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Baryon QCD sum rules in an external isovector-scalar field
and baryon isospin mass splittings
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Within the QCD sum-rule approach in an external field, we calculate the baryon matrix element
of isovector-scalar current, Hp = (B|@u — dd|B)/2Mg, for octet baryons, which appears in the
response of the correlator of baryon interpolating fields to a constant isovector-scalar external field.
The sum rules are obtained for a general baryon interpolating field with an appropriate form for the
phenomenological ansatz of the spectral density. The key phenomenological input is the response of
the quark condensates to the external field. To first order in the quark mass difference dm = mqg—m.,
the nonelectromagnetic part of the baryon isospin mass splitting is given by the product of §m and
Hp. Therefore, the QCD sum-rule calculation of Hp leads to an estimate of the octet baryon
isospin mass splittings. The resulting values are comparable to the experimental values; however,
the sum-rule predictions for Hp are sensitive to the values of the response of the quark condensates
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to the external source, which are not well determined.

PACS number(s): 12.38.Lg, 11.30.Hv, 11.55.Hx, 14.20.—c

I. INTRODUCTION

To understand the observed properties of hadrons from
the underlying theory of the strong interaction, quantum
chromodynamics (QCD), is a challenging task since QCD
remains intractable at low energies. Among the attempts
made in dealing with the strong interactions at low en-
ergy scales is the QCD sum-rule approach [1], which has
proved to be a useful tool of extracting qualitative and
quantitative information about hadronic properties [1,2].

One of the extensions of the sum-rule methods made
by Ioffe and Smilga [3] for external field problems enables
one to calculate the baryon matrix elements of various bi-
linear quark operators. These include the matrix element
of electromagnetic current to determine the magnetic mo-
ments [3-5], the matrix element of the axial vector cur-
rent to find the renormalization of baryon axial vector
coupling constant [6,7], the matrix element of the quark
part of the energy-momentum tensor, which gives the
momentum fraction carried by the up and down quarks
in deep inelastic scattering [8,9], and the matrix element
of isoscalar-scalar current for evaluating the nucleon o
term [10].

In this paper, we evaluate the baryon matrix elements
of isovector-scalar current, Hg = (B|uu — dd|B)/2Mp,
within the external field QCD sum-rule approach. In
Ref. [11], the proton matrix element (p|uu — dd|p)/2M,
has been calculated in the external field approach. How-
ever, one piece of the phenomenological representation
has been omitted in the calculation. This has been
pointed out recently by Ioffe [12]. In the present paper,
we shall derive the appropriate phenomenological repre-
sentation, which includes the piece neglected in Ref. [11].
We use this complete phenomenological representation
and a general baryon interpolating field to calculate the
matrix element Hp for octet baryons.

External field sum rules for baryons are based on the
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study of the correlation function of the baryon interpolat-
ing field in the presence of an external field. The appear-
ance of the external field leads to specific new features
in QCD sum rules which distinguish them from those in
the absence of the external field. At the hadron level,
the spectral parameters usually used in the parametriza-
tion of the spectral density, baryon masses, pole residues,
and continuum thresholds, all respond to the external
field. Consequently the phenomenological representation
for the response of the correlation function contains a
double pole at the baryon mass whose residue contains
the matrix element of interest. This corresponds to the
response of the pole position. The response of the pole
residues gives rise to single pole terms, which contain in-
formation about the transition between the ground state
baryon and excited states. The single pole contributions
are not exponentially damped after Borel transformation
relative to the double pole term and should be retained in
a consistent analysis of the sum rules. In addition, there
are terms corresponding to the response of the continuum
thresholds, which should also be included in the calcu-
lation. At the quark level, the external field contributes
in two different ways—by directly coupling to the quark
fields in the baryon current and by polarizing the QCD
vacuum. By equating these two different representations
for the response of the baryon correlator, one obtains the
external field sum rules, which relate the baryon matrix
elements of various currents to QCD Lagrangian param-
eters, vacuum condensates, and the response of conden-
sates to the external source.

The observed baryon isospin mass splitting has its ori-
gin in the electromagnetic interactions between quarks
and in the different masses of the up and down current
quarks. The contributions of the latter to first order in
the quark mass difference ém = mg — m, is given by
the product of dm and the baryon matrix element of the
isovector-scalar current. Therefore, the QCD sum-rule
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calculation of the baryon matrix elements of isovector-
scalar current for octet baryons naturally leads to an es-
timate of the octet baryon isospin mass splittings. (The
»~-2° and ©+-X° splittings will not be considered here
as there is mixing of the X° with the A via isospin-
violating interactions.)

The rest of this paper is organized as follows. In Sec. II,
we establish the baryon QCD sum rules in an external
isovector-scalar field. In Sec. III, we then analyze the
sum rules and present the results. In Sec. IV, we es-
timate the isospin mass splittings of the octet baryons
using the baryon matrix elements of isovector-scalar cur-
rent calculated from QCD sum rules. Further discussion
of our results are given in Sec. V.

II. BARYON QCD SUM RULES
IN AN EXTERNAL ISOVECTOR-SCALAR FIELD

In this section, we establish the baryon QCD sum rules
in the presence of an external isovector-scalar field. In
previous works [3-12], the phenomenological representa-
tion for the correlator is usually obtained by analyzing a

1

Tp(2) = 2eabe {[ug (2)Cdy (@) y5uc(2) + tlug () Cysdy(@)]uc(e)}
ns+ (2) = 2eabe {[ug (2)Csp(2)ysuc(@) + tug (z)Crssp(e)]ue(z)}

nzo () = 2€ae {[s7 (2)Cus (@) ysse (@) + tlsT (2) Cysun()]se(@)}

where u(z), d(z) and s(z) stand for the up, down, and
strange quark fields, a, b, and ¢ are the color indices,
C = —C7 is the charge conjugation matrix, and ¢ is an
arbitrary real parameter. The interpolating fields for the
neutron, ¥~ and £, can be obtained by changing u(d)
into d(u). The interpolating fields with ¢ = —1, advo-
cated by Ioffe [13,14], have been used exclusively in previ-
ous papers on external field sum rules [3-12]. In principle,
the sum-rule predictions are independent of the choice
of t; in practice, however, the OPE is truncated and
the phenomenological description is represented roughly.
The goals in choosing the interpolating field for QCD
sum-rule applications are to maximize the coupling of
the interpolating field to the state of interest relative to
other (continuum) states, while minimizing the contri-
butions of higher-order terms in the OPE. These goals
cannot be simultaneously realized. The optimal choice
of the baryon interpolating field seems to be around
Toffe’s choice. We refer the reader to Refs. [14,15] for
more discussion about the choice of baryon interpolating
fields. We shall consider the interval —1.15 <t < —0.85
here. For t > —0.85 the continuum contributions become
large while for t < —1.15 the contributions from higher-
order terms in the OPE become important relative to the
leading-order terms.

