
B(b— cés') ~ 0.33. (3.14)

Considerable improvements in measuring B(b — cés)
can be made with presently existing B-data samples, as
we now briefly discuss. First, the B — D D KX tran-
sitions could be a sizable fraction of b — c¢s processes
and cannot be ignored, as was done in recent analyses
[42,37,43]. Second, we differ with the widely held view
that the D, yield in B decays originates dominantly from
the virtual W [42,37,43]. There may be substantial D,
production in b — ¢ transitions with 3s fragmentation.
The branching ratio for b — c¢s’ can be obtained from
the inclusive measurements

B(b— ces') ~ B(B - D; X) + B(B — DX)
+B(B — A.X)
+B(B = E.X) + B(B - (c0)X) ,
(3.15)

where (cc) denotes any charmonium resonance that is not

seen in DDX, such as J/¥,v’, Xc,n.- The last term in
Eq. (3.15) is probably small [42]:

B(B — (c€)X) =~ 0.02. (3.16)

The other four inclusive branching ratios can be deter-

mined from their inclusive yields in untagged B decays

and by correlating those inclusive data samples with any

(=)

conceivable tag [44], such as primary lepton, K+, K*,

and cascade jet charge technique [45]. Care must be

taken in correctly removing dilution and B°-B° mixing
effects [44]. Recently, the CLEO collaboration conducted
such a £* A, correlation with the result [46]

B(B— A.X)=~0.01. (3.17)

At present, experiments can determine the right-hand
side of Eq. (3.15) and thus B(b — cés’). We expect
experiment to agree with the theoretical prediction for
B(b — cés'). The so-called n. puzzle will transform into
the apparent puzzle of why almost all B decays are not
governed by the b — c transition. At that point, it will be
useful to obtain more precise inclusive yields of charmed
hadrons in B decays. The predicted number of charmed
hadrons per B decay is about 1.3 (n. = 1.3) as demon-
strated by the discussion surrounding Eq. (3.6).

It is amusing to note that a large value of (—AT'/T")p,
would give direct proof that B(b — cés) is large (here we
neglect the tiny W-annihilation amplitude b3 — c¢¢ and
the small corrections that must be incorporated now that
widths of the heavy and light B, differ) because

B(b —ccs) R (——AF)B, .

= (3.18)
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Equation (3.18) follows from

L'(b — ces)

r
_y(b—ces)+T_(b— cts)

r

> (b — ces) —T'_(b— cés)
- r
—AT
T
where I' (b — c€s) [T—(b — c€s)] denotes the CP-even
[CP-0dd] width of the B, modes governed by the one
dominant CKM-favored b — cés transition. The inclu-

sive width of B, mesons governed by the b — ¢€s process
is denoted by I'(b — c€s) and satisfies [47]

B(b — ccs) =

Q

(3.19)

IF'(b—ces)=Ty (b—>ces)+T_(b—ccs). (3.20)

This equation was used in the second step of Eq. (3.19).
Thus a large width difference AT implies a large branch-
ing fraction for the b — ccs transition, see Eq. (3.18).
Conversely, an upper limit on (JAT'|/T") g, can be derived
by combining Egs. (3.13) and (3.18):

(|AT|/T)5, < B(b — cs) ~ 0.31. (3.21)

Strictly speaking, however, it becomes meaningless to
speak about branching fractions of B? to final states f
because one does not know which width I', or 'y is to
be used in the denominator. The situation is completely
analogous to the neutral kaons. We therefore will have
to talk about the branching fractions of the heavy and
light B, mesons to final states f, i.e., B(By,r — f). For
instance, the semileptonic widths satisfy

I(BL — DM~ e+w)
'
_ P2 T(B° = DM etw)
= r
_T(B° = D" t+v)
= 2T, ’

B(By —» DM ¢tv) =

(3.22)

I'(B°

(B%,.(t) = F) =T(B" > F) ] :

T (Bopys(t) = F) =T(B" = 7) {1 g+ @) >+ | X > | g-(t) |> +2Re [X g_ (1) g5 (8)]} ,

C(Bnye(®) > 1) = T8 > 1) |2

where

| g+ (t) |I°= L{e T + e T#t £ 27T cos Amt} ,

phys(t) = F) =T(B® = f){l g+() I* + | X |* | 9-(2) I” +2Re [A g_ () g1 (1)]} ,
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T(Bg — D{"™¢+v)
Ty
|p|2 T(B° — D{V ™ ¢+v)
= T
_T(B° = D{V" ¢tw)
~ o .

B(Bg — DM etv) =

(3.23)

Whereas the numerators are identical, the denominators
may differ substantially which causes different (in our
example, semileptonic) branching fractions of the heavy
and light B,. Further, a sizable width difference allows
C P-violating measurements [20] and the clean extraction
of CKM phases with untagged B,;-data samples, which
will be expanded upon below. Clearly, the observation
of a large width difference in B; mesons will have im-
portant ramifications for the standard model. Because
establishing a nonvanishing width difference is so impor-
tant, this note lists a few suggestions about how to mea-
sure (AI')p,. To reach that goal, Sec. IV reviews time
dependences of B° decays.

IV. TIME DEPENDENCES

This section gives a set of master equations from which
one can read off desired time dependences. Denote by
BS, . (B

Onys (Bphys) @ time-evolved initially unmixed B° (B°):

| Bluys(t = 0)) = |B%) .

phys (4-1)

Consider final states f which can be fed from both a B°
and a FO, and define the interference terms

—  —0. "
(f1B)
Without any assumptions, the time-dependent rates are
given by [8,13]

ng (71 B°) (4.2)

(4.3)
2 {lg-() P + 1 X7 | g4() 1 +2Re [A g1 (t) g~ (1)]} , (4.4)
(4.5)
2{l g-) 12+ [ X [? ] g4+(8) |* +2Re [X g4 (8) g2 (8)]} , (4.6)
(4.7)



g-(t) g1 (t) = %{e“rLt —e7Tut L 25 e Ttsin Amt} .

Those equations make a very important point trans-
parent. For 1%‘ = 1, the rapid time-dependent oscilla-

tions dependent on Amt cancel in untagged data sam-
ples:

T [f ()] = T(BChys (¢) = f) + T (Bopys (t) = ), (4.9)

rir ) = "2 (14 ) (T e T
+2Re A (e7+ —e7TH)}, (4.10)
PF@] = "I () (e e

+2Re X (e7T2t —eTHt)} . (4.11)
The only time dependences remaining are that of the two
exponential falloffs, e~Tz.#t both of which are at the
average b-lifetime scale. From the'two time scales 1/Am
and 1/T" governing time-dependent B, decays, choosing
untagged data samples removes any dependence on the
much shorter 1/Am scale:

1/Am < 1/T .

