
PHYSICAL REVIEW 0 VOLUME 52, NUMBER 4 15 AUGUST 1995
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In this paper we discuss the Euler-Heisenberg effective Lagrangian in nonperturbative and inho-

mogeneous field con6gurations characterized by a strong magnetic field of the form B = B„=0,
B = B(x,y). Our treatment exploits some interesting properties of the second-order Dirac Hamilto-
nian describing the electronic motion in the transverse plane (x, y). In particular, we take advantage
of the existence of an energy gap separating the excited states from the lowest-lying modes. The
latter are exactly calculable and give the leading nontrivial contribution to the effective Lagrangian.
Our results show that the presence of gradients can be accounted for by introducing an effective
magnetic 6eld strength de6ned as the sum of the square moduli of the ground state wave func-
tions. This surprisingly simple conclusion is mainly due to a quantum-mechanical supersymmetry
of the problem, that of the second-order Dirac Hamiltonian in the transverse plane (z, y). We recall
that the same supersymmetry plays an important role for the spontaneous mass generation in the
Nambu —Jona-Lasinio model interacting with an external magnetic field. As a simple application of
our effective Lagrangian, we discuss the asymptotic behavior of the dielectric permeability tensor
of the vacuum as a function of the external field configuration. No anomalous enhancement of the
effective electromagnetic coupling is observed. Implications of this result for the GSI peaks are
brie8y considered.

PACS number(s): 11.15.Tk, 12.20.Ds

I. INTR, ODU CTION B =By ——0, B, =B(xy), (la)

The behavior of QED in the presence of strong
background fields represents a nonperturbative problem
which is not completely and satisfactorily understood.
This interesting sector of quantum electrodynamics has
attracted much attention in recent years thanks to the
observation of pulsars and heavy-ion collision experi-
ments [1]. In both cases, the relevant field strength can
well exceed the so-called critical value f„=m /e, which
is, roughly speaking, the border separating the pertur-
bative domain from the nonperturbative one (m is the
electron mass and e stands for the elementary charge).
With the notable exception of Coulomb systems [2—4],
our knowledge about overcritical electromagnetic Gelds
seems to be restricted to the case of constant fields, in
which the most important Green's functions can be ex-
pressed by means of exact and quite simple integral rep-
resentations [5—8]. A powerful tool to investigate QED
in these simple configurations is the Euler-Heisenberg
Lagrangian [9—12], which is an efFective Lagrangian ob-
tained by integrating over the fermionic degrees of free-
dom appearing in the generating functional of QED. In
this framework the effects of fermion loops with an ar-
bitrary number of external photon legs are d.escribed by
a complicated self-interaction for the E~ Geld, that is,
by nonlinear corrections to Maxwell's equations. The
purpose of this paper is to extend the Euler-Heisenberg
efFective Lagrangian to a wide class of inhomogeneous
configurations, characterized by a strong magnetic field
of the form

where we assume that B(x,y) is bounded from below by
a positive constant much greater than the critical Geld:

B(z, y) &&

m2
(1b)

This last condition may appear very restrictive, since it
implies that our field is strong everywhere. Actually,
for any point of the space, the effective Lagrangian re-
ceives important contributions only from a limited region
extending over some Compton wavelength around that
point. Therefore, the conclusions we shall derive in the
following sections can be safely applied to those conGg-
urations for which inequality (1b) is satisfied only in a
finite region, provided that its size is sufFiciently large
with respect to a Compton wavelength. As a matter of
fact, one of the inain advantages of assuming (1b) for all
points (x, y) consists in suppressing from the very begin-
ning the inessential, long-distance contributions to the
e8'ective Lagrangian.

