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How large are the rates of the CP-violating g, q', mm decays?

C. Jarlskog and E. Shabalin*
Department of Mathematical Physics, LTH, Lund University, Box 118, S-M100 tund, Sureden

(Received 25 3anuary 1995)

The rates of g, g' —+ orner are computed in the framework of the standard electroweak model. The
results B(rt —+ rrrr) ( 2 x 10 and B(rt' —+ rrrr) ( 3 x 10 imply that a search for these decays
at the existing and planned rl(rl') factories would indeed be a search for CP violation in strong
interactions or unconventional mechanisms of CP violation.
PACS number(s): 13.25.3x, 11.30.Er, 12.39.Fe

I. INTRODUCTION II. METHOD OF CALCULATION

In order to clarify the nature of CP violation it is very
important that in addition to studying flavor-changing
processes also to look for CP efFects in flavor-conserving
transitions such as the decays rl ~ rrrr [1] or in the in-
teractions of the baryons with the electromagnetic field
through their electric dipole moments (for a review see,
for example, [2, 3]). As these effects are expected to be
very tiny, in the IIramework of the standard electroweak
model (SM [4]), any unconventional source of CP viola-
tion, whatever it may be, gets a golden opportunity to
exhibit itself.

In the case of the electric dipole moment (EDM) of
the- neutron the predicted value within the electroweak
model, D ( 10 ecm [2], looks beyond the experi-
mental reach in the near future [3]. For the observation
of the decays g —+ sr~, in principle, all that is needed is a
very intensive source of g mesons, provided that the rate
is sufIiciently large.

In addition to the CP violation naturally residing in
the electroweak model, at least two more sources of CP
violation could contribute to g —+ mvr transitions. One
is the so-called 0 term in @CD [5] and the other spon-
taneous breakdown of CP symmetry triggered by scalar
flelds ([6, 7]).

In order to draw any conclusions on the mechanism of
CP violation &om data on g —+ wrier decays one needs to
know the corresponding rates predicted in the SM as well
as in the alternative theories. In this paper we restrict
ourselves to a study of the predictions of the standard
electroweak model. An estimate of the g ~ vrvr rate due
t~ the 0 term was given in Ref. [8]. In a forthcoming
paper we shall present results obtained in the framework
of spontaneous CP violation.

Our results in this paper will be expressed in terms of
the coefFicients of the Wilson operator expansion of the
~AS~ = 1 effective weak nonleptonic Lagrangian. For
completeness we also present the rates for the decays
n' -+ ~~-

The minuteness of CP-violating efI'ects in flavor-
conserving processes is connected with the necessity of
having a two step change of fIavor —a first step for ob-
taining a product of the elements of the quark mixing
matrix which contains the appropriate imaginary part
and a second one for returning to the intial flavor state.

The amplitudes of CP-violating efFects, considered
here, are of the form

A(CP = —1) = Af„B„;—Af„*B„*,,

where Ay and B; correspond to the above-mentioned
first and second step transitions, respectively, and n and
n* are intermediate states with opposite strangeness (or
charm or tr flavor). Evidently, a nonzero contribution
to A(CP = —1) can only arise from intermediate states
where the phases of Ay and B; are difFerent.

For the processes with light mesons the main contribu-
tion to A(CP = —1) arises &om the intermediate states
with opposite strangeness because the corresponding con-
tributions Rom charm and b quarks are suppressed by
factors mt/mh where l stands for a light quark, u, d, s,
and h denotes the heavy quarks c or b. For this reason
in the calculation of A(rl —+ rrrr) we may limit ourselves
to taking into account the successive transitions

rl -+ (K,K )

Note that the indirect CP violation via mixing of Ki
and Kz states does not play any significant role in our
case, contrary to the case of KI. —+ wrier decays where the
on-shell parameter e is given by the expression

mls ((Ko
~

Ko) —(Ko
~

Ko) )
P~~ —M~2

*Permanent address: Institute for Theoretical and Experi-
mental Physics, Moscow, Russian Federation.

evaluated at P& ——ML. Here M~ ——m~ —2I ~, X =
I, S. The quantity e owes its significance to the fact
that the denominator in the above equation is very small.
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In our case, however, the quantity P~ of the virtual
long-lived kaon equals P„and thus the denominator is
appreciable and gives

mIr((EO]E ) —(E'~Eo)) mr, —ms 10
mg m+

use the efFective strangeness-changing Lagrangian given
in Ref. [10]:

L(]AS] = 1) = y 2Gp- sin Hc cos Hc ) (c~O~+c"0"-),

(3)
For the calculation of the amplitude of g ~ wrier we shall where

O =( ~ d )( ~ ) —(s ~ u )(u ~ d ) ((8f)»=1/2),
02 ——2(sL, p„dr, ) ) (qL, p„qL, ) —Oi ((8~), AI = 1/2),

Q=XC)d~S

Os ——02 —5(sL,p~dr, ) (sL,p~sL, ) ((27), AI = 1/2),
04 ——(sr, p„dr, )(ur, p„ur, ) + (sr, p„ur, )(uL, p„dL, ) —(sL,p~dr, )(dL, p„dr, ) ((27), AI = 3/2),

Os = (sr'Yy. ~ dL) ) qR'Yp~ qR
g=tCqCS~S

((8),DI = 1/2),

Os = (sL,+~dL, ) ) qRQIJ, qR
g='CLqEg) S

((8),WI = 1/2).

As was recognized a few years ago [11—14], the above set of operators is not sufficient for the calculation of the ratio
e /e in EL, —+ vrvr decays, but, in our case, as is shown in the Appendix, the additional operators, representing the
so-called electroweak penguin and box diagrams, can give only a correction of the order of a few percents which is
comparable with the next-order in SU(3)-breaking corrections. But the latter corrections introduce an insignificant
modification of the result obtained in the leading approximation, and thus we neglect them in our calculations.

An additional hypothesis used by us here is factorization whereby a product of quark currents translates into a
product of mesonic currents. It has been shown in Refs. [10] and [15] that this approximation works rather well for
the description of the decays K —+ 2m, K —+ 3' and nonleptonic decays of the hyperons.

In accordance with the discussion above, we shall use the effective chiral Lagrangian [16]

f2I'~ = —Tr(D„UD„Ut) + rTr[m(U+ Ut)] — Tr[m(D U+ D Ut)]

where m is the quark mass matrix and

U = exp(i~2 vr/f ), (5)

2m.'
)

m~ + m(g

~7K 7f3
~3 ~6 ~3

'7t p ~7l ~jl

~3 ~6 (7)

The parameter A in Eq. (4) can be found from a
comparison of the results obtained using the above I
and the matrix U in the form (5) with the corresponding
results in the &amework of a linear 0 model where

U = cr+ivr.

Here o. is the three-by-three matrix containing scalar
partners of the pseudoscalar mesons. Then [17]

A = m —m -0.946 GeV . (8)

The individual quark currents entering into operators O~,
j = 1 —4, may be expressed in terms of mesonic field
operators using the relation

i -'
qr, p„qr —— ((B„U)U —U(B„U )

[m(O„Ut) —(O„U)ml f . (9)
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The operators 05 and 06 may be expressed in the form

32
Os —— ——(sl.qR) (qRdr. ) + .

9
(io)

f Gp—sin Oc cos Oc(pIc —p„)
X (Cl —C2 —Cs + pcs —C4) 1 (is)

2
os = (—sL—, qR)(qR "r.) +

3 (ii)
where the ellipses stand. for products of colored currents.
The quark bilinears appearing here above may be rewrit-
ten in terms of mesonic field operators using

qR'ql —— f r——U — 0 U, A, (12)
Ij

Using these relations it is not difBcult to derive, in the
tree approximation, the relations

(~+~ lL' (Z-S = —1)lK')

where

( . . .) 32 t' Sc &

p = 2m'/[A'(m„+ m, )'] —1+
) 9 ( 16cs)

For the K —+ vr m the result reads

(~'~'lL."(~S= -i) lK')

f—G—psi n0 ccos Oc(pR —p )

x (cy —c2 —cs + Pcs + 2c4) .

Note that in Eqs. (13) and (15) the contributions pro-
portional to c4 correspond to AI = 3/2 transition and
the remaining ones to AI = 1/2 transition. When the
rescattering of the final pions is taken into account the
coefFicient c4 must be taken with the relative phase factor
exp [i(82 —8o)]. From Eq. (2) follows that we need to
know the amplitude of g ~ K transition. It is given by

0 e6' ~ 2 2 sm Op cos Op t „sm Op cos Opf
(K lL' (AS = l)le) = f p„(~—2GpsinOccosOc) c", — + ~ + c2

2 6 )
„9cosOp — „( sinOp cosOpl

+ca ~ + c5 2 ~ + (16)

Thus the total contribution of K and K intermediate states to g —+ 7t+vr is given by

(~+~ IL (&S= —1)IK')(K'IL' (&S= i)ln)+(~+~ IL'(&S =+1)IK')(IK'IL' (&S= —1)ln)

10 sin Op —2~2 cos Op ~ 2 cos Op sm Op ~,(px +3cosOp cy + c2 + C3 — — C4C
6 3 6

Now we are in position to give an estimate of the value of the amplitudes of g m mm and g' m ~sr.

= (~2Gp sin Oc cos Oc) 2 "PRecs
m mlc Recs

l10 cos Op + 2+2 sin Op 2 sin Op cos Op
X —/ssmOp cj + c2 + -cs + + c4e' 17

where we have used the fact that c~ are real, for j g 5 and that only cs has an imaginary part arising Rom the quark
mixing matrix. Furthermore, the contribution of the intermediate states K+ and K is suppressed by the factor
m /m„as compared to the quantity in Eq. (17) because the matriw element

(sr+(p )lL(AS = +1)lK+(pJc = p ))
is proportional to p and thus, a priori, of the same order of magnitude as the higher order SU(3) breaking corrections
to Eq. (17).

The above results may also be applied to the decay g' ~ m+7t where we get
2 2 g3 2

+ m„, —m f m„, Imcs
(n n lg') = (~2Gp sinOc cosOc) 2 2 PRecs

m mQ 2 2 Rec5

(18)

III. THE RATES OF vy
—+ m+m AND g m m vr DECAYS

According to Eq. (17), we obtain, up to a common phase factor,
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(m+~ ~g) =6.02 x 10 PRecs™~
Rec5

10 cos Hp + 2~2 sin ep (2 sin Op cos Op, (s, s, )x —+3 sin Op ci + c2 + cs+ -+ c4e' ' ' GeV,
6 3 6

(19)

1 —4m'. /m~q,

r(rI ~ ~o~o) = " 1 —4m2/m2.
32%mB

From Fqs. (13) and (15) it follows that the coupling con-
stants gz + — and g„o 0 differ only due to terms propor-
tional to c4. This diff'erence vanishes at sin gp = —1/3,
i.e., when 8~ = —19.47 . But this value of 8~ is very
close to the experimental value [18]. For simplicity, we
shall use Oy

———19.47 in our numerical estimates. Then

IIIlC5
g„+ ——g„o 0 = 3.48 x 10 pRecs (ci + c2

Rec5

(22)

+6cs) GeV. (23)

The c's may be determined from an analysis of the decays
Ks ~ wrier and K+ ~ m+7r One fin.ds [15]

c4 ——0.328, ci —c2 —cs + PRec5 ———10.13. (24)

Using the theoretical values of ci —cs from Ref. [19],

where the relative phase between the I = 0 anal state
(described by the terms proportional to c~, j = 1 —3)
and the I = 2 final state (represented by c4) has been
taken into account. The right-hand side (RHS) of Eq.
(19) may be considered as a coupling constant in the
effective Lagrangian

I.(& ~ + -) = g„... &
+ —. (20)

For the width of g ~ mar decays we 6nd
2

r( (21)16' m,„

where we have used that 8283 C 2.6 x 10 as given by
Ref. [22].

Thus

r -+ ~+—
I g —+ all

and the rate of g —+ m zr is half as big.
Thus the above-detailed calculation leads to a result

which is two orders of magnitude smaller than the crude
estimate made in Ref. [9].

We wish to point out that many authors give for c5 a
value considerably smaller than the one used in this pa-
per. The point made is that the usual technics of comput-
ing c5, including the gluonic corrections, work only when
the virtual momenta are larger than A ~ 1 GeV. Since
cs is proportional to ln(m, /m ) the authors in question
replace m„by A 1 GeV and thus obtain a small value
for c5. Such an approach is logically incorrect. Inability
of computing in a self-consistent manner the contribution
of low virtual momenta to c5 by no means implies that
such a contribution is absent or negligible. In particu-
lar, such a contribution could be sufhcient to explain the
AI = 1/2 rule. We assume that indeed this is the case
and extract a value for the coupling constants in Eq. (24)
directly &om the experimental data on K M mar decays.

Our result for gz, given above, could be compared
with that obtained [8] from possible CP violation in
strong interactions due to the 0 term:

~g„~ = 8 x (0.085) GeV.

At present [23] the limit on 0 is 6 x 10 io and conse-
quently

ci ———2.75, c2 ——0.06, c3 ——0.08, (25) B+ & 0.78 x 10 (30)
and the estimatei [20]

Imc5 = (1 6 0.4) ~s2ss sin b ~,Rec5 (26)

Thus CP violation due to the 0 term could exhibit itself
in a very broad range of B+ values, depending on the
value of the 0 parameter.

gz + = gz o o ( (1.45 + 0.58)10 sin8 GeV, (27)

where 82, Bq, and b are parameters of the quark mixing
matrix in the manner of Kobayashi and Maskawa [21],
we And that

XV. THE RATES OF ~'-+ ~+~-
AND g' m m m DECAYS

From Eqs. (18), (13), and (15), for singp ———1/3, we
have

Imc5 i~by —8Og + — = 2.52 x 10 pRecs 2~2 ci + c2 ——cs ——c4e" ' ') GeVrl 7r 7r
Recs 2 4 )

Although the calculation was done for the case of m& ( M~ the result may be used here because of the weak dependence of
Irncs on mq in the region 50 & ma & 250 GeV (see Refs [&&—&4]).
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g I 0 o = 2.52 x 10 PRecz 2v'2 ci + c2 ——c3 + —c4e ' ' GeV.Imc5
7l'7r 7r Rec5 2 2

gq + —= (4 + 1.6) x 10 sin8,

g, ~ ~ = (3.3+1.3) x 1O "sins, (33)

Using the numerical values of the c's given in Eqs. (24)
and (25) we get

exceed 10,10, and 10, respectively.
An observation of such decays with branching ratios

considerably larger than 10 would be a signal of
mechanisms for CP violation lying beyond the standard
model.

where we have neglected the small imaginary parts of
g„xvr-

For the rates of g' ~ vrvr decays we have

) ((1.66+") x10-"sin'b,+- F(&1 -+ all)

I~&'~ 0~»
Roe = ' ' ( (0.55+o'33) x 10 sin 6. (35)

F(rI' m all)
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APPENDIX

V. CONCLUSIONS

The calculated rates of g ~ vr+7t. and g ~ 7t vr de-
cays are too small to allow the observation of these de-
cays at the existing facilities (SATURN) or the rj factories
under construction (CELSIUS, DAPHNE) where the ex-
pected number of produced g mesons per year does not

Here we show why the operators corresponding to so-
called electromagnetic penguins and box diagrams [ll—
14] do not give any significant contribution to our result,
contrary to the case of eje' ratio in the neutral kaon sys-
tem.

According to Eqs. (13) and (15), in the tree approxi-
mation, we have

' (sr+or K )
'

(~+~—K')
(~'ir' K')

, (~'~0 Ko),

iAbe —c4
iGp sin8c cos0c f— 2 2 be ' +—c4

2
PK' P~ ~ be~& + 2c

—be —2c4

where

b = cl —c2 —c3 + PRecs,

A = Plmcs jb.

Here we have used the fact that Imcs is small.
As the phase of K is arbitrary, one redefine it by

letting K ~ K e ' . Then in terms of the new neutral
kaon fields we have

(or+sr ~Kz) = sing, cos9c(m~ —m )c4f A
2

This formula demonstrates that in order for the direct
CP-violation to manifest itself experimentally the ex-
istence of the AI = 3/2 amplitude is mandatory. The
latter amplitude is changed considerably when the elec-
tromagnetic penguins and other diagrams contributing
to AI = 3/2 amplitude are taken into account. In spite
of the suppression factor n, /ns this contribution is not

negligible and modi6es c4 to c4(l — &'~' p). This leads

to a considerable decrease of the value of the e' parameter
[11—14].

In our case we have the transitions

(sr+sr ~K )(K ~g) and (sr+sr ~K )(K ~il),

where a+sr and g states are self-conjugate states. It
is evident that passing to the new fields K e ' and
Koe+' the result (17) does not change at all. Note
that in the formula (19) a contribution coming from the
EI = 3/2 amplitude (proportional to c4) does not play
any significant role due to the fact that c4 is small. We
have neglected it in our estimate keeping in mind that for
sin 8~ = —1/3 this contribution exactly vanishes. There-
fore, the diagrams of higher order in electroweak coupling
constants can give only small corrections of order n, /as
to ZI = 1/2 part and thus leave our results practically
unchanged. This is why we may restrict ourselves to the
eR'ective nonleptonic Lagrangian given in Eq. (3).
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