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The scattering of fermions from the Abelian string arising during the phase transition SO(10) —
SU(5) x Z2 induced by the Higgs field in the 126 representation is studied. Elastic cross sections and
baryon-number-violating cross sections due to the coupling to gauge fields in the core of the string
are computed by both a first-quantized method and a perturbative second-quantized method. The
elastic cross sections are found to be Aharonov-Bohm-type. However, there is a marked asymmetry
between the scattering cross sections for left- and right-handed fields. The catalysis cross sections
are small, depending on the grand unified scale. If cosmic strings were observed our results could

help tie down the underlying gauge group.

PACS number(s): 98.80.Cq, 11.27.4+d, 12.10.Dm

I. INTRODUCTION

Modern particle physics and the hot big-bang model
suggest that the Universe underwent a series of phase
transitions at early times at which the underlying sym-
metry changed. At such phase transitions topological
defects [1] could be formed. Such topological defects, in
particular cosmic strings, would still be around today and
provide a window into the physics of the early Universe.
In particular, cosmic strings arising from a grand unified
phase transition are good candidates for the generation
of density perturbations in the early Universe, which lead
to the formation of large scale structure [2]. They could
also give rise to the observed anisotropy in the microwave
background radiation [3].

Cosmic strings also have interesting microphysical
properties. Like monopoles [4], they can catalyze baryon-
violating processes [5,6]. This is because the full grand
unified symmetry is restored in the core of the string,
and hence grand unified, baryon-violating processes are
unsuppressed. In [6] it was shown that the cosmic
string catalysis cross section could be a strong interac-
tion cross section, independent of the grand unified scale,
depending on the flux on the string. Unlike the case of
monopoles, where there is a Dirac quantization condi-
tion, the string cross section is highly sensitive to the
flux, and is a purely quantum phenomena. Defect catal-
ysis is potentially important. It has already been used
to bound the monopole flux [9], and could erase a pri-
mordial baryon asymmetry [10]. It is, thus, important to
calculate the string catalysis cross section in a realistic
grand unified theory. In [6] a toy model based on a U(1)
theory was used. In a grand unified theory the string flux
is given by the gauge group, and cannot be tuned.
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A cosmic string is essentially a flux tube. Hence the
elastic cross section [11] is just an Aharonov-Bohm cross
section [12], depending on the string flux. This gives
the dominant energy loss in a friction-dominated uni-
verse [13]. Since the string flux is fixed for any given par-
ticle species it is important to check that the Aharonov-
Bohm cross section persists in a realistic grand unified
theory.

In this paper we calculate the elastic and inelastic cross
sections for cosmic strings arising from an SO(10) grand
unified theory [14]. Cosmic strings arise in the break-
ing scheme [15] SO(10) — SU(5) x Z> where the break-
ing is due to the 126 representation of the Higgs field,
the self-dual antisymmetric 5-index tensor of SO(10).
These stable strings survive the subsequent transitions
to SU(3) x SU(2) x U(1) x Zz [15]. They have been
studied elsewhere [17].

Now the SO(10) symmetry is restored inside the string
core, and therefore there are baryon-number-violation
processes mediated by the gauge fields X, Y, X', Y’, and
X, of SO(10). We therefore expect a nonzero inelastic
cross section which we will determine. This cross section
should be running from a small cross section O(n™!),
where 7 is the grand unified scale ~ 10 GeV, to a much
larger cross section of the order of the strong interaction.

The plan of this paper is as follows: In Sec. II we de-
fine an SO(10) string model. We give “top-hat” forms
for the Higgs and gauge fields forming the string, since
the “top-hat” core model does not affect the cross sec-
tions of interest [6]. Looking at the microscopic struc-
ture of the string core, we introduce the baryon-number-
violating gauge fields of SO(10) present in the core of the
string.

In Sec. IIT A we review the method used to calculate
the scattering cross sections. There are two different ap-
proaches. A fundamental quantum-mechanical one and a
perturbative second-quantized method [5,6]. The latter
consists in calculating the geometrical cross section, i.e.,
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the scattering cross section for free fermionic fields. The
catalysis cross section is then enhanced by an amplifica-
tion factor to the power of four.

In Sec. III B we derive the equations of motion. In or-

der to simplify the calculations and to get a fuller result,
we also consider a “top-hat” core model for the gauge
fields mediating quark to lepton transitions.

In Secs. IIT C and III D we calculate the solutions to the
equations of motion outside and inside the string core, re-
spectively, and in Sec. IIT E we match our solutions at the
string radius. In Sec. III F we calculate the scattering am-
plitude for incoming plane waves of linear combinations
of the quark and electron fields.

We use these results in Secs. IV and V in order to
calculate the scattering cross sections of incoming beams
of pure single fermion fields. In Sec. IV we calculate the
elastic cross sections. And in Sec. VII we calculate the
baryon-number-violation cross sections.

In Sec. VI we derive the catalysis cross section using
the second-quantized method of Refs. [5,6]. The second-
quantized cross sections are found to agree with the first-
quantized cross section of Sec. V.

There are four Appendixes. Appendix A gives a brief
review on SO(10) theory, and gives an explicit notation
used everywhere in this paper. Appendixes B and C con-
tain the technical details of the external and internal so-
lutions calculations. Finally, Appendix D is a discussion
of the matching conditions at the core radius.