We shall proceed in strict analogy with Ref. [13],where
we discussed the Nambu —Dona-Lasinio model in similar
conditions. In particular, our treatment will exploit a
remarkable property of the Dirac equation in the pres-
ence of magnetic fields with a constant direction. As
shown by Aharonov and Casher [14] and Jackiw [15], it
is always possible to exactly calculate the lowest-energy
eigenfunctions of a charged Dirac particle, provided that
it interacts with a field of type (la). Furthermore, the
associated eigenvalues turn out to be zero, independently
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of B(x,y), whereas the excited levels are separated from
the ground state by an energy gap which is expected to
scale with geB, B standing for the order of magnitude
of the applied field. Actually, this latter property does
not hold in general. In fact, for magnetic fields with a
finite fIux the separation between zero-energy modes and
excited states does not exist (see example in Ref. [16],
Sec. IV). However, the presence of an energy gap is en-
sured [15] for magnetic fields with an infinite flux as those
we are dealing with [recall (1b)]. We can readily verify
that these statements hold for a homogeneous field. This
simple problem can be solved in terms of an equivalent
harmonic oscillator and the spectrum is given by [17]

II. EFFECTIVE LACRANCIAN

From the path integral approach to quantum field the-
ory or from "proper time" arguments [10], we know that
the effective Lagrangian density for @ED can be written
as

8' = Cp+ bZ, (3a)

the dominant terms appearing in the strong field limit of
the Euler-Heisenberg effective Lagrangian, to which the
next section is devoted.

io = m + p, + eB(2n —0 + 1), (2) where Cp is the &ee-field Lagrangian and bZ is given by

where p, is the momentum in the direction of 8, 0 (= +1)
corresponds to the spin projection along the same direc-
tion, and n takes integer values. For n = 0 and o. = 1,
we see that the energy is independent of B, since there
is a cancellation between the spin contribution and the
zero-point energy of the equivalent harmonic oscillator.
By contrast, for any other state we have m & eB. In the
next section we shall verify that a similar gap exists under
quite natural assumptions about the function B(x,y) de-
scribing our unidirectional magnetic field. Keeping this
in mind, we are in a position to understand the main idea
underlying the present work. I et us consider processes
whose energy is well below the scale geB, which we sup-
pose to be large with respect to the electron mass (strong
field regime geB/m » 1). Under these assumptions, the
states with m eB are excited with a vanishingly small
amplitude. Therefore, we can describe the fermionic dy-
namics by using only the lowest-energy wave functions,
which are known for any configuration of type (1). With
this approximation we greatly simplify the calculation of

OO —ia(rn~ —iO)
( ~

is[(P—eA) +eo„„5'" /2j
2 p 8

—e" ]x, n). (3b)

In Eq. (3b), A& is the prescribed four-vector potential,
the ~x, n) are classical spinors, and a sum over the discrete
indices o. is understood. In the following, the components
A

& will be functions of the transverse coordinates (z, y)
and we shall impose

Ap ——0, A = —Et.

The expression for A accounts for a constant electric
field pointing in the z direction. This field has been in-
troduced for later convenience as well as for the sake of
generality. The first steps required in the actual compu-
tation of bd are extremely conventional and analogous to
those relevant for homogeneous configurations. Proceed-
ing as in [10], we cast Eq. (3b) in the form

dG8 '
(

2 p)
8m 2

p 8
eE coth(eEs) ) e "'"

2m ~iII„~(x, y) ~

+— (5)

where the C„are eigenfunctions of the second order Dirac Hamiltonian in the transverse plane

[(p —eA ) + (p„—eA„) —eoB, (x, y)]@„(x,y) = s„~II (x, y), (6)

and 0 (= +1) corresponds to the spin projection along
the z axis as in Eq. (2). In general, we cannot ex-
actly solve problem (6). Nevertheless, from the works
by Aharonov and Casher [14] and Jackiw [15], we know
that the ground state is exactly calculable and its en-
ergy is zero with an infinite degeneracy in the case of
infinite fIux. The actual form of the corresponding wave
functions and their proper normalization depend on the
gauge choice. For the moment we denote the Aharonov-
Casher-Jackiw states by the symbol @„,without specify-
ing the nature of the quantum number(s) K. Later on,
in discussing several examples, we shall make a definite
choice both for the gauge and the indices ~. With this
in mind, let us now consider the strong field regime we
are interested in, namely, eB/m )) 1. In this condition

we can consider processes whose energy is well below the
large scale geB. This constraint enables us to introduce
a small-s cutoff s 1/(eB) as a lower bound of the inte-
gration appearing in Eq. (5). This procedure suppresses
the contribution &om excitations with e & eB. There-
fore, it suffices to include the zero-energy states vg„ in.
expansion (5). By this way we obtain