This is of prime importance on several counts. First,
at ete™ and pp colliders any B, candidate belongs au-
tomatically to the untagged data sample. Tagging this
event will cost in efficiency and in purity. Collecting an
untagged data sample at pp colliders or fixed target ex-
periments can be done but is more involved and will
not be addressed here. Second, Am/T' could turn out
to be larger than what present technology can resolve,
although there exists an intriguing expression of inter-
est for a forward collider experiment [48] that claims to
be able to study Am/T" < 60 which is above the upper
CKM-model limit {24].

We wish to present some theorems which will be used
throughout this article. For that purpose, define

|Fy=CP|f),|B°) =CP|B°. (4.12)

Suppose that a unique CKM combination governs B® —

f and another unique one B & f, then the following
theorems and consequences hold [18].
Theorem 1. If the amplitude for B® — f is denoted by

(fIB° =G |a|e?, (4.13)
then the C P-conjugated amplitude is
FIBY=G"|a|e?. (4.14)

Here G is the unique CKM combination, | a | the magni-
tude of the strong matrix element, and § a possible strong
interaction phase.
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(4.8)
[
Consequence 2.
|(f1B%)| = [(FIB)] . (4.15)

Consequence 3. If furthermore
then

%l ~ 1 is assumed,

A= |\ e¢T) (4.16)

X = |7 eilmeta) (4.17)
where ¢ denotes the CKM phase, and A the possible
strong interaction phase difference.

Consegquence 4. Consider final states f which are CP
eigenstates governed by the same unique CKM combina-
tion. The sign of the interference term flips, depending
on the CP parity of f:

Acp:+ = —Acp=_ . (4.18)

Theorem 5. If in addition ‘%’ = 1 is assumed, then,
for a CP eigenstate f (either CP even or CP odd),

A=2X* and [A|=1. (4.19)
Although the proofs of the theorems and consequences
are well known [18], they will be rederived here for com-
pleteness sake and to illuminate what is exactly meant
by final state phase differences. The proof of theorem 1
is based on the fact that C'P violation occurs only due to
complex-valued CKM elements within the CKM model.
The Hamiltonian which governs B® — f decays can thus
be factorized as
H=Gh+G*ht. (4.20)

Here h is the sum of all relevant operators annihilating a
B and creating f, schematically written as (for example)

h = (EC)V_A (ﬂs)V_A . (4.21)

The Hermitian conjugate h+ annihilates a B and creates
f. Since CP violation resides solely within the CKM
elements, the h’s satisfy

(CP)* hCP=h", (CP)" h*CP=h. (4.22)

Now, the amplitude of B° to f stands actually for

(fIB%) = (f|H|B°) = G(f|h|B°) = Glale .  (4.23)
The strong matrix element is
(f|h|B®) = |a,]ei‘s . (4.24)

The CP-conjugated amplitude satisfies [using Egs.
(4.20), (4.12), (4.22), and (4.24) in the second, third,
fourth, and fifth step, respectively]
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—} —1m 1590 R p—
(FIB") = (fIH|B") = G*(f|h*|B")
= G*(f|(CP)*h*CP|B°) = G*(f|h|B°)
= G*|ale® . (4.25)
Theorem 1 is thus proven, and consequence 2 results im-

mediately. Consequence 3 is proven as follows. Denote
the amplitude of B® — f as

(f|B°) = Glale* , (4.26)
and that of B® — f as
(fIB®) = K|ble'™ , (4.27)

where G, K are the unique CKM combinations, |a|, |b]|
magnitudes of strong matrix elements, and J, 7 their re-
spective strong phases. Theorem 1 informs us that

(FIB®) = G*lale*® (4.28)
(FIB®) = K*|ble'™ . (4.29)
From the definitions of the interference terms,
—0
g {(fIB) g K* |b] ;s
a=? =22 DPleitr-s 4.30
P (1B ~p G lal (430)
- F|B° K b
x="? <{'_0> =22 Bl gir—s) (4.31)
7 (FIB°y 9 G* la|
Because g‘ =1, we get p/q = (¢/p)* and
A= ACKM Z X = ’\E}KM z . (4.32)

The CKM combination of the interference term is de-
noted by

g K* ;
A == = |A i@, 4.33
CKM » G [Ackm| e ( )
whereas the ratio of strong matrix elements is
— b i(r—68) — iA
z = |—-|e = |z| 2. (4.34)
a

T(Bphys (t) = f) =T (B® = ) {lg+ (1) I + 1AI* |9- (1) I* + 2Re [A g_ () ¢} (1)} ,

I'(B°

T'(Bays (8) = F) =T (B® = 1) {lg+ (&) + A lo— (&) 2 + 2Re [X g— (1) 0% ()]} ,

T(Byuys (8) = £) =T (B = £) {lg— (1) > + A1? |95 () |* + 2Re [A g4 (1) 0> (8)]} -
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Consequence 3 is proven, where A = 7 — § denotes the
phase difference between the two strong matrix elements.
To prove consequence 4, consider a C P eigenstate f, with
CP parity n (= £ 1). As before, define

(f,,lBo) = Gla| e, (4.35)
Theorem 1 yields
W FaB°) = G*|a| € , (4.36)
and »
—0
g (fa|B) q G*
Ay = =+ =9l 4.37
T B "p G (4:37)
That is,
=29 -, (4.38)
p G’

and consequence 4 is proven. Proving theorem 5 is also
straightforward. We get

(F,1B%) = n (4B, (4.39)
(Fo|B%) = n (f21B°) . (4.40)

Since

_ q (B
RN TA O (4.41)
and
x= 2B _p (FIBY) 1. g
4 (f,1B°) 9 (f|B°) A

The second and third steps in Eq. (4.42) occur because
of Egs. (4.39) and (4.40) and (4.41), respectively. The
last step occurs because |A|? = 1, which happens since

-0
'g' =1 is assumed and ’E—;ﬂ%ﬂ—gl = 1 due to Egs. (4.35)
and (4.36) or equivalently due to consequence 2.
Consider the situation under which the above-

mentioned theorems and consequences hold (i.e., a
unique CKM combination governs B® — f and another

unique one B > f) and assume % =1, then the time-
dependent rates simplify from Eqgs. (4.3) — (4.6) to

(4.43)

(4.44)
(4.45)

(4.46)



The above four equations are our master equations. By
considering different cases, the next section demonstrates
how untagged data samples of B, mesons could be used
not only to extract the light and heavy widths, but even
the unitarity angle v and CP violation.