IL. AN SO(10) STRING

In Appendix A we give a brief review of SO(10) theory.
With that notation, the Lagrangian is

1
L= ZF”,,F‘“’ + (D, ®126) (D*®126) — V(®) + LF ,

(1)

where F),, = —iF2, 74, To a = 1,...,45 are the 45 gen-
erators of SO(10). P;26 is the Higgs 126, the self-
dual antisymmetric 5-index tensor of SO(10). L is the
fermionic part of the Lagrangian. In the covariant deriva-
tive D, = 0, +ied,, A, = A}T,, where A} a = 1,...,45
are 45 gauge fields of SO(10).

We assume that the universe undergoes the breaking
scheme

SO(10) ‘"3YsU(5) x 2,'%%’ SU(3) x SU(2) x U(1) x Z»

410 SU(3) x U(1)g x Z2 ,
giving vacuum expectation values to the components of
the 10 which correspond to the usual Higgs doublet. The

decomposition of the 126 representation under SU(5) x
U(1) is given by

126 =150+ --- . (2)

The first transition is achieved by giving vacuum expec-
tation value to the component of the 126 in the 1,4 direc-
tion. The first homotopy group 71[SO(10)/SU(5) x Z,]

is Z3, and therefore Z, strings are formed. In terms of
SU(5), the 45 generators of SO(10) can be decomposed
as

45=24+1+10+10. (3)

From the 45 generators of SO(10), 24 belong to SU(5), 1
generator corresponds to the U(1)’ symmetry in SO(10)
not embedded in SU(5), and there are 20 remaining ones.
Therefore, the breaking of SO(10) to SU(5) x Z, induces
the creation of two types of strings. An Abelian one,
corresponding to the U(1)’ symmetry, and a non-Abelian
one made with linear combinations of the 20 remaining
generators. In this paper we are interested in the Abelian
strings since the non-Abelian version are Alice strings,
and would result in global quantum number being ill de-
fined, and hence unobservable [7]. We note that there is a
wide range of parameters where the non-Abelian strings
have lower energy [17]. However, since the Abelian string
is topologically stable, there is a final probability that it
could be formed by the Kibble mechanism [8].

If we call 74, the generator of the Abelian string, 7st,
will be given by the diagonal generators of SO(10) not
lying in SU(5), that is,

1
Tetr = g(Mm + M3ss + Msg + Mg + Mg 1o) , (4)

where M;; : i,j = 1,...,10 are the 45 SO(10) genera-
tors defined in Appendix A in terms of the generalized vy
matrices. Numerically, this gives

Cgfl 111111 -8 11
Tstr = Q18| 5570°10°10°10°10°10° 10 '10° 10’

1 -3 1 -3 -3 —3) 5)

10°10°10°10 ' 10’ 10

The results of Perkins et al. [6] find that the greatest
enhancement of the cross section is for fermionic charges
close to integer values. Thus, from Eq. (5), we expect
no great enhancement; the most being due to the right-
handed neutrino.

We are going to model our string as is usually done
for an Abelian U(1) string. That is, we take the string
along the z axis, resulting in the Higgs field ®;56 and
the gauge field A, of the string to be independent of the
z coordinate, depending only on the polar coordinates
(r,0). Here A, is the gauge field of the string, obtained
from the product A, = A, st:Tst:- The solution for the
Abelian string can be written as

Il

P26 = f(7) e 0 H = f(r) e ®, , (6)

AO = —g(r) Tstry Ar = Az =0 ) (7)
er

where ®¢ is the vacuum expectation value of the Higgs
field 126 in the 1,0 direction. The functions f(r) and
g(r) describing the behavior the Higgs and gauge fields
forming the string are given by



(8)

where R is the radius of the string. R ~ 5!, where 7
is the grand unified scale, assumed to be  ~ 1015 GeV.
In order to simplify the calculations and to get a fuller
result we use the top-hat core model, since it has been
shown not to affect the cross sections of interest. The
top-hat core model assumes that the Higgs and gauge
fields forming the string are zero inside the string core.
Hence, f(r) and g(r) are now given by

1

r> R,
r <R,

) 17 r 2 R7
o) = { ¥ 0 = {5128 ©
The full SO(10) symmetry is restored in the core of
the string. SO(10) contains five gauge bosons leading to

g
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baryon decay. These are the bosons X and Y of SU(5)
plus three other gauge bosons usually called X', Y’, and
X,. Therefore inside the string core, there are quark-
to-lepton transitions mediated by the gauge bosons X,
X', Y,Y’, and X,, and we expect the string to catalyze
baryon-number-violating processes in the early Universe.
The X, X', Y,Y’, and X, gauge bosons are associated
with nondiagonal generators of SO(10). For the electron
family, the relevant part of the Lagrangian is given by

L, =Ty [ie'y“(X“‘rX + XLTXI + Yu'ry + Y,:TY’

+X TX’)] \1116 s (10)

sp
where 7%, X' ¥ and 7¥" and 7%+ are the nondiagonal
generators of SO(10) associated with the X, X', Y, Y/,
and X, gauge bosons, respectively.

