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The three-step two-body decay process of J/vb, J/Q -+ V + X, X -+ Pz + Y, Y ~ P2 + Ps
(where V and P; represent vector and pseudoscalar mesons, respectively) is discussed by using the
generalized moment analysis method. The spin-parity of the boson resonance X and the ratios
of helicity amplitudes of the process can be determined in terms of measuring the corresponding
moments except for a very special case.

PACS number(s): 13.25.—k

I. IN TRODUCTXON

The existence of glueballs (pure gluons bound stages),
hybrids (bound states which include quarks and gluons),
and four quark states is an important prediction of quan-
tum chromodynamics (QCD) theory [1]. The unambigu-
ous identification of such new hadronic states would be
an essential proof of the validity of QCD theory But.
this identification has not been achieved as yet due to
the complexity of this subject.

J/vP decay process is considered to be an ideal place
to search for these new hadronic states. Some of the rea-
sons are as follows. First, some theoretical models, such
as the potential model, bag model, and lattice gauge the-
ory expect that the masses of these new hadronic states
may lie in the range of 1 to 2.5 GeV [2]. Hence they
may be produced in the J/@ decay processes. Second,
the perturbative QCD predicts that the J/@ radiative
decay processes proceed mainly via the following way:
charm quark (or a anticharm quark) inside the J/g emits
a photon, then annihilates into two gluons together with
another anticharm quark (or charm quark) in the J/vP,
finally these two gluons become some hadrons through
the final-state interaction. And the most of these final-
state hadrons are the hadronic states with spin-parity
J = 2++, 0 +, and 0++ which just are the lower en-
ergy states of glueball [3]. Hence, the J/@ radiative decay
process is favorable to the production of glueballs con-
taining two gluons. The branching ratio including first-
order QCD corrections of J/@ radiative decay processes
is about 7'%%uo [2,4]. Third, QCD also predicts that the J/@
hadronic decay processes proceed mainly via three-gluon
decay, namely, the charm quark and anticharm quark in-
side the J/g annihilate each other into three gluons; then
these gluons form various hadrons through hadroniza-
tion. And the lowest diagram of these processes is the

J/@ decay into a hybrid in coinpany with a usual meson.
Therefore, the J/g hadronic decay process is favorable to
the production of hybrids. The branching ratio of J/@
hadronic decay processes is about 66% [2,4]. Fourth, for
the particle J/g produced in e+e collision, its energy
and momentum are fixed (E,p) = (m1, 0) in the center-
of-mass system of e+e . The J/@ polarization state of
the 0 component is suppressed strongly; i.e. , the J/@ is
produced only with helicity +1, due to the vector nature
of e+e production mechanism. In addition, since J/@
is a cc bound state it is a singlet state of SU(3)s „,. All
of these properties are favorable to determine the charac-
teristics of the final-state hadrons produced in J/vP decay
processes.

Experimentally, three candidates of the new hadronic
states have been discovered and confirmed by Mark II,
Crystal Ball, Mark III, DM2, and BES in J/@ radiative
decays. They are t/rI (1440) [5], 0/f2(1720)/fo(1710) [6],
and ((2230) [7]. But many interesting questions need to
be answered further. For example, the spin of 8(1720) is
0 or 2; in the mass region of about 1440 MeV there is
only one state ajrl(1440) or there are three resonances at
least [8]; the spin of ((2230) is 2 or 4, and so on.

As pointed out in Ref. [9], in order to determine the
properties of these new hadronic states there is a great
need for systematic studies of J/1b hadronic decay pro-
cesses J/vP -+ X + V (V denotes a vector meson) in ad-
dition to the J/@ radiative decay processes. In Ref. [9]
three-step two-body processes of J/@,
e++e m J/@m7+ X'

m P2+ P3,

e+e + J/@ —+ V+
mPg+Y

'Mailing address. P2+ P3 (2)
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(where P, represents the pseudoscalar meson, Y is a
known particle with spin-parity 0+, 1, or 2+, X is a
boson resonance to be studied), have been studied more
systematically by using the helicity amplitude method
[10]. The helicity formalism of the angular distributions
which can be used to perform the spin-parity analysis of
the boson resonance X are presented.