V. PHYSICS WITH MODES
OF UNTAGGED Bs MESONS

Unless explicitly stated otherwise, this section sup-
poses that the conditions hold under which the mas-
ter equations, Eqgs. (4.43)—(4.46), are satisfied—that is,
ls
P

= 1 and unique CKM combinations govern the de-

cays of the unmixed B, and B, to f. We analyze the
time dependences for several cases of untagged B, data
samples. First, flavor-specific modes g of B, are studied,
such that an unmixed B, decays to g, whereas an un-
mixed B, is never seen in g, B, + g. Examples for g are
DM~ ey, DS*)_W*',D,&*)—af,DS*)_p“L.

Second, time evolutions of CP eigenmodes of B,
mesons are scrutinized. Within the CKM model, CP
eigenmodes of B, decays driven by b — ccs are governed
by a single exponential decay law. In contrast, there are
CP eigenmodes that are governed by two exponential
decay laws, which signals CP violation [19]. A time-
dependent study of the untagged p°Ks, wKs data sam-
ples extracts the angle v of the CKM unitarity triangle,
when penguin amplitudes can be neglected. The penguin
amplitudes may be nonnegligible for B, - p°Kg, wKs.

We discuss thus next the extraction of v from modes
f that can be fed from both B? and BY, such as

D,(,*)_K(*)Jr,_ﬁ(*)ocﬁ, 5(*)07;. Sizable C P-violating effects
could be seen when untagged time evolutions of f are
compared with those of f [20]. We then investigate what
occurs when several CKM combinations contribute to the
decay amplitude of an unmixed B,. The last subsection
combines all the information and spells out many meth-
ods for measuring a width difference from untagged B,
samples. Some of the methods are directly applicable to
the current flavor-specific world data sample of B,.

A. Flavor-specific modes of B,

Since only the unmixed B° can be seen in g, but never
. 0 .
the unmixed B, one obtains

A=X=0. (5.1)

The time-dependent rates become [8,11-13]
T(Bphys (t) = 9) =T (B® = g) lg+ (1)1* ,  (5.2)
I(Bpuys (t) = 9) =T (B° = g) lg- (®)1* ,  (5.3)

and
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I‘(B0 — g)

5 {e—I‘Lt +e—rgt} .

Llg)]=Tlg(®)] =
(5.4)

The untagged time-dependent rates for the process and
CP-conjugated process are the same. The untagged
data sample time evolves as the sum of two exponen-
tials [12,49]. Examples for such flavor specific modes g
are

DM =¢ty, DM~nt, DM~af, DM pt.  (5.5)
More than 200 such B, events have been recorded at the
Collider Detector at Fermilab (CDF) [1] and the LEP [2]
experiments. Their time dependence has been fit to a
single exponential, which essentially measures the aver-
age B, width I [32]. This measurement for I" could then
be used to determine AT by fitting the time evolution of
the same data sample to the correct functional form

e~ (T+AF)t | o—(T-4F)t (5.6)

B. CP eigenstates

This subsection considers modes f of B, that have def-
inite CP parity. The CP-even (CP-odd) final state will
sometimes be denoted as f, (f_). We first describe how
to determine I';, from the C'P-even modes governed by
the b — c¢s transition. The C'P-odd modes driven by
b — ccs are governed by the e T#! exponent, and al-
low the determination of Iy, in principle. The CP-odd
modes however are not only predicted to be rarer than
the C'P-even modes, but are harder to detect. One pos-
sible determination of AI' could use the largest B, data
sample, that of flavor-specific decays of B,, combined
with the above-mentioned measurement of I'z, to extract
Il'g. The CP-odd modes driven by b — cés are gov-
erned by the exponent exp(—I'yt) and may be used as
a consistency check to determine I'yy. Once a width dif-
ference between I'yy and 'z, has been established, inter-
esting C'P-violating effects and the clean extraction of
fundamental CKM parameters become possible with un-
tagged B,-data samples.

CP invariance requires a single exponential decay law
for tagged and untagged neutral B’s seen in a CP eigen-
state [19]. The CKM model predicts two different ex-
ponential decay laws for many CP eigenstates of B, de-
cays, such as p°Kg, wKg, D&p¢, K*K~. Not only can
CP violation be exhibited, but even CKM phases can be
extracted from time-dependent studies of untagged B,
data samples. For instance, the time evolution of the
untagged p°Ks, wKs modes extracts cos(2y) as shown
below, when penguin contributions are neglected. Pen-
guins may be sizable however, in which case one may use
non-C'P eigenmodes to extract -y as will be discussed in
the next Subsection.

Suppose that a unique CKM combination governs the

decay of B to CP eigenstate f and that ‘g' = 1, then
the time-dependent rates become
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(B - f)
2
+Rel (e—r’“t — e“r”t)

—2ImA e Tt sin Amt} ,

P (B () > ) = ot o7t

(5.7)

(B — f)
2
+Re) (e_PLt — e”r"t)

+2Im\ e Tt sin Amt} .

T(Bonys (8) = f) = {eTrt 4 Tat

(5.8)

As advertised, the rapid Amt oscillations cancel in the
time-dependent rate of the untagged data sample:

TIf (6] =T (B® — f) fe st 4 e~ Tnt

+Re) (e7Tet — e~ Trt)} (5.9)

CP-violating effects are predicted to be small for CP
eigenmodes of B, governed by b — c¢s [8,50,36]:

0.01< ImA < 0.05 . (5.10)

Since here |A| = 1 to excellent accuracy, we obtain

0.999 < [Re)| < 1. (5.11)

Equation (5.11) tells us that the untagged data sample
of CP eigenmodes of B, governed by b — cés involves
unobservably tiny C P-violating effects. In the absence of
CP violation, the CP-even (CP-odd) interference term
is

Ap=1 (A =-1). (5.12)

The time dependence of the untagged data sample is

D [fi (1)) =20 (B° = fy) e T2t (5.13)
L[f- (t)]=2T (B° — f-) e TH*, (5.14)
and the CP-even rate is identified with I'z,
I, =T (5.15)
and the CP-odd rate with 'y,
I_=TIg. (5.16)