Expanding Eq. (10) gives [19]

L, = EX;‘[—eag,yﬂ?'y“ulz + drav"ef + draytel] + %Y:[—ea57ﬂ27'y”d€ — dRa V"V — Upav*e}

%

B

g 1 =, _ c _ g 1 -, _ —
+7_§Xﬁ [—eaﬁ7d27'y“d§ — GRraY'VE — GLav* Vi) + —2Y‘f‘ [€apyd] YUl — Grav el — dray Vi)

7

g o [J — 7 —_ _ _
+*\/§Xs“[dLa’Y"€L + drav*en + GraY*vL + GRaY VR] , (11)

where «, (3, and v are color indices. The X, does not
contribute to nucleon decay except by mixing with the
X' because there is no vertex ggX,. We consider baryon-
violating processes mediated by the gauge fields X, X',
Y, and Y’ of SO(10). In previous papers [6,11], baryon-
number-violating processes resulting from the coupling
to scalar condensates in the string core have been con-
sidered. In our SO(10) model we do not have such a
coupling.

III. SCATTERING OF FERMIONS FROM THE
ABELIAN STRING

A. The scattering cross section

Here, we will briefly review the two methods used
to calculate the scattering cross section. The first is a
quantum-mechanical treatment. From the fermionic La-
grangian Lp, we derive the equations of motion inside
and outside the string core. We then find solutions to the
equations of motion inside and outside the string core and
we match our solutions at the string core. Considering in-
coming plane waves of pure quarks, we then calculate the
scattering amplitude. The matching conditions together
with the scattering amplitude enable us to calculate the
elastic and inelastic scattering cross sections. The second
method is a quantized one, where one calculates the ge-
ometrical cross section (g—;)geom, i.e., using free fermions
Spinors Yg.e.. The catalysis cross section is enhanced by
a factor A% over the geometrical cross section,

do
5 = 4 _
Ulnel A ( dQ ) geom ’ (12)

[
where the amplification factor A is defined by
Y(R)

A= "/)free(R) ’ (13)

where R is the radius of the string, R ~ n~!. This
method has been applied in Refs. [6,18].

B. The equations of motion

The fermionic part of the Lagrangian Lp is given in
terms of 16-dimensional spinors as defined in Appendix
A. We shall consider only one family in this work, and in
particular the electron family. The fermionic Lagrangian
for only one family,

Ly =L = ¥,6v*D, V16 + Ly + Lo (14)

where Ljs is the mass term and L, is the Lagrangian de-
scribing quark-to-lepton transitions through the X, X',
Y, Y’, and X, gauge bosons in SO(10) and given by
Eq. (11). The covariant derivative is given by D, =
Op — 1€A, strTstr, Where A o is the gauge field forming
the string and 7, is the string generator given by Eq.
(5). Therefore, since 7y, is diagonal, there will be no mix-
ing of fermions around the string. The Lagrangian Lg
will split in a sum of eight terms, one for each fermion of
the family. In terms of four-spinors, this is

8
Lp=) Ly+L. (15)
i=1

where L} = izﬁi’y“Dﬁwi + ii/_fv;ji'y“Dﬁcd);f + L:,, and i
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runs over all fermions of the given family. One can show
that i'zﬁ?l'y“Dﬁd)z” = i1ZiR'y“Df1/J’ and 7L¢% = 7B¢ Fi-
nally, L, is given by Eq. (11). It is easy to generalize to
more families.

From Egs. (15) and (11) we derive the equations of
motions for the fermionic fields. We take the fermions to
be massless inside and outside the string core. This is a
relevant assumption since our methods apply for energies
above the confinement scale. We consider the case of
free quarks scattering from the string and coupling with
electrons inside the string core. Outside the string core,
the fermions feel the presence of the string only by the
presence of the gauge field. We are interested in the elas-
tic cross sections for all fermions and in the cross section
for these quark decaying into electron. The fermionic
Lagrangian given by Egs. (15) and (11) becomes
Lr(e,q) = iepy*Doler + iepy" Do Rer + iqry* D3 qr

'

. gG* _ g9G * _
+igry* DV g — Z—— et —— eh
qRrRY u 4R 2\/5‘11/'7;1 L 2\/5 dRYu€p
+H.c. , (16)
giving the equations of motion
2 “De oL =0,
i'y“De’ReR + G”'y“qc =0
® 2v2 B ’
) c 9G, , _
i D3 Lgs + Eyter =0,
Y m qr 2\/57 L
c G
iy DI Rge, 4 T8 mem — 17
Y LY, 4R 2\/57 R (17)

which are valid everywhere. The covariant derivatives

DZ’(L’R) = 0, + ieA,, st,'rsir(L ) and D} SR O +
ieA,, str'rsqt‘r(l' B) We have 'rslfr" = Tslt’,u = *rslt’re = TSI;;d =
% and str = T:f,d = 10 , together with slt’f” = Tslz;z
andT = RC’ G, andG’ stand for X, X Y', or

stt Tstr
dependmg on the chosen quark

Slnce these equations involve quarks and lepton mix-

1947

taking linear combinations of the quark and lepton fields,
qi £ er and g £ egr. In this case, the effective gauge
fields are

e (Au,strTsftl; + Gu) (18)

and

€ (A“,strTS{f + G:‘) ) (19)

respectively.

In order to make the calculations easier, we use a top-
hat @ component for G and G’ within the string core,
since Perkins et al. [6] have shown that the physical re-
sults are insensitive to the core model used for the gauge
fields mediating baryon-violating processes.