It is the aim of this paper to study processes (1) and
(2) by using the moment analysis. The moment analysis
method is erst used to perform the spin-parity analysis
of the boson resonances B for the process

vector meson V lies in the x-z plane. In this frame we
have the decay amplitudes as [ll]

(3)

(P2pslTslY&~) Dp ()(4'2 02 4'2)

B + C

~ 2P (or 3P) ~ 2P (or 3P)

(where P denotes the pseudoscalar meson) [11]. The
Mark III and BES Collaborations have studied the J/@
radiative decay J/g ~ p+0(1720) and the J/g hadronic
decay J/Q ~ tv+ 0(1720), respectively, by using the mo-
ment analysis to determine the spin of 0 [12]. In Ref. [13]
this method is used to determine the spin of the ((2230)
produced in J/g radiative decay process

J/i/d m P+ ((2230)

The moment analysis method is more effective than the
helicity amplitude method when the statistics are lower
and there are resonances with diferent spin overlap in
the mass region under consideration [14]. Because when
we use the helicity amplitude method to determine the
spin of the resonance we first must assume all events
within a given mass interval corresponding to an object
with definite spin; i.e., the resonance is isolated then we
perform the 6t to the angular distribution. But the fact
is not always so simple. For example, experiment shows
that there are complicated structures near the a(1440)
and 0(1720) mass region. In Sec. II of this paper we
derive the formalism of moments corresponding to the
boson resonance X with the spin-parity 0, 1+, 2+ and
the intermediate Y with spin-parity 0+, 1,2+ for the
three-step two-body hadronic decay process (2) of J/@.
Finally, a summary is given in Sec. III.

(4)

for process (2), where Ag = +I, Av = 0, +I, Ax.

0, +1, . . . , 6J~, and Ay- ——0, +1, . . . , +Jy, are the he-
licities of the particles J/g, V, X, and Y', respectively.
The function D~ is the (2J+ 1)-dimensional represen-
tation of the rotation group. 0~ is the angle between the
incident positron and the moving direction of the vector
meson V. The decay angles (91,$1) describe the direc-
tion of the momentum of particle Y in the rest kame of
particle X where we choose the zq axis parallel to the
momentum p~ direction of particle X in the rest frame
of J/@ and the yi axis may be taken to be along the
normal to the production plane. (02, $2) describes the
direction of the momentum pg of the pseudoscalar meson
P2 in the rest frame of particle Y where the correspond-
ing z2 axis is chosen to be along the moving direction of
the particle Y in the rest frame of X and the y2 axis is
along px x pv. (where pv. is the momentum of the par-
ticle Y defined in the rest frame of X). r and r' are
polarization indices of the electron and positron. p+ is
the momentum of the positron in the rest frame of J/@.
Finally, Apv px and B&x o are the helicity amplitudes
for the process J/Q -+ X + V and X ~ Pi + Y, respec-
tively. Because of the parity conservation for the decay
processes these helicity amplitudes satisfy the symmetry
relations [11]:

A), v px = Px. (—1) A p), ),»,

II. M&MENT ANALYSIS

We take the c.m. system of e+e . The z axis is chosen
to be along the direction of the incident positron and the

gg~x p p ( I)Jx —~v g&x
AY, O AY, O

Therefore, in the frame chosen above we obtain the fol-
lowing angular distribution of the three-step two-body
decay process (2) of J/g:

IV(~v, 01, 41, ~2 42)-
&J=+1,&v,&x,&~,&v, A~

JxA» A, , B,

xB„, 0*D&*, ~v ~ (0,x81, 0)D„', „v „, (0, 01,0)Di» ~~($1, 01, —Pi)

(Qli el i 4 1)Dg~ o (4'2l '92 i 4'2)Dpi 0(4'2l ~2 i P2)

We now de6ne the moments by

M(dlmsn) = jddv sindvdds dds sinds dds dds sinds Ds (O, dv, O)

,~ (iIt 1 i 01 i Q 1 )Dvi O (4'2 i 92 i $2 )IV (0V i 01 i 41 i ~2 i 0'2) (7)



52 THREE-STEP TWO-BODY DECAY OF J/f AND THE. . . 2827

Using the integration formulas about D function (for example, see the Appendix of Ref. [11])we have

M(jlman)-
A J=+&,&v,&x,&~~,&v, &~~

~xA~v, ~xA~v ~ B),~ OB),

x (1Agj011A&)(1Av —A'xj ml1Av —Ax) (JxAxlml JxAx)
&&(JxAy ln,

l JxAy)(JyAy an,
) Jy Ay)(Jy Oiol Jy 0), (8)

where (jqmq j2m2I jm) are Clebsch-Gordan coefficients.
The discussion will proceed under the three cases of

Jy ——0+, 1,2+ below.