This is consistent with the assignment made in Eq. (2.17).
Aleksan et al. [15] claimed to have shown that 'y —
' > 0 from both a box diagram calculation and
from a sum over many exclusive modes. Our addi-
tion, in that respect, is the identification 'y = I'_ and
'y =T',. Examples of modes with even C P parity are
J/Yn, DFD;. It is not easy to come up with CP-
odd modes, for example J/v f0(980), J/1ao(980). In
contrast, J/1¢, Dt D*~, D**D; + D} D*~ are domi-
nantly C'P even [51,15], with possibly small C P-odd com-
ponents. The evidence that the J/¢¥¢ mode is mainly
CP even comes from the observed angular correlations
of the B — J/¢¥K* mode [42] coupled with SU(3) flavor
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symmetry [36], or from an explicit calculation assum-
ing factorization [15]. In any event, an angular corre-
lation study separates in general the C'P-even and CP-
odd components [52,53]. Once the C P-even and C P-odd
components have been separated, their different lifetimes
could be determined [54]. In practice, however, the C P-
odd modes occur much less frequently than the C P-even
modes, and are harder to detect. Thus, I', will be known
well, whereas I'y could be obtained from the time evolu-
tion of untagged, flavor-specific modes g of B,:

T[g(t)] +T[g(t)] ~ e Trt fe Tt (5.17)
Examples of g have been listed in the previous subsection,
in which D, is dominantly featured. A discriminating
feature between D, and other charmed hadrons is the
inclusive ¢ yield. Whereas the inclusive ¢ yield in D,
decays is about 20%, it is much smaller in Dt and D°
decays [40,44]. Mainly due to this large inclusive ¢ yield
in D, decays, and partly because ¢ even appears in the
B, — J/¢¢ mode, we strongly support the use of a ¢
trigger in experimental studies [55].

Although p°Ks, wKs modes are CP-odd, they are in
general not governed by a single exponential decay law,
because their interference term satisfies [8,56]

ReX = —cos(27) , (5.18)
when penguin amplitudes are neglected. Time depen-
dences of untagged p°Kgs, wKs events extract cos(27);
see Eq. (5.9). They exhibit C' P violation when more than
one exponential decay law contributes [19]. Far reaching
consequences on the CKM model would result, even if
the p°Ks, wKs modes were governed by a single expo-
nential decay law. The interference term would satisfy
Rel = 1. If Re) = +1, then the CP-odd p°Kgs, wKs
decay modes are governed by I'r,. This constitutes a
clear violation of C'P, because the time evolution of the
CP-0dd modes p°Ks, wKs is governed by the same ex-
ponent I';, as the opposite CP-even modes driven by
b — c¢s (and not by 'y governing C' P-odd modes driven
by b — c€s). On the other hand, if ReA = —1, then
siny = 0, contradicting what is currently known about
siny in the CKM model [57],

0.5< siny<1. (5.19)

Penguin amplitudes may be significant however, in
which case several CKM combinations contribute to the
unmixed amplitude. The time-dependent, untagged de-
cay rate (assuming |Z| = 1) becomes

Lf ()] =T (B°— f) {% (e7Tet +e7Tt) (1 + [A]?)

+ ReA (e_r"“t — e_FHt)} . (5.20)

This equation is relevant to, for instance, the
p°Ks, wKs, D2pd, K*K~,pKs modes of B,. It
shows that those CP eigenmodes will have in general
two exponential decay laws, which demonstrates CP vi-



olation [19]. Other relevant, experimentally accessible
modes are ¢¢, p®¢p. Angular correlations can separate
their CP-even and CP-odd components [52,53]. If any
component with definite CP parity has two exponential
decay laws, C' P violation occurs. CP violation may be
seen not only in definite C P components, but in interfer-
ence effects between different helicity amplitudes as well.

Because of a possible penguin contamination, the uni-
tarity angle v cannot be extracted cleanly from the time
evolution of untagged p°Ks, wKs events. In contrast,
a clean extraction is possible from non-CP eigenmodes
which do not suffer from penguin contamination at all,
as discussed next.

C. Modes common to B, and B,

It is well known [58-61] that tagged, time-dependent
studies (capable of observing the rapid Amt oscillations)
are able to extract the unitarity angle v and observe CP
violation from B, modes governed by the b — cus,ucs
transitions, such as

%6, D"

f=DM-K®+ D
This subsection demonstrates that even untagged, time-
dependent studies (now governed only by the two expo-
nential decay laws) are able to extract the angle . Those
untagged studies may observe CP violation for non-
vanishing strong final-state phase differences. A nonzero
strong final-state phase difference could arise from tradi-
tional rescattering effects or from resonance effects dis-
covered recently by Atwood et al. in a different con-
text [62,63]. For traditional rescattering effects, CP vi-
olation is probably more pronounced in color-suppressed
modes, 5(*)0(;5, 5(*)077, than in the color-allowed ones,
D TK®+. The reason is simple. Within the factor-
ization approximation [64,65], rates of color-suppressed
modes are tiny with respect to color-allowed ones. The
latter may rescatter into the former causing possibly siz-
able strong phase differences A for the color-suppressed
modes. In contrast, such large rescattering effects are not
likely to occur for the color-allowed modes. It is reason-
able to expect A = 0 for the color-allowed modes.

In a nice series of papers, Atwood et al. have shown
how CP violation can be enhanced by considering modes
where several kaon or unflavored resonances contribute
to the final state [62,63]. “Calculable” final-state phases
are generated due to the different widths of the reso-
nances. A straightforward application of this idea to un-
tagged B, modes such as Dg*W(K(*)'rr)i, D,(,*W(Kp)i,
enhances CP violation. Such “calculable” final-state
phases ensure nonvanishing C P-violating effects for the
B, modes of interest here, which are governed by the
b — ¢us transition. The untagged B, modes, such as
D,(;*):F(K(*)ﬂ’)i, D,(;*):F(Kp)i, may be used to extract
the CKM unitarity angle .

This subsection is divided into several parts. First, the
angle v is extracted from time dependences of untagged
B; data samples such as D,(,*)iK (*)F. The overall nor-
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malization is obtained by assuming factorization for the
color-allowed processes B, — DKM+ DM+,
where 7** denotes p*,a], etc. One may object to the
factorization assumption. We thus determine v from time
dependences of untagged DOd),—D_Oqﬁ, and D p¢ modes.
The determination does not involve any assumption be-
yond the validity of the CKM model. CP-violating ef-
fects are described next. By waiting long enough, essen-
tially only the longer lived By survives:

|Br) = p|B.) — q|Bs)-

If the amplitudes B, — f and B, — f are governed
by different CKM phases, C P violation may occur. The
relative CKM phase for B, modes governed by b — ¢us
is v and is significant. Large C P-violating effects can be
generated, either from traditional rescattering effects or
from resonance effects.