C. The external solution

Outside the string core, the gauge field of the string
A, str has only, from Egs. (7) and (9), a nonvanishing
component Ag = é'rst,, and the effective gauge fields G
and G’ are set to zero. Therefore the equations of motion
(17) for » > R become

i'y“DfL'LeL =0,
" Dytqs =0,

i'y“D;’ReR =0,
iy DR = 0, (20)
. . s e,(L,R)
where the covariant derivatives D, 0, +
ieAmstr'rst’r(L B and D} SR =0, + zeA,L,St,qut’r(L R)
We take the usual Dlrac representatlon er = (0, fe) R
er = (Xe;0) , ¢§ = (0,€4c), and g% = (xg,0) and the
mode decomposition for the spinors £gc, &e, Xq¢, and Xe,

n=-+oo n
_ XT (e,q0) () in6
Xiea) (00 = 3 (1 x’z'(: Zc)(r) eiv )€

n=—oo

Ee.a)(r 0>=":Z+w e e (o)
@aVT T 2 i & gey(r) e '

From Appendix B we see that the fields {{"(e)qc), 5;"(6#),
X1, (e,q¢)? and X3 (ea°) satisfy Bessel equations of order

ing, we do not find an independent solution for the quark n— T::r(e’q ) n+1— 'rR (e:a%) ,n— 'rL (e,a%) ,and n— ’TR (e.a® )
and lepton fields. However, we can solve these equations respectlvely The external solutlon becomes
J
[ )J R (wr)  + vie?) I_ (B eaey (wr)] €™
(f(e,qc)(’r, 9) ) B H=Z+oo i [vn (e,q° )Jn+1 rR (e ey (wr) — (e,q ) J——(n+1 PR q.:))(wr)] ei(n+1)0 (22)
X(e,q¢) (75 0) il [wn (ea® )J 1_SL(E,qc)(cur) + we (Lo qC))(wr)] et
i g )Jn+1 L (ea) (Wr) — wiet) T_m1-rilenmn(wr)] e et(nt1)0
[
Therefore, outside the string core, we have independent - 9G,, o
solutions for the quark and electron fields. iy"Ouer + 2—\/5'7 9. =0,
; 9Gu uge _
D. The internal solution vy 2\/5’7 9r=0,
!
Ins.ide the string core, the gauge field of the string, iV 8,45 + :q__‘i,yuez =0,
A,, is set to zero whereas Gy and G} take the values 2v/2
’ . . ) . G _
2v/2A and 24/2A’, respectively. Therefore, the equations 0,45 + g Bobem =0 (23)

of motion (17) become

2v/2
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Since these equations of motions involve quark-lepton
mixings, there are no independent solutions for the
quarks and electron fields. However, we get solutions
for the fields p* and o%* which are linear combinations
of the quarks and electron fields:

p:t = Xgc £ Xe (24)
and
ot =€ t&. . (25)

Using the mode decomposition (21) for the fields p*
and %, the internal solution becomes

pil 6157"0

P 26’("+1)0 (26)
0-77-
0'

in6 ’

z(n+1)0

€
7

where p; (pE,) and o, (o) are the upper (lower) com-
ponents of the fields pi and o*, respectively. They are
given in terms of hypergeometric functions. From Ap-
pendix C we get

n=-+oo

ke 2ikr)I
Pi:1 = (k,.)lnle * Z af% ) (27)
i=0

where k% = w? — (ed)?, e = 5%. a;-t+1 = (‘(zb_;;) £ with
a* =1 4 |n|+ 2@ 4nd b = 1+ 2|n|. p, can be ob-
tained using the coupled equation (C1b) of Appendix C.
We find

1 n|,—
P1j1:2 = —E(k"')l =tk
n=+oo .
szr)J n| —n . J
E — ~t+eAd) .
X ( " ik + s te
(28)

We get similar hypergeometric functions for the fields a;tl
and o,,.

E. Matching at the string core

From now on we will do calculations for the right-
handed fields, the calculations for the left-handed ones
being straightforward. Once we have our internal and
external solutions, we match them at the string core. We

J
o Jn fi:eik:r 1 _
(=) (iJn+1ei9)+_—\/F i eiﬂ) = (1,

Using then the large r forms for the Bessel functions,

Ju(wr) =4/ 71%17’ cos

and matching the coefficients of €*", we find

(08 £ 05)Jnrg  +
[(UZiUZ)Jn+1 —rr + (vq :l:T) )J (n+1— ‘T'R)] e®

must take the same linear combinations of the quark and
lepton fields outside and inside the core, and must have
continuity of the solutions at r = R. The continuity of
the solutions at » = R implies
(X £XT)°™ = Pt (29)
(X3.q £ X5,e)™ = pn2™ - (30)
Nevertheless, we will have discontinuity of the first
derivatives:

d in d ’Tslir(e’q‘:) n n o

(31)

d + in d Ter(e’qC) n n \out
(5 + eA) Pn1 = (E'; + ——~tR (Xl,q + Xl,e) .
(32)

These equations lead to a relation between the coeffi-
cients of the Bessel functions for the external solution, as
derived in Appendix D:

v £ wiEJni1—rpy(WR) + Jporp (WR)
AEve  winJ_ (1) (WR) + J_(n—rp)(wR) ’
(33)
where
n=+oo _4 (2ikr)’
I = D . (34)
TSI e R (R ik 4 Lk ed)

The relations (33) and (34) are the matching conditions
at r = R.