OO "8 —'.(~' —'p)
8vr2 — 8

x eE coth(eEs) ) 2vr~g„(~, y) ~2 +—
8

For a constant magnetic field of strength B, the sum over
v yields the simple factor eB. To see this, let us introduce
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the ground state wave functions in the form [18]
g/4

+2vr (~)

corresponding to the gauge choice

A (y) = By—, A„= 0. (8b)

In this case the sum over v is nothing but an integration
over the diagonalized momentum p and we have

).' I@-(* ~)I'= f eB
dp~

( p. l'x exp —eB y+ eB)
= eB, (9)

as anticipated. It is then quite natural to cast Eq. (7) in
the form

1 ds
87t2,— 8

1—e s™ eE cot(eEs)eB,s(z, y) ——
S

(io)

where we have rotated the contour of integration (s ~
—is) and

eB.~(z, y) = ) 2~~@„(z,y)]'.

B(z, y) = BpF(z, y; A), (12)

where Bp is the magnetic field at the origin and A repre-
sents the typical length of the background configuration.
Since B' ~ does not depend on the electron mass, we can
write

We note that the effect of gradients can be accounted
for by introducing an efFective field strength B,H which
exhibits an extremely simple connection with Aharonov-
Casher-Jackiw states @„. From the physical point of
view, B,g is nothing but an appropriate average of the
magnetic field strength in the neighborhood of the point
(z, y). The appearance of such an average is rather nat-
ural, and it is due to the fermionic Huctuations which
probe the magnetic field in different points of the space.
Simple dimensional arguments can provide us useful in-
formation about the scaling properties of B g. These
properties, in turn, will strengthen our interpretation
(11). Suppose that the function B(z, y) is given in the
form

meaning: It gives the relative variation of B along a
distance equal to the natural length scale 1/geBp (the
uncertainty in the electron position). Equation (14a)
means that B,g exactly scales with Bp, provided that
we increase Bp while keeping Gxed 7, that is, increasing
also the gradients. Obviously, if A is kept fixed and Bp
is increased, then we recover the homogeneous Geld case
(r ~ 0) and B,g = Bp. Similar dimensional arguments
enable us to verify the presence of the large gap sepa-
rating the zero-energy modes of the spectrum from its
higher levels. Indeed, for infinite Aux fields we know that
a gap exists [15] and we can write it in the form

u) = eBpG(r),2= 1

AgeBo
' (14b)

P2
B(z, y) =Bpi 1+ —i, r =z +y,

where on the right-hand side (RHS) Bp and A are con-
stants. For this configuration the results obtained in
Ref. [19] show that the zero-energy wave functions can
be parametrized by a point in a R space. Therefore,
the lowest-energy manifold now has a structure which is
completely different from the uniform case (where the
degeneracy goes as R ). Following Aharonov, Casher,
and Jackiw, we derive B(z, y) via the two-dimensional
Laplacian of an appropriate "potential" P(z, y):

where va is the lower bound for the excited levels and G
is a dimensionless function of the previously introduced
parameter w. Once again, we see that m exactly scales
with Bp when w is fixed, while m ~ eBp if A is fixed and
Bp is increased (r ~ 0).

In order to avoid misunderstandings about Eqs. (11)
and (14a), some further comments are appropriate. In
the case of homogeneous magnetic fields, it is well known
that the degeneracy of the ground state has a simple in-
terpretation, different zero-energy wave functions corre-
sponding to difFerent centers of rotation for the Landau
orbits. Moreover, if we quantize the transverse motion
in a finite region, then the number of degenerate levels
is proportional to B [18]. This fact may suggest that
the introduction of an effective field strength is sensible
only for those configurations whose ground state degen-
eracy resembles the constant field case. Actually, our
previous dimensional arguments do not rely on specific
assumptions about the background magnetic fields and
interpretation (ll) is therefore of much wider validity. As
an example of this, it is interesting to consider in some
detail a magnetic field of the form

B a(z y) = Bo&(z+eBo ygeBo AgeBo) (13)
r4

(16a)

T being a dimensionless function. Thus, for the effective
field strength at the origin, we obtain A = —By/, Ay ——8 P, (16b)

B.~(0, O) = Bow
~

O, O, —~,
(

(14a) (0 + B„)P= B(z, y). (16c)

The dimensionless parameter ~ has a simple physical A set of orthogonal ground states is then given by [15]
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g„(r) = C„e'" r"e '~l"), K = 0, 1, . . . ,
we obtain

where the C„are normalization factors which can be ex-
pressed in terms of parabolic cylinder functions (see for-
mula 3.462;1 of [20]):

eB,ff(y) = (p )[y yM(p )] ).