1. CKM phase v from B, modes
governed by b — ¢éus

The time evolutions of the untagged f data samples
are

=) 0
F[ f (t)] = F(B—; D {eret v ematya s )

)
+ 2Re )\ (e Tzt — e Tut)}, (5.21)

The rapidly oscillating terms of Amt cancel again. A
time-dependent fit extracts

['(B° — f) (1+|A?), I'(B° = f)Re\, T'(B° — f)ReX.
(5.22)

The overall normalization could be established from the
flavor-specific data sample; see Eq. (5.4):

I'(B° - g)

Llg(t)] = 3 {e7Trt 4 e~Tmty (5.23)

The ratio of the unmixed rates is well known from the-

ory:
2 2
(f—K) (phase space) .

I'(B® - Dy K*) _
- fr

I(BY - D, n+)

Vs
Vu d

(5.24)

Here the factorization approximation is used for those
color-allowed modes. The W-exchange amplitude con-
tributing to B — D_ K™ has been neglected [66]
and has been estimated to be tiny [15]. It contributes
the same unique CKM combination as the spectator
graph [59]. Future precision studies would allow incor-
poration of even those effects. Analogously, other theo-
retically well-known ratios are, for instance,

I'(B? — D™ K(*+)
I'(B? —» DM " x®)+)

(5.25)
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Combining those well-known ratios with the observables
in Eq. (5.22) and the measured I'(B° — g) in Eq. (5.23)
extracts:

14 |A|? (thatis, |A]), (5.26)
ReX = |A] cos(¢p + A), (5.27)

and
Re) = |A| cos(—¢ + A) . (5.28)

Here ¢ = —v is the CKM phase of the interference term
A where v is the CKM unitarity angle, and A the strong
final state phase difference. Finally, the phases ¢ and
A can be determined up to a discrete ambiguity from
cos(¢ + A) and cos(—¢ + A). This implies the deter-
mination of the CKM unitarity-angle - is possible from
untagged data samples. More systematics may cancel by
using the ratio

(=)
r { @
I'[g (8)]

] _IB° > f)
T T(BY > g)

x tanh (%)} .

Theory provides the unmixed ratio I'(B® — f)/T'(B° —
g). The time-independent term yields |A|, whereas the
time-dependent one gives Re) and Re X. Thus ¢ and A
can be extracted.

A comment about the discrete ambiguity is in order.
Two solutions for sin® ¢ exist:

(-)
{1 + A+ 2Re A

(5.29)

1—ce+/1+ (c&)?2—22—c2

sin? ¢ = 5 , (5.30)
where the extracted cosines are denoted by
c=cos(¢p+ A), ¢=cos(—p+A). (5.31)

One solution is the true sin? ¢ and the other is the true
sin? A. The CKM model predicts only large, positive
sin(—¢) = sinvy [57]. Thus the twofold ambiguity in
sin? ¢ stays a twofold ambiguity in sin ¢, since sin¢ < 0.
Further, this twofold ambiguity can be easily resolved in
several ways. First, various final states of B, driven by
the b — Zu3 transition are governed by the universal
CKM phase ¢ = —~. In contrast, they probably will
differ in their strong phase difference A. Thus, by con-
sidering many such B, modes, one can disentangle the
universal from the nonuniversal phases. Second, if it were
to happen that A = 0 for all the many modes, then one
solution for sin® ¢ would vanish contradicting Eq. (5.19).
Only one solution for sin? ¢ would remain. This fact can
be used to quantify the number of events required in a
feasibility study. A third way uses resonance effects and
is briefly mentioned below.

For the color-allowed modes, we believe that A = 0,
whereas for the color-suppressed modes, larger A’s could
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occur. Thus, v is probably more straightforwardly ex-
tracted from the color-allowed processes, because

cos(ty + A) = cosy, (5.32)

and there may be no need to disentangle v from A.

2. CKM phase v from D’¢, D¢, D%,

To extract the CKM phase v, it was necessary to as-
sume knowledge on a ratio of unmixed amplitudes, such
as I'(B, - D;K*)/T(B, — D7 7r+) Time-dependent

studies of untagged data samples of D’ ¢,D%, D2, p$ ex-
tract v (= —¢) without any assumptions, except the va-
lidity of the CKM model. They even determine |A| and
the strong phase difference A. Denote by n (+1 or — 1)
the CP parity of D% . Thus the CP parity of the whole
B, mode D25¢ is (—n). The time dependences deter-
mine, respectively,

Re) ReX Re),
T+ TP T+ (533)
where
P (D ¢|B )
0
5= P (D 0¢|B> A i9+8)
q (D°|B,)
A=Are 29
_ q (Dgpé|Bs) nA — 1
)\ = - = — . 5.34
1= (D%pdIB w2 (5:54

The three unknowns |A|,$, and A can be determined
from the three measurables, Eq. (5.33). The magnitude
of the interference term |A| could be obtained alterna-
tively by using theory on the ratio [see Eq. (5.26)]

I'(B, » D’

e (5.35)

I'Bs—+D K )
We suspect, however, that theory cannot predict as reli-
ably this ratio of rates, because rescattering effects may
be more pronounced for the color-suppressed modes than
for the color-allowed ones. A comparison of the two de-
terminations of |A| therefore probes rescattering effects.

3. CP violation

_ Time dependences of untagged B, modes governed by

b — ¢us could show sizable CP-violating effects. CP

invariance demands that
Lif®)]=T

[F®)], (5.36)



or equivalently,

Re) = Re) <= cos(¢p + A) = cos(—¢ + A) . (5.37)
Thus CP violation will be more pronounced for modes
where A is more sizable. We expect the color-suppressed
modes to show larger C P-violating effects than the color-
allowed modes, where A is expected to be smaller.