F. The scattering amplitude

In order to calculate the scattering amplitude, we
match our solutions to an incoming plane wave plus an
outgoing scattered wave at infinity. However, since the
internal solution, and therefore the matching conditions
at = R, are given in terms of linear combinations of
quarks and leptons, we consider incoming waves of such
linear combinations. Let f¥ denote the scattering ampli-
tude for the mode n, f,I if we consider the scattering of
(quarks + electrons) and f,,; if we consider the scattering
of (quarks — electrons). Then the matching conditions
at infinity are

e P B

wr——lﬂ—z) , (36)
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e—in‘tr(ei‘rgn _ 1) + (vg' + ’U;’)Ci(n—fa):’z& (1 _ e—2i(n—‘r;g)1r)’
_ e—in'fr) + ('U,Z + vzﬂ:)e—i(n—rn)g—(l _ ezi(n-'rg)‘rr) .

+ i __
271‘(4an e't = { ein,r(e,-(n_-m)vr

Matching the coefficients e ~*", we get relations between
the Bessel functions coefficients:

(v £vE) = [1 — (v +0f )e i nTRIF] gmin—TR)F
(38)

The relations (37), (38), (33), and (34) determine the
scattered wave.

IV. THE ELASTIC CROSS SECTION

When there are no baryon-number-violating processes
inside the string core, when the gauge fields mediating
quark-to-lepton transitions are set to zero, we have elastic
scattering. In this case, the scattering amplitude reduces
to

felaSt = ——1 e—i% e‘.‘i"'ﬂ' (el:"'l«lﬂ' - 1)7 n Z 0,
n /———27rw ein T (e—z-rpur _ 1), n<-—1.

The elastic cross section per unit length is given by

(39)

+oo 2
Celast = § : leastelne (40)
n=—oo
: : +oo _ine _ _e'°® b inc
Using the relations » " e™* = =z and ) __ e
iba . .
= 1=,=w, we find the elastic cross section to be

1 sin?7pm
Oelast — o (41)
This is an Aharonov-Bohm cross section, and 7g is the
flux in the core of the string.

27w cos? g

Lejw _ _Lwu _ _Lee _ _Ld _
Novz, remelglb;r that 7, —LTs't!’. —};'st_,’ = Ter =
1 e __ cd __ -3 c i __ 1 i __
10° Tst!" - str’ - To0° and Tstr’ - Tstl: and Tst; -
Rc, i
Tue - Hence,
ok, =0lR >R =gUR = gdL = gur (42)
elast = “elast elast — " elast elast elast *

We therefore have a marked asymmetry between
fermions. We have a marked asymmetry between left-
and right-handed electrons, left- and right-handed down
quarks or, since oifc, = o, and o, = o.f .,
between left-handed particles and antiparticles, respec-
tively, right-handed, for the electron and the down quark.
But we have equal cross sections for right-handed parti-
cles and left-handed antiparticles for the electrons and
the down quark, and equal cross sections for both left-
handed and right-handed up quarks and antiquarks. This
is a marked feature of grand unified theories. If cosmic
strings are found, it may be possible to use this asymme-
try to identify the underlying gauge symmetry.

V. THE INELASTIC CROSS SECTION

The gauge fields X, X', Y, and Y’ are now “switched
on.” In this case we are calculating the baryon-number-

(37)

[
violating cross section. If we consider identical beams of
incoming pure p* and p, recalling that p* = x4 + xe,
this will ensure that we will have an incoming beam of
pure quark. Therefore, the scattering amplitude for the
quark field is given by half the difference of f,I and f,,
and the scattering amplitude for the electron field is given
by half the sum of f and f,;. From Eq. (37) we get

% \/%(f: —f)e's =v2 e {nTR)E (1 — e~ TR

(43)

The inelastic cross section for the quark field is given by
+ oo 2

Tinel = Z (Fh—Fr)e™| . (44)

Hence, from Eq. (43),

Ginel ~ & :V‘j ve e (G0 (45)
“ln="oo
Using Egs. (33), (34), and (38), we find
ei(n—7rR) % 1
Un = 2 ((5;F + ei(n — Tp™)
1
o+ ei(n — ’TR’II')) ’ (46)

where

6:& — w l?t: Jn+1—7'R (wR) + J’n—TR (wR) (47)
" w l,:i:J_(n_H_.,.R) (wR) + J—(n—‘rg)('lUR)

and A¥ are given by Egs. (34). Equations (45), (46), and
(47) determine the inelastic cross section. This is given
in terms of a power series. However, using small argu-
ment expansions for Bessel functions, we conclude that
this power series involves always one dominant term, the
other terms being suppressed by a factor (wR)™, where
n is an integer such that n > 1. Therefore the inelas-
tic cross section involves one dominant mode, the other
modes being exponentially suppressed. If d denotes the
dominant mode we get Tinel ~ % |[vg|2. The value of the
dominant mode depends on the sign of the fractional flux
Tetr. Our results can be summarized as follows.