(26)
—1 4eB0 ~
—1/4m

2"+'vrA2" 1 (r + 1)U(r. + 1/2, 1/r)r"

~2 ~~—i /47-

B,ff(x = 0, y = 0) = 2~ = Bp
e U(1/2, 1/r)

(i9)

which is evidently of the form (14a). In passing, we
note that the constant field result B g ——B0 is easily
reproduced by recalling the asymptotic behavior of the
parabolic cylinder function appearing in Eq. (19).

Other explicit expressions for B,g, can be obtained in
the case of magnetic Gelds varying in one direction only.
To be specific let us consider the configuration discussed
in Ref. [13], namely, B = B„=0, B, = B(y), with a
vector potential given by

A (y) =— dy'B(y') (20)

Here the Aharonov-Casher- Jackiw states can be replaced
by [13]

with r as in Eq. (14) (here U is the parabolic cylinder
function defined as in [21]). For large r, the reader can
easily check that C„& (const)" r "~, so that the RHS of
Eq. (11) gives rise to a power series which is convergent
for any r. If we focus our attention on the fields at the
origin, then only the contribution with v = 0 survives in
the definition of B ~ and we obtain

With the change of variable p + u = yM(p ) and noting
that its Jacobian is eB [from the derivative of (25)], the
last equation can be cast in a simpler form which does
not require the numerical solution of Eq. (25),

+OO

eB.ff(y) = du[eB(u)]')'e — l")( — )', (27)

which has the simple functional derivative

bB.ff (y)
bB(u)

(u) eH(u)—(y —u) B( )( )2
'7t 2

(26)

B(y) = Bp[l + 2 tanh(2/eBpy)], (29)

Once again, it is reassuring to note that Eq. (27) gives
the correct answer, B g ——B, for the constant field case.
Furthermore, it is worthwhile to stress the presence of
the factor exp[ —eB(u)(y —u) ) which weights the con-
tributions of the local field B(u) to the effective field
B ff(y). As expected from very simple arguments, the
large distance contributions turn out to be exponentially
suppressed. The numerical estimates of Ref. [13] confirm
the reliability of (24) up to r l. Even for such strong
gradients, B,ff(y) is very close to B(y). More precisely,
we have found that (B,ff —B)/B & 2/p for the particular
configuration

(*,y) = '" *x(p*,y),
27r

(21)

with

u

y(p, y) = N exp — dy'[p —eA (y')]
0

(22)

N being a normalization factor. The efkctive field is now
given by the simpler expression

(23)

x(p*, y) =
/

&~(p*) &
exp

(u(p )
[y —yM (p*)]

2

(24)
where yM(p ) solves the equation

p —eA (yM) = 0 (25)

and u(p ) = eB[yM(p )]. By substituting (24) into (23),

The actual computation of B,ff(y) is much simplified if
we replace the exact wave functions (22) by appropriate
Gaussians whose parameters are obtained by expanding
around its maximum the exponent appearing in the y(y):

to which we can assign r = 1 at the origin; see [13] for
details.

Up to now we have assumed that E and B point in the
same direction and this appears as a severe restriction.
Actually, in the particular domain we are interested in,
eB/m )) 1, the presence of a field E~ perpendicular
to B gives subleading contributions to Eq. (10). This
can be verified by means of an explicit calculation based
on the "standard" Euler-Heisenberg Lagrangian; other-
wise, we can resort to simple physical arguments as the
one we sketch below. Let P = —E~ x be the potential
associated with the electric Geld E~ . In the transverse
plane (x, y), the charged particle motion is confined in
a region of order 1/geB, so that the variations of P are

E~/geB, which becomes smaller and smaller as B
increases. In a similar fashion we can consider the eKects
induced by a B~ field superimposed on our initial con-
figuration (1). As far as the direction of O' = B + B~ is
concerned, the presence of B~ causes tilts from the z axis
by an amount 9 B~/B In order to resol. ve the actual
direction from the z axis, the electron should travel along
B' by an amount (I)z such that (B&/B)b'z 1/QeB;
this gives hz geB/(eB~), which certainly becomes
unphysical as B increases. Moreover, the correction to
the magnitude of the magnetic field is O(B&~/B). The
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2
(E' —B')

24Vr2

—sm'—e
8

(30)

Adding 8 t aiid Cp to the RHS of Eq. (10), we obtain
our complete effective Lagrangian 8':

F2 B2
2

1
eB,g8' 2

2

(E —B )ln
OO —e '

eE~~ cot(eE~~s) + O(B )

(3la)

and, for perturbative electric fields,

(
E2 —B2

6~ m2 6~ m

(3lb)

Some comments are now appropriate to understand the
role played by the various terms appearing in Eq. (31).
As conjectured in [9] (Chap. 9), the leading contribution
to the efFective Lagrangian 8' is of order O(B ln(B) ) and
comes &om the counterterm 2,& given by Eq. (30). Here
the arbitrariness in the cutoff 8 affects only subleading
corrections of order O(B ), as the one coming &om the
1/s term in Eq. (10). Strictly speaking, the contribution
connected with the Aharonov-Casher- Jackiw states gives
a subleading correction to 8'. However, the term propor-
tional to B,g is qualitatively different from the others,
since it is the only one which survives after a derivation
with respect to the E components. In the next section
we shall verify that this property is essential for a satis-
factory understanding of QED in the presence of strong
background fields.

III. EFFECTIVE COUPLINCS
IN NONHOMOCENEOU'S MACNETIC FIELDS

The simplest application of our Lagrangian 8' is the
computation of the dielectric permeability tensor of the

above considerations show two important things: (i) The
quantity E appearing in Eq. (10) can be interpreted as
E . n—:E~~, where n is the unit vector along B and E
has now an arbitrary direction; (ii) if we introduce an
additional magnetic field of arbitrary shape, then we are
allowed to consid. er only its component along n. As a
consequence, functional derivatives such as (28) may be
used to correct B,g.

Before considering a specific application of Eq. (10),
it is appropriate to address the issue of renormalization.
It is well known that Eq. (3b) gives rise to an unrenor-
malized effective Lagrangian containing an ultraviolet-
divergent term proportional to the free-field Lagrangian
(E —B )/2. This divergence has to be subtracted via
the introduction of a suitable counterterm. The latter has
a universal meaning, since it corresponds to the charge
renormalization [11].Therefore, we can correct our effec-
tive Lagrangian (10) with the same counterterm used for
homogeneous configurations:

vacuum. There exists a simple relation [11] connecting
the polarization P of the vacuum with the correction bd,
namely, P, = Dhl:/BE;. If we expand hC in powers of E
and keep only the lowest-order terms as in Eq. (31b), then
P is a linear function of F, P; = y;z(B)E~, and we can
define the dielectric permeability tensor of the vacuum as
s,~(B) = b;~ + y,~(B). Starting from Eq. (31b), a simple
algebra gives (omitting subleading contributions)

eB o. eBg
1 ——ln b;, + — n, ,-

3x m 37t. m (32)

(recall that n is the unit vector in the direction of B).
The two eigenvalues of c,~ are

eB o, eB o. eB,g
z~ —1 ——ln --, ~~

~

——1 ——ln +-
37r m 371 m 3' m

corresponding to eigenvectors perpendicular and parallel
to the applied field, respectively. The deviations of =;~
from the identity tensor can be interpreted as corrections
to the (efFective) fine structure constant a. Actually, be-
cause of the anisotropy introduced by the external field,
it is more appropriate to state thai the fine structure con-
stant splits in two effective couplings o.~ and o;~~ given by

1 ——ln ~'
3

(34)

1 ——ln —+ —'
37r m2 3' m2

At the end of the 1980s, the strong field dependence of
the Gne structure constant was discussed in connection
with the anomalous production of e+e pairs observed in
heavy-ion collisions at GSI [22,23]. As claimed by some
authors [24—27] (see also [28] for a critical review and a
somehow different perspective), the intriguing data col-
lected by the EPOS and ORANGE Collaborations [22,23]
could be explained by a mechanism according to which
a strong external field drives the effective fine structure
constant &om the perturbative regime o. i3& to the
strong-coupling one n 1, where QED is likely to have
a transition toward a new confining phase, characterized
by a different mass scale and by new electron-positron
bound states. The effectiveness of the above-mentioned
mechanism was discussed in Refs. [24,29 for homoge-
neous background configurations (see also [8,30]). Equa-
tions (34) confirin and generalize the results obtained in
those works. As for constant external fields, we observe
a logarithmic increase of o;~, but the efFect is too small
to trigger the required phase transition. The longitudi-
nal coupling n~~ is much more sensitive to the external
Geld strength; however, the result is disappointing with
respect to explaining the GSI peaks. In fact, o.

~~
is a

decreasing function of the external field strength when
eB/m )) 1, and the role played by the gradients is sim-
ply to replace B by B' ~ in the nonlogarithmic term that
dictates the asymptotic behavior of o.~~. It goes with-
out saying that the actual fields involved in a heavy-ion
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collision are much more complicated than in our model
(1). Therefore, Eqs. (34) do not rule out the new phase
of @ED: They simply mean that one should investigate
highly nontrivial background configurations, where the
fixed direction hypothesis (la) has to be released. More-
over, a realistic description of a heavy-ion collision should
also take into account the presence of strong electric
fields, whose treatment introduces a further diKculty,
namely, the instability of the vacuum with the associ-
ated spontaneous production of electron-positron pairs.

IV. SUMMARY AND OUTLOOK

Starting from the path integral which defines @ED and
integrating over the fermionic degrees of freedom, one
obtains an effective Lagrangian for the electromagnetic
field A„. If the corresponding E~ can be considered
as slowly varying, then the functional integration can
be performed in a closed form and the result is the so-
called Euler-Heisenberg Lagrangian, from which one can
extract nonperturbative Green's functions with a fermion
loop and. an arbitrary number of photon legs. In this pa-
per we have extended the Euler-Heisenberg Lagrangian
to a wide class of inhomogeneous external field configu-
rations, characterized by a strong magnetic field with a
fixed direction, say, the z axis, but with a magnitude ar-
bitrarily varying in orthogonal directions. For such con-
figurations, the electronic motion in the transverse plane
(x, y) has a number of extremely interesting properties.
First, the lowest-energy modes and the excited states are
separated by a gap which is expected to increase with
Hi~2 (the energy scale associated with the external field).
Second, the lowest-lying wave functions are exactly cal-
culable and the corresponding eigenvalues are rigorously
zero. For suIIiciently large fields (large gaps), these de-
generate ground states give the leading-nontrivial contri-
bution to the functional integration, so that its actual
computation is enormously simplified. Our results show
that the effects of gradients can be taken into account by

introducing an effective field B ~, which is surprisingly
close to the local magnetic field. Scaling properties of
B g have been briefly discussed, and a simple approxi-
mation to B g has been given, provided that the external
magnetic field varies in one dire tion only. As a simple
application of our effective Lagrangian, we have discussed
the asymptotic properties of the dielectric permeability
tensor of the vacuum as a function of the applied external
field; no anomalous enhancement of the electromagnetic
effective couplings has been observed.

The important role played by the Aharonov-Casher-
3ackiw states deserve a further comment. As far as
the present work is concerned, we have verified that
they determine the strong field dependence of the Euler-
Heisenberg Lagrangian. In a similar fashion, they are
responsible for the dynamical mass generation in the
Nambu —Dona-Lasinio model minimally coupled to an ex-
ternal magnetic field of the form (1) [13,31,32j. As
pointed out by Jackiw in [15j, the occurrence of the zero-
energy modes is intimately connected with a quantum
mechanical supersymmetry of the problem, namely, the
supersymmetry of the second-order Dirac Hamiltonian
appearing in the LHS of Eq. (6). Consequently, if we con-
sider an arbitrary external field (for which the separation
of variables is no longer possible), then we lose not only
translational invariance, but also supersymmetry. Prom
this point of view, the background configuration we have
studied, the homogeneous case in luded, appears as quite
an exceptional situation. Therefore, we believe that it
is extremely important to reconsider the question of ef-
fective electromagnetic couplings and spontaneous mass
generation under more general assumptions, where new
effects and new trends are likely to appear.
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