It is very important to realize that the B, meson har-
bors possibly large C' P-violating effects, for which one is
not required to distinguish an initial B, and B,. Such
CP-violating effects are the time-dependent or time-
integrated asymmetries:

_ TIf(®)] — T[F(2)]

t) = JAL 5.38
0 = Tisen + rire) -39
Joo @t {TIF O] T [f(®)]}
A(to) = o = . 5.39
W= IEa e oD (539
Equations (5.21) and (5.38) yield
_ —2|\|sin¢ sin A tanh (4L)
alt) = 1+ |A|2 4+ 2|X|cos¢ cos A tanh (8L) (540)
In the limit
lim tanh (&) =-1, (5.41)
t— oo 2
which is satisfied in practice for
2
tR A7 (5.42)
one finds
. _ 2|A|sin¢ sin A
Jm, a(t) = 14+ [A]2 = 2|A|cos¢p cosA * (5-43)

To demonstrate that large CP-violating effects are pos-
sible, proper decay times greater than about 2/AT are
used. Clearly, to optimize observation of CP viola-
tion and the extraction of CKM phases we recommend
to always use all accessible proper times. Representa-
tive values for modes governed by b — u3, such as

E—a(ﬁ, Dg*)—K(*)"', would be

[A| = % , sin¢g =—0.8, cos¢ =0.6. (5.44)

For a large phase difference A = 30°, more relevant for
D0, we find

a(oco0) = —0.35, (5.45)

whereas for A = 5° probably more in line for

Dg*)_K(*H, we find
a(oo) = —0.065 . (5.46)

Even larger asymmetries can be envisioned. Such asym-
metries would not be diluted by the many tagging ineffi-
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ciencies and dilution effects encountered in asymmetries

that require separation of B® and B° mesons. Time is
the tag here. By waiting long enough, the faster decay-
ing of the two B, mass eigenstates has vanished. What
is seen is the remnant of the slower decaying B, mass
eigenstate.

We lose lots of statistics because we study decays at
many lifetimes. But such long lived B’s may harbor siz-
able effects, without any additional dilutions. One can-
not but be struck by the comparison to the Ky and Kg
mesons. Whereas there is no loss in statistics in sepa-
rating K, out from K°, because 7x, =~ 600 7k, the in-
volved CP-violating effects are minuscule and very hard
to interpret in terms of the fundamental CKM param-
eters. In contrast, separating By out from B, requires
large statistics, because times t 2 Xzf are used, but the
C P-violating effects can be significant and the relevant
CKM parameters can be extracted.

4. Resonance effects

Studies of B modes where several resonances con-
tribute to the final state may enhance CP-violating ef-
fects as discussed by Atwood et al. They applied their
method to final states governed by the b — sv,dy
[62] transitions and by the b — sﬁo, sD% sD%,
[63] transitions. Sizable CP-violating observables can
be constructed for B, modes such as D,(,*)_-(Kﬂ'),
D (K*r), Dﬁ')_(sz, D{ (Knm), (DM)EWEK,
(DX K®)(Kr), (DM KM (Kn), DMYKK),
(DM 7)p(DMw)(KK), where the particles in parenthe-
ses originate from several interfering resonances. Those
modes also extract the CKM phase v and may eliminate
a twofold ambiguity in the determination of sin~y. A de-
tailed study is underway [67].

To summarize, this subsection described the extraction
of the CKM phase « from time dependences of untagged
B, modes governed by b — ¢us. CP-violating effects
may be sizable and are enhanced by resonance effects.

D. Modes with several CKM contributions

Consider first flavor-specific modes g where several
CKM combinations contribute to the unmixed decay am-
plitude,

B,—g, B,/Ag A=X=0, (5.47)

for example, K®—z+, K -zntmta—, J/1/Jf*0(—)
K—rnt), J/¢K—w+,D§*)‘D(*)+. The untagged time
evolution is given by

T [g (t)] _ F(Boz—) g) {e—rLt + e—I‘Ht} , (5.48)
T3] = (B 2—) 7) {e~Trt 4 e Tt} . (5.49)

The modes g may show direct C P violation [68,69], where
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the C'P-violating asymmetry is

_T(B°~g)- r®’ -9 (5.50)

A — .
I(B°— g)+I(B —7)

The same asymmetry can be seen as either a time-
dependent or a time-integrated effect:

Tlg®]-TE®)] _ Jo #{Cl9@®I-TEOD
Tlg@I+TE®)] [ dt{Tlg@®)]+Tg®)]}
(5.51)

Ay =

Modes common to B, and B, where several CKM
combinations contribute to B; — f may show direct
CP violation [['(B, — f) # I'(B, — f)] as well as
CP violation due to mixing. CP invariance demands
that T[f(¢t)] = T[f(t)]. The time evolution of un-
tagged modes f and f allows one to disentangle par-
tially the various CP-violating effects. The B, modes
K+K—,¢KSapOKS,WK57Dg‘P¢’J/¢KS7¢¢7PO¢, etc.
all serve as examples.

E. Measuring the width difference

After having derived the time-dependent formulas in
previous subsections, we are now in a position to list sev-
eral suggestions for determing AT'. A detailed feasibility
study will be presented elsewhere [32]. All the methods
may be combined to optimize the determination.

The first two methods use the important observation
that the average B, width T is in fact already known
[16,17]. Table I shows the predicted [16,17] and measured
[9] ratios of lifetimes of b-flavored hadrons.

References [16,17] claim the following. The B~ lifetime
is predicted to be longer than the B, lifetime due to
Pauli interference. For the neutral B mesons, the W-
annihilation amplitudes (bd — cu,bs — cc) are helicity
suppressed and unimportant numerically, which yields
same lifetimes for the average B, and By mesons. The
Ay lifetime prediction still requires a careful theoretical
analysis, but it is claimed that

7(Ap)
7(Ba)

0.9 < < 1. (5.52)

References [16,17] must be critically reevaluated, how-
ever, because they obtain a too large semileptonic
branching ratio and A, lifetime, and too small an in-
clusive width for the b — c¢€s transition in B decays
[28-31]. Further, the W-annihilation amplitude inter-
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feres with different spectator decays. It interferes with
the spectator decay b — ciid, b — cés for the By, B,, re-
spectively. We believe that the b — c¢s transition is the
least understood theoretically. A detailed study, which
estimates how different the By, B,, and other b-hadron
lifetimes can be, would be useful. Because such a criti-
cal reevaluation is still lacking, this subsection uses the
predictions of Bigi et al. [16,17], with the understanding
that their estimates require refinement.