For 0 < 7g < 1, the mode n = 0 is enhanced, and the
other modes are exponentially suppressed. Hence,

1
Oinel ™~ o |U3|2 . (48)

Using small argument expansions for Bessel functions, we
find this yields

Finel ~ % (eAR)? (wR)(—78) | (49)
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where A is the value of the gauge field inside the string
core, e is the gauge coupling constant, and R ~ 1,
7 being the the grand unified scale ~ 10'® GeV. The
greater amplification occurs for eAR ~ 1, giving Ojnel ~
1 (wR)*(1-7r),

For —1 < 7r < 0, the mode n = —1 is enhanced, and
the other modes are exponentially suppressed. Hence,

1 2
inel ™~ — i . 50
Tinet ~ = o] (50)

Using small argument expansions for Bessel functions,
this yields

Ginel ~ ~ (€AR)? (wR)*(1+7R) (51)
w

The greater amplification occurs for eAR ~ 1, giv-
ing Oinet ~ 1 (wR)*1*+7R). Thus, the baryon-number-
violating cross section is not a strong interaction cross
section, but is suppressed by a factor depending on the
grand unified scale n ~ R™! ~ 10'® GeV. The baryon-
number-violation cross sections are very small. For up,
and dp we obtain

1
inel ™~ — R 3.6 ) 52
Tinet ~ = (W) (52)

whereas for dg we get

1
Oinel ™~ — ((“112)2'8 . (53)

w
Here again we have a marked asymmetry between left-
and right-handed fields. We find an indeterminate so-
lution for the left-conjugate up quark because its phase

around the string () differs from the phase of the left-
J

,‘/)n — ( ; [(ng i ’U,Z) Jn—"’str (U)R)

Using Egs. (33) and (34) and using small argument ex-
pansions for Bessel functions, we conclude that for n > 0,
(vq £vE) > (vI £0E), and for n < 0, (v £ vg) <
(vd +v¢'). Now, from Eq. (38), we see there is one co-
efficient dominates that will be of order 1. Hence, for
n>0, (vI+v:) ~1 and forn <0, (vq o) ~ 1.
Therefore, using small argument expansions for Bessel
functions we get, for n > 0,

n WR)? Tstr
P~ (Engn+1-‘rur ) ) (57)
which is to be compared with £ ~ 1 for free spinors.
The upper component of the spinor is amplified while the

other one is suppressed by a factor ~ (wR). For n < 0
we have

n R _(n_Tstr,R)
TP ~ (2ZR§~(7L+1—TS",R) ) . (58)

Hence we conclude that for n < 0 the lower component

+ (”?L’ + vi’) ']—(n—fm)(“)R)] e'n?
[(vE £ v5) Jnt1-rpe (WR) + (v £ 05 ) J_(ng1-r)(WR)] €10

handed electron (32) by a fractional value different from
a half.

VI. THE SECOND QUANTIZED
CROSS SECTION

We now derive the baryon-number-violating cross
sections using the perturbative method introduced in
Sec. IITA.

Firstly, we calculate the geometrical cross section. This
is the cross section for free fields Ygee, Where Ygee is a
two-spinor. In the case of gauge fields mediating catalysis
it is given by

(Z_;)gwm - % (wR)* (eAR)? (54)

where w is the energy of the massless field ¥fee, A is
the value of the gauge field mediating quark-to-lepton
transitions, e is the gauge coupling constant, and R is
the radius of the string with R ~ 5~ with n ~ 10%
GeV.

The second step is to calculate the amplification fac-
tor A = in_e’ 1 and Ygee being two two-spinors. The

catalysis cross section is enhanced by a factor .4* over
the geometrical cross section:

do
. ~ 4 —_— .
o-lnEI A ( dQ ) geom (55)

We now use the results of Secs. IIIC, IIID, and IIIE,
where we have solved the equations of motion for the
fields ¥ and calculated the matching conditions. Using
Eq. (22), we get the wave function v at the string core,
and, for the mode n,

(56)

is amplified while the upper one is suppressed by a factor
~ wR.

Therefore, for 75, = I—g, the amplification occurs for
the lower component and for the mode n = —1. The
amplification factor is

A~ (wWR)™ (59)

leading to the baryon-number-violating cross section

Ginet ~ = (eAR)? (wR)! () (60)

In the case Tg, = 1—10, the amplification occurs for the

upper component and for the mode n = 0. The amplifi-
cation factor is

A~ (WR)™™ | (61)

leading to the baryon-number-violating cross section

1 -
Tinel ~ — (eAR)? (wR)*(me) . (62)
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This method shows explicitly which component of the
spinor and which mode are enhanced. The results agree
with scattering cross sections derived using the first-
quantized method.

VII. CONCLUSION

We have investigated elastic and inelastic scattering off
Abelian cosmic strings arising during the phase transition

50(10) ‘*3* SU(5) x Z, induced by the Higgs field in
the 126 representation in the early Universe. The cross
sections were calculated using both first-quantized and
second-quantized methods. The results of the two meth-
ods are in good agreement.

During the phase transition SO(10) — SU(5) x Z,,
only the right-handed neutrino gets a mass. This to-
gether with the fact that we are interested in energies
above the confinement scales allows us to consider mass-
less particles.

The elastic cross sections are found to be Aharonov-
Bohm-type cross sections. This is as expected, since we
are dealing with fractional fluxes. We found a marked
asymmetry between left-handed and right-handed fields
for the electron and the down quark fields. But there is
no asymmetry for the up quark field. This is a general
feature of grand unified theories. If cosmic strings were
observed, it might be possible to use Aharonov-Bohm
scattering to determine the underlying gauge group.