A. J~ =0+

In this case the relation (5) is reduced to

= Px( —1) "A-~,-)

amplitudes Aq o, Aq q, and Ao q for the process J/@ ~
V + X and there is only one helicity amplitude Bo 0 for
the process X -+ Pq + Y according to the relation (9).
Therefore, we have the following moments:

M(00000) 4(IAi, il + IAx, of + IAo, il ) I+o,ol

M(02000) —
s (IAz, z I

—2IAx, ol + IAo, i I ) l&o,of

gy&x p ( 1)&x g&x
7 7

M(20000) - s(—2IAx, il'+ IAi, ol'+ IAo, il')l&o, ol',

M(ooooo) - 4IAi, ol'IBo, ol'

M(2oooo) - —,'IAa, ol'I&o, ol' .
(10)

When J~x ——1+ there are three independent helicity
I

Hence process (2) is forbidden for the resonance A with
J~x ——0+, 1,or 2+. The probable lowest orbital states
are ones with J~x ——0, 1+,2

When J~x ——0 there is only one independent helicity
amplitude Aq o for the process J/Q —+ V + X and one
helicity amplitude Boo for the process X —+ Pz + Y,
respectively. From Eq. (8) we obtain only two moments:

M(»000) - 2's(2IA~, ~I'+ 2IA~, ol' —IAo, ~l')I&o', of'

M(22100) —
2s «(A i, ~ A i,o) I &o,o I

M(»»0) - —,', IAo, .l'I&o', of'

Similarly, if J~ ——2 there are four independent helicity
amplitudes: Aq 0, Aq q, Aq 2, and Ao q for the process
J/@ —+ A + V and one helicity amplitude Ho2 o for the
process A —+ Pq + Y due to relation (9). Hence when
J&~ ——0+ and J~ ——2 we obtain the moments

M(ooooo)

M(02000)

M(20000)

M(22000)

M(22100)

M(22200)

M(24000)

M(24100)

M(24200) Re(A&, 2A1,0) I+0,01

4(IA&, 2I + IAz, xl + IAx, ol + IAo, &l )I+a,ol

—q( 2IAx, 2I
—IAx, al — IAz, ol

—IAo, zl )l&o,oI- s(IA~, 21' —2IA~, ~I'+ IA~,ol'+ IAo, ~l')l&o, ol'
—ss(2IAi, 2f + 2IAi, z f

—2IAi, ol —IAo, x I )I+o ol

35
Re(A&, &A&,o ~6 A&, 2Aa. ,~) I+o,ol

ss I3IAo, z I

—2~6Re(Az 2Az, o)ll&o, ol'
- ~os(IA~, 2l'+ 8IAa, a, l'+ 6IA~, ol —4IAo, ~l')I+o, ol'

1/2(31
Re(~6 A1,1A1,0 + A1,2A1, 1)l@o,o I

2 2

IAo. ~l'+
I

—
I

Therefore, when J&~ ——0+ we can easily determine the spin and parity J~x of the boson resonance X from
Eqs. (10)—(12). First, for the Jxx ——0, all of the moments with l =, 2, 4 are equal to zero, and there is a simple
relation for the only two moments:

M(00000) = 10M(20000) . (13)

However, there are not these properties for resonances X with J = 1+ and J = 2 . Therefore, through the
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measuring moments in experiment the boson resonance X with J~ ——0 can be distinguished &om the resonances
with J~ ——1+ and J~ ——2 . In order to distinguish the state with J~ ——1+ from the state with J~~ ——2 we

measure the moments with l = 4 first. This resonance must be one with J~ ——2 provided there is one nonzero
moment with / = 4. If all of the moments with / = 4 are equal to zero we can determine the spin-parity of X to be
1+ or 2 from one of the following two relations:

M(00000) —7M(02000) —10M(20000) + 70M(22000) 0 for jx» ——2

M (00000) —lOM (20000) for J~~ ——1+, (i4)

M(00000) + 5M(02000) —lOM(20000) —50M(22000) —for Jx» ——2

7M (02000) —70M (22000) 0 for J~ =1+, (i5)

provided Ai i g 0. If Ai i ——0 but 2]Ai o[ g ~Ao i~ we can still distinguish the resonance with Jx ——1+ &om the
resonance with J~~ ——2 by using the relation

2M (00000) + 5M (02000) —50M (22200) 0 for jx» ——2

M(22000) 100 for J~~ ——1+ . (16)

We cannot distinguish the state with J~ ——1+ from the state with J~ ——2 only in a very special case of all of
moments with l = 4 are equal to zero, Ai i ——0, and 2~Ai, o~

= ~Ao, i~
We now define the following independent helicity amplitude ratios x, y, z, z, (J and rig (J = 1, 2) by

2e~ =-- ', ye@" =
A1,0

'
A1,0

'
Ap, pze'& =
A1,0

J0, . Bppz'e'&. =, (~e'&' =
A1,0 B1 p

JB2,0gJe'4'j =
1,0

(17)

All of the helicity amplitude ratios are real if we suppose that process (2) is invariant under time reversal [15].
After determining the spin-parity of the resonance X, the helicity amplitude ratios can be obtained. For the

resonance X with J~~ ——1+ we have

M(00000) —10M(20000),2 50M(22200) 50M(22100)
M(00000) + 5M(02000) M(00000) + 5M(02000) M(00000) + 5M(02000)

from Eq. (11). For jx» ——2 we obtain

where

y

x cosP

xy cos(P„—P )

[M(02000) —10M (22000)],245
3T
—[M(00000) —7M(02000) + 15M(24000) + 20M(22000)],
14
T
—[5M(22200) + 2~15 M(24200)],
70
T

3T [5~3M(22100) + 9~10M(24100)],

—[~15M(24100) —5~2 M(22100)],
70
T

T = 7M(00000) —49M(02000) + 630M(24000) + S40M(22000) . (20)

B. J~~ =1

In this case we have the relations

A), , ),» = &x(—1) "A—~,—~, &„„o———&x(—1) & ),„,o, (21)

from Eq. (5). Therefore, only the process with Jx» —0+ is forbidden.
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When J& ——0 we have four moxnents:

M(00000) - 41Az, of IBo,pl, M(o0020) - s IAz, of IBo,of

M(2oooo) -
& IAz, ol'IBo, of' M(2oo2o) - 2'51Az, ol'IBo', oI

(22)

~hen j ~ = 1. there are four independent helicity amplitudes: Az o, Az z, Ao o, and Ap z for the process J/tp ~ V+X
and there is still one independent helicity amplitude Bz o for the process X ~ Pz + Y. From Eq. (8) we can obtain
16 moments. Below we only give the 12 of them which will be used in the latter calculation:

M(00oo0) - 4(2IAz, zl + 2IAz, ol + IAo, ol + 2IAo, zl )IBz,ol

M(02000) = —5M(02020) = sM(02022)
- s (IAz, z I' —2IAz, ol' —IAo, oI'+ IAo, zl') IBz,ol'

M(20000) s ( 2IAz, z I
+ IAz, pl IAp p

I
+ IAp, z I ) IBz,of

M(22000) = —5M(22020) = sM(22022)
- ——'(2IA, I'+ 2IAz, ol' —2IAo, oI' —IAo. I') IB', I'

M(22100) 2s Re[Ao, zAp p
—Az, zAz, o] IBz,of

M(22200) = —5M(22220) = sM(22222) 2slAp zl IBz of

(23)

%Then J~~ ——1+ we have Ap p
——0 and there are two independent helicity amplitudes Bz p and Bp p for the process

X ~ Pz + Y &om Eq. (21). In this case the total number of' moments is 21. The nine moments below are useful for
the latter calculation:

M(o2o2o) - —
2s (IAz, z I' —2IAz, o I' + IAo, z I')(IBz,ol' + 2IBo,of')

M(02022) 2s (IAj, z I
21Az, of + IAp, z I ) IBz of

M(22020) - z2s(2IAz, zf + 2IAz, pl' IAo, zl')(IBz, ol'+ 2IBo,ol')