The average decay width I' of B, could be determined
essentially from a one parameter fit exp(—I't) of the
time evolution of the untagged, flavor-specific data sam-
ple [32]. It could be deduced alternatively from the mea-
sured lifetimes of other b species. For instance, the By
and average B, [T7(B,) = 1/I'] lifetimes are claimed to be
equal to excellent accuracy [70]. Thus the average decay
width T’ of B, is measured. The width I"' can also be
obtained from inclusive b lifetime measurements. Denote
by T a particle, collection of particles, or event topology,
which characterizes b decay. Examples for T are detached
J/4, primary leptons (i.e., leptons in b — cf processes)
with an impact parameter, such primary leptons in coin-
cidence with detached vertices, or detached multiprong
vertices, where the whole event is consistent with being
a b decay.

A single exponential fit of the proper (multiexponen-
tial) time distribution of this inclusive b-data sample de-
termines the “average” b lifetime 7(b):

et/ pa R(Bq — TX) e~ t/7(Ba)
+pu R(B, = TX) e~ t/7(Bw)
+ps R(B;, - TX) S(t)

+pa, R(Ap = TX) e~ t/T(8e) (5.53)

The production fractions for By, B, B,, Ap are as-
sumed to be [71]

: pa, = 0375 : 0.375 : 0.15 : 0.10.

(5.54)

Pd : Pu : Ps

The inclusive yield of T in b-hadron decay is defined as
R(H, -+ TX)=B(Hy, > TX)+ B(Hy > TX), (5.55)

for H, = B4, B;,B,,As. The function S(t) depends on
which inclusive data sample is used. For flavor-specific T
[such as ££X],

—I'pt + e—ryt

S(t) = & > , (5.56)

whereas for flavor-nonspecific T' [such as J/¥X],

TABLE I. Predicted [16,17] and measured [9] lifetime ratios of b-flavored hadrons.

Prediction Data
7(B~)/7(Ba) 1+0.05 (35d8y) (1 £ O(10%)] 1.01 + 0.09
7(B.)/7(Ba) 1 + O (0.01) 0.98 £ 0.12
7(Av)/7(Ba) ~ 0.9 0.71 £ 0.10




S(t) = e7Trt, (5.57)
Equation (5.57) assumes that the inclusive flavor-
nonspecific T production in B, decays [such as the promi-
nent J/v] is dominated by CP-even modes.

It is instructive to approximate 7(b) for an inclusive
flavor-specific data sample T as

7(b) % [pa/7(Ba) + pu/7(Bu) + ps/T(Bs)
+p4, /T (Ap)] 7

This approximation uses the observation and prediction
of small differences in separate b-hadron lifetimes and
further assumes equal inclusive yields of T" in all H} de-
cays. Using Table I and the assumed specific b-hadron
production fractions, we get, from Eq. (5.58),

(5.58)

7(b) = 7(Bq) [1£0(0.01)] . (5.59)
The truly inclusive b lifetime measures essentially the By
lifetime, which in turn is essentially the average B, life-
time. The average width I" of B, is thus known
I'=1/7(b). (5.60)
In summary, I' is essentially known from either a sin-
gle parameter fit of the untagged, flavor-specific B, data
sample, or from lifetime measurements of either By’s or
inclusive b decays. We are now ready to discuss several
methods for extracting AT'.
Method 1. The proper time-dependence of untagged
flavor-specific modes of B; is given by
e~ (T+45)t +e—(r—é2£)t . (5.61)
The average width I is known and a one parameter fit of
the measured time dependence determines AI'. More
than 200 flavor specific B, events have already been
recorded at LEP and CDF.
Method 2. The CP-even [CP-odd] B, modes driven
by b — c¢s are governed by a single exponential decay
law

o-Trt — o—(T—4F): [e—Pnt - e—(F+¥)f] . (5.62)

Combining this determination of I'p
known I measures AT'.

For Methods 1 and 2, we may wish to parametrize our
ignorance as to the exact value of I' by a small parameter
€:

[Cg] with the

'->T + e (5.63)

A two parameter fit would extract both AT and €. In
contrast to Methods 1 and 2, Methods 3—-7 do not assume
knowledge of T'.

Method 3. This is basically the method advocated by
Bigi et al. [16,17], which we reviewed and refined in previ-
ous subsections. The time evolutions of untagged, flavor-
specific modes and of C P-even modes of B, governed by
b — cés are given by Egs. (5.4) and (5.62), respectively.
The CP-even modes determine I',. A one parameter
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fit of the time evolution of the untagged, flavor-specific
modes determines I'gy, because I';, has been measured.
Of course, the exponential decay law of the C P-odd B,
modes driven by b — cés can be used as a consistency
check and must be governed by I'y.

Method 4. The time evolution of the CP-even and
CP-odd eigenmodes driven by the b — c¢cs transition
are governed by 'y = I';, and I'_ = I'y, respectively.
A time-dependent study of untagged C P-even and CP-
odd modes measures the width difference. The CP-even
modes are expected to dominate over the C' P-odd ones,
and are probably also easier to detect. To increase usable
data sets with definite CP, Ref. [54] suggested employ-
ing angular correlations [52,53] to decompose modes that
are mixtures of C'P-even and C'P-odd parities (such as
J /e, D D*=, J/1p¢p°) into definite CP components.

Method 5. Any mode governed by b — cés, which is a
mixture of CP-even and C'P-odd parities (for example,
J/vp, DT D=, J/p¢p°), allows the extraction of both
'y and I'. This has been discussed in Ref. [54] by de-
composing such modes into CP-even and CP-odd com-
ponents and studying their different decay laws. The
extraction of AI' from such modes is optimized how-
ever by a complete study of angular correlations [53]
combined with other relevant techniques (such as Dalitz
plots, etc.), which we advocate. Time evolutions of inter-
ference terms will add valuable information on top of the
time dependences of the definite CP components. Such
a study truly optimizes the determination of AI' from
modes which are admixtures of C'P-even and CP-odd
parities.

Method 6. For a small width difference, one may be
able to determine AT from C P-violating effects with un-
tagged B,-data samples, such as the asymmetries dis-
cussed in Eqgs. (5.38)—(5.40). A time-dependent fit may
be able to determine the argument of tanh and thus
AT, see for instance Eq. (5.40). The determination is
facilitated by knowing |A[,¢ and A. |[A| can be ob-
tained as discussed in Sec. V C. The weak phase ¢
will be well known from other techniques by the time
such a measurement of AI' becomes feasible. As for the
final-state phase A, it is calculable for B, modes where
several resonances contribute to the final state, such
as DV~ (Kn), D,(;*)_(K*ﬂ'), D~ (Kp), DM~ (Knm),
(DMEM)K, (DWE®))(Km), (DWE®)(K=m),
DWO(KEK), (D®n)é, (DWr)(KEK).