The inelastic cross sections result from quark-to-lepton
transitions via gauge interactions in the core of the string.
The catalysis cross sections are found to be quite small,
and here again we have a marked asymmetry between
left- and right-handed fields. They are suppressed from
a factor ~ 7736 for the left-handed up and down quark
fields to a factor ~ 5~2® for the right-handed down quark
field.

Previous calculations have used a toy model to cal-
culate the catalysis cross section. Here the string flux
could be “tuned” to give a strong interaction cross sec-
tion. In our case the flux is given by the gauge group,
and is fixed for each particle species. Hence, we find a
strong sensitivity to the grand unified scale. Our small
cross sections make it less likely that grand unified cos-
mic strings could erase a primordial baryon asymmetry,
though they could help generate it [16]. If cosmic strings
are observed our scattering results, with the distinctive
features for the different particle species, could help tie
down the underlying gauge group.
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APPENDIX A: BRIEF REVIEW OF SO(10)

The fundamental representation of SO(10) consists of
10 generalized v matrices. They can be written in an

explicit notation, in terms of cross products;

I‘1=0'1X0'3><0'3X0'3X0'3,
F2=0'2X0'1><0'3)<0’3X0'3,
I‘3=IX0’1X0’3XU3X0'3,
F4=IX0’2XO’3X0'3X0'3,
F5=IXIX01X03XU3,
I'e=1I%x1Ix0yX03Xo03,
I'y=IxIxIxoy Xo03,
I's=IxIx1IXxoy Xo03,
Tg=IxIxIxIxoy,

IF'o=IxIxIxIxos, (A1)

where the o; are the Pauli matrices and I denotes the
two-dimensional identity matrix. They generate a Clif-
ford algebra defined by the anticommutation rules

r;,0;}=26; i=1,..,10. A2)
J J

One can define the chirality operator x, which is the gen-
eralized s of the standard model by

x = (=)° T[T (A3)

In terms of the cross product notation, x has the form

X =03 X 03 X03 X003 X03. (A4)

The 45 generators of SO(10) are also given in terms of
the generalized v matrices:

Moy = %[n,rj] ij=1,..,10. (A5)
2

They are antisymmetric, purely imaginary 32 x 32 ma-
trices. One can write the diagonal M:

M12=%astxIxIxI,
M34=%Ixa3xIxIxI,
M56=%Ix1xaaxIxI,
M78=%IXIXIXO'3XI,

M910=%IXIXIXIXU3. (Aﬁ)
In SO(N) gauge theories fermions are conventionally as-
signed to the spinor representation. For N even, the
spinor representation is 2% dimensional and decomposes
into two equivalent spinors of dimension 2% -1 by means
of the projection operator P = (1 =+ x), where 1 is the
2% x 2% identity matrix. Thus SO(10) has two irre-
ducible representations:

(A7)

of dimension 16. Therefore SO(10) enables us to put
all the fermions of a given family in the same spinor.
Indeed, since each family contains eight fermions, we can
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put all left- and right-handed particles of a given family
in the same 16-dimensional spinor. This is the smallest
grand unified group which can do so. However, gauge
interactions conserve chirality. Indeed,

VY APY = YLy, A*YL + YRV AP YR

Therefore ¥y and ¥gr cannot be put in the same irre-
ducible representation. Hence, instead of choosing
and ¥gr, we chose ¥y and 9¥§. The fields ¥y and 9§
annihilate left-handed particles and antiparticles, respec-
tively, or create right-handed antiparticles and particles.
The fields 91, and 1§ are related to the fields ¥ and YR
by the relations

(A8)

= Py = PLCYT = C(¢PL)T = C¢_R =Cyi vk »
(A9)
= Y5y =Yg Oty = —ypEC1 =yEC, (A10)

where the projection operators P p = %(1 +vs) and C
is the usual charge conjugation matrix. For the electron
family we get

\I"(Le) = (V(ce)vuﬁvu;aug’dbvdy 7d'r‘$

d; ,d;

e_vub7uy1uray(e) et 1 Qp sy Gy s )L, (All)
where the upper index ¢ means conjugate, and the
subindices refer to quark color. We find similar spinor
U and ¥(7) associated with the p and the 7 family,
respectively:

g —

(V()7 r?cy7cb7sb$s‘y7‘g"‘7ll‘ 3CbyCy ,Cr

Yy T, 88, sy:85)L (A12)

APPENDIX B: THE EXTERNAL SOLUTION

We want to solve Egs. (20). We set §; = —iw, where
w is the energy of the electron and take the usual Dirac
representation e, = (0,€.) , er = (Xe,0) , ¢ = (0,&,),
and g% = (xq,0). We use the usual mode decomposition
for the spinors &g, €e, Xq, and Xe :

" (™)
xearr0= 3 (e o

n=-—oo

E ( 0) "=Z+°°( 6;1(6 qc)("') ) iné (Bl)
e,g)\TH0) = . en i e .
(&) n=-—oo ¢ 52 (ech)(r) € o
Then, using the basis
i 0 —io?
= (W. O) , (B2)
the equations of motion (20) become
n d 1 _’_‘R"(e,q") n —
“X1,(esq°) (E P ) Xi(ea) = 0>
n d n TER"(e'qc) n —
WX2(eqr) t o T ¢ TR Xi(eqs) = 0
(B3)
7L (e:9°)
d n T,L_“(e'qc) n —
wf;’(e’qc) (a - " + " ) 61’(e’qc) - 0 )

It is easy to show that the fields 5?’(8"#), 6?,(e,qc)’ X?,(e,qc)’

v — (Vi) B8 82,85, bo by  br , T b by ot and X3 , .-) satisfy Bessel equations of order n—'r:fr(e’qc),
n+1— TR(e’q ), n— TL (e:a9) ,and n— TR(e’q ), respectively.
Vir)sT T, *be y by s 7L - (A13) Hence the external solutlon is
J

[ (e,q )Zl e N + (e:q ) Zz_ ace qC)(uJT)] £ind
<£(e,q°)(7', 9) ) B n:z+oo i [l (e)q° )Z R o (wr) + v(e,q )! Z2+1 R (e (wr)] ei(n+1)8 B

Xea)(r0) )~ = | w0zt Lean (@) + w9 72 i Geaey ()] €

i [wn o )Zi+1— L a (wr) + wi " : Z5+ _,.E‘Ltr(,,,,c)(wr)] et(nt1)e

The order of the Bessel functions will always be frac-
tional. We therefore take Z! = J, and Z2 = J_,.

APPENDIX C: THE INTERNAL SOLUTION

We get solutions for fields which are linear combina-
tions of the quark and electron fields. Indeed, we get so-
lutions for the fields o0& = £, +&. and p* = x,+x.. Using
the mode decomp051t10n (21), the upper components of
the ﬁelds p* and o are, respectively, pfl = XTqc £ XTe

and o3, = x32 ¢¢ T X3, while the lower components are

[
ol =¢p ¢ £ &7 and 0., = €3, £ &7, respectively. The
equations of motions (23) become

n+1

d
wp — (d +—F eA') o =0, (C1a)
+ d _n r o+
WP, -+ ‘d‘; - :,-‘- +eAd Pn1 = 0 5 (Clb)
d 1
wod + (d + —:— F eA) 0,,=0, (Clc)



(C1d)

wo‘,:fz—(d%'—f:l:eA)01=0

Combining (Cla) and (C1b), one can see that p, satisfy
a hypergeometric equation giving

n=-+oo . .
nl —ikr 2ikr)?
o = (bryrlemivr 3 ZRE

7=0

(C2)

2 _ o2 2 o — +  _ (@F4y) _x
where k? = w? — (ed)?, e = ;ﬂﬁ ;g = lﬁzaj with

at = %+|n|:!:e—“l—(.i.ihjil and b = 1+ 2|n|. p, can be
obtained using the coupled equation (C1b). We find

1 .
R
><n_+<>o (2'Lkr)1 (lnl_n—ik+i:|:eA) .
Z r T
(C3)

‘7:2 are also solutions of hypergeometric equations, and
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using the coupled equation (C1d) we get

nl  —ikr sz'r
o, = (kr)"le= Z ey (co)
oy = =L (hry i
x _+°°ﬂi 21,kr)-’ il ik+ > +eAd
2 ; :
(C5)
where k% = — (eA)?, BF, = (—?ﬂ’%’)lﬂi with ¢t =
3+ n| £ %}—)—. And the internal solution is
:tl einﬁ
'R imr1)e
i ppye’
o5 ezn() . (CG)
i Ur:LtZ ei(n+1)9

Therefore the internal solution is giving by a linear com-
bination of the quark and electron fields.

APPENDIX D: THE MATCHING CONDITIONS

The continuity of the solutions at » = R leads to

n=+4o0o
k ' 1
(kR)Im g —ikR Z = (2’ R) = (v £ v2)Jnorp(WR) + (v £ )J_(nrg)(wR) , (D1)
n=-+oo j _ .
1 (kR)InI iR 3N oF (2zkr) (InIR n k4 % :{:eA) = (v2 £ v8)Jni1—rpn(wR)
=0
+ (v % 95T (nt1-ra) (WR) . (D2)

Nevertheless, we will have discontinuity of the first
derivatives. Indeed, inside we have
wep — (g +
wp-n.Z + ( - T

o

F ed') Piz =

+ ed’) P%1 =0 (D3)

whereas outside we have

n d n+1 'r:r(e’qc)
w(XT g £XT.e) — (5 + — -

X(X;L,qc :l: Xg,e) =0 ’

n " d n TRr(e’qc)
‘”(Xz,q + X2,e) + (E; - ; + e

T
><(x’1‘,qc + x'f,e) =0. (D4)
Now,
(XT ge & X7 = piy'™, (D5)
(X3.qe £ X5.6)" = Pz (D6)

-
giving us the relations for the first derivatives:

d d ,rRr(ech) n
(d7 ¥ eA) Sl (E? — R ) e £X39™

(D7)

d i d TRr(e,qC) n n
(& o4) sii" = (d7 ) O F200™
(D8)

Dividing Eq. (D1) by Eq. (D2) or either replacing Eq.
(D1) in Eq. (D7), we get the relations

ve + v _ wilEJpi1—rp (WR) + Jp—rp (WR)
vitve  wiliJ_(ni1-rp)(WR) + J_(n_rp)(wR) ’
(D9)
where
n=+oo + gzikr)f
h aj =
Iy = 2= : . (D10)
Z;x_;—oo a;t (2zkr) (n —n k4 d :}:eA)
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