The subscript Sy in Eq. (2.1) indicates the presence of
the external field. Thus, the correlator should be calcu-
lated with an additional term
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double dispersion relation. Here we present an alterna-
tive approach to derive the phenomenological represen-
tation. The operator product expansion (OPE) results
can be easily obtained following the procedures outlined
in Ref. [11]. We work to leading order in perturbation
theory and to first order in the strange quark mass. Con-
tributions proportional to the up and down current quark
masses and the gluon condensate are neglected as they
give numerically small contributions. We include con-
densates up to dimension 8.

Consider the correlator of the baryon interpolating
field in the presence of a constant external isovector-
scalar field Sy :

(Sy,q) = i / dtze = (0|Tns (@) (0))sy »  (2.1)

where 7p is the interpolating field for the baryon under
consideration. We consider baryon interpolating fields
(currents) that contain no derivatives and couple to spin-
% states only. There are two linearly independent fields
with these features, corresponding to a scalar or pseu-
doscalar diquark coupled to a quark. In this paper, we

take a linear combination of these two fields:

(2.2)
(2.3)

(2.4)

f

AL = -Sy[u(z)u(z) — d(z)d(z)] , (2.5)
added to the usual QCD Lagrangian, and —AL added
to Hqcp. Since Sy is a scalar constant, Lorentz covari-
ance and parity allow one to decompose II(Sy,q) into
two distinct structures [11]:

I(Sv,q) = O'(Sv,q*) + O9(Sv,¢*)¢ - (2.6)

To obtain QCD sum rules, one needs to construct a phe-
nomenological representation for II(Sy,q) and evaluate
II(Sv,q) using the OPE.

A. Dispersion relation
and phenomenological spectral ansatz

To determine the correlator at the hadron level we use
the dispersion relation

oo i
II'(Sv,¢%) = / £V, 2 (SV’:) ds (2.7)
0 s—q
for each invariant function {i = 1,q}, where p*(Sy,s) =
LImII*(Sv, s) is the spectral density. Here we have omit-
ted polynomial subtractions which will be eliminated by
a subsequent Borel transformation. We have also omit-
ted infinitesimal as we are only concerned with a large
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and spacelike ¢? in QCD sum rules.

In practical applications of QCD sum-rule approach,
one usually parametrizes the spectral density by a sim-
ple pole representing the lowest energy baryon state of
interest plus a continuum which is approximated by a
perturbative evaluation of the correlator starting at an
effective threshold [1,2,13]. When Sy is present, we add
—AL to Hqcp, which is equivalent to increasing m,, and
mgq by Sy and —Svy, respectively. Consequently at the
hadron level, the baryon spectrum will be shifted. Since
we are concerned here with the linear response to the
external source, Sy can be taken to be arbitrarily small
(see below). Thus, there is no rearrangement of the spec-
trum, and we can use a pole plus continuum ansatz for

J

XUEMIN JIN

the baryon spectral density

P (Sv,8) = N 6'6(s — M3 ) + 7 (Sv,8)0(s — s3) ,
(2.8)

where ¢** = {M},1} for {i = 1,¢}, and 5*(Sy, s) is to be
evaluated in perturbation theory. Here A} is defined by
(0|ng|B)s, = Apvg with vy the Dirac spinor normalized
to vgvp = 2Mp, Mp is the mass of the lowest baryon
state, and s is the continuum threshold in the presence
of the external field.

Let us now expand both sides of Eq. (2.7) for small
Svt

* pi(s)

o(6®) + SvITi(¢®) +--- = ——p°(s)2ds+Sv/ ds + (2.9)
o S$S—4¢ o S—¢q
Since Sy is arbitrary, one immediately concludes that

i 2 > ph(s)
= ——d 2.10
M5 (q%) /0 Ll (2.10)

i 2 * pi(s)
= d 2.11
@) = [ A% (2.11)

Obviously, Eq. (2.10) leads to the baryon mass sum rules in vacuum which have been extensively studied [13,16,2,17].
Here we are interested in Eq. (2.11), which corresponds to the linear response of the correlator to the external source
and contains the baryon matrix element under consideration (see below).

Expanding the right-hand side of Eq. (2.8), we find

ph(s) = ABohd(s — MB) + py(s)0(s — sp) , (2.12)
pi(s) = —2Hp MpAhed'(s — MB) + AN} ¢48(s — M3)
G Nab(s — MB) — Aok 7b(5)5(s — sb) + B (5)6(s — 5b) (2.13)

where we have defined

My =Mpg+ SyHpg+ -+, (2.14)
Ay =A%+ SyAXL + -, (2.15)
sy = s+ SyAsi+ .-, (2.16)
¢ = b+ SyAg + -1, (2.17)

F (s) = Bh(s) + SvAi(s) +-++ (2.18)

where the first terms are the vacuum spectral parameters
in the absence of the external field. Note that A¢! = Hp
and A¢? = 0. Treating Sy as a small parameter, one can
use the Hellman-Feynman theorem [18,19] to show that

_ (Bl|uu — dd|B)

H
B 2Mp

(2.19)

where we have wused covariant normalization

|
(k', Blk, B) = (2m)%k°5® (K’ — k).