Method 7. There exist B, modes with time evolutions
that depend on both the sum and the differences of the
two exponents:

e Trt 4 e Tat, (5.64)
A fit to these time evolutions determines both I'y, and 'y
[32]. Within the CKM model, such modes are CKM sup-
pressed and probably not competitive with other meth-
ods. However, if the CKM model is broken and C'P eigen-
modes of B, driven by b — c¢s show two different expo-
nential decay laws, then this method is one possible way
to measure both widths.

Those are then some possible ways for extracting AT.
We wish to conclude this section with a suggestion of how
to enrich a B-data sample with B, mesons. The key is a ¢
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trigger [55]. The ¢ is seen in the K™ K~ mode about 50%
of the time. This mode occurs close to threshold. For
energetic ¢’s, the two charged kaons have roughly equal
momenta and go in similar directions. This may simplify
triggering on ¢’s. The inclusive ¢ yield is about 20% in
D, decays, whereas it is roughly an order magnitude less
in other charmed hadron decays [40,44]. Thus, ¢’s dis-
criminate well between D, and other charmed hadrons.
Further, it is believed that the inclusive yield of D, in B,
decays is quite enhanced over that in B decays. Inclu-
sive b decays with a D, in the final state enrich the B,
content of that b sample. In fact, the DELPHI Collab-
oration used ¢¢X modes as an enriched B, sample and
extracted an average B, lifetime from it [5]. We hope to
see flavor-specific modes like B, — ¢£X being used both
at eTe™ colliders and hadron accelerators to extract not
only the average B, lifetime, but the width difference AT’
as well.

VI. CONCLUSIONS

Theoretical predictions for a sizable lifetime difference
between the light and heavy B, mass eigenstates have
existed for many years [10-17]. The observation of a non-
vanishing AT would prove the existence of B,-B, mix-
ing. How could such a width difference be determined
experimentally? To that effect, we considered the time
evolution of untagged data samples of B, mesons. We
found that the rapid oscillatory behavior Amt cancels in

all untagged samples, provided that Ig' =~ 1 which is sat-

isfied to ~ 1073 —10~* within the CKM model. The time
evolution of untagged data samples are governed solely
by the two exponential falloffs, e T'*t and e~T#? which
enables AT to be measured in several ways; see Sec. VE.
The exponentials are much more slowly varying functions
of proper time than the rapid Amt-oscillations. This al-
lows us to conduct feasibility studies with presently ex-
isting technology [32].

Once the two widths are known and found to differ,
CP violation can be seen with untagged, time-evolved
data samples of B, [19,20]. CP invariance demands
that modes of B, with definite CP parity (i.e., that are
CP eigenstates) time evolve with a single exponential.
Thus if the time evolution of CP eigenstates, such as
p°Ks, wKs,D%p¢, K¥ K~ has two nonvanishing expo-
nential falloffs, C P violation has been demonstrated [19].
The demonstration can clearly already occur for untagged
data samples.

The time evolution of the untagged p°Ks, wKs data
samples is not only useful in observing CP violation
but even extracts cos2y, when penguin contributions
are neglected. Those penguin effects could be sizable
however, and thus we discussed next the extraction of
the unitarity angle v from time dependences of un-
tagged B, data samples governed by b — ¢us. Pen-
guin amplitudes are absent. The time evolution of un-

(=)
tagged, for instance, D{Y*K®F DO ¢ B, modes mea-
sure cos(y + A) and cos(—+v + A), with the overall nor-
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malization being determined from flavor-specific modes,
such as D§"*x¥ D{* 0y, D°K*° D°K™. A twofold
ambiguity in sin<y can be resolved, and both siny and
sin?A are extracted.

The above extraction of the phases v and A involves
the factorization assumption to determine the normaliza-
tion. For those who object to this assumption, there ex-
ist a series of measurements that extracts v without any
theoretical input. The time evolutions of the untagged

data samples DOdJ,—ﬁoqﬁ and D& p¢ determine |A|,y and
A without any theory. The measured |A| can then be
cross checked with its measurement involving some the-
ory input, which allows insights into rescattering effects
of color-suppressed processes. Sizable C P-violating ef-
fects can occur with those untagged data samples for
large enough proper times. A detailed study is underway
which addresses the feasibility of all the above-mentioned
measurements for a generic detector [32].

The ramifications of a large width difference for the B,
meson are far reaching. The ratio %—'I’? involves no CKM
combination, only a hadronic uncertainty [26,12,13,18].
If a careful study finds that this ratio can be rather well
estimated, then, by observing either AT" or Am first, the
other difference will be known, as well (within the CKM
model). The ratio g—'f,‘ may turn out to be an important
standard model constraint. Second, a large width dif-
ference will prove that B(b — cés) is sizable and would
transform the so-called puzzle of the number of charmed
hadrons per B meson into the apparent puzzle of why
almost all B decays do not proceed via the b — ¢ tran-
sitions. We urge our experimental colleagues to mea-
sure directly B(b — c€s') as discussed in Sec. III and
to measure more precisely the inclusive charm yields in
B decays. We derived a reliable complementary esti-
mate that predicts the number of charmed hadrons per
B to be around 1.3, in agreement with theoretical calcu-
lations [28-31]. Third, one will not be allowed to speak
about branching fractions of B — f, but only about
B (B H,L — f)

An analogy to the neutral kaons is instructive. The K,
lives about 600 times as long as a K, thus a K° or Kis
essentially a K, after a few K lifetimes, without having
lost almost any Kj. The CP-violating effects are tiny
and the extraction of the fundamental CKM parameters
is messy because of large uncertainties in strong matrix
elements.

In contrast, the B, meson has comparable widths for
the heavy and light mass eigenstates. They are expected
to differ at the (10-30)% level. To guarantee a pure
data sample of By requires events with decay lengths at
least several times the B, lifetime, costing tremendously
in statistics. But then many exciting measurements be-
come feasible, because the B, proceeds to decay through
several quark transitions into many possible final states.
Sizable C P-violating effects and the clean extraction of
fundamental CKM parameters may be possible with un-
tagged. data samples of B, mesons. (Clearly, to opti-
mize the measurements not only pure By data samples
but rather all available proper times better be used.) As
in the case of neutral kaons, time plays the role of the
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“tag.” Many more measurements can be contemplated
than what is reported here, once AT is found to be non-
vanishing.
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