M(22021) z2 (21Az, z I' + 21Az.o I' —IAo, z I')«(B',oBo',o*)

M(22022) -
z2s (21Az, z I

+ 21Az, pl IAp, z I') IBz,of'

M(22122) z2sRe(Az zAz o) IBz ol, M(22220) zzs IAo, zl (IBz,ol + 2IBo ol )

M(22221) z2s IAo, z I'«(Bz pBo o*) M(22222) -,';. IAo, z I'IBz,of' ~

(24)

en J+~ = 2+ there are five independent helicity amplitudes: Ax, p& Ax, » A&, 2r Ap p and Ap, l for the process
g/@ ~ ~+X and one helicity amplitude Bz o for the process X + Pz + Y. There are 28 moments in this case. Some
of them are

M (22100)

M(00000) 4(21Az, zl'+ 2IAz, pl + IAO, OI + 21Ap, z
I

+ 21Az, 21 )IBz,of',
M(02000) 7(IAz, zl + 21Az, ol + IAo, ol + IAo, z.

l

—2fAz, 21 )IBz ol

M(o40oo) - ss (4IAz, z I

—6IAz, ol
—31Ao,ol + 4IAo, zl

—IAz, 21 ) IBz,pl

2 15
M(04022)

15
—

sz5 (41Az, z I

—61Az, o
I

—31Ao,o
I

+ 41Ao, z
I

—IAz, 21 ) IBz,o I

M(20000) s ( 2IAz, zl + IAz, ol IAo.ol + IAo, z I
+ IAz, 21 )IBz ol'

M(22000) = —sM(22022)

s5 (21Az, z
—

I

—21Az. , o f
+ 21Ao, o

I

—IAo, z.
I

+ 21Az, 21 ) IBz of

M(22200) = —&M(22222) —
ss [2~6 Re(Az 2Az o) + 31Ao z

I ] IBz of

Re[Az zAz 0 Ap, zAO, O ~~Az zAz, '] IBz,p I

(2) zi2
M(24100) 2z (5)

(25)
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M(24200) = —5M(24220) = M(24222)
2 15

3

8

When J~ ——2, because of Ao 0 ——0 there are four independent helicity amplitudes for the process J/@ —+ V + X
and two independent helicity amplitudes B& 0 and Bo o for the process X ~ P~ + Y. There are 39 moments. The 14
moments of them are

M (00000)

M(00020)

M(02022)

M(04020)

M(04022)

M(22000)

M(22022)

M(22122)

M(22200)

M(22220)

M(22221)

M(22222)

M(24020)

M(24021)

M(24022)

M(24122)

M(24200)

-,:~.(slAi, il'+ 6IAi, ol' —41Ao, il'+ IA1,21')(21&i ol'+ 31&o ol')

(81Al, ll'+ 6IAi, ol' —4IAo, il'+ IA1,21')Re(&1,0&0,0*)

(81A, , I
+ 61A,

I

—41A
I

+ IA, I )IB,

35 (3)
(2l '

21 (5)

«
I Ai, i i,o + 1,1A1,2 I I+i,ol')

/2

Re(A1,0A1,2) +
3 IAo, il (41+1,ol 31+o,ol )

- 4(IAi, il'+ IA1,01 + IA0, 11 + IA1,21')(21&i,ol'+ l&o,ol'),
—s(IA1, 11 + IAi, ol + IAo, il + IA1,21 )(I+i,ol I+o,ol )- 3'. (IAi, il'+ 2IAi, ol'+ IAo, il' —2IAi, .l') l&i ol'

- —,;.(41Ai, il' —61Ai,o I' + 41Ao, il' —IA1,2 I') (21&i,o I' + 31&o,o I')

(41A, I' —61Ai,.l' 41Ao, il' —IA1,21') l&i,ol'

—
33 (21A1,11 —21Ai, o I IAo, i I

+ 21 A1,21 ) (I+1 o I
+ I+o o I )- —,'„(21Ai,il' —2IAi, ol' —IAo, il'+ 21Ai, 21') l&i ol'

Re(A1, 1A1,0 ~6A1 1A1,2) l&1,01

- —~'~ [2~6Re(A1,2Ai, o) —3IA0, 11')(I&i,ol'+ I&o ol')

[2~6 Re(A1,2A1, 0) 3 IA0, 11 ] (I+i,o I 21+o,o I )

[296Re(A1, 2A1 o) 31Ao, il ]R (+1,0+0,0 )
2 2 2

—
1~5 [2v 6 Re(A1 2Ai, o) 31Ao, i I ] I

+i~,o I'

(26)

1/2

M(24220) Re(A1 0A1,2) + IA0, 11 (21+1,01 + 31+o,o I )

M(24221) - 3, «(Ai, oAi, 2) + IAo, il R (&i,o&o,o )

M(24222) 33 I

—
I Re(A1,0A1 2) +

I Ao, 1 I 1&1,01

From Eqs. (22)—(26) we can see that there is an obvious characteristic for the resonance X with J~ ——0, that is,
all of the moments with l & 0, m & 0, and n & 0 are equal to zero and only four nonzero moments satisfy a simple
relation:

2M(00000) = 5M(00020) = 20M(20000) = 50M(20020) . (27)

But there is not this property for resonances X with J~~ ——1+ and J~~ ——2+. Therefore, 0 state can be
distinguished from the states with 1+ and 2+ through the measurement of moments experimentally. Then because
all of the moments with I & 2 equal to zero for the state with J~ ——1, but there are 18 moments with l & 2 for 2
state and 12 moments with / & 2 for 2+ state. Hence so long as there is one measuring value of moments with l & 2
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to be not equal to zero the spin of this boson resonance X must be not 1. After determining the spin the following
three relations can be used to fix the parity of J~ ——1 boson resonance X:

and

M(22220) —— for Jx» ——

M(22222) s(1+ 2(f) & 2

M(22020) —— for J
M(22022) 2 (1 + 2(i) & 2

1
for J~~ ——1+,

0

for J& ——1+

(28)

(29)

M(02020) —— for J~» —1—

M(02022) s(1+ 2(&) & — for J~» ——1+ .

The following relations can be used to 6x the parity of J~ ——2 boson resonance X:

(So)

M(22000) ,'f» J» = 2+,
M(22022) z(1+ (z) for J~ ——2

M(04020) —~ for J» = 2+
15

M(04022) ~ (2 + S(2)

and

M(22200) —5 for J~~» —2+,
M(22222) z (1+ (z) for J~» ——2

M(24220) —'~ f J» = 2+

M(24222) ~ (2 + 3(2)
(34)

The helicity amplitude ratios can be written in terms of the moments. For J~ ——1 we have

where

x = —[M(00000) + 5M(02000) —50M(22200)],
T1

z = —[M(00000) + 50M(22000) —50M(22200)],
T1

z = —M(22200), zz cos(P, —P, ) —x cos P = —M(22100),
50 I 1 50

1 1

Ti ——M(00000) + 5M(20000) —50M(22200) .

When J~ ——1+ we obtain

x2 = —[10M(22022) —M(02022)], z' = M(22222),
25 250
T2 T2

3 M(22220)
p2 2 M 22222 2
&1 3 M 22020 1 g g 02 M(22022) 2

where

M(22221) .f ~ ()
x cos P = M(22122), (i cos Pi ——

2 M(22O

T2 ——25[5M(22022) + M(02022) + 5M(22222)] .
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For J~~ ——2+ the independent helicity amplitude ratios can be expressed as follows by using the moments

where

z 12

xy cos(P„—(t ) =—

x cos(t —zz' cos(P, —P', ) =

x2 = [M (00000) —10M (20000) —7M (02000) + 70M(22000) ],
4T3

y = [4M(0000) —40M(02000) —9M(04000)],
16T3

z = [
—M(00000) + 10M(20000) + 14M(02000) —140M(22000)],

4T3
105

[3~15M(24200) —10M(22200)],
28T3

y cos P„= — [40~6M(22200) + 27~10 M(24200)],
35

112T3
105

[3~15M(24100) + 20~2M(22100)],
56T3

5
[20~3 M(22100) —27~10 M (24100)],

8T3

(39)

T3 ——M(00000) —5M(02000) —
4 M(20000) + 2 M(22000) —16M(04000) . (40)

Finally, when J~~ ——2 we can obtain the relations

x = [M(02022) —10M(22022)],
1225
12T4

y = [4M (00000) —10M (00020) —100M(02022) + 9~15M (04022)],
8T4

z' = [9M(24222) + 5M(22222)],
175
2T4

S
315M(24222)+175M(22222)

~2 ~15M(24020) 2 f ~ ()3M(24022) 3 0, 1

175
x cos P = [10~3M(22122) + 27~6 M(24122)],

12T4

y cos P„= [
—8M(22200) + 20M(22220) + 27M(24222)],

175~6
24T4

3V 6M(24221)+5~3M(22221) f ~ g ()9M (24222)+5M(22222)
M (24021) ~

I
3 M(24022)

where

(41)

and

T4 ———M(00000) — M(00020) + M(02022) + M(04022)
7 35 175 189 15
4 8 4 8

S = 70~15 M(24220) + 14~15M(24200) + 35M(22200) + 175M(22220) .

(42)

(43)

c. z~ =~+

When J& ——2+, the process (2) is still forbidden if the spin-parity of resonance X is 0+ and there are more

moments for J~~ ——0, 1+, and 2+. Because of the limited space we do not intend to give the expressions of
moments for every case. We only give the final results below. There are only six moments for the resonance X with
J~ ——0 and they satisfy the relations

2M(00000) = 7M(00020) = 7M(00040) = 20M(20000) = 70M(20020) = 70M(20040) . (44)

Therefore, the 0 state can be distinguished from the states with 1+ and 2+. Similarly, because all of the moments
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with I & 2 equal to zero for the state with J~ ——1, but there are 40 moments with l ) 2 for 2 state and 39 moments
with l & 2 for 2+ state. Therefore, as long as there is one measuring value of moments with l ) 2 to be not equal to
zero the spin of this boson resonance must be not 1. After fixing the spin of the resonance X we can use the following
three relations to distinguish the parity of J~ ——1 boson resonance X:

and

2~15
M(22240)
M(22242)

1

2~15
M(22140)
M(22142)

1

for J~ = 1

+ ~(z~) for

for J~~ ——

+ ~(~) for J~» ——1+

if Apg $0,

if Apg =O, Agg $0

(45)

(4O)

2~15 f r J++
M(02040)
M(02042) g~js 1+~ 2 or g

——1+
if AP 1

——A11 ——0 . (47)

Similarly, the parity of J~ ——2 state can be determined by using the four relations

M(04020)
M(04044)

M(24040) M(24140) M(24240)
M(24044) M(24144) M(24244)

(48)

After determining the spin-parity of the boson resonance X the helicity amplitude ratios can be written in terms of
the moments. For J~ ——1 we have

where

x = —[M(00000) + 5M(02000) —50M(22200)],
T1

z = —[M(00000) + 50M(22000) —50M(22200)],
Tl
50z' = —M(22200), zz' cos(P, —Q', ) —x cos P = —M(22100),

1 1
(49)

When J~~ ——1+ we obtain

Tj ——M(00000) + 5M(20000) —50M(22200) .

M(02022) + M(22022) ~, z' = M(22222),
1 ( 35 175 175

6 oT,

(50)

14M(00020) —2M(00000) 175
2M(00000) —7M(00020) OTq

where

~3M (22121)

~3M(O2O21)
M(o2o22) if A1 1

——Ao 1 ——0,

Tg ——4M(00000) —s~M(00020) + iqM(02022) .

(51)

(52)

In the case of J~~ ——2+ the expressions of the independent helicity amplitude ratios in terms of the Inoments are
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x = ——M (00000) +. —M (00020) ——M (20000) ——M (20020) — M (22022)
7 5 35 245

Tg 45 45 18 36 36

+—M(02022) + M(04042) ——M(22222) ——M(24222) ~,
7 189 35 21
18 200 12

y = —
i

—M(00000) + —M(00020) + —M(02022) — M(04042)
~

2 1 ( 1 7 7 l189

Ts (30 60 6 400 r

z = ———M (00000) ——M (00020) + M(22022) ——M(02022) — M (04042)
7 245 7 189

Tg 30 60 18 9 100

+—M(22222) + —M(24222)
35 l21

6 2

Ts ( 6 2 r
' 2M(00000) + 7M(00020)

(53)

y cosQy M(22222) M(24222)
1 t'35 6 21 6

T&
~

18 8

t'35~2 21
xy cos(P„—P ) = — M(22122) ——M(24122)

Ts 6

2IVOx cos P —zz' cos(P, —P', ) = —
~

— M(22122) — M(24122)
Ts 18 4

1 ( 21~30 35 7
gq cos P~ = — M(04021) + —M(22021) + —M(02021)

12T&
~

5 6 6

——M(22221) + 63~2 M(24221) —21~30 M(24021)

where

Ts ——so M(00000) + so M(00020) —
ss M(22022) —

ss M(02022) —
~ot M(04042)

—i~M(22222) —
q M(24222) . (54)

Finally, when J~ ——2 there are the following relations between the independent helicity amplitude ratios and
moments:

x = ——M (00000) + —M (00020) ——M (00040) ——M (20000) ——M (20020) + M (20040)
1 1 1 5

T4 (60 24 10 6
)12

y = ——M(00000) + —M(00020) ——M(00040) ——M(02022)—
1(I 1 3 1

T4 (50 20 25 2

+ M(04042) + M(04022)
27 9 15
100

r200

M(02042)
15
5
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z'2 = — —M(22222) + ~15M(22242) + —M(24222) + M(24242)
1 ~5 9 l9~15

T4 2 2 5

2M(00000) + 10M(00020) + 18M(00040)
2M(00000) + 5M(00020) —12M(00040)

2M(00000) —10M(00020) + 3M(00040)
2M(00000) + 5M(00020) —12M(00040)

x cosQ = — M(22122) + ~5M(22142) + M(24122) + M(24142)
&5 3 27 6 l2710

T4 6 12 10

y cos P„= —— M(22222) —~10M(22242) + M(24222) + M(24242)
1 ~ 5 6 9 6 27 10

T, ( 6 8 20

zy cos(P —P ) = — —M(24122) + M(24142) — M(22122) —~30M(22142)
(9 9~15 5~2

T4 (4 10 2

i (27 3~30
(2 cos P2 ————M(04041) + M(04021) +

T4 (20 40

M(22041) + M(24221) +
7 30 21 2

4

5

12
—M(02021) + M(02041) ——M(22021)

~30 35
4 12

9 15
10

M(24243) + —M(22221) + M(22241)
5 l330
4 4

20
M(04021) + —M(02021)—

12

i &27
g2 cosg2 = ——M(04041)—

T4 (20

M (24243) + —M (22221) — M (22241)
9 15 5 30

10 4 8

30
24

M(02041) ——M(22021) + M(22041)
35 7 30
12 24

where

1 1 3 1
100

M(00000) + —M(00020) ——M(00040) + —M(02022)
40 50 4

M(02042) + M(04042) + M(04022) .
15 81 81 15

10 100 700 (56)

The discussion above for the three-step two-body
hadronic decay process (2) of J/g is also applicable to
the corresponding J/@ radiative decay process (1) pro-
vided the independent helicity amplitude ratios z and z'
appearing in the formulas are fixed to zero.

III. SUMMARY

We discuss the three-step two-body hadronic and ra-
diative decay processes (1) and (2) of J/vP by using the
moment analysis. The moments for the cases of the bo-
son resonance X with spin-parity J~ ——0, 1,and. 2

and the intermediate state Y with spin-parity J&~ ——0+,1,and 2+ have been given. In every case each indepen-
dent helicity amplitude ratio can be expressed in terms
of the moments. The results show that the spin, parity of
the boson resonance X, and the ratios of helicity ampli-
tudes for the corresponding processes can be determined.
except for a very special case in terms of these theoreti-
cal formulas and the measuring of the corresponding mo-
ments experimentally. The moment analysis method is
more effective than the helicity amplitude method when
the statistics are lower and there are resonances with dif-
ferent spin overlap in the mass region under considera-
tion. Although Mark II, Crystal Ball, Mark III, DM2,
and BES have accumulated about 2.7 x 10 samples of
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1/g experimentally up to now. It is still not enough to
study the new hadronic state, such as, glueball, hybrid
states. Therefore, a systematic study of J/@ radiative
and hadronic decay processes in terms of the moment
analysis method may provide a useful approach to search
for the new hadronic states.
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