One notices that p%(s) has specific new features which
distinguish it from p}(s). The first term in Eq. (2.13),
which is absent in p}(s), gives rise to a double pole at the
baryon mass whose residue contains the matrix element
of interest. The second and third terms are single pole
terms; the residue at the single pole contains information
about the transition between the ground state baryon
and the excited states. In terms of quantum mechanical
perturbation, the double pole term corresponds to the
energy shift while the single pole terms result from the
response of baryon wave function to the external field.
The fourth term is due to the response of the contin-
uum threshold to the external source and the last term
is the continuum contribution. As emphasized in the pre-
vious works, the single pole contributions are not expo-
nentially damped after the Borel transformation relative
to the double term and should be retained in a consistent
analysis of the sum rules.

The fourth term has been neglected in Ref. [11]. The
contribution of this term is suppressed in comparison
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with the single pole terms by a factor e~ (s5—Mp)/M* [see
Egs. (2.29)—(2.36)]. If the response of the continuum
threshold is small, one can neglect the contribution of
the fourth term. However, if the response of the contin-

J

M(q) = [ d*acs*(0|Tna(o) [ [ e - a2 75010

in order to get the appropriate phenomenological rep-
resentation. [This vertex function can be obtained by
expanding the right-hand side of Eq. (2.1) directly.] We
note that our discussion and Eq. (2.13) are consistent
with those given in Ref. [12]. Substituting Eq. (2.13)
into Eq. (2.11), one obtains the appropriate phenomeno-
logical representation.

B. QCD representation

The QCD representation of the correlator is obtained
by applying the OPE to the time-ordered product in the
correlator. When the external field is present, the up
and down quark fields satisfy the modified equations of
motion:

@GP —my — Sy)u(z) =0,

(Z.w —mgq + Sv)d(m) =0,

(2.21)
(2.22)

where ) = v*(8, — ig,A,) is the covariant derivative.
(The equation of motion for the strange quark field does
not change.) In the framework of the OPE, the external
field contributes to the correlator in two ways: It couples
directly to the quark fields in the baryon interpolating
fields and it also polarizes the QCD vacuum. Since the
external field in the present problem is a Lorentz scalar,
nonscalar correlators cannot be induced in the QCD vac-
uum. However, the external field does modify the con-
densates already present in the QCD vacuum. To first
order in Sy, the chiral quark condensates can be written

as
J

c1 + 6c; M3E,L-8/° _ -;602 xaMPE; + %xmmgaM‘*EoL—“/” "

2
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uum threshold is strong, one needs to include the fourth
term in the calculation. This point has been noticed re-
cently by Ioffe in Ref. [12], where a double dispersion
relation is considered for the vertex function

(2.20)
[
(Tu)s, = (Gu)o — xSv(Tu)o , (2.23)
(dd)s, = (dd)o + xSv (dd)o , (2.24)
<§S>SV = (33)0 - XaSV(gs)O y (225)

where (O)o = (0/0]0). The mixed quark-gluon conden-
sates change in a similar way:

(9580 - Gu) s, = (9540 - Gu)o — XmSv(9sT0 - Gu)o ,
(2.26)

(g,Ea . gd)Sv = (g,Ea : gd)O + XmSV (gsEO' . gd)O )
(2.27)

(9530 - G3)s, = (9s50 - GS)o — XmsSv(gs30 - Gs)o ,
(2.28)

where 0-G = 0,,G*” with G** the gluon field tensor. One
can express X, Xs; Xm, and Xms in terms of correlation
functions (see Ref. [11]). Here we have assumed that the
response of the up and down quarks is the same, apart
from the sign. The Wilson coefficients can be calculated
following the methods outlined in Ref. [11]. The results
of our calculations for the invariant functions II1 and IT{
are given in the Appendix.

C. Sum rules

The QCD sum rules are obtained by equating the QCD
representation and the phenomenological representation
and applying the Borel transformation. The resulting
sum rules in the proton case can be expressed as

¢+ 3;2 —C3 2012

= [ZH XZMZ — AN M,M? — H, XgMz] e~ Mz /M

Pp P

" [c1 —2662 s(l,aL_4/9 + %mgall—zs/w] Ascl,Mze_"l’/Mz ,

401 — C3 4 —4/9 _
2 aM E()L 12

cq4 +c5 — 6

_a— 2cy
12

[} m(z)aMzL—ze/w + g_;lxazMzLys _

(2.29)

Cc1 + 262

S XmgazL—z/w

XmmZa?L~%/?7 = [zH,, XM, — AXgMz] e~Mp/M? | :_g(sg)zAngzL-s/ge-ﬂg/M’ , (2.30)
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where a = —4n%(gq)o, Xf, = 32m4)2, A:\;% = 32n*ANZ,
and m3 (9590 - Gq)o/{qq)o. Here we have ignored
the isospin breaking in the vacuum condensates (i.e.,
(@Ou)o ~ (dOd)o = (gOq)o); the inclusion of the isospin
breaking in vacuum condensates only gives small refine-
ments of the results. We have also defined

Eo =1- ('Z_E(i’/lu2 .

El =1- 6——53/M2 [']% + I:I )
— —si /M? (36)2
Eg =1-—e o/ [W M2 y (2.31)

|

XUEMIN JIN

and

=(1-t2%, c2=1—t2, ca=5t2+2t+5,

ca=t>+10t+1, cs=t>+4t+7. (2.32)

The anomalous dimensions of the various operators
have been taken into account through the factor L =
In(M?/A%cp)/ In(4?/Adcp) [1,13]. We take the renor-
malization scale u and the QCD scale parameter Aqcp
to be 500 MeV and 150 MeV [13].

The sum rules in the X+ case are given by

3coMBE,L~8/° — 3¢cyxaMSE; + Ezl—x,faMGE'l + (e1 — 203)m_,aM4E0L_8/9

3
_3C2msfaM4EoL"8/9 + %Xm"'ng(J:M‘lE()_L_14/27 —

2¢y + 3¢ — 6c3 1— 2c¢3
12

+eaxm, fa?M? + cax,m, fa?M?

sm(z,aMzL—”/z" + ¢

= [2Hgz+ X22+1V@+ - szz+ Ms+ M? — Hs+ X22+M2]6“M§+/M2 + [Z

f 2M2

%msf,mgaMzL_ss/”

3 Xms 2M2

Sy (s5)2L 3

+—62—1fasél}_4/9 — 3czas(1,L_4/9 + §;:—2771(2)CLL_2"6/27:| A.s’(l,Mzte_"’<l)/1\‘[2 , (2.33)
BemaMOE,L~4/3 — 22 S o 04 BoL4/% 4 3cy faM*EoL~*° — 3cyxmeaM*EoL~4/°
—Zx..,m, faM*L™*/° — 12m ZaMPL™28/%7 — 5—23 famgaM?L28/27
+%xmmsm(2,aM2L‘26/27 - ;—;x,m,'md‘,f,,mﬁaMzL_z/27 + 2%xazMzL‘*/9
—2eaxfa?MPLY® — 2cx, fa? MPLY/® — cym,a®L4/° — 3" 2Ly o214/
—%xm;‘;azL—Z/” + 5szf m2a’L~ 2/27 X fmZa*L~ 2/27
_ﬁxmmzazL—z/w + 51022 Xomes fermZalL—2/27 4 %memgazL—z/w
= [2Hg+ A%y Ms+ — AXL, M2|e~ M+ /M
+ [;—Z(sg)z — 3camga — %msfa] AngzL“g/ge_"g/M2 (2.34)

where f =

(3s)o/(qq)o and f, =

MSE L™ 8/9

3
+(61 — 2C3)7I’Lsfa,M4E0L_8/9 c

2c1 + 3co — bc3

C2 2 ar27—38/27 _
2 msmgaM“L 12

—cafa®?M? — (c; — 2C3)xm,fazM2

= [2Hzo A2o M2o — AXZo Mo M? — Hzo A2o M2)e™

(980 - Gs)0/(9sq0 - Gq)o- The sum rules in the =°

—38/27
m, femiaM?L /27

case are

5 S yaMBE; — 3¢caxs faM®E, — 3comyaM*EqL=8/°

+ _Xmsfam%aM4E0L—14/27

C3 r2 2572
— M
3fa

—(c1 — 2c;3)x‘._,m,,fa,2M2

M2, /M?



52 BARYON QCD SUM RULES IN AN EXTERNAL ISOVECTOR- . ..
3
+ [— —;:Em, (s3)2L~%3 + c2—lstl)aL_

—3casofal~® + 3czf,m L'26/27]Asle"’°/M

3com,MCSE,L~%/3

2 —
+—01—2—5—x,,msfaM‘*EoL“‘/9

5¢ _ c
+—43xmm,mgaM2L 14/z7+_1_§_

—2¢axsfalM?2LY° 4+

702
12

5c _
+T2£mem(2)a'2L /27 _ Xms.ffs

= [ZHEO X%OMEO -

+|:—C_3 63-261

16 53)2 — 3cam,a —

III. SUM-RULE ANALYSIS

We now analyze the sum rules derived in the previ-
ous section and extract the baryon matrix elements of
interest. Here we follow Ref. [11] and use only the sum
rules (2.30), (2.34), and (2.36), which are more stable
than the other three sum rules. The pattern that one
of the sum rules (in each case) works well while the
other does not has been seen in various external field
problems [3,5,7,10,11]. This may be attributed to the
different asymptotic behavior of various sum rules. As
emphasized earlier, the phenomenological side of the ex-
ternal field sum rules contains single pole terms arising
from the transition between the ground state and the
excited states, whose contribution is not suppressed rel-
ative to the double pole term and thus contaminates the
double pole contribution. The degree of this contamina-
tion may vary from one sum rule to another. The sum
rule with smaller single pole contribution works better.
We refer the reader to Refs. [7,10,11] for more discussion
about the different behavior of various external field sum
rules. In the analysis to follow, we disregard the sum
rule Egs. (2.29), (2.33), and (2.35), and consider only
the results from the sum rules Egs. (2.30), (2.34), and
(2.36).

We adopt the numerical optimization procedures used
in Refs. [17,20]. The sum rules are sampled in the fidu-
cial region of Borel M?, where the contributions from
the high-dimensional condensates remain small and the
continuum contribution is controllable. We choose

0.8 < M? <1.4GeV? for the proton case , (3.1)

1.2 < M? < 1.8GeV? for the S+ and Ecases , (3.2)

m2aM?L~28/27 _
Xmamsfamo

fZ 2M2L4/9

- c1 _ 5c
5 xfoemia®L 2/27— TgXef femda® L7227 4 2

AA—Z-_-o]e_ EO/Mz

m,fa] AsgL‘s/QMze"’g/M2
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4/9

(2.35)

+ BaMAE,L~Y° 4 3¢ faM*EoL~%/° — 3caxm,aM*E,L—4/°

Tca —
1 fgm(z)lleL 26/27

2M2L—26/27 _ 2c2xfa2M2L4/9

c3 — 2¢q

com, f2a2L49 — M, fsa2L~%/°

XafmgazL—z/z'r

2L 2/27+ 72 Xms.fa 2L—2/27

(2.36)

IWhich have been identified as the fiducial region for the
baryon mass sum rules [3,21]. Here we adopt these
boundaries as the maximal limits of applicability of the
external field sum rules. The sum-rule predictions are ob-
tained by minimizing the logarithmic measure §(M?) =
In[maximum{LHS,RHS}/minimum{LHS,RHS}]  aver-
aged over 150 points evenly spaced within the fiducial
region of M2, where LHS and RHS denote the left- and
right-hand sides of the sum rules, respectively.

Note that the vacuum spectral parameters A%, Mp,
and s} also appear in the external field sum rules (2.29)
and (2.30) and (2.33)—(2.36). Here we use the experi-
mental values for the baryon masses and extract A% and
st from baryon mass sum rules using the same optimiza-
tion procedure as described above. We then extract Hp,
AM%, and As{ from the external field sum rules.

For vacuum condensates, we use a = 0.55 GeV?3 (M +
mg ~ 11.8 MeV) [3,13], m2 = 0.8 GeV? [3,16], and f ~
fs = 0.8 [16,17]. We take the strange quark mass m, to
be 150 MeV [21]. The parameter x has been estimated
in Ref. [11]. The estimate in chiral perturbation theory
gives x =~ 2.2GeV 1. It is also shown that to the lowest
order in dm, x is determined by

xém = —y + O[(6m)?] , (3.3)
where v = (dd)o/{@u)o — 1, and ém has been determined
by Gasser and Leutwyler, ém/(m, + mq) = 0.28 + 0.03
[22]. The value of v has been estimated previously
in various approaches [23-32] with results ranging from
—1x1072 to —2 x 103, which upon using Eq. (3.3) and
a median value for §m = 3.3 MeV, corresponds to

05GeV™! < x <3.0GeV~? (3-4)
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We shall consider this range of x values. We follow
Ref. [11] and assume X,, =~ X, which is equivalent to
the assumption that m2 is isospin independent.

The parameter x, measures the response of the strange
quark condensate to the external field, which has not
been estimated previously. Since Ss is an isospin scalar
operator, x, arises from the isospin mixing and we ex-
pect x, < x. Following Ref. [11], one may express
Xs in terms of a correlation function and estimate it
in chiral perturbation theory. It is easy to show that
Xs(5s)o = ﬁ-"—t(Es)o. So, one may determine x, by eval-
uating 52— (3s)o in effective QCD models. Here we shall
treat x, as a free parameter and consider the values of
X5 in the range of 0 < x, < 3.0 GeV~!. We also assume
that Xms =~ Xs-

We first analyze the sum rules for Ioffe’s interpolat-
ing field (i.e., ¢ = —1). We start from the proton case.
The optimized result for H, as function of x is plot-
ted in Fig. 1. One can see that H, varies rapidly with
x. Therefore, the sum-rule prediction for the proton
matrix element H, depends strongly on the response
of the up and down quark condensates to the exter-
nal source. (The sum rules in the proton case are in-
dependent of x, and Xsm.) For moderate values of x
(1.5GeV~! < x < 2.0GeV~1), the predictions are

H, ~0.54-0.78 . (3.5)

On the other hand, for large values of x (2.4GeV~! <
x < 3.0GeV~?), we find H, ~ 0.97-1.25. For small val-
ues of x (x < 1.4GeV 1), the continuum contribution is
larger than 50%, implying that the continuum contribu-
tion is dominant in the Borel region of interest and the
prediction is not reliable. The predictions for A)\f, and
Asd also change with x in the same way as Hp,.

To see how well the sum rule works, we plot the LHS,
RHS, and the individual terms of RHS of Eq. (2.30) as
functions of M? with x = 1.8 GeV~! in Fig. 2 using the
optimized values for H,, A)\f,, and Asd. We see that the
solid (LHS) and long-dashed (RHS) curves are right on
top of each other, showing a very good overlap. We also
note from Fig. 2 that the first term of RHS (curve 1)

1.6 T T T T
14 | R
1.2
1.0
0.8
0.6
0.4
0.2

0.0 1 1 1 1
0.5 1.0 1.5 2.0 2.5 3.0
X

FIG. 1. Optimized sum-rule prediction for H, as function
of x, with Ioffe’s interpolating field (i.e., t = —1). The other
input parameters are described in the text.
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_2 1 1 | 1 I
0.8 0.9 0 1.1 1.2 1.3 1.4

M3(GeV?)

FIG. 2. The left-hand side (solid) and right-hand side
(long-dashed) of Eq. (2.30) as functions of Borel M? for
t = —1, with x = 1.8 GeV ™! and the optimized values for H,,
A/\;‘:, and Asi. Curves 1, 2, and 3 correspond to the first,
second, and third terms on the right-hand side of Eq. (2.30).

is larger than the second (curve 2) and third (curve 3)
terms. This shows that the double pole contribution is
stronger than the single pole contribution and the pre-
dictions are thus stable. (Although the second and third
terms are sizable individually, their sum is small.)

In Fig. 3, we bave displayed the predicted Hy+ as
function of x for three different values of x,. One no-
tices that Hy+ is largely insensitive to x,, but strongly
dependent on x value. For x values in the range of
2.2GeV™! < x < 3.0GeV™!, we find

Hy+ ~1.65-2.48 . (3.6)

For smaller x, we obtain smaller values for Hy+. The
predictions for Az\§3+ and Asd change in a similar pat-
tern. The sum rule works very well and the continuum
contribution is small for all x and x, values considered
here.

The optimized Hzo as function of x, is shown in
Fig. 4. [When ¢t = —1, the sum rule Eq. (2.36) is in-
dependent of x and x,.] We see that the result is very

3.2 T T T T

28 .
2.4
2.0

o 1.6
1.2
0.8

04 7 4

0.0 1 1 I 1
0.5 1.0 1.5 2.0 2.5 3.0
X

FIG. 3. Optimized sum-rule prediction for Hy+ as function
of x, with ¢t = —1. The three curves correspond to xs = 0
(solid line), 1.5 GeV ™! (dashed line), and 3.0 GeV~* (dotted
line). The other input parameters are the same as in Fig. 1.
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3.0 ] . . T ‘
25 |- 1
2.0
o 15

1.0

0.0 1 I 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Xs

FIG. 4. Optimized sum-rule prediction for Hzo as function
of xs, with ¢t = —1. The other input parameters are the same
as in Fig. 1.

sensitive to the x, value. Thus the prediction for Hzo
has a strong dependence on the response of the strange
quark condensate to the external field. For moderate x,
(1.7GeV™! <z, < 2.2GeV™1), we get

Hzo ~ 1.57-1.84 . (3.7
For larger (smaller) values of x,, we find larger (smaller)
values for H=zo. At x, = 0, we get Hzo ~ 0.68. The
results for A/\zEo and Asg increase (decrease) as x, in-
creases (decreases).

All of the results above use Ioffe’s interpolating field
(i.e., t = —1); we now present the results for general in-
terpolating field. In Fig. 5, we have plotted the predicted
H,, Hy+, and Hzo as functions of ¢ for x = 2.5GeV~?
and x, = 1.5GeV~L. As t increases, H,, Hyx+, and Hzo
all increase; the rate of increase is essentially the same for
H, and Hy+, but somewhat smaller for Hzo. We note
that the vacuum spectral parameters A% and s decrease
as t increases; this leads to a large variation of H,, Hyx-+,
and H=o with ¢.

The sensitivity of our results to the assumption of

3.0 T T T T T

2.5

2.0

1.5

1.0

0.5 | 1

0.0
-1.15 -1.10 —-1.05 —-1.00 —0.95 —-0.90 —0.85
t

FIG. 5. Optimized sum-rule prediction for H,, Hg+,
and Hgo as functions of ¢, with x = 2.5GeV~! and
Xs = 1.5 GeV ™. The other input parameters are the same as
in Fig. 1.
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2.8 T T T T
2.4
2.0
1.6
1.2
0.8

0.4

0.0 ==
0.5

FIG. 6. Optimized sum-rule prediction for H, and Hyg+ as
functions of x, with t = —1 and xs = Xms = 1.5 GeV~!. The
three curves correspond to xm = X (solid), 2x (dashed), and
% x (dotted). The other input parameters are the same as in
Fig. 1.

Xm = X is displayed in Fig. 6, where ¢t and xs(= Xms)
are fixed at —1 and 1.5 GeV ™!, respectively. The three
curves are obtained by using X, = X, %x, and %x, re-
spectively. We note that H,, and Hy+ get larger (smaller)
as xm becomes smaller (larger). The results are more
sensitive to X,, in the proton case than in the Tt case.
The prediction for H, changes by about 25% while the
prediction for Hy+ changes by about 15% when the X,
value is changed by 50%. This implies that the terms
proportional to x,, in the sum rules give rise to sizable
contributions. The sensitivity of our predictions to the
assumption of x,m = X, is illustrated in Fig. 7, with
t = —1and x = Xm = 2.5GeV~l. The three curves
correspond t0 Xms = Xs %Xu, and %x,, respectively.
One can see that both Hy+ and Hgzo are insensitive to
changes in X,,s. This indicates that the terms propor-
tional to Xms give only small contributions to the sum
rules. One also notices that Hg+ depends only weakly
on x,. Finally, the effect of ignoring the response of con-
tinuum threshold is shown in Fig. 8. The solid (dashed)

2.8 T T T T T
2.4
2.0
1.6

1.2

0.8

04 -

0.0 1 1 1 1 1
0.0 0.5 1.0 15 2.0 2.5 3.0

XI
FIG. 7. Optimized sum-rule prediction for Hy+ and Hgo as
functions of x,, with t = —1 and x = xm = 2.5GeV ™. The
three curves correspond to Xms = Xa (solid), 3x. (dashed),
and 2x, (dotted). The other input parameters are the same
as in Fig. 1.
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1.4 T T T T

FIG. 8. Optimized sum-rule prediction for H, as functions
of x, with ¢ = —1. The solid curve is obtained by including
all three terms on the RHS of Eq. (2.30), while the dashed
curve is obtained by neglecting the third term on the RHS of
Eq. (2.30).

curve is obtained by including (omitting) the third term
on the RHS of Eq. (2.30). The difference between the
two curves is large for moderate and large values of x.
This shows that the response of the continuum threshold
can be sizable and should be included in the sum rules.
Unfortunately, the response of the continuum thresholds
has been omitted in all previous works on external field
sum rules. This was first noticed by Ioffe [12].

IV. ESTIMATE OF BARYON ISOSPIN MASS
SPLITTINGS

In this section we estimate the baryon isospin mass
splittings using ém and the baryon matrix elements of
isovector-scalar current calculated in the previous sec-
tion.

The observed hadron isospin mass splittings arise from
electromagnetic interaction and from the difference be-
tween up and down quark masses:

dmy = ((5mh)e1 + (Jmh)q , (4.1)
where (dmyp)e and (dmp), denote the contributions due
to electromagnetic interaction and due to the up and
down quark mass difference, respectively.! Following
Ref. [11], one can treat ém as a small parameter and us-
ing the Hellman-Feynman theorem [18,19] to show that
the octet baryon isospin mass splittings to first order in
ém can be expressed as

M, — M, = (M,, — M)e + 6mH,, , (4.2)

!This separation is renormalization scale dependent. How-
ever, this scale dependence is weak; it is thus meaningful to
separate the contribution of quark mass difference from that
due to electromagnetic interaction (see Ref. [11]).
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Ms- — Mg+ = (Mg- — Ms+)el + dmHs+ (4.3)
Mz=- — M=o = (ME— — Mgo)el + dmHzo . (4.4)
Note that H, = —H,, Hy- = —Hx+, and Hz- = —Hz=o

to the lowest order in ém. Therefore, QCD sum rule
predictions for H,, Hx+, and Hgo, along with the elec-
tromagnetic contributions [22]

(M, — M,)e = —0.76 £ 0.30 MeV , (4.5)
(ME— - Mg+)el =0.17 £ 0.3 MeV , (46)
(Mz- — Mzo)e = 0.86 & 0.30 MeV (4.7)

will lead to an estimate of the baryon isospin mass split-
tings. Taking the experimental mass difference [33], one
finds

(M, — Mp)g** = 2.05+0.30MeV (4.8)
(Ms- — My+)J®* = 7.9 £0.33MeV , (4.9)
(Mg- — M=o)J** = 5.54 £ 0.67 MeV . (4.10)

We have seen from last section that the uncertainties in
our knowledge of the response of the quark condensates
to the external field, x and x,, leads to uncertainties
in the sum-rule determination of the baryon matrix ele-
ments Hg. (There are also uncertainties in ém.) There-
fore, our estimate here are only qualitative. For most of
the values for t, x, and x, considered here, the sum-rule
analysis gives 0 < H, < Hgo < Hyx+ (see Figs. 5, 6, and
7), which implies

0< (Mn - Mp)q < (ME— - Mgo)q < (ME— - ME+)q .
(4.11)

This qualitative feature is compatible with the experi-
mental data. For the baryon interpolating fields with
t = —1 and moderate x and ), values (1.6 GeV™! < x <
2.2GeV~! and 1.3GeV~! < x, < 1.8GeV 1), we get

1.95MeV < (M, — M), < 2.41MeV (4.12)
4.0 MeV S (Mg— - M2+)q S 6.3 MeV s (4.13)
4.5MeV < (Mz- — M=o), < 5.38MeV , (4.14)

where we have used a median value ém ~ 3.3 MeV. These
results are comparable to the experimental data, though
the result in the X case is somewhat too small. Smaller
and larger values of x and x, lead to correspondingly
smaller and larger values for the baryon isospin mass dif-
ferences. As t increases (decreases), the results increase
(decrease).

V. DISCUSSION

Our primary goal in the present paper has been to
extract the baryon matrix element Hp = (Bluu —
dd|B)/2Mpg for octet baryons. We observe that the sum-
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rule predictions for Hp are quite sensitive to the re-
sponse of quark condensates to the external isovector-
scalar field, which is not well determined. This means
that our conclusion about Hp can only be qualitative at
this point. The most concrete conclusion we can draw
from this work is that QCD sum rules predict positive
values for Hp, Hs+, and Hzo and H, < Hzo < Hy+.
This qualitative feature is, for the most part, stable
against variations of the response of the condensates to
the external source and the choice of baryon interpolating
fields.

We note that the inequality H, < Hzo < Hyx+ indi-
cates SU(3) symmetry violation in the baryon matrix el-
ements of the isovector-scalar current. This arises mainly
from the difference in the baryon interpolating fields
used in the QCD sum rules and from the fact that the
isovector-scalar current is not a SU(3) singlet. Clearly,
it is a very interesting topic to check this inequality in
other effective QCD models. At this stage, it is unclear
whether the difference in the baryon interpolating fields is
connected to the SU(3) symmetry breaking in the baryon
wave functions.

In the present study, we derived and used a complete
form for the phenomenological representation, which has
also been given in Ref. [12]. This form includes the re-
sponse of the continuum thresholds, which was ignored in
Ref. [11]. We found that the neglect of the response of the
continuum thresholds can have large effect on the extrac-
tion of the baryon matrix elements. This suggests that
the contribution arising from the response of the contin-
uum thresholds, neglected in previous works, should be
accounted in the study of general external field sum rules
(see Ref. [12] for estimates of the effects of this contribu-
tion on the extraction of various physical quantities).

The spectral parameters in the absence of the external
source, Mg, A%, and s}, appear in all external field sum
rules. Unlike the mass, there are no experimental values
for the coupling A% and the thresholds st. One usually
evaluates these parameters from the mass sum rules by
fixing the mass at the experimental value. This means
that the uncertainties associated with the vacuum spec-
tral parameters will give rise to additional uncertainties
in the determination of the baryon matrix elements of
various current, in addition to the uncertainties in the
external field sum rules themselves. This is a general
drawback of the external field sum-rule approach. It is
also worth pointing out that it is the product of A% and
the baryon matrix element appears in the external field
sum rules [see Egs. (2.29) and (2.36)]. So it is more suit-
able to determine the product of A% and the baryon ma-
trix element from the external field sum rules; one then
needs a good knowledge of A% in order to extract the
baryon matrix element cleanly.

The sum-rule predictions are fairly sensitive to the
choice of baryon interpolating fields. This sensitivity
arises from both the dependence of the truncated OPE re-
sult and the dependence of the extracted parameters \%
and s} on the choice of the baryon interpolating fields.
We found that the latter has stronger dependence, and
hence leads to larger contribution to the change of the
predictions with ¢.
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The nonelectromagnetic part of the baryon isospin
mass difference is essentially given by the matrix el-
ement Hp multiplied by the light quark mass differ-
ence dm. Given the uncertainties in the determina-
tion of Hp mentioned above, our estimate of the isospin
mass splittings for the octet baryons must be qualita-
tive. It is found that the QCD sum-rule predictions yield
(Mn — Mp)q < (ME‘ - MED)q < (M}:— — Mz+)q. This
qualitative result is consistent with the experimental data
and insensitive to the details of calculation. If we use a
median value dm = 3.3 MeV and moderate values for x
and x,, we obtain results comparable to the experimen-
tal values. However, since the response of various con-
densates to the external source and §m are not precisely
known and the uncertainties from other sources cannot
be accessed systematically, it is not wise to make a criti-
cal comparison with data or to attempt to extract x [and
hence « through Eq. (3.3)] and x, by fitting the exper-
imental data. Clearly, further study of the response of
the quark condensates to external isovector-scalar field
is important, along with more accurate determination of
the vacuum spectral parameters. Effective QCD models
may give some independent information on the response
of the quark condensates while the lattice QCD may offer
clean determination of the vacuum spectral parameters
[15].

There have been several earlier papers that study the
neutron-proton mass difference [25,30,31,34-36] and the
baryon isospin mass splittings for other octet baryons
[25,31], based on QCD sum-rule approach. In Ref. [25],
the baryon mass differences were extracted directly from
the baryon mass sum rules by including the quark mass
difference and the isospin breaking in the quark conden-
sates. The contributions of quark-gluon mixed conden-
sates were ignored, and somewhat different values for the
vacuum condensates and the strange quark mass were
used. This can lead to large effects on the extraction of
the isospin mass splittings. The procedure for analyzing
the sum rules was also quite different from the one used
in the present paper. In Ref. [34,30], the neutron-proton
mass was extracted from the difference between the neu-
tron and proton mass sum rules, but the continuum con-
tributions were disregarded. In a later calculation [35],
the authors of Ref. [34] have included the continuum con-
tribution in the study of the density dependence of the
neutron-proton mass difference in the medium. In these
works, the contributions from the quark-gluon conden-
sates and the change in the continuum thresholds were
omitted. The study of neutron-proton mass difference
in Ref. [36] was based on the mass sum rules directly.
Apart from keeping the quark mass difference and the
quark condensates difference, an attempt was made to
incorporate the electromagnetic contribution also phe-
nomenologically in the sum rules.

The analysis in Ref. [31] is more closely related to the
present work. The goal of Ref. [31] was, however, to de-
termine the parameters ém and ~ by fitting all isospin
mass splittings in the baryon octet. The sum rules were
obtained for Ioffe’s interpolating field by treating the
quark mass and the isospin breaking in quark conden-
sates as perturbations. On the phenomenological sides
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of the sum rules, all spectral parameters, mass, residue,
and continuum thresholds, were allowed to change. Note
that the sum rules derived by us in Sec. II can also
be derived directly from the mass sum rules. Writ-
ing m, = m — ém/2, mg = ™M + 6m/2 and assuming
X = —v/dm [see Eq. (3.3)], one can differentiate the
mass sum rules with respect to §m. For ¢t = —1, one
can then identify our sum rules Egs. (2.29) and (2.30)
and (2.33)—(2.36) with the sum rules given in Ref. [31].
This coincidence between the sum rules is not surprising,
since the quark mass term in the QCD Lagrangian can
also be regarded as a constant external scalar field. We
observe, however, that the contributions from dimension
eight condensates have not been included in Ref. [31].
We have seen in our analysis of the sum rules (see Figs. 6
and 7) that these contributions can be numerically sig-
nificant. In addition, the authors of Ref. [31] directly
used the ¥ and Z mass sum rules from Ref. [16], where
all the terms proportional to m, or m4 were neglected.
Consequently, some terms proportional to m, were not
taken into account in the ¥ and = cases and there was
a factor two omitted in the contribution from four-quark
condensates in the nucleon case.

We note that the authors of Ref. [31] took a very dif-
ferent procedure in analyzing the sum rules. They used
both sum rules to eliminate AA% while we used only the
more stable one. The continuum contribution in sum
rules Egs. (2.29), (2.33), and (2.35) is large. So these
sum rules are likely to be dominated by the single pole
terms and the predictions based on these sum rules may
not be reliable. The size of the continuum contribution
was not checked in Ref. [31]. Certain assumptions such as
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As} = 0 were also used in some cases. We notice that the
absence of continuum contribution in the external field
sum rules does not necessarily imply Asy = 0. In fact,
as long as there is continuum contribution in the mass
sum rules, one must include As} as an unknown quan-
tity to be determined from the sum rules. Any assump-
tion about As} may bypass the information extracted
for other quantities. The authors of Ref. [31] claimed
that consistency of the two sum rules can be achieved for
v = —(241) x 1073, which is different from the values dis-
cussed in the present paper (see discussions in Sec. III).
This discrepancy arises mainly from the difference in the
procedures for analyzing the sum rules.
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APPENDIX

In this appendix, we give the OPE results for the in-
variant functions II} and II?. The interpolating fields
defined in Egs. (2.2)—(2.4) are used in the calculation.
We work to the leading order in the perturbation theory
and to the first order in the strange quark mass m,. The
contributions proportional to up and down quark masses
and to gluon condensates are neglected. Condensates up
to dimension 8 are considered:

c1 + 6¢ c1+6cy
proton : IIi(¢%) = —1—2-8—7;3@2)2111(—(12) + llﬁ—ﬂzzx(qq)oq2 In(—¢?)
3co _ 2 ci+3c2—c3,_ 5,1
T Xm (9590 - Gq)o In(—q") + e (qq)oq—2 , (A1)
401—63 - C4+C5—602 _ 1
mi(¢®) = 327@'1)0 In(—¢?) + —96—7;2————(9qu . QQ)oq—z
c1 1 c1+2¢cy _ 1
+§1x<qq)335 + = X(@0)o(g.70 - Gq)oW
¢y — 2c _ _ 1
+ =g Xm{T9)o(9.T0 - 9a)o 777 (A2)
St THE?) = o2 (%) In(—a?) + o2 x(@)0q? In(~ %) — —5 Xa (35)0d? In(—0?)
1 642 8m2 16mw2"°
c1 — 2c¢ _ 3c _
—%ms@(ﬁo In(—q?) + ﬁms(ss)oln(—qz)
3c _ c _ 1
—F:zxm(gaqa -Gq)oIn(—¢?) + 32;2 M4 (gs50 - gs)OF
261 + 362 - 663 _ 1 Cc1 — 203 _ _ 1
T genz {999 Ga)o 5 + ———(T0)o(E5)o 3
c _ 1 c _ _ 1 c _ _ 1
+—3ixms(qq)?)q—2 + 32xm,,(qq)o(ss)oq—2 + 52xun,,(qq)o(ss)oq—2 , (A3)



52 BARYON QCD SUM RULES IN AN EXTERNAL ISOVECTOR-. .. 2975

3c 3c
q/ .2\ _ 2 — a2\ __ 2 /= 2
M(¢%) = 5 %mad? In(—g )+———16 22 (@@)oIn(~%) — 52 (ss)o In(~a?)
3cy _ - 2
+8—2'Xms(qq)0hl(_q ) + 327!'2 Xams<ss>0 ln(_q )
502 _ 1
+96 5(9s90 - Qq)o— 397 (gswﬁs)oq—2

7C _ 1 Cs _ 1
"3—2FXmma<gsqa . QQ)oq—z + 9—6;§Xmsms(9330 . gs)oq—2

c _ 1 _ _ 1 _ _ 1
+§1x(q€1)§q—2 - Cz>c(<1<1)o(~‘w)oq—2 - CzXa(QQ>o(33)oq_2

c _ .2 1 c3 —2c 1
+52m8(qQ>0( 2) + _33_—1 (qq>0<88>0( 2)2
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— 2¢

3ca
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3c2 _
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2¢1 + 3¢y — 6¢ _ 1 1
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—Le—lxma(s-S)o(QQ)ogg - —lT—a—x,ma(ss)o(qq)oq—z ’ (A5)
Hq2_302 21_2_63_ 1-2——362_ 1_2
1(¢°) = 55 3meq" In(=¢%) = 555 (@a)o In(=¢°) — 5 (3s)oIn(~¢")

362 — 2 261
t8n2 x4 (@q)o In(—q*) WXams(ss>0 In(—q?)

c _ 1 Tea
—%%(gsqa . g(I)oEg 39,2 (9530 - Qs)o
562 _ _ 1
_ﬁ;r_zX'mms(gsqa . QQ)oq—z - WXmsms(gssa . gs)O?

1 1 e 1
—sz(qq>o(88)oq—2 — C2Xe ('1‘500(33)0;5 + glxs(w)gq—z

¢ a2 1 cs — 2c _ - 1
+—22—ma(88)0W + —lfms(qq)o(ss)OW
1y, _ 1
X(qq>°<gss‘7 gs>0( 2)2 + EZXs(ss)()(gssa . gs)OGz)_z
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Here ¢y, c2, c3, ¢4, and cs have been defined in Eq. (2.32), and we have ignored the isospin breaking in the vacuum
condensates (i.e., (@Ou)o ~ (dOd)o = (gOq)o). All polynomials in g2, which vanish under the Borel transformation,
have been omitted in Egs. (A1)—(AS